Comment.Math.Univ.Carolin. 43,2 (2002)271–282 271

Conformal deformations of the Riemannian metrics and homogeneous Riemannian spaces

Eugene D. Rodionov, Viktor V. Slavskii

Dedicated to Professor Oldřich Kowalski on the occasion of his 65th birthday

Abstract. In this paper we investigate one-dimensional sectional curvatures of Riemannian manifolds, conformal deformations of the Riemannian metrics and the structure of locally conformally homogeneous Riemannian manifolds. We prove that the nonnegativity of the one-dimensional sectional curvature of a homogeneous Riemannian space attracts nonnegativity of the Ricci curvature and we show that the inverse is incorrect with the help of the theorems O. Kowalski-S. Nikčević [K-N], D. Alekseevsky-B. Kimelfeld [A-K]. The criterion for existence of the left-invariant Riemannian metrics of positive one-dimensional sectional curvature on Lie groups is presented. Classification of the conformally deformed homogeneous Riemannian metrics of positive sectional curvature on homogeneous spaces is obtained. The notion of locally conformally homogeneous Riemannian spaces is introduced. It is proved that each such space is either conformally flat or conformally equivalent to a locally homogeneous Riemannian space.

Keywords: conformal deformations, Riemannian metrics, homogeneous Riemannian spaces

Classification: 53C20, 53C30

1. Preliminaries

Let ∇ be the Levi-Chivita connection of the Riemannian metric ds^2 = g_{ij}dx^idx^j on a manifold M^n, R_{ijks} is the curvature tensor, R_{ij} is the Ricci tensor, Ric(ξ) = R_{ij} ξ^iξ^j is the Ricci curvature in direction of a unit vector ξ, R is the scalar curvature of the metric ds^2.

At research of Riemannian manifolds, an important role is played by a tensor which is defined with the help of the formula

(1) A_{ij} = 1 n − 2 ( R_{ij} −

Rg_{ij} 2(n − 1) ) , where R_{ij} denotes the Ricci tensor and R the scalar curvature.

This research was supported by the Russian Fund of Basic Investigations (Grants 99-01- 00543, 00-15-96165, 02-01-01071).

It represents an integer part from division of the Riemannian curvature tensor by the metric tensor with respect to the Kulkarni-Nomizu product ([B]). Using the tensor A_{ij} , the curvature tensor can be presented in the form R_{lkij} = W_{lkij} + g_{lj}A_{ki} + g_{ki}A_{lj} − g_{li}A_{kj} − g_{kj}A_{li}, where W_{lkij} is the conformal Weyl tensor.

Definition 1.1. The one-dimensional sectional curvature in the tangent direction ξ is defined as the value

A(ξ) =

A_{ij} ξ^iξ^j g_{ij}ξ^iξ^j , where ξ^i is an arbitrary tangent vector generating the direction ξ.

The sectional curvature along a tangent 2-plane can be expressed as

K(ξ ∧ η) =

R_{ijkl}ξ^iη^j ξ^kη^l g_{ik}ξ^iξ^kg_{jl}η^j η^l = W_{ijkl}ξ^iη^jξ^kη^l g_{ik}ξ^iξ^kg_{jl}η^j η^l + A_{ij} ξ^iξ^j g_{ik}ξ^iξ^k + A_{kl}η^kη^l g_{jl}η^j η^l , where ξ, η form an orthonormal basis of the 2-plane. In particular, for the conformally flat metric, or for a three-dimensional Riemannian manifold, this formula has a more simple form

K(ξ ∧ η) =

A_{ij} ξ^iξ^j g_{ik}ξ^iξ^k + A_{kl}η^kη^l g_{jl}η^jη^l . In these notations we have the following result:

Theorem 1.1. Let (M^n, ds^2) be a Riemannian manifold. Then the following statements are true:

(i) if the one-dimensional sectional curvature A(ξ) is nonnegative everywhere on (M^n, ds^2), then the Ricci curvature is nonnegative everywhere on (M^n, ds^2). Moreover, if at some point p ∈ M^n there is a vector η ∈ T_pM^n such that Ric(η) = ∑ R_{ij} η^iη^j = 0, then the Ricci curvature at this point is equal to zero;

(ii) there are Riemannian manifolds of nonnegative Ricci curvature and signchanging one-dimensional sectional curvature.

Proof: At an arbitrary point of M^n we shall consider the orthonormal basis {ξ_1, . . . , ξ_n} for which the Ricci quadratic form is diagonalized. Let r_1, r_2, . . . , r_n be the principal Ricci curvatures; then the condition of nonnegativity of the onedimensional sectional curvature is equivalent to the system of inequalities:

r_1 − ∑ r_i 2(n−1) ≥ 0,

· · · r_n − ∑ r_i 2(n−1) ≥ 0.

From here it follows that ∑ k ( r_k − ∑ r_i 2(n − 1) ) = n − 2 2(n − 1) ∑ r_i ≥ 0,

i.e. ∑ r_i ≥ 0, and it signifies that r_k ≥ ∑ r_i 2(n−1) ≥ 0. Thus, we see that the Ricci

curvature is nonnegative everywhere on (M^n, ds^2).

Let us assume that there are a point p ∈ M^n and vector η ∈ T_pM^n such that Ric(η) = 0. Then A(η) =^1_{n−2} ( −^R_{2(n−1)} ) ≥ 0. Hence, the scalar curvature R = ∑ r_i ≤ 0, and as r_i ≥ 0, i = 1, . . . , n, we see that r_1 = r_2 = . . . = r_n = 0.

For the proof of statement (ii) of the theorem, let us consider the case when (M^n, ds^2) is a direct Riemannian product of compact Einstein manifolds: (M^n, ds^2) = (M_1, ds^2_1) × . . . × (M_k, ds^2_k) with Einstein constants r_1 > 0, . . . , r_k > 0. Let us consider the principal values of the one-dimensional sectional curvature at an arbitrary point of the manifold:^1_{n−2} ( r_i − ∑ r_i 2(n−1) ) , i = 1, . . . , n. If we strongly contract the metric of the factor (M_j, ds^2_j ) by a homothety, leaving the metrics on other factors without change, then we see that the one-dimensional sectional curvature is sign-changing and the Ricci curvature is positive. □

Remark 1.1. We note that if for the one-dimensional sectional curvature the inequality A_{ij} ξ^iξ^j ≥ 1 2 k_0g_{ij}ξ^iξ^j ∀ξ ∈ T_x(M),

with a constant k_0 is fulfilled, then for the Ricci curvature the inequality

R_{ij}ξ^iξ^j ≥ (n − 1)k_0g_{ij}ξ^iξ^j ∀ξ ∈ T_x(M)

holds.

Remark 1.2. It is not difficult to see that the condition of constancy of the Ricci curvature (which means r_1 = r_2 = · · · = r_n), or the Einstein condition respectively, implies the constancy of the one-dimensional sectional curvature, i.e.

r_1 − ∑ r_i 2(n − 1)

= · · · = r_n − ∑ r_i 2(n − 1)

holds on (M^n, ds^2).

Let us consider a conformal deformation ds^2 = e^{2σ(x)}g_{ij}dx^idx^j of the metric ds^2 on a manifold M^n. Then for such deformation the Weyl tensor is invariant, i.e.

W_{ijkl} = e^{2σ(x)}W_{ijkl} holds on (M^n, ds^2). The tensor A_{ij} will be transformed under the formula

A_{ij} = A_{ij} − σ_{,ij} + σ_{,i}σ_{,j} − 1 2 σ_{,k}σ^kg_{ij} = A_{ij} − B_{ij},

where B_{ij} = σ_{,ij} − σ_{,i}σ_{,j} +^1_2 σ_{,k}σ^kg_{ij} and σ_{,ij} , σ_{,i} are covariant derivatives of the function σ with respect to the initial metric, and the Riemannian curvature of a section under the formula

K(ξ ∧ η) = e^{−2σ(x)} [ K(ξ ∧ η) −

B_{ij}ξ^iξ^j g_{ik}ξ^iξ^k − B_{kl}η^kη^l g_{jl}η^jη^l ] , where ξ^i, η^j are mutually orthogonal unit vectors.

2. One-dimensional sectional curvature of homogeneous Riemannian manifolds

Everywhere in this paragraph we suppose that M = G/H is a homogeneous space, G is a connected Lie group acting effectively on M = G/H by diffeomorphisms r(y) : xH → yxH, H is a compact connected subgroup of G, g and h are Lie algebras of groups G and H correspondingly, [·, ·] is the Lie bracket of algebra g. Let ad_ξ : η → [ξ, η] be an inner automorphism of the algebra g, and let B(ξ, η) = − tr ad_ξ ∘ ad_η be the minus Killing form of g. Under the assumption of compactness and semisimplicity of G the form B(ξ, η) is positively defined, and the G-homogeneous Riemannian metric ds^2_B on the homogeneous space G/H, obtained from B(ξ, η) under the natural projection π : G → G/H, is called standard. Moreover, if we consider the p-orthogonal complement to h in g with respect to B, then one can identify G-invariant Riemannian metrics on G/H and Ad(H)-invariant scalar products on p. Thus, the sectional curvature, the Ricci curvature and the scalar curvature are easily calculated with the help of the Ad(H)-invariant scalar product on p and the Lie bracket [·, ·] of the algebra g ([B]). Hence, for the one-dimensional sectional curvature of G/H, one can obtain an analogous formula, because A(ξ) =^1_{n−2} ( Ric(ξ) −^R_{2(n−1)} ) . Using these notations, we have

Theorem 2.1. Let (G/H, ds^2) be a homogeneous Riemannian manifold and let o denote the origin of G/H. Then the following statements are true:

(i) if the one-dimensional sectional curvature A(ξ) is nonnegative for any vector ξ ∈ T_oG/H, then the Ricci curvature Ric(ξ) is nonnegative for any vector ξ ∈ T_oG/H. Moreover, if there is a vector η ∈ T_oG/H such that Ric(η) = ∑ R_{ij} η^iη^j = 0, then (G/H, ds^2) is isometric to the direct Riemannian product of a flat torus and Euclidean space;

(ii) there are homogeneous Riemannian manifolds of nonnegative Ricci curvature and sign-changing one-dimensional sectional curvature.

Proof: The first part of the statement (i) follows from the first part of the proof of Theorem 1.1. Let us assume that there is a vector η ∈ T_eG/H such that Ric(η) = 0. Then from Theorem 1.1, we have R_{ij} = 0 at o, and from the homogeneity it follows that (G/H, ds^2) is Ricci flat. According to the theorem of D. Alekseevsky-B. Kimelfeld [A-K] it is flat, i.e. locally isometric to the Riemannian product of a flat torus and Euclidean space.

To prove the last statement, we consider, for example, a three-dimensional unimodular Lie group G with a left-invariant Riemannian metric ds^2. Let r_1, r_2, r_3 be the principal Ricci curvatures of (G, ds^2); then the conditions of nonnegativity of the Ricci curvature and one-dimensional sectional curvature are equivalent to the systems of inequalities:

r_1 ≥ 0 r_2 ≥ 0 for the Ricci curvature, r_3 ≥ 0 and r_1 − ∑ r_i

4 ≥ 0

r_2 − ∑ r_i

4 ≥ 0 for the one-dimensional sectional curvature.

r_3 − ∑ r_i

4 ≥ 0

Obviously, the Ricci curvature is nonnegative and the one-dimensional sectional curvature is sign-changing if and only if the point (r_1, r_2, r_3) lies outside of a threefaced angle bounded by the planes α : 3r_1 − r_2 − r_3 = 0, β : −r_1 + 3r_2 − r_3 = 0, γ : −r_1 − r_2 + 3r_3 = 0, remaining in the domain of nonnegativity of the Ricci curvature. To complete the proof we apply the theorem of O. Kowalskii-S. Nikčević [K-N]: Let r_1, r_2, r_3 be real numbers. Then a three-dimensional unimodular Lie group with a left-invariant Riemannian metric and with the principal Ricci curvatures r_1, r_2, r_3 exists if and only if r_1r_2r_3 > 0 or if at least two of r_i, i = 1, 2, 3, are zero. □

Using Theorem 2.1 and V. Berestovski’s theorem [Berest], we obtain the following result:

Theorem 2.2. Let (G/H, ds^2) be a homogeneous Riemannian manifold of nonnegative one-dimensional sectional curvature which is not isometric to the direct Riemannian product of a flat torus and Euclidean space. Then the following statements are true:

(i) the Lie group G is compact and the Levi subgroup LG of G (i.e. maximal connected semisimple subgroup of G) acts transitively on M;

(ii) the fundamental group π_1(M) is finite.

Remark 2.1. It is not difficult to construct homogeneous Riemannian manifolds of arbitrary dimension which satisfy to the condition (ii) of Theorem 2.1.

The criterion for existence of left-invariant Riemannian metrics of positive Ricci curvature on Lie groups is well known (see J. Milnor [M, Theorem 2.2]):

Criterion. A connected Lie group G admits a left-invariant Riemannian metric of positive Ricci curvature if and only if G is compact and its fundamental group π_1(G) is finite. In such a case, G also admits a biinvariant metric with the above property.

In the case of one-dimensional sectional curvature, we have the following result:

Theorem 2.3. A connected Lie group G admits a left-invariant Riemannian metric of positive one-dimensional sectional curvature if and only if G is compact and its fundamental group π_1(G) is finite. In such a case, G also admits a standard metric with the above property.

Proof: Let us assume that A(ξ) > 0 ∀ξ ∈ T_eG, then Ric(ξ) ≥ 0 ∀ξ ∈ T_eG according to Theorem 1.1. If Ric(η) = 0 for some η ∈ T_eG, then (G, ds^2) is flat, therefore one-dimensional sectional curvature is equal to zero and we obtain a contradiction with above assumption. Hence, Ric(ξ) > 0 ∀ξ ∈ T_eG, and from Criterion we see that G is compact, π_1(G) is finite.

Conversely, let G be compact, and π_1(G) be finite. Since G is connected, the centre of G is trivial and G is semisimple compact connected Lie group. Thus, G = G_1 × . . . × G_sis the direct product of compact simple connected Lie groups G_1, . . . , G_s with Lie algebras g_1, . . . , g_s. Obviously, B_g = B_{g1} + B_{g2} + . . . + B_{gs} , where g = g_1 ⊕ g_2 ⊕ . . . ⊕ g_s. Moreover, ( G_i, B_{gi} ) are standard homogeneous Einstein manifolds with Einstein constants r_i =^1_4 , i = 1, . . . , s (see, for example, [B]). From here it follows that the principal values of one-dimensional sectional curvature have the form 1 n − 2 ( r_i − ∑ r_i 2(n − 1) ) = 1 4(n − 2) ( 1 − n 2(n − 1) ) = 1 8(n − 1)

, i = 1, . . . , s.

This completes the proof of Theorem 2.3. □

Remark 2.2. We note that there are biinvariant Riemannian metrics on a connected compact semisimple Lie group G = G_1 × . . . × G_s with positive Ricci curvature and sign-changing one-dimensional sectional curvature. Really, let (·, ·)_{g×g} be a biinvariant Riemannian metric on G, then (·, ·) = λ_1B_{g1} + λ_2B_{g2} + . . . + λ_sB_{gs} , where λ_1, λ_2, . . . , λ_s are some positive constants. Further, we consider the principal values of one-dimensional sectional curvature:^1_{n−2} ( r_i − ∑ r_i 2(n−1) ) , i = 1, . . . , s. Obviously, if λ_j tends to zero for some j ∈ {1, . . . , s} and other constants λ_i, i ∈ {1, . . . , s} \ {j}, are without change, then one-dimensional sectional curvature is sign-changing and the Ricci curvature is positive.

3. Conformal deformations of the Riemannian metrics with sections of zero curvature on a compact manifold

The following theorem was announced in [RS1].

Theorem 3.1. Let M^n be a compact manifold with Riemannian metric ds^2 = g_{ij}dx^idx^j . Suppose that there exists a two-dimensional direction of zero sectional curvature at each point x ∈ M^n. Then for any conformal deformation ds^2 = e^{2σ(x)}g_{ij}dx^idx^j of the metric ds^2 there are a point x_0 ∈ M^n and a twodimensional direction of nonpositive sectional curvature at this point and also a point x_1 ∈ M^n and a two-dimensional direction of nonnegative sectional curvature at this point.

Proof: The proof is carried out by contradiction. Suppose that there is a conformal deformation ds^2 of the initial metric ds^2 such that at each point of M^n the sectional curvature K(ξ ∧ η) is positive. From here it follows that

K(ξ ∧ η) −

B_{ij} ξ^iξ^j g_{ik}ξ^iξ^k − B_{kl}η^kη^l g_{jl}η^j η^l

> 0.

Then at the point of minimum of the function σ we have

σ_{,i} = 0,

B_{ij} ξ^iξ^j = σ_{,ij} ξ^iξ^j ≥ 0,

B_{kl}η^kη^l = σ_{,kl}η^kη^l ≥ 0.

Hence, we see that K(ξ∧η) > 0 for all bivectors ξ∧η. The case of strictly negative curvature is treated analogously. These contradictions prove Theorem 3.1. □

Corollary 3.1. Suppose that (M^n, ds^2) satisfies the conditions of Theorem 3.1. Then for any metric ds^2 which is conformally equivalent to the initial metric ds^2 there are a point x ∈ M^n and a two-dimensional direction ξ ∧ η at this point such that K_x(ξ ∧ η) = 0.

Proof: Let M^n_0 be a connected component of M^n. Using Theorem 3.1 we see that there are points p, q ∈ M^n_0 and two-dimensional directions at these points π_p = ξ_p ∧ η_p, π_q = ξ_q ∧ η_q such that

K(π_p) ≤ 0, K(π_q) ≥ 0.

Let us consider a continuous curve x(t), t ∈ [0, 1] connecting points p and q in M^n_0 and a continuous field of bivectors π_t = ξ_t ∧ η_t along x(t) such that π_0 = π_p and π_1 = π_q. Then there exists θ ∈ [0, 1] such that at the point x(θ) we have K(π_θ) = 0. □

Corollary 3.2. Let (M^n, ds^2) be a direct Riemannian product of compact Riemannian manifolds. Then for any metric ds^2 which is conformally equivalent to the initial metric ds^2 there are a point x_0 ∈ M^n and a two-dimensional direction of nonpositive sectional curvature at this point, and a point x_1 ∈ M^n and a two-dimensional direction of nonnegative sectional curvature at this point.

Corollary 3.3. The metric ds^2 which is conformally equivalent to the Riemannian metric ds^2 of the direct Riemannian product M = M_1 × M_2 of compact Riemannian manifolds has a point and a two-dimensional direction of zero sectional curvature at this point.

In the case of homogeneous spaces we have the result:

Theorem 3.2. If ds^2 is conformally equivalent to a homogeneous Riemannian metric ds^2 of a simply connected compact homogeneous space G/H and ds^2 has positive sectional curvature, then G/H is diffeomorphic either to a compact symmetric space of rank one (CROSS), or to one of the Aloff-Berger-Wallach spaces ([Berger], [W]):

Sp(2)/SU(2), SU(5)/Sp(2) × S^1, SU(3)/S^1, SU(3)/T_{max},

Sp(3)/Sp(1)^3, F_4/Spin(8).

Proof: Suppose that (G/H, ds^2) has positive sectional curvature. If G/H is not diffeomorphic to a CROSS or to one of the Aloff-Berger-Wallach spaces, then ds^2 admits two-dimensional directions of zero sectional curvature at each point of G/H and according to Corollary 3.1 the metric ds^2 has a direction of zero sectional curvature at some point of G/H. This contradiction proves Theorem 3.2. □

For the case of Lie groups we have the following theorem:

Theorem 3.3. If ds^2 is conformally equivalent to a left-invariant Riemannian metric ds^2 of a compact Lie group G, and ds^2 has positive sectional curvature, then the Lie group G is locally isomorphic to the group SU(2).

The proof follows from Theorem 3.2 and Theorem of Wallach [W].

Theorem 3.4. Let M^n be a compact manifold with Riemannian metric ds^2 = g_{ij}dx^idx^j . Suppose that there exists a one-dimensional direction ξ such that A(ξ) = 0 for all points x ∈ M^n. Then for any conformal deformation ds^2 = e^{2σ(x)}g_{ij}dx^idx^j there are points x_0, x_1 ∈ M^n and one-dimensional directions ξ_0, ξ_1 at these points such that the inequalities

A_{x0} (ξ_0) ≤ 0, A_{x1} (ξ_1) ≥ 0

are fulfilled.

The proof of this theorem is similar to the proof of Theorem 3.1.

Theorem 3.5. Let M^n be a compact manifold with Ricci flat Riemannian metric ds^2 = g_{ij}dx^idx^j . Then for any conformal deformation ds^2 = e^{2σ(x)}g_{ij}dx^idx^j there is a point x_0 ∈ M^n such that the Ricci curvature is nonnegative at this point.

Proof: Using conditions of Theorem 3.5 we see that the one-dimensional sectional curvature of (M^n, ds^2) is identically equal to zero. Further, we apply the formula for the conformal deformation of one-dimensional sectional curvature, and we see that at the point of minimum of the function σ the one-dimensional sectional curvature of ds^2 is nonnegative. Hence, the Ricci curvature of ds^2 is nonnegative at this point too. □

Remark 3.1. If the Ricci curvature of the initial metric ds^2 is nonnegative and positive at some point, then ds^2 is conformally equivalent to some metric of strictly positive Ricci curvature ([E]).

Theorem 3.6. Let M^n be a compact manifold with Riemannian metric ds^2 = g_{ij}dx^idx^j . Suppose that there exists a one-dimensional direction ξ such that A(ξ) = k_0, for some constant k_0, for all points x ∈ M^n. Then for any conformal deformation ds^2 = e^{2σ(x)}g_{ij}dx^idx^j there are points x_0, x_1 ∈ M and corresponding one-dimensional directions ξ_0, ξ_1 at these points such that the inequalities:

A_{x0} (ξ_0) ≤ k_0e^{−2σ(x0)}, A_{x1} (ξ_1) ≥ k_0e^{−2σ(x1)}

are fulfilled.

4. Locally conformally homogeneous Riemannian manifolds

Locally homogeneous Riemannian manifolds were studied by O. Kowalski, F. Tricerri, L. Vanhecke [K], [T-V], [T].

Definition 4.1. A vector field v is called a conformal Killing vector field if and only if

(2) v_{i,k} + v_{k,i} = 2wg_{ik},

where w = v_{k,i}g^{ik}/n.

The system (2) was studied by many authors ([Y], [C]). In this paper, following [Resh], we find a linear system of equations which is equivalent to the system (2). Further, with the help of this system, we investigate conformal Killing vector fields.

Lemma 4.1. The equations system (2) is equivalent to the linear system

(3) v_{j,p} = η_{jp} + g_{jp}w, η_{ij,p} = v_aR^a_{pij} + g_{ip}ζ_j − g_{jp}ζ_i, w_{,p} = ζ_p, ς_{j,p} = η_{pa}A^a_j + η_{ja}A^a_p − A_{jp,b}v^b − 2wA_{jp},

where A_{jp} = 1 n − 2 ( R_{jp} −

Rg_{jp} 2 (n − 1) ) , {v_j} are covariant components of a vector field v(x), {η_{ij} } is a skew-symmetric covariant tensor, w is a function, {ζ_p} is a covector field. The integrability conditions of (3) have the form (4) v^aW_{ijsk,a} + 2wW_{ijsk} − η^{.a}_i W_{ajsk} − η^{.a}_j W_{iask} − η^{.a}_s W_{ijak} − η^{.a}_k W_{ijsa} = 0, ζ_aW^a_{jps} − 3wS_{jps} − v^tS_{jps,t} + η^{.a}_j S_{aps} + η^{.a}_p S_{jas} + η^{.a}_s S_{jpa} = 0,

where W^a_{jps} is the Weyl tensor and S_{jps} = A_{jp,s} − A_{js,p} is the Schouten-Weyl tensor.

The proof of this lemma is given in [Y], [RS2].

Remark 4.1. The integrability condition can be written in a more compact form with the help of Lie derivatives (see [Y]):

L_vW_{ijks} = 2wW_{ijks}, L_vS_{ijk} = W^a_{.ijk}w_{;a}.

Remark 4.2. In the case n = 3, the Weyl tensor is identically equal to zero and therefore the first equality in (4) is fulfilled, and the second equality has the form

−3wS_{jps} − v^tS_{jps,t} + η^{.a}_j S_{aps} + η^{.a}_p S_{jas} + η^{.a}_s S_{jpa} = 0.

We note that in the case n ≥ 4 the second equality in (4) follows from first (see, for example, [C]).

Lemma 4.2. If |W | = const ≠ 0, then w ≡ 0 and ζ_s ≡ 0 (i.e. the conformal Killing vector field v is Killing in this case).

Proof: Contracting the first equality in (4) with W^{ijsk} we get equality 1 2 v^a ( |W |^2 ) ,a + 2w |W |^2 = 0,

and hence the statement of Lemma 4.2 follows. □

Lemma 4.3. Let {M, ds^2 = g_{ij}dx^idx^j } be a Riemannian manifold and V = {v^i} be a Killing vector field on (M, ds^2). Then V = {v^i} is a conformal Killing vector field on (M, ds^2), where ds^2 = e^{2σ(x)}g_{ij}dx^idx^j . Proof: First at all, we have the equality

v_{k,j} = v^i_{,j}g_{ik} =

∂v^i ∂t^j g_{ik} + v^aΓ_{aj,k}.

From here it follows that

v_{k,j} = e^{2σ} [ v_{k,j} + v^a ∂σ ∂t^a g_{kj} + g_{ak}v^a ∂σ ∂t^j

− g_{aj} v^a ∂σ ∂t^k ] . Hence, we have v_{k,j} + v_{j,k} = 2v^a ∂σ ∂t^a g_{kj}. □ Definition 4.2. Let {M^n, ds^2} be a Riemannian manifold such that for every point x_0 ∈ M and an arbitrary tangent vector ⃗v_0 ∈ T_{x0} M there is a conformal Killing vector field v(x) in a neighborhood of x_0 ∈ M such that v(x_0) = ⃗v_0.

Then {M^n, ds^2} is called a locally conformally homogeneous Riemannian manifold.

Remark 4.3. Obviously, the conformal deformation of a locally homogeneous Riemannian space gives a locally conformally homogeneous space. Theorem 4.1. Let {M^n, ds^2} be a locally conformally homogeneous connected Riemannian manifold. Then {M^n, ds^2} is either conformally flat, or it is conformally equivalent to a locally homogeneous Riemannian space. Proof: Let us consider the case dim M > 3. Under the conformal deformation the Weyl tensor is invariant, i.e.

W^a_{isk} = W^a_{isk}, | W |_2 = e^{−6σ(t)}|W |^2 hold on M. Hence, if |W | ≠ 0, it is possible to choose a function σ(t) so that |W | ≡ const ≠ 0. Using Lemma 4.2, we see that the manifold M is locally homogeneous. In the case when dim M = 3, the Weyl tensor is identically equal to zero. Contracting the second equality in (4) with S^{jps}, we have the following equality:

ζ_aW^a_{jps}S^{jps} − 3w|S|^2 − 1 2 v^t ( |S|^2 ) ,t = 0.

Hence, it follows similarly that either the Schouten-Weyl tensor is identically equal to zero, or with the help of a conformal deformation it is possible to make its norm constant, and the manifold M is locally homogeneous. □

282 E.D. Rodionov, V.V. Slavskii

References

[A-K] Alekseevsky D.V., Kimelfeld B.N., The structure of homogeneous Riemannian spaces with zero Ricci curvature, Functional Anal. Appl. 9 (2), (1975), 5–11.

[Berest] Berestovsky V.N., Homogeneous Riemannian manifolds of positive Ricci curvature, Mat. Zametki 58 (3), (1995), 334–340.

[Berger] Berger M., Les variétés riemanniennes homogènes normales simplement connexes à courbure strictement positive, Ann. Scuola Norm. Sup. Pisa 15 (1961), 179–246.

[B] Besse A.L., Einstein Manifolds, Springer-Verlag, Berlin, 1987.

[C] Collinson C.D., A comment on the integrability conditions of the conformal Killing equation, Gen. Relativity Gravitation 21 (1989), no. 9, 979–980.

[E] Ehrlich P., Conformal deformations and extremal paths in the space of Riemannian metrics, Math. Nachr. 72 (1976), 137–140.

[K] Kowalski O., Counter-example to the “second Singer’s theorem”, Ann. Global Anal.

Geom. 8 (1990), no. 2, 211–214.

[K-N] Kowalski O., Nikčević S.Ž, Eigenvalues of locally homogeneous riemannian 3-manifolds, Geom. Dedicata 62 (1996), 65–72.

[M] Milnor J., Curvature of left invariant metric on Lie groups, Adv. Math. 21 (1976), 293–329.

[Resh] Reshetnyak Yu.G., Stability theorems in geometry and analysis, Mathematical Institute of the SB of RAS, Novosibirsk, 1996.

[R] Rodionov E.D., Homogeneous Riemannian Z-manifolds, PhD. dissertation, Mathematical Institute of the SB of RAS, 1982.

[RS1] Rodionov E.D, Slavskii V.V., Conformal deformations of the Riemannian metrics with sections of zero curvature on a compact manifold, Rep. of Acad. Sci. 373 (3), (2000), 300–303.

[RS2] Rodionov E.D., Slavskii V.V., Locally conformally homogeneous Riemannian spaces, Journal of ASU 1 (19), (2001), 39–42.

[T] Tricerri F., Locally homogeneous Riemannian manifolds, Rend. Semin. Mat. Torino 50 (1992), no. 4, 411–426.

[T-V] Tricerri F., Vanhecke L., Homogeneous structures on Riemannian manifolds, London Mathematical Society Lecture Note Series, 83; Cambridge etc.: Cambridge University Press, VI, 125 pp.

[W] Wallach N., Compact homogeneous Riemannian manifolds with strictly positive curvature, Ann. of Math. 96 (1972), 277–295.

[Y] Yano K., The Theory of Lie Derivatives and its Applications, North-Holland Publishing Co., Amsterdam; P. Noordhoff Ltd., Groningen; Interscience Publishers Inc., New York, 1957.

Barnaul State Pedagogical University, Socialistic Prospect 126, 656099, Barnaul-99, Russia E-mail: rodionov@math.dcn-asu.ru

slav@math.dcn-asu.ru

(Received October 16, 2001, revised November 30, 2001)