Comment.Math.Univ.Carolin. 43,4 (2002)605–618 605

Gradient estimates for elliptic systems in Carnot-Carathéodory spaces

Giuseppe Di Fazio, Maria Stella Fanciullo

Abstract. Let X = (X_1, X_2, . . . , X_q ) be a system of vector fields satisfying the Hörmander condition. We prove L^{2,λ}_X local regularity for the gradient Xu of a solution of the following strongly elliptic system

−X^∗_α(a^{αβ}_{ij} (x)X_β u^j ) = g_i − X^∗_αf^α_i (x) ∀i = 1, 2, . . . , N,

where a^{αβ}_{ij} (x) are bounded functions and belong to Vanishing Mean Oscillation space.

Keywords: elliptic systems, Morrey space regularity, Carnot-Carathéodory metric

Classification: 35J50

1. Introduction

In the last decades a considerable interest has been paid to the problem of local gradient estimates for the solutions of elliptic equations and systems. Namely, let us consider the uniformly elliptic system

(1) −D_α(a^{αβ}_{ij} (x)D_β u^j) = g_i − D_αf^α_i (x), i = 1, 2, . . . , N,

where i, j = 1, 2, . . . , N and α, β = 1, 2, . . . , n. An interesting problem is to show that there exists c ≥ 0 such that if Ω^′ ⊂⊂ Ω^{′′} ⊂⊂ Ω then

‖Du‖_L2,λ_{(Ω}′_) ≤ c ( ‖Du‖_L2_{(Ω}′′_) + ‖g‖_L2Q/(Q+2),λQ/(Q+2)_{(Ω)} + ‖f‖_L2,λ_{(Ω)} ) . The first remarkable contribution is due to Agmon, Douglis and Nirenberg, (see [2] and [3]), at least in the case of elliptic systems with uniformly continuous coefficients.

Later, Miranda ([39]) generalized the estimates in the case of a single equation assuming a_{ij} ∈ W^{1,n}. At the same time (see [11]) Cordes obtained the same result without any smoothness assumption. However he supposed a geometric condition on the eigenvalues of the matrix of the coefficients a_{ij} to hold true.

The beginning of ’90 saw another approach to the problem. In [13], a new hypothesis on the coefficients was introduced. In [13] it was assumed that the coefficients of the principal part belong to a class that may contain discontinuous functions. This class was introduced in [41] for other reasons and it is known as the class of the functions that have vanishing mean oscillation, i.e. VMO.

In [13] an equation in nondivergence form was studied but later the same technique has been adapted to cover the case of divergence form equation. The technique, introduced in [13], was based on an implicit representation formula for the derivatives of highest order. In that representation formula the highest order derivatives were expressed by particular integral operators. Using real analysis results, Chiarenza, Frasca, Longo got the desired estimates.

Later, these assumptions and techniques were generalized to a more abstract setting (e.g. [12], [14], [1], [20], [7], [17], [18], [19], [21], [32], [4], [6], [5]).

Huang in [33] was able to get similar estimates for uniformly elliptic systems of the kind (1) applying Campanato’s technique ([9], [10], [29] and [30]).

We stress that all the previous results refer to uniformly elliptic systems. The case of degenerate equations and systems is much more delicate (see [4], [6], [5], [15], [16], [25], [42]). An approach that can overcome the difficulties in this context is to introduce some new metrics in R^n such that the system is no longer degenerate with respect to these metrics. One of these is the Carnot-Carathéodory metric, that is generated by the sub-unit curves with respect to a given system of vector fields X = (X_1, X_2, . . . , X_q).

The aim of this work is to show that the gradient estimates still hold true in the very general setting of Carnot-Carathéodory spaces. We suppose that the system X of vector fields satisfies the Hörmander condition in R^n; this means that the vector fields and their commutators up to some order generate R^n as vector space (e.g. [15], [16], [25], [31], [35], [42]).

More precisely we study the system

(2) −X^∗_α(a^{αβ}_{ij} (x)X_β u^j) = g_i − X^∗_αf^α_i (x), i = 1, 2, . . . , N,

where i, j = 1, 2, . . . , N, α, β = 1, 2, . . . , q (in the sequel repeated indices denote summation) and coefficients a^{αβ}_{ij} (x) ∈ L^∞(Ω) ∩ VMO_X (Ω) (see Section 2 and [8] for definition), and

g_i ∈ L^{2Q/(Q+2),λQ/(Q+2)}

X (Ω), f^α_i ∈ L^{2,λ}_X (Ω), Q − n < λ < Q, i = 1, 2, . . . , N, α = 1, 2, . . . , q,

where the space L^{2,λ}_X is the intrinsic Morrey space with respect to the Carnot- Carathéodory metric (for the definition see Section 2).

We also assume the following strong ellipticity condition: there exists ν > 0 such that,

a^{αβ}_{ij} (x)ξ^i_αξ^j_β ≥ ν‖ξ‖^2 a.e. x ∈ Ω and ∀ξ ∈ R^{qN} .

We mean that a function u ∈ S^1_X (Ω, R^N ) (see Section 2 for the definition of S^1_X (Ω, R^N )) is a solution of (2) if ∫ Ω a^{αβ}_{ij} (x)X_β u^jX_αφ^i dx = ∫ Ω (g_iφ^i + f^α_i X_αφ^i) dx ∀φ ∈ S^1_{X,0}(Ω, R^N ).

The goal of this paper is expressed in the following theorems: Theorem 1.1. Let u ∈ S^1_X (Ω, R^N ) be a solution of (2). Then

Xu ∈ L^{2,λ}_{X,loc}(Ω, R^{qN} ),

and there exists c ≥ 0 such that if Ω^′ ⊂⊂ Ω^{′′} ⊂⊂ Ω then

‖Xu‖_L2,λ_{X (Ω′)} ≤ c ( ‖Xu‖_L2_{(Ω}′′_) + ‖g‖_L2Q/(Q+2),λQ/(Q+2)

X (Ω) + ‖f‖L^{2,λ}_X (Ω) ) .

As an application of the results in Theorem 1.1 we get “global” Hölder continuity for solutions of the system (2).

Theorem 1.2. Let u ∈ S^1_X (Ω, R^N ) be a solution of (2). If Q − n < λ < 2, then u ∈ C^{0,α}_X (Ω, R^N ) with α = 1 −^λ_2 .

For definition of C^{0,α}_X (Ω, R^N ) see Section 2.

2. Some preliminaries

Let us consider a system X = (X_1, . . . , X_q), q ≤ n, of vector fields in R^n. For every multi-index β = (β_1, β_2, . . . , β_d) with 1 ≤ β_i ≤ q, and |β| = d, set the commutator of length d as

X_β = [X_{βd} , [X_{βd−1} , . . . [X_{β2} , X_{β1} ]..]].

Definition 2.1. The system X = (X_1, . . . , X_q) satisfies the Hörmander’s condition of step s at some point x_0 of R^n if {X_β(x_0)}_{|β|≤s} spans R^n as vector space.

Let X = (X_1, . . . , X_q) satisfy the Hörmander condition in R^n, let us assume X of the following kind:

X_j = n∑ k=1 b_{jk} ∂ ∂x_k

, j = 1, . . . , q,

where b_{jk} are locally Lipschitz continuous functions. From now on we shall denote by X^∗_j = −

∑_n k=1 ∂ ∂x_k (bjk) the formal adjoint of Xj.

A piecewise C^1 curve γ : [0, T ] → R^n is called sub-unit, with respect to the system X, if whenever γ^′(t) exists one has

⟨γ^′(t), ξ⟩^2 ≤ q∑ j=1 ⟨X_j (γ(t)), ξ⟩^2, ∀ξ ∈ R^n.

We set l_S(γ) = T the sub-unit length of γ. Given x, y ∈ R^n, we denote by Φ(x, y) the collection of all sub-unit curves connecting x to y. It results Φ(x, y) ≠ ∅ ∀x, y ∈ R^n. Then d(x, y) = inf {l_S (γ) : γ ∈ Φ(x, y)} defines a distance, usually called the Carnot-Carathéodory distance generated by X. We shall denote B(x, R) = {y ∈ R^n : d(x, y) < R} the metric ball centered at x of radius R and whenever x is not relevant we shall write B_R. We shall denote by d_e(x, y) the usual Euclidean distance in R^n.

Now we introduce the relevant quantitative assumptions. (H1) i : (R^n, d_e) → (R^n, d) is continuous.

(H2) (Doubling condition) For every open bounded set Ω ⊂ R^n there exist constants C_D, R_D > 0 such that for x_0 ∈ Ω and 0 < 2R < R_D one has |B(x_0, 2R)| ≤ C_D|B(x_0, R)|.

(H3) (Weak-L^1 Poincarè type inequality) Given Ω as in (H2), there exist positive constants C_P and α ≥ 1 such that for any x_0 ∈ Ω, 0 < R < R_D and u ∈ C^1(B(x_0, αR), R^N ), one has

sup_{λ>0}[λ|{x ∈ B(x_0, R) : ‖u(x) − u_{B(x0,R)}‖ > λ}|] ≤ C_P R ∫ B(x_0,αR)

‖Xu‖ dx,

where u_{B(x0,R)} denotes the integral average |B(x_0, R)|^{−1} ∫ B(x_0 ,R) ‖u(y)‖ dy.

Finally we put Q = log_2 C_D. It results Q ≥ n, and Q will be the homogeneous dimension of Ω with respect to X.

We remark that, by doubling condition (H2), we have

(3) |B_{tR}| ≥ C_Dt^Q|B_R| ∀R ≤ R_D and ∀t ∈ (0, 1).

Let Ω be an open bounded subset of R^n, n ≥ 3, and u : Ω → R^N , N ≥ 1.

Definition 2.2. Let X = (X_1, X_2, . . . , X_q) be a system of Lipschitz vector fields in R^n, 1 ≤ p ≤ +∞, k a positive integer. We say that u ∈ L^p(Ω, R^N ) belongs to the Sobolev space S^{k,p}_X (Ω, R^N ) if

(4) ‖u‖_Sk,p_{X (Ω,RN )} ≡ ‖u‖_Lp_{(Ω,R}N_) + k∑ h=1 q∑ j_h=1

‖X_{j1} X_{j2} . . . X_{jh} u‖_Lp_{(Ω,R}N_) < +∞.

We also denote by S^{k,p}_{X,0}(Ω, R^N ) the closure of C^∞_{X,0}(Ω, R^N ) in S^{k,p}_X (Ω, R^N ) with respect to the norm (4), and by S^k_X (Ω, R^N ) and S^k_{X,0} the Sobolev spaces S^{k,2}_X (Ω, R^N ) and S^{k,2}_{X,0} respectively.

In the sequel we shall use the following Sobolev embedding theorem.

Theorem 2.1. Let Ω be an open bounded subset of R^n with sufficiently smooth boundary.

If 1 ≤ p <^Q_k then

S^{k,p}_X (Ω, R^N ) ⊂ L^{p∗} (Ω, R^N ), where 1 p^∗ = 1 p − k Q , and ‖u‖_Lp∗_{(Ω,R}N_) ≤ c‖u‖_Sk,p_{X (Ω,RN )}.

There are a lot of proofs of this theorem in literature. For what concerns Sobolev embedding theorems in metric spaces the reader can refer to [34], [33], [22], [23] and [43].

Now we define the Morrey spaces, the Campanato spaces, C^{0,α}_X , BMO_X and VMO_X spaces with respect to the Carnot-Carathéodory metric ([37], [38]).

Definition 2.3. Let p ≥ 1. We say that u ∈ L^p_{loc}(Ω, R^N ) belongs to L^{p,λ}_X (Ω, R^N ), for some λ > 0, if

‖u‖_Lp,λ_{X (Ω,RN )} = sup

x_0∈Ω,0<R<d_0 ( R^λ |Ω ∩ B(x_0, R)| ∫ Ω∩B(x_0,R)

‖u‖^p dx

) 1_p < +∞,

where d_0 = min(diam(Ω), R_D).

Definition 2.4. Let p ≥ 1. We say that u ∈ L^p_{loc}(Ω, R^N ) belongs to L^{p,λ}_X (Ω, R^N ), for λ > −p, if

[u]_Lp,λ_{X (Ω,RN )} = sup

x_0∈Ω,0<R<d_0 ( R^λ |Ω ∩ B(x_0, R)| ∫ Ω∩B(x_0,R)

‖u − u_R‖^p dx

) 1_p < +∞,

where d_0 = min(diam(Ω), R_D).

L^{p,λ}_X (Ω, R^N ) and L^{p,λ}_X (Ω, R^N ) are called Morrey space and Campanato space respectively.

Definition 2.5. Let α ∈ (0, 1[. C^{0,α}_X (Ω, R^N ) is the Banach space of the functions u : Ω → R^N α-Hölder continuous with the norm

‖u‖_C0,α_{X (Ω,RN )} = sup_Ω ‖u‖ + sup Ω ‖u(x) − u(y)‖ [d(x, y)]^α .

We say that u ∈ C^{0,α}_X (Ω, R^N ) if u ∈ C^{0,α}_X (K, R^N ) for every K compact subset of Ω.

Definition 2.6. We say that u ∈ L^1_{loc}(Ω, R^N ) belongs to BMO_X (Ω, R^N ) if

‖u‖_{BMOX (Ω,R}N_) = sup

x_0∈Ω,0<R<d_0 1 |Ω ∩ B(x_0, R)| ∫ Ω∩B(x_0,R)

‖u − u_R‖ dx < +∞.

If u ∈ BMO_X (Ω, R^N ) we say that u belongs to VMO_X (Ω, R^N ) when

η(R) = sup

x_0∈Ω,0<ρ<R 1 |Ω ∩ B(x_0, ρ)| ∫ Ω∩B(x_0,ρ)

‖u − u_ρ‖ dx → 0

as R → 0.

We observe that the spaces L^{p,λ}_X (Ω, R^N ) and L^{p,λ}_X (Ω, R^N ), for λ > Q, are essentially the spaces L^p_{loc}(Ω, R^N ). Moreover, the following theorem holds (see [37] and [27]).

Theorem 2.2. If λ > 0, the Campanato space L^{p,λ}_X (Ω, R^N ) is isomorphic to the Morrey space L^{p,λ}_X (Ω, R^N ). If −p < λ < 0, the Campanato space L^{p,λ}_X (Ω, R^N ) is isomorphic to C^{0,α}_X (Ω, R^N ) with α = −^λ_p .

3. Gradient estimates

Let us start by studying the following homogeneous system:

(5) −X^∗_α(a^{αβ}_{ij} (x)X_β u^j) = 0 i = 1, 2, . . . , N,

with variable coefficients a^{αβ}_{ij} ∈ L^∞(Ω) ∩ VMO_X (Ω) satisfying the strong ellipticity condition:

there exists ν > 0 such that,

a^{αβ}_{ij} (x)ξ^i_αξ^j_β ≥ ν‖ξ‖^2 a.e. x ∈ Ω and ∀ξ ∈ R^{qN} .

We shall use the following energy estimate known as Caccioppoli inequality (see [42]).

Theorem 3.1. Let u ∈ S^1_X (Ω, R^N ) be a solution of (5). Then there exists c such that ∀ρ < R < d_0 ∫ B_ρ

‖Xu‖^2 dx ≤ c (R − ρ)^2 ∫ B_R

‖u‖^2 dx.

Theorem 3.2. Let u ∈ S^1_X (Ω, R^N ) be a solution of the system

(6) −X^∗_α(a^{αβ}_{ij} X_βu^j) = 0 i = 1, 2, . . . , N,

where a^{αβ}_{ij} ∈ R and satisfy the strong ellipticity condition. Then there exist two positive constants C and R_0 such that for every x_0 in Ω and B_ρ = B(x_0, ρ), with 0 < ρ < R_0, we have (7) ∫ B_ρ

‖Xu‖^2 dx ≤ c ( ρ R_0

)_Q ∫

B_{R0}

‖Xu‖^2 dx.

For the proof of the last theorem see [44, Theorem 3.2].

In order to study the system (5) we recall one more definition ([28] and [30]). Definition 3.1. Given a functional F : S^1_X (Ω, R^N ) → R we call u a spherical quasi-minimum for F iff

F (u; B_R) ≤ cF (u + φ; B_R) ∀φ ∈ S^1_{X,0}(B_R, R^N ) and ∀B_R ⊂ Ω.

If u ∈ S^1_X (Ω, R^N ) is a solution of the system (5) then u is a spherical quasiminimum for the functional F (u; Ω) = ∫ Ω ‖Xu‖^2 dx. In fact, let B_R ⊂ Ω and φ ∈ S^1_{X,0}(B_R, R^N ). Setting v = u + φ, using Definition 3.1 and Cauchy-Schwarz inequality, we have, ∫ B_R

‖Xu‖^2 dx ≤ 1 ν ∫ B_R

a^{αβ}_{ij} (x)X_αu^iX_βu^j dx ≤ 1 ν ∫ B_R

a^{αβ}_{ij} (x)X_αu^iX_βv^j dx

≤ c ( ∫ B_R

‖Xu‖^2 dx

) 1_2 ( ∫

B_R

‖Xv‖^2 dx

) 1_2 . Then ∫

B_R

‖Xu‖^2 dx ≤ c ∫ B_R

‖Xv‖^2 dx,

and the result follows.

Theorem 3.3. Let u ∈ S^1_X (Ω, R^N ) be a solution of the system (5). Then there exists p > 2 such that u ∈ S^{1,p}_{X,loc}(Ω, R^N ).

Moreover ∀B_R ⊂⊂ Ω ( ∫ B_{R2}

‖Xu‖^p dx

) 1_p ≤ c ( ∫ B_R

‖Xu‖^2 dx

) 1_2 ,

where c does not depend on R.

Proof: For fixed B_R ⊂⊂ Ω and ρ < R, let η be a radial cutoff function, i.e. η ∈ C^∞_0 (B_R), 0 ≤ η ≤ 1, η = 1 in B_ρ, and ‖Xη‖ ≤^c_{R−ρ} (for the existence of this function see [5]). Since u is a spherical quasi-minimum for ∫ Ω ‖Xu‖^2 dx, taking φ = −η(u − u_R) we have ∫ B_ρ

‖Xu‖^2 dx ≤ ∫ B_R

‖Xu‖^2 dx ≤ c ∫ B_R

‖X(u − η(u − u_R))‖^2 dx ≤ c ∫ B_R

(1 − η)^2‖Xu‖^2 dx + c ∫ B_R

‖Xη‖^2‖u − u_R‖^2 dx ≤ c ∫ B_R\B_ρ

‖Xu‖^2 dx + c (R − ρ)^2 ∫ B_R

‖u − u_R‖^2 dx,

from which (8) ∫ B_ρ

‖Xu‖^2 dx ≤ c c + 1 ∫ B_R

‖Xu‖^2 dx + c (R − ρ)^2 ∫ B_R

‖u − u_R‖^2 dx.

Applying Lemma 5.1 in [30] we obtain ∫ B_ρ

‖Xu‖^2 dx ≤ c (R − ρ)^2 ∫ B_R

‖u − u_R‖^2 dx.

Now we choose ρ =^R_2 and apply Poincaré inequality (see [42]) to get

(9)

∫ B_{R2}

‖Xu‖^2 dx ≤ c R^2 ∫ B_R

‖u − u_R‖^2 dx

≤ c R^2 (∫ B_R

‖Xu‖^{2∗} dx

) 2_{2∗}

, where 1 2_∗ = 1 2 + 1 Q .

Making use of (9), the doubling condition (H2) and Lemma 7 in [40], it follows ( ∫ B_{R2}

‖Xu‖^2 dx

) 1_2 ≤ c R|B R_2 |^12 ( ∫ B_R

‖Xu‖^{2∗} dx

) 1_{2∗}

≤ c |B R_2 |^{1Q} R ( ∫ B_R

‖Xu‖^{2∗} dx

) 1_{2∗} ≤ c ( ∫ B_R

‖Xu‖^{2∗} dx

) 1_{2∗} , where c does not depend on R.

To get the conclusion we make use of Lemma 3 in [24] taking f = ‖Xu‖^{2∗} , s = 2/2_∗ > 1. □ Lemma 3.1. Let u ∈ S^1_X (Ω, R^N ) be a solution of system (5), suppose a^{αβ}_{ij} ∈ L^∞(Ω) ∩ VMO_X (Ω) and the strong ellipticity condition holds true. Then there exists 0 < R_0 ≤ d_0 such that ∀ 0 < μ < Q ∫ B(x_0 ,ρ)

‖Xu‖^2 dx ≤ c ( ρ R )_μ ∫

B(x_0 ,R)

‖Xu‖^2 dx,

for any ρ ≤ R ≤ min(R_0, dist(x_0, ∂Ω))/2.

Proof: Let B(x_0, R) = B_R ⊂⊂ Ω be a ball and let v, w be solutions of the following problems: { −X^∗_α((a^{αβ}_{ij} )_RX_βv^j ) = 0 in B_R, v − u ∈ S^1_{X,0}(B_R, R^N ), { −X^∗_α((a^{αβ}_{ij} )_RX_βw^j ) = −X^∗_α[((a^{αβ}_{ij} )_R − a^{αβ}_{ij} (x))X_β u^j] in B_R, w ∈ S^1_{X,0}(B_R, R^N ).

Trivially we have u = v + w. Concerning the function v, it is solution of a system with constant coefficients, then, for any 0 < ρ < R, we have

(10) ∫ B_ρ

‖Xv‖^2 dx ≤ c ( ρ R )_Q ∫

B_R

‖Xv‖^2 dx.

On the other hand, the function w satisfies the following estimate

(11) ∫ B_R

‖Xw‖^2 dx ≤ c ∫ B_R

|(a^{αβ}_{ij} )_R − a^{αβ}_{ij} (x)|^2‖Xu‖^2 dx.

Merging now (10) and (11), by Hölder inequality and Theorem 3.3 it follows, for any 0 < ρ < R, ∫ B_ρ

‖Xu‖^2 dx ≤ 2 ∫ B_ρ

‖Xv‖^2 dx + 2 ∫ B_R

‖Xw‖^2 dx ≤ c ( ρ R )_Q ∫

B_R

‖Xu‖^2 dx

+c|B_R| ( ∫ B_R

|(a^{αβ}_{ij} )_R − a^{αβ}_{ij} (x)|^{2pp−2}

) p−2_p ( ∫

B_R

‖Xu‖^p

)_{2/p}

≤ c [( ρ R )_Q + ( ∫ B_R

|(a^{αβ}_{ij} )_R − a^{αβ}_{ij} (x)|^{2pp−2}

) p−2_p ] ∫

B(2R)

‖Xu‖^2 dx.

Now the VMO_X assumption on the coefficients plays a role. Namely since a^{αβ}_{ij} ∈ VMO_X (Ω) making use of Lemma 1.III, Chapter I in [10], we obtain that there exists R_0 ≤ d_0 such that ∀ρ < R ≤ min(R_0, dist(x_0, ∂Ω))/2 and ∀0 < μ < Q ∫ B_ρ

‖Xu‖^2 dx ≤ c ( ρ R )_μ ∫

B_R

‖Xu‖^2 dx. □ Now we can study the variable coefficients system

(12) −X^∗_α(a^{αβ}_{ij} (x)X_β u^j) = g_i(x) − X^∗_αf^α_i (x), i = 1, 2, . . . , N,

where

a^{αβ}_{ij} ∈ L^∞(Ω) ∩ VMO_X (Ω),

g_i ∈ L^{2Q/(Q+2),λQ/(Q+2)}

X (Ω), f^α_i ∈ L^{2,λ}_X (Ω), with Q − n < λ < Q

and the strong ellipticity condition holds true.

Theorem 3.4. Let u ∈ S^1_X (Ω, R^N ) be a solution of (12). Then

Xu ∈ L^{2,λ}_{X,loc}(Ω, R^{qN} ).

More precisely there exists R_0 ≤ d_0 such that ∀ρ < R ≤ R_0 and B(x_0, R) ⊂ Ω, we have ∫ B(x_0,ρ)

‖Xu‖^2 dx ≤ c

|B(x_0, ρ)|

ρ^λ · · [ R^λ |B(x_0, R)| ∫ B(x_0,R))

‖Xu‖^2 dx + ‖g‖^2_{L2Q/(Q+2),λQ/(Q+2)}

X (Ω)

+ ‖f‖^2_{L2,λX (Ω)} ] , where c does not depend on ρ.

Proof: For x_0 ∈ Ω fixed, we stress that by Lemma 7 in [40] there exists R ≤ min(R_0, dist(x_0, ∂Ω))/2 (R_0 appears in Lemma 3.1) such that |B_R| ≤ 1.

Let v and w be the solutions of the following systems { −X^∗_α(a^{αβ}_{ij} (x)X_β v^j ) = 0 in B_R, v − u ∈ S^1_{X,0}(B_R, R^N ), { −X^∗_α(a^{αβ}_{ij} (x)X_β w^j ) = g_i − X^∗_αf^α_i in B_R, w ∈ S^1_{X,0}(B_R, R^N ).

Let Q − n < μ < Q. From Lemma 3.1 we get

(13)

∫ B_ρ

‖Xu‖^2 dx ≤ c ∫ B_ρ

‖Xv‖^2 dx + c ∫ B_ρ

‖Xw‖^2 dx ≤ c ( ρ R )_μ ∫

B_R

‖Xv‖^2 dx + c ∫ B_R

‖Xw‖^2 dx lec ( ρ R )_μ ∫

B_R

‖Xu‖^2 dx +c ∫ B_R

‖Xw‖^2 dx.

Now we estimate the last integral in (13). By definition of solution, Hölder and Sobolev inequalities, one has ∫ B_R

‖Xw‖^2 dx ≤ c ∫ B_R

‖w‖‖g‖ dx + c ∫ B_R

‖Xw‖‖f‖ dx

≤ c ( ∫ B_R

‖w‖^{2∗}

)_{1/2}∗ ( ∫

B_R

‖g‖^{2Q/(Q+2)} dx

) Q+2_{2Q}

+ c ( ∫ B_R

‖Xw‖^2 dx

)_{1/2}( ∫

B_R

‖f‖^2 dx

)_{1/2}

≤ c ( ∫ B_R

‖Xw‖^2 dx )_{1/2}[( ∫ B_R

‖g‖^{2Q/(Q+2)}

) Q+2_{2Q} + ( ∫ B_R

‖f‖^2 dx

)_{1/2}] , from which ∫ B_R

‖Xw‖^2 dx ≤ c ( ∫ B_R

‖g‖^{2Q/(Q+2)}

) Q+2_Q + c ∫ B_R

‖f‖^2 dx.

Then we obtain

∫ B_ρ

‖Xu‖^2 dx ≤ c ( ρ R )_μ ∫

B_R

‖Xu‖^2 dx

+ c (∫ B_R

‖g‖^{2Q/(Q+2)}

) Q+2_Q + c ∫ B_R

‖f‖^2 dx

≤ c ( ρ R )_μ ∫

B_R

‖Xu‖^2 dx +

|B_R|^{Q+2Q}

R^λ

‖g‖^2_{L2Q/(Q+2),λQ/(Q+2)}

X (Ω) + |B_R| R^λ

‖f‖^2_{L2,λX (Ω)} ≤ c ( ρ R )_μ ∫

B_R

‖Xu‖^2 dx +

|B_R| R^λ

[‖g‖^2_{L2Q/(Q+2),λQ/(Q+2)}

X (Ω)

+ ‖f‖^2_{L2,λX (Ω)}].

Since Q−n < μ < Q, we can use Proposition 2.1 in [36] with β = μ, F (ρ) =^{|Bρ|}_{ρλ} and Q − λ < γ < μ. We observe that^{ργ}_{F (ρ)} is almost increasing: in fact from (3), since γ > Q − λ, it follows that ∀t ∈ (0, 1)

t^{γ+λ} |B_{tρ}|

≤ C_D t^{γ+λ−Q}

|B_ρ| ≤ C_D |B_ρ| . Finally, we obtain ∀ρ < R, by Proposition 2.1 in [36] ∫ B_ρ

‖Xu‖^2 dx ≤ c |B_ρ| ρ^λ [ R^λ |B_R| ∫ B_R

‖Xu‖^2 dx + ‖g‖^2_{L2Q/(Q+2),λQ/(Q+2)}

X (Ω)

+ ‖f‖^2_{L2,λX (Ω)} ] . The last inequality ensures us that Xu belongs to the space L^{2,λ}_{X,loc}(Ω, R^{qN} ). □

From the last theorem, Poincaré inequality (see [42]) and Theorem 2.2 we can obtain the following Hölder continuity result for the solution of the system (12). Theorem 3.5. Let u ∈ S^1_X (Ω, R^N ) be a solution of (2). If Q − n < λ < 2, then

u ∈ C^{0,α}_X (Ω, R^N ) with α = 1 − λ 2 . References

[1] Acquistapace P., On BMO regularity for linear elliptic systems, Ann. Mat. Pura Appl. (4) 161 (1992), 231–269.

[2] Agmon S., Douglis A., Nirenberg L., Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions I, Comm. Pure Appl. Math. XII (1959), 623–727.

[3] Agmon S., Douglis A., Nirenberg L., Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions II, Comm. Pure Appl. Math. XVII (1964), 35–92.

[4] Bramanti M., Brandolini L., L^p estimates for nonvariational hypoelliptic operators with VMO coefficients, Trans. Amer. Math. Soc. 352 (2000), no. 2, 781–822.

[5] Bramanti M., Brandolini L., L^p estimates for uniformly hypoelliptic operators with discontinuous coefficients on homogeneous groups, to appear in Rend. Sem. Mat. Univ. Politec. Torino.

[6] Bramanti M., Brandolini L., Estimates of BMO type for singular integrals on spaces of homogeneous type and applications to hypoelliptic pdes, preprint.

[7] Bramanti M., Cerutti M.C., W^{1,2}_p Solvability for the Cauchy-Dirichlet problem for parabolic equations with VMO coefficients, Comm. Partial Differential Equations 18 (1993), 1735– 1763.

[8] Burger N., Espace des fonctions à variation moyenne bornée sur un espace de nature homogène, C.R. Acad. Sci. Paris Série A 286 (1978), 139–142.

[9] Campanato S., Equazioni ellittiche del II ordine e spazi L^{(2,λ)}, Ann. Mat. Pura Appl. (4) 69 (1965), 321–381.

[10] Campanato S., Sistemi ellittici in forma di divergenza. Regolarità all’interno, Quaderni SNS Pisa (1980).

[11] Cordes H.O., Zero order a priori estimates for solutions of elliptic differential equations, Proceedings of Symposia in Pure Mathematics IV (1961), 157–166.

[12] Chiarenza F., Franciosi M., Frasca M., L^p estimates for linear elliptic systems with discontinuous coefficients, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 5 (1994), no. 1, 27–32.

[13] Chiarenza F., Frasca M., Longo P., Interior W^{2,p}-estimates for nondivergence elliptic equations with discontinuous coefficients Ricerche Mat. XL (1991), 149–168.

[14] Chiarenza F., Frasca M., Longo P., W^{2,p}-solvability of the Dirichlet problem for non divergence elliptic equations with VMO coefficients, Trans. Amer. Math. Soc. 336 (1993), no. 1, 841–853.

[15] Danielli D., A Fefferman-Phong type inequality and applications to quasilinear subelliptic equations, Potential Anal. 11 (1999), 387–413.

[16] Danielli D., Garofalo N., Nhieu D.M., Trace inequalities for Carnot-Carathéodory spaces and applications, Ann. SNS Pisa Cl. Sci. (4) 27 (1998), 195–252.

[17] Di Fazio G., L^p estimates for divergence form elliptic equations with discontinuous coefficients, Boll. Un. Mat. Ital. A (7) 10 (1996), no. 2, 409–420.

[18] Di Fazio G., Palagachev D.K., Oblique derivative problem for elliptic equations in nondivergence form with VMO coefficients, Comment. Math. Univ. Carolinae 37 (1996), no. 3, 537–556.

[19] Di Fazio G., Palagachev D.K., Oblique derivative problem for quasilinear elliptic equations with VMO coefficients, Bull. Austral. Math. Soc. 53 (1996), no. 3, 501–513.

[20] Di Fazio G., Ragusa M.A., Interior estimates in Morrey spaces for strong solutions to nondivergence form equations with discontinuous coefficients, J. Funct. Anal. 112 (1993), no. 2, 241–256.

[21] Di Fazio G., Palagachev D.K., Ragusa M.A., Global Morrey regularity of strong solutions to the Dirichlet problem for elliptic equations with discontinuous coefficients, J. Funct. Anal. 166 (1999), no. 2, 179–196.

[22] Franchi B., Gallot S., Wheeden R.L., Sobolev and isoperimetric inequalities for degenerate metrics, Math. Ann. 300 (1994), no. 4, 557–571.

[23] Franchi B., Gutiérrez C.E., Wheeden R.L., Weighted Sobolev-Poincaré inequalities for Grushin type operators, Comm. Partial Differential Equations 19 (1994), 523–604.

618 G. Di Fazio, M.S. Fanciullo

[24] Franchi B., Serra Cassano F., Regularité partielle pour une classe de systèmes elliptiques dégénérés, C.R. Acad. Sci. Paris Série I 316 (1993), 37–40.

[25] Garofalo N., Recent Developments in the Theory of Subelliptic Equations and its Geometric Aspects, Birkhäuser, to appear.

[26] Garofalo N., Nhieu D.M., Isoperimetric and Sobolev inequalities for Carnot-Carathéodory spaces and the existence of minimal surfaces, Comm. Pure Appl. Math. XLIX (1996), 1081–1144.

[27] Geisler M., Morrey-Campanato spaces on manifolds, Comment. Math. Univ. Carolinae 29 (1988), no. 2, 309–318.

[28] Gianazza U., Higher Integrability for quasi- minima of functionals depending on vector fields, Rend. Accad. Naz. Sci. XL Mem. Mat. (5) 17 (1993), 209–227.

[29] Giaquinta M., Multiple integrals in calculus of variations and nonlinear elliptic systems, Ann. of Math. Stud. 105 (1983), Princeton University Press.

[30] Giaquinta M., Introduction to Regularity Theory for Nonlinear Elliptic Systems, Lectures in Mathematics ETH Zürich, Birkhäuser Verlag, Basel, 1993.

[31] Gromov M., Carnot-Carathéodory spaces seen from within, Inst. Hautes Études Sci. Publ.

Math. (1994).

[32] Guidetti D., General linear boundary value problems for elliptic operators with VMO coefficients, Math. Nachr. 237 (2002), 62–88.

[33] Hajłasz P., Sobolev spaces on an arbitrary metric space, Potential Anal. 5 (1996), 403–415. [34] Hajłasz P., Koskela P., Sobolev met Poincaré, Mem. Amer. Math. Soc. 145 (2000), no. 688. [35] Hörmander L., Hypoelliptic second order differential equations, Acta Math. 119 (1967), 147–171.

[36] Huang Q., Estimates on the Generalized Morrey spaces L^{2,λ}_φ and BMO for linear elliptic systems, Indiana Univ. Math. J. 45 (1996), no. 2, 397–439.

[37] Lu G., Embedding theorems on Campanato-Morrey space for vector fields on Hörmander type, Approx. Theory Appl. (N.S.) 14 (1998), no. 1, 69–80.

[38] Lu G., Embedding theorems on Campanato-Morrey space for vector fields and applications, C.R. Acad. Sci. Paris Série. I 320 (1995), no. 4, 429–434.

[39] Miranda C., Sulle equazioni ellittiche del secondo ordine a coefficienti discontinui, Ann.

Mat. Pura Appl. 63 (1963), 353–386.

[40] Sánchez-Calle A., Fundamental solutions and geometry of the sum of squares of vector fields, Invent. Math. 78 (1984), 143–160.

[41] Sarason D., Functions of vanishing mean oscillations, Trans. Amer. Math. Soc. 207 (1975), 391–405.

[42] Trudinger N.S., Wang X.J., On the weak continuity of elliptic operators and applications to potential theory, Amer. J. Math. 124 (2002), no. 2, 369–410.

[43] Xu C.-J., Subelliptic variational problems, Bull. Soc. Math. France 118 (1990), 147–169. [44] Xu C.-J., Zuily C., Higher interior regularity for quasilinear subellliptic systems, Calc. Var.

5 (1997), 323–343.

Department of Mathematics, University of Catania, Viale A. Doria 6, 95125 Catania, Italy E-mail: difazio@dmi.unict.it

fanciullo@dmi.unict.it

(Received January 18, 2002, revised April 4, 2002)