Comment.Math.Univ.Carolin. 43,4 (2002)583–594 583

On transitivity of pronormality

Leonid A. Kurdachenko, Igor Ya. Subbotin

Abstract. This article is dedicated to soluble groups, in which pronormality is a transitive relation. Complete description of such groups is obtained.

Keywords: pronormal subgroups, transitive relations

Classification: 20F16, 20E15

The class of groups in which normality is a transitive relation (T-groups), is well studied now. These groups and some their generalizations has been investigated by many authors ([BT], [Z], [G], [AK], [R1], [R2], [R3], [R4], [E1],[E2], [H], [HL], [SK], [FdeG], [GK], [M1], [M2] and others). The most valuable results about Tgroups have been obtained in [R1]. This work with the works mentioned above established the wide variety of interesting and important results placing T-groups in the main stream of study of the normal structure of groups.

In the article [SK] the relationship of T-groups with some groups saturated with pronormal subgroups has been investigated. As it has been established in this article, soluble T-groups could be characterized as the groups with all pronormal cyclic subgroups. Recall, that a subgroup A is called pronormal in a group G (we will denote it A pr G) if for every x ∈ G subgroups A^x and A are conjugate in ⟨A^x, A⟩. Also a subgroup A is called abnormal in a group G (A ab G) if g ∈ ⟨A, A^g⟩ for each element g ∈ G. It follows immediately from the definition that abnormal subgroups are self-normalizing, and every subgroup containing an abnormal subgroup is also abnormal. Therefore we can consider abnormality as some kind of opposite to normality. Pronormal subgroups are very useful and natural generalizations of normal and abnormal subgroups. Many articles have been dedicated to study of pronormal subgroups and their influence on the normal structure of a group (see, for example, [P], [Mu], [Ro], [W], [KS1], [KS2], [KS3], [SK], [S1], [deFKS], [Ce], [CD], [deGV], [V], [V1], and others).

From this point of view the question about the groups, in which pronormality is transitive (briefly TP-groups) seems very natural and actual. In this article we investigate the soluble TP-groups.

Following [R1], a group in which all subgroups are T-groups will be called a T̄-group, and a group in which all subgroups are TP-groups a T̄P-group.

1. Preliminary results

We will use the following definitions from [B].

Let G be a group, D and K subgroups of G. We say that K is an intermediate subgroup for D if K ≥ D.

We say that a subgroup D of a group G satisfies the Frattini property if for any intermediate subgroups K and L such that D ≤ K ⊴ L ≤ G, we have L = (L ∩ N_G(D))K.

In the following lemma we just collected all needed properties of pronormal and abnormal subgroups.

Lemma 1 (see for example [BB]). Let G be a group, F a subgroup of G. I. The following statements hold.

(1) If A pr G and A ≤ F , then A pr F .

(2) If N ⊴ G, and N ≤ A, then A/N pr G/N if an only if A pr G. (3) If N ⊴ G and A pr G, then AN/N pr G/N. (4) If N ⊴ G and A pr G, then N_G(AN) = N_G(A)N. (5) If A pr G and A is subnormal in G, then A ⊴ G. (6) If A pr G, then N_G(A) ab G. (7) If A pr G and B ⊴ G, then AB pr G.

(8) If G is a soluble group, then A pr G if and only if it satisfies the Frattini Property. In particular, if A pr G, then for any N ⊴ G such that A ≤ N we have G = N_G(A)N.

(9) If A ab G, then A is abnormal in any intermediate subgroup of G.

II. The following statements are equivalent.

(1) H ab G.

(2) H pr G and N_G(H) = H.

(3) H pr G and N_G(K) = K for any intermediate subgroup K for H.

III. Let H be a subgroup of a group G and N ⊴ G such that N ≤ H; then H ab G if and only if H/N ab G/N.

Corollary 1. An arbitrary TP-group is a T-group. An arbitrary T̄P-group is a T̄-group.

We say that a subgroup A is quasicentral in a group G if each subgroup of A is normal in G.

Lemma 2. Let G be a periodic group and G = A ⋋ B, where A is a quasicentral Hall subgroup of G. Then B pr G.

Proof: Let g = ab, a ∈ A, b ∈ B be an arbitrary element of G. It follows that B^g = B^a. The cyclic subgroup ⟨a⟩ could be presented as a direct product ⟨a⟩ = ⟨f⟩ × ⟨c⟩ of two Hall cyclic subgroups ⟨f⟩ and ⟨c⟩, such that f ∈ C_G(b) and ⟨c⟩ ∩ C_G(b) = 1, 2 ∤ |c|. It is clear that B^a = B^{c1} where c_1 ∈ ⟨c⟩. Since [B, ⟨c_1⟩] = ⟨c_1⟩, c_1 ∈ ⟨B^{c1} , B⟩. Hence B^{c1} = B^g and Lemma 2 is proved. □

The following lemma is almost obvious.

Lemma 3. All factor-groups and all pronormal subgroups of a TP-group are TP-groups. All factor groups of a T̄P-group are T̄P-groups.

2. Periodic soluble TP-groups

Theorem 1. Locally soluble T̄P-groups become exhausted by the locally soluble groups in which all subgroups are pronormal.

Proof: Let G be a locally soluble T̄P-group. Corollary 1 implies that G is a T̄-group. Group G is soluble (see [KS4, Theorem 1]). Theorem 6.1.1 from [R1] implies that if G is non-periodic, then G is an abelian group. Assume that G is a periodic group. Let H be some non-pronormal subgroup of G. Theorem 6.1.1 from [R1] implies that in this case G is an extension of quasicentral Hall abelian 2^′-subgroup A coinciding with the nilpotent residual of G by a Dedekind group. Consider the subgroup R = AH. Since G/A is a Dedekind group, R ⊴ G. Denote D = A ∩ H. It is clear that D ≠ H and D ⊴ G. From Lemma 1(2) it follows that H/D is not a pronormal subgroup in G/D. Denote Ā = A/D, H̄ = H/D, Ḡ = G/D, R̄ = R/D. It is clear, that π(Ā) ∩ π(H̄) = ∅. By Lemma 2 H̄ pr Ḡ. This contradiction proves our theorem. □

Lemma 4. An arbitrary periodic soluble TP-group splits over the odd component of the last term of its lower central series.

Proof: Let G be a periodic soluble TP-group. By Corollary 1 G is a T-group. By Theorem 4.2.2 from [R1] there exists the odd component A of the last terms of the lower central series of G, which is an abelian Hall quasicentral 2^′-subgroup in G, and the derived group of the factor G/A is a 2-subgroup. Section 2 of [R1] implies that the set of the elements of odd orders of a soluble T-group forms a normal subgroup. It follows from this that G/A is a direct product of its Sylow prime subgroups. Using common notations we can say that G is a s-group. It is following from Section 3 of [R1] that such p-subgroups for p > 2 are abelian, and for p = 2 their structure has been described precisely (see, [R1, Section 3.2]). Let H be a π-subgroup of G, π ⊆ π(G/A)\{2}. Consider the group M = A ⋋ H. Since all Sylow p-subgroups of the s-group G/A with p ≠ 2 are abelian and 2 /∈ π, M is a normal subgroup in G. Subgroup H is pronormal in M by Lemma 2. Since G is a TP-group, H is pronormal in G. Let P be a Sylow 2-subgroup of G. Since G/A is a Dedekind group, R = A ⋋ P ⊴ G. Subgroup P is pronormal in R by Lemma 2. Since G is a TP-group, P is pronormal in G. It follows that all subgroups of Sylow 2-subgroup P are pronormal in G.

From Lemma 1(8) it follows that G = (A ⋋ P )N_G(P ). From the imbedding P ≤ R ∩ N_G(P ) and the isomorphism G/R ∼= N_G(P )/R ∩ N_G(P ) it follows that there is no 2-element in the factor-group G/R. Let B be a Sylow π(G/R)-subgroup of N_G(P ). As above, B is pronormal in G. Since G_1 = RB ⊴ G, G = G_1N_G(B) by Lemma 1(8). Since B is the only normal Sylow π-subgroup in its normalizer and B ≤ G_1 ∩ N_G(B), the factor-group G/G_1 ∼= N_G(B)/G_1 ∩ N_G(B) does not have π-elements. Moreover G/G_1 does not also have π(A)-elements. In addition, G/G_1 does not have an involution. Therefore G = G_1 = A ⋋ (B × P ) and we proved the lemma. □

Using [R1, Lemma 4.2.1 and Section 3.2] we can obtain the following result.

Corollary 2. Under the conditions of Lemma 4 the group G has the decomposition G = A ⋋ (B × P ), where A is the odd component of the last term of the lower central series of G, A an abelian Hall quasicentral 2^′-subgroup, B an abelian 2^′-subgroup, P is either trivial or a 2-T-group. The derived group G^′ is a direct product G^′ = A × P^′ and quasicentral in G.

The next corollary follows from [KS4, Lemma 4] and the results above.

Corollary 3. In an arbitrary periodic soluble T-group G, which is decomposed in a direct product of its primary components, all pronormal subgroups are normal. In particular G is a TP-group.

Corollary 4. The class of periodic soluble TP-groups, which are decomposed in a direct product of their primary components, coincides with the class of periodic soluble T-groups decomposed in a direct product of their Sylow p-subgroups.

The next lemma is following from Lemmas 1, 2, and 4.

Lemma 5. Let G be a periodic soluble TP-group.

1. All its 2^′-subgroups and all its subgroups containing some Sylow 2-subgroup of G are pronormal in G.

2. Any Sylow π(G/A)-subgroup of G complements the odd component A of the last term of the lower central series of G.

Lemma 6. Let G be a periodic group of the form G = A ⋋ (B × P ), where A is an abelian Hall quasicentral in G 2^′-subgroup, B an abelian 2-subgroup, P a 2-group with the T-property (a 2-T-group), G^′ = A×P , and any Sylow π(B ×P )- subgroup of G complements A in G. Then every pronormal subgroup K of G is decomposed in the product K = A_1 ⋋ (B_1 × P_1) where A_1 = K ∩ A, B_1 ≤ B, P_2 ≤ P , and every Sylow π(B_1 × P_1)-subgroup of K complements A_1 in K.

Proof: By Lemma 1 G_1 = AK is pronormal in G. It is clear that G/A is a soluble T-group decomposed into a direct product of its Sylow p-subgroups. By Lemma 1 AK/A is pronormal in G/A, and AK/A is normal in G/A by Corollary 3. Thus G_1 ⊴ G. The subgroup B ×P complements A in G. It follows from this that G_1 = A ⋋ (B_1 × P_1) where B_1 × P_1 = (B × P ) ∩ G_1. Let B_2 × P_2 = R_2 be a Sylow π(B ×P )-subgroup of K. Since every Sylow π(B ×P )-subgroup of G complements

A, we can assume without loss of generality that B_2 × P_2 ≤ B_1 × P_1 ≤ B × P . Consider the group G_2 = A ⋋ (B_2 × P_2). We shall prove that G_1 = G_2. Let x be an arbitrary element of the derived subgroup P^′_1 of the Sylow 2-subgroup P_1 of the group G_1. Since G_1 = AK, x = ak, where a ∈ A, k ∈ K. Then k = a^{−1}x. It follows from P^′_1 ≤ P^′, [P^′, A] = 1, and 2 ∈ π(⟨a⟩) that k^{|a|} = (a^{−1}x)^{|a|} = x^{|a|} ∈ K. Therefore x ∈ K. Since G^′ is quasicentral, ⟨x⟩ ⊴ G. Hence x belongs to any 2-Sylow subgroup of K, in particular x ∈ P_2. Therefore P_2 ≥ P^′_1 and G_2 ≥ G^′_1. It follows that G_2 ⊴ G_1. Let c = b_1p_1 be an element of B_1 × P_1\ B_2 × P_2, b_1 ∈ B_1, p_1 ∈ P_1. Since P_2 ≥ P^′_1, P_2 ⊴ P_1, and (B_2 × P_2)^c = (B_2 × P_2)^{p1} = B_2 × P_2. Therefore B_2 × P_2 ⊴ B_1 × P_1.

We shall show that R_2 = B_2 × P_2 is pronormal in G_1. In fact, for every g ∈ G_1 we can write g = pba, where p ∈ P_1, b ∈ B_1, a ∈ A. Therefore (B_2 × P_2)^{pba} = (B_2 ×P_2)^a. Consider the group R = ⟨a⟩⋋(B_2 ×P_2). By Lemma 2 R_2 is pronormal in R, and therefore in G_1.

Since G_2 ⊴ G_1, G_1 = G_2N_G(R_2) by Lemma 1. The factor-group G_1/G_2 ∼= N_G(R_2)/G_2 ∩ N_G(R_2) does not have π(G_1/A)-elements (R_2 is a normal Sylow π(G_1/A)-subgroup in N_G(R_2), and R_2 ≤ G_2). Since G_1/G_2 does not have π(A)- elements, G_1 = G_2. Hence G_1 = A ⋋ R_2 where R_2 = B_2 × P_2 is an arbitrary Sylow π(G/A)-subgroup of K, and R_2 is complemented in K by the subgroup A_1 = A ∩ K. Our proof is completed. □

Lemma 7. The group G from Lemma 6 is a TP-group.

Proof: Let L be a pronormal subgroup of a pronormal subgroup K of G. By Lemma 6 K = A_1 ⋋ (A_2 × P_2) where A_1 = A ∩ K, B_2 × P_2 is a Sylow π(B × P )- subgroup of K. This subgroup B_2 × P_2 belongs to some complement B × P to A in G, and B_2 × P_2 = (B × P ) ∩ K by Lemma 5. Proving Lemma 6 we particularly proved that for pronormal subgroup K the subgroup G_1 = AK is normal in G. This implies that AK ∩ (B × P ) = B_2 × P_2 ⊴ B × P . By Lemma 6 L = A_2 ⋋ (B_3 × P_3), where A_2 = L ∩ A_1, B_3 × P_3 = L ∩ (B_2 × P_2), and B_3 × P_3 ⊴ B_2 × P_2. Since B × P is a T-group, B_3 × P_3 ⊴ B × P . Let g = bpa be an arbitrary element of G = A⋋(B ×P ). It is clear that (B_3 ×P_3)^g = (B_3 ×P_3)^a. Consider the group R = ⟨a⟩ ⋋ (B_3 × P_3). It is easy to show that there exists an element ā of R, such that (B_3 ×P_3)^a = (B_3 ×P_3)^ā, and ā ∈ ⟨(B_3 ×P_3)^ā, B_3 ×P_3⟩. It means that B_3 × P_3 is pronormal in G. By Lemma 1 L = A_2 ⋋ (B_3 × P_3) is pronormal in G. Lemma is proved. □

The next theorem follows from the results above.

Theorem 2. A periodic soluble group G satisfies the transitive condition on pronormal subgroups if and only if it decomposed into a semidirect product G = A⋋(B ×P ) where A and B are abelian Hall subgroups in G, 2 /∈ π(A), P is either a trivial group or a 2-T-group, the derived subgroup G^′ is an abelian quasicentral subgroup of G decomposed into a direct product of A and the derived subgroup P^′ of P , and any Sylow π(B × P )-subgroup of G complements A in G.

Corollary 5. A periodic soluble TP-group is a semidirect product of a Hall normal subgroup in which all subgroups are pronormal and either a 2-T-group (in which only normal subgroups are pronormal) or trivial.

Using Theorem 2 and [R1, Section 3.2] we can obtain the following corollary.

Corollary 6. Periodic soluble TP-groups become exhausted by groups of the following types.

I. G = A ⋋ B, where A is an abelian quasicentral Hall 2^′-subgroup, B is a Dedekind group, G^′ = A × B^′, and any Sylow π(B)-subgroup of G complements A in G.

II–V. G = G_1 ⋋ P where G_1 = A ⋋ B is a Hall normal subgroup of type I, P is a 2-group of one of the following types of groups:

1. G = (C ⋋⟨z⟩)×D where C is a divisible non-trivial abelian group, exp D ≤ 2, z^2 = 1 or z^4 = 1, z^2 ∈ Z(G), c^z = c^{−1} for each c ∈ C;

2. G = (C ⋋ ⟨z, s⟩) × D where C and D are the same groups as in 1, ⟨z, s⟩ is a quaternion group, c^z = c^{−1}, c^s = s, for each c ∈ C;

3. G = (C ⋋ K⟨s⟩) × D where D is the same group as in 1, C is a divisible abelian group, K is a Prüfer 2-group, z^4 = 1, z^2 ∈ K, [K, C] = 1, c^z = c^{−1}, k^z = k^{−1} for each c ∈ C and k ∈ K.

In addition, [P, B] = 1, G^′ = A × P^′ and any Sylow π(B × P )-subgroup of G complements A in G.

Now we consider the following two cases: the first one is about soluble TPgroups, in which the centralizer of the derived subgroup contains an element of infinite order; and the second case is about non-periodic soluble TP-groups with the periodic centralizer of the derived subgroup. This classification has been introduced and successfully applied by D.J.S. Robinson [R1] for non-periodic soluble T-groups. Using his results we can describe the non-periodic soluble TPgroups. We will begin with the case of the non-periodic centralizer C = C_G(G^′).

3. TP-groups with a non-periodic centralizer of the derived group

The next corollary follows directly from [R1, Theorem 3.1.1].

Corollary 7. Torsion-free soluble TP-groups are Abelian.

Theorem 3. Let G be a soluble group with the non-periodic centralizer C = C_G(G^′). Then G is a TP-group if and only if it is a T-group.

Proof: Let G be a soluble TP-group with the non-periodic centralizer C = C_G(G^′) of the derived subgroup. By Corollary 1 G is a T-group.

If G is a soluble T-group with a non-periodic centralizer of the derived subgroup C = C_G(G^′), then by [R1, Theorem 3.2.1] G is either an abelian group (in this case our theorem is obvious), or G is decomposed into a direct product of a group

B of exponent ≤ 2 and a group A belonging to one of the following types of groups.

1. A = A_0 ⋋ ⟨z⟩ where A_0 is a non-periodic abelian group, A^2_0 = A_0, z an element of order 2 or 4, and a^z_0 = a^{−1}_0 for any a_0 ∈ A_0.

2. A = A_0 ⋋ ⟨z, s⟩ where A_0 is a non-periodic abelian group, A^2_0 = A_0, ⟨z, s⟩ is a quaternion group, a^z_0 = a^{−1}_0 , a^s_0 = a_0 for any a_0 ∈ A_0.

3. A = A_0 ⋋ ⟨z, s_∞⟩ where A_0 is a non-periodic abelian group, A^2_0 = A_0, ⟨z, s_∞⟩ is a locally quaternion group with a Prüfer subgroup ⟨s_∞⟩, [⟨s_∞⟩, A_0] = 1, a^z_0 = a^{−1}_0 for any a_0 ∈ A_0.

Considering all these cases we will prove that G satisfies the transitive condition for pronormal subgroups. We will investigate the structure of such subgroups in every particular case.

Consider the group G = (A_0 ⋋⟨z⟩)×B of the type 1. Without loss of generality we can assume that any abnormal subgroup F of G coincides with (A_1 ⋋ ⟨z⟩) × B where A_1 = A_0 ∩ F and the factor A_0/A_1 is a periodic 2^′-group. Indeed, by [deFKS, Lemma 4] F supplements the derived subgroup A_0 in G. Therefore, we can assume that F ⊇ ⟨z⟩ × B and this subgroup ⟨z⟩ × B is complemented in G by A_0.

We will prove that for such subgroup F = (A_1 ⋋ ⟨z⟩) × B the factor A_0/A_1 is a periodic 2^′-group. In fact, Ḡ = G/A_1 could be represented as a semidirect product Ḡ = Ā ⋋ D̄ where Ā = A_0/A_1, D̄ is isomorphic with ⟨z⟩ × B, and D̄ is abnormal in Ḡ as an image of an abnormal subgroup F of the group G. If Ā would have an element of infinite order or a 2-element (denoted by x̄ in both cases), then in the group ⟨x̄⟩⋋D̄ the subgroup D̄ would be abnormal. In this case D̄ would supplement the derived subgroup ⟨x̄2⟩ in ⟨x̄⟩ ⋋ D̄, which is impossible.

We shall prove that A^2_1 = A_1. Indeed, if A^2_1 ≠ A_1, the factor-group A_0/A^2_1 has a non-trivial Sylow 2-subgroup, which is an elementary abelian 2-group. It follows from here that A_0 has an elementary abelian 2-factor-group, which is impossible (A^2_0 = A_0).

Note that any subgroup R = (A_1 ⋋ ⟨z⟩) × B, where A_1 < A_0 defines the periodic 2^′-factor-group A_0/A_1, A^2_1 = A_1, is abnormal in G. Indeed, the derived subgroup of any intermediate subgroup containing R is contained into A_0, and (if the appropriate factor-group Ā is a periodic 2^′-subgroup) R will supplement it. It means that all abnormal subgroups of G have the same structure as G does.

Because A_0 is non-periodic it always has a proper subgroup A_1 with the periodic 2^′-factor-group A_0/A_1. In fact, if A_0 is not divisible, then there exists an odd number n, such that A^n_0 ≠ A_0 and A_0/A^n_0 is a periodic 2^′-group. If A_0 is divisible, then it is a direct product of Prüfer groups and groups are isomorphic to the additive group of rational numbers. Since A_0 is non-periodic, there exists at least one subgroup Q like that. We can consider the factor group by the complement R to Q. It is isomorphic to Q. Let x be an element of Q. The factor-group Q/⟨x⟩ is periodic. Consider the factor group L of this group by its Sylow 2-subgroup. It is a 2^′-group. Now it is easy to build the appropriate normal subgroup of A_0, determining a factor-group isomorphic with L.

We will show that our group G of type 1 is a TP-group. By Lemma 1(6) any proper pronormal subgroup F of G has an abnormal in G normalizer, which has the same structure as G does, i.e. without loss of generality we can assume that R = N_G(F ) = (A_1 ⋋ ⟨z⟩) × B, where A_1 < A_0 defines the periodic 2^′-factor-group A_0/A_1, and A^2_1 = A_1. Let M be a normal subgroup in R. There are two following possibilities: (1) M contains an element m = axb, where a ∈ A_1, x ∈ ⟨z⟩, b ∈ B, x /∈ ⟨z^2⟩; and (2) M contains an element m = axb, where a ∈ A_1, x ∈ ⟨z⟩, b ∈ B, x ∈ ⟨z^2⟩. In the second case, M ⊴ G; moreover, M is quasicentral in G. It means that in this case all subgroups of M are pronormal in G. Consider the first case. Without loss of generality we can assume that x = z. Since [A_1, z] = A^2_1 = A_1, A_1 ≤ M. It follows that M = (A_1 ⋋ ⟨z⟩) × B_1 where B_1 = M ∩ B.

Let us show that the subgroup K = A_1 ⋋ ⟨z⟩ is pronormal in G. Let y be an element of G. We can write y = atb where a ∈ A_0, t ∈ ⟨z⟩, b ∈ B. Hence K^y = K^a. Since [a, z] = a^{−2} and A_0/A_1 is a 2^′-group, a ∈ ⟨K^a, K⟩. It means that K = A_1 ⋋ ⟨z⟩ is pronormal in G, and by Lemma 1(7) M = KB_1 pr G.

Any pronormal subgroup F in M either is quasicentral in G or has the same structure as M does. It means that we can use the arguments from the paragraph above to show that F pr G. This way we prove that all groups of the type 1 are TP-groups.

Consider the type 2: G = A × B = (A_0 ⋋ ⟨z, s⟩) × B, A_0 is a non-periodic abelian group, A^2_0 = A_0, ⟨z, s⟩ is a quaternion group, a^z_0 = a^{−1}_0 , a^s_0 = a_0 for any a_0 ∈ A_0. In this case the subgroup H = ⟨z^2⟩ × B as a central subgroup belongs to any abnormal subgroup of G. By Lemma 1(III) every abnormal subgroup of G is a preimage of an abnormal subgroup of the factor-group G/H. Note, that this subgroup contains ⟨s⟩H/H as a central subgroup of G/H. It means that an abnormal subgroup F of G could be written as F = (A_1 ⋋ ⟨z, s⟩) × B, where A_1 < A_0 defines the periodic 2^′-factor-group A_0/A_1, and A^2_1 = A_1. Any pronormal subgroup M of G is a normal subgroup of a subgroup of this type by Lemma 1(6). Without loss of generality we can consider the following two possibilities: (1) M contains an element m = axyb where a ∈ A_1, x ∈ ⟨z⟩, y ∈ ⟨s⟩, b ∈ B, x /∈ ⟨z^2⟩; and (2) M contains an element m = axyb where a ∈ A_1, y ∈ ⟨s⟩, b ∈ B, x ∈ ⟨z^2⟩. In the second case, M ⊴ G, moreover, M is quasicentral in G. It means that in this case all subgroups of M are pronormal in G. Consider the first case. Without loss of generality we can assume that x = z. Since [A_1, z] = A^2_1 = A_1, A_1 ≤ M. It follows that M contains the subgroup T = (A_1 ⋋ ⟨z⟩) × B_{1,} where B_1 = M ∩ B. In this case it is easy to show that M^x = M^a for any x ∈ G, x = atb, a ∈ A_0, t ∈ ⟨z, s⟩, b ∈ B. Note, that a ∈ ⟨M^x, M⟩ = ⟨M^a, M⟩. It means that M is pronormal in G. Any pronormal subgroup F of M has the same structure as M does, and using the above arguments we can show that F is pronormal in G.

Considering the type 3 where A = A_0 ⋋ ⟨z, s_∞⟩, A_0 is a non-periodic abelian group, A^2_0 = A_0, ⟨z, s_∞⟩ is a locally quaternion group with a Prüfer subgroup ⟨s_∞⟩, [⟨s_∞⟩, A_0] = 1, a^z_0 = a^{−1}_0 for any a_0 ∈ A_0, we will prove that any abnormal subgroup contains ⟨z, s_∞⟩. First of all note that any abnormal subgroup F of G contains some element x = astb, where a ∈ A_0, s ∈ ⟨s_∞⟩, ⟨t⟩ = ⟨z⟩, b ∈ B. Indeed, in the opposite case, when for all elements of F in the decomposition above t ∈ ⟨z^2⟩, F is normal in G, i.e. G = F , which is impossible. Thus, ⟨t⟩ = ⟨z⟩, and without loss of generality we can assume that z ∈ F . If such F does not contain an element s ∈ ⟨s_∞⟩, we will assume that s^2 belongs to F . Consider the subgroup K = ⟨s⟩F . By Lemma 1(9) F is abnormal in K. However, F ≥ K^′, and F = K, which is impossible. Hence, F ≥ ⟨s_∞⟩. Considering the factor-group of G by ⟨z^2, s_∞⟩ we come to the type 1 and using arguments similar to those above we can prove that every abnormal subgroup F of G could be represented as F = (A_1 ⋋ ⟨s_∞, z⟩) × B where A_1 < A_0 defines the periodic 2^′-factor-group A_0/A_1, and A^2_1 = A_1. It means that only normal subgroups M of such a group F could be pronormal in G (Lemma 1(6)). Without loss of generality we can consider the following two possibilities: (1) M contains an element m = axyb, where a ∈ A_1, x ∈ ⟨z⟩, y ∈ ⟨s_∞⟩, b ∈ B, x /∈ ⟨z^2⟩; and (2) M contains an element m = axyb, where a ∈ A_1, y ∈ ⟨s_∞⟩, b ∈ B, x ∈ ⟨z^2⟩. In the second case, M ⊴ G; moreover, M is quasicentral in G. It means that in this case all subgroups of M are pronormal in G. Consider the first case. Without loss of generality we can assume that x = z. Since [A_1, z] = A^2_1 = A_1 and [⟨s_∞⟩, z] = ⟨s_∞⟩, A_1 × ⟨s_∞⟩ ≤ M. It follows that M contains the subgroup T = (A_1 ⋋⟨s_∞, z⟩)×B_1 where B_1 = M ∩B. Now it is easy to show that M^x = M^a for any x ∈ G, x = atb, a ∈ A_0, t ∈ ⟨z, s_∞⟩, b ∈ B. Note, that a ∈ ⟨M^x, M⟩ = ⟨M^a, M⟩. It means that M is pronormal in G. Any pronormal subgroup F of M has the same structure as M does, and using the above arguments we can show that F is pronormal in G. Hence G is a TP-group. Our theorem is proved. □

4. Non-periodic TP-groups with a periodic centralizer of the derived group

Lemma 8. Let G be a soluble non-periodic T-group with the periodic centralizer C = C_G(G^′) of the derived group G^′. Then there exists the hypercentral residual L in G, which is the direct product of all Sylow p-subgroups V of G^′ such that V ∩ Z(G) = 1, and each of these Sylow subgroups is complemented in G by an abnormal subgroup of G.

Proof: Consider the direct product L of all Sylow p-subgroups V of G^′ such that V ∩ Z(G) = 1, and the direct product Y of all Sylow p-subgroups W of G^′ such that W ∩ Z(G) ≠ 1. It is obvious that G^′ = L × Y and 2 /∈ π(L). It follows from [R1, Theorem 4.3.1] that L is a direct product of Prüfer subgroups having trivial intersection with the center of G and the factor-group G/L is hypercentral. Let G/Z be another hypercentral factor-group of G. By Remak theorem the factor G/(L ∩ Z) is also hypercentral. Since L ∩ Z is a periodic normal subgroup of G from [R1, Theorem 4.3.1] it follows that L ∩ Z = L. It means that L is the hypercentral residual of L.

If V is a Sylow p-subgroup of G^′ such that V ∩ Z(G) = 1, then V is contained in the hypercentral residual L. We have G^′ = V × W where W is a p^′-component of G^′. In the factor group G/W the hypercentral residual G^′/W ∼= V is its derived group. From [R1, Theorem 4.3.1] it follows that in the T-group G/W there is an element W x such that [W x, G^′/W ] = G^′/W and (G^′/W )⟨W x⟩ ⊴ G/W . By Lemma 7 from [Z] G/W = (G^′/W )N_{G/W} (⟨W x⟩). It follows that G = G^′N where N is the preimage of N_{G/W} (⟨W x⟩). Since V ∩ N_G(⟨x⟩) = 1, it means that G = (V × W )N = V (W N) = V (W N_G(⟨x⟩)) = V ⋋ W N_G(⟨x⟩). Thus we have proved that every such Sylow p-subgroup of L is complemented in G.

Let us show that any supplement X to V in G is abnormal. In fact, let Y be an intermediate subgroup for V . Then Y = UX, where U = Y ∩ V . It is obvious that U ≤ Y^′. Since G is a soluble group, X is abnormal in G by [deFKS, Lemma 4]. We proved the lemma. □

There is a natural question about existence of a complement for L in G. The answer is negative. The article [KS5] contains an example of a non-periodic T-group with a periodic centralizer of its derived group and with a non-complemented hypercentral residual.

Theorem 4. Let G be a soluble non-periodic group with a periodic centralizer of the derived group. The group G is a TP-group if and only if it is a hypercentral T-group.

Proof: It is sufficient to prove that an arbitrary TP-group G with a periodic centralizer of its derived subgroup is hypercentral. Assume that G is a nonhypercentral group of this type. By Lemma 8 G = V ⋋ W N_G(⟨x⟩) where V is a Sylow p-subgroup of the hypercentral residual of G. From [R1, Theorem 4.3.1] it follows that V is a direct product of Prüfer p-subgroups. Let R be a Prüfer psubgroup from this product, K a complement to R in V . By [R1, Theorem 4.3.1] K ⊴ G. The factor group Ḡ = G/(K ×W ) is a TP-group by Lemma 3. Obviously, Ḡ = V̄ ⋋ N̄ where V̄ = V × W/(K × W ) ∼= R, N̄ = (K × W )N_G(⟨x⟩)/(K × W ), N̄ is a non-periodic abelian group, and [V̄ , N̄] = V̄ . Hence there is an element of infinite order of N̄ non-centralizing the lower layer of V̄ . Without loss of generality we will denote this element by x̄. By Lemma 3 the subgroup M̄ = V̄ ⋋ ⟨x̄⟩ is a TP-group. By [deFKS, Lemma 4] ⟨x̄⟩ab M̄. It means that all subgroups of ⟨x̄⟩ are pronormal in M̄. Consider the lower layer ⟨v̄⟩ of V̄ . This is a normal subgroup in M̄. In the subgroup ⟨v̄⟩ ⋋ ⟨x̄⟩ the centralizer of ⟨v̄⟩ has finite index. It follows that there exists an integer m such that the subgroup V̄ ⋋ ⟨x̄^m⟩ is hypercentral. Any hypercentral TP-group has no abnormal proper subgroup [KS4, Lemma 4].

Since ⟨x̄^m⟩ is pronormal in M̄ and therefore in V̄ ⋋ ⟨x̄^m⟩, it follows that ⟨x̄^m⟩ is a normal subgroup in V̄ ⋋ ⟨x̄^m⟩, i.e. V̄ ⋋ ⟨x̄^m⟩ = V̄ × ⟨x̄^m⟩. The later means that M̄ is a group with a non-periodic centralizer of its derived group V̄ . We obtain a contradiction with Theorem 3. This contradiction proves our theorem. □

References

[AK] Abramovskii I.N., Kargapolov M.I., Finite groups with the property of transitivity for normal subgroups, Uspekhi Mat. Nauk 13 (1958), 232–243.

[B] Borevich Z.I., Polynormal subgroups, Darstellungstheorietage (Erfurt, 1992), pp. 7–19, Sitzungsber. Mat.-Naturwiss. KI., 4 Acad. Gemein. Wiss. Erfurt, Erfurt, 1992.

[BB] Ba M.S., Borevich Z.I., On arrangement of intermediate subgroups, Rings and Linear Groups, Kubansk. Univ., Krasnodar, 1988, pp. 14–41.

[BT] Best E., Taussky O., A class of groups, Proc. Roy. Irish Acad. Sect. A 47 (1942), 55–62.

[C] Carter R.W., Nilpotent self-normalizing subgroups of soluble groups, Math. Z. 75 (1961), 136–139.

[Ce] Celentani M.R., On groups with many pronormal subgroups, Atti Sem. Mat. Fis. Univ.

Modena 39 (1991), no. 2, 685–691.

[CD] Celentani M.R., Dardano U., Some sensitivity conditions for infinite groups, Rend.

Mat. Appl. (7) 12 (1992), no. 4, 997–1012.

[deGV] De Giovanni F., Vincenzi G., Groups satisfying the minimal condition on non-pro-normal subgroups, Boll. Un. Mat. Ital. A (7) 9 (1995), 185–194.

[deFKS] De Falco M., Kurdachenko L.A., Subbotin I.Ya., Groups with only abnormal and subnormal subgroups, Atti Sem. Mat. Fis. Univ. Modena 46 (1998), no. 2, 435–442.

[E1] Emaldi E., Sui T-gruppi loclmente finiti, Atti Istit. Lombardo (Rend. Sci.) A 121 (1987), 55–60.

[E2] Emaldi E., Confronto di alcule classi gruppali, Riv. Mat. Pura Appl. 5 (1989), 33–39. [F] Fatahi A., Groups with only normal and abnormal subgroups, J. Algebra 28 (1974), 15–19.

[FdeG] Fransiosi S., De Giovanni F., Groups in which every infinite subnormal subgroups is normal, J. Algebra 96 (1985), 566–580.

[G] Gaschutz W., Gruppen in denen das Normalteilersein transitive ist, J. Reine Angew.

Math. 198 (1957), 87–92.

[GK] Gavron P.V., Kolotilina N.Yu., On subgroups of T-groups, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 103 (1980), 62–65.

[H] Heineken H., Lennox J.C., Subgroups of finite index in T-groups, Boll. Un. Mat. Ital.

B (6) 4 (1985), no. 3, 829–841.

[HL] Heineken H., Groups with restriction on their infinite subnormal subgroups, Proc.

Edinburg Math. Soc. 31 (1988), 231–241.

[KS1] Kuzennyi N.F, Subbotin I.Ya., Locally soluble groups with the transitive condition for infinite nonabelian normal subgroups, Methods of Investigations of Algebraic and Topologic Structures, Kiev State Pedagogic University, Kiev, 1989, pp. 45–52.

[KS2] Kuzennyi N.F, Subbotin I.Ya., Groups in which all subgroups are pronormal, Ukrain.

Mat. Zh. 39 (1987), 325–329; English translation: Ukrainian Math. J. 39 (1987), 251– 254.

[KS3] Kuzennyi N.F, Subbotin I.Ya., Groups with pronormal primary subgroups, Ukrain.

Mat. Zh. 41 (1989), 323–327; English translation: Ukrainian Math. J. 41 (1989), 286– 289.

594 L.A. Kurdachenko, I.Ya. Subbotin

[KS4] Kuzennyi N.F, Subbotin I.Ya., New characterization of locally nilpotent IH-groups, Ukrain. Mat. Zh. 40 (1988), 322–326; English translation: Ukrainian Math. J. 40 (1988), 274–277.

[KS5] Kuzennyi N.F, Subbotin I.Ya., On nonsplittable group extensions, Studies of Groups with Restrictions on Subgroups, Inst. of Math. of Acad. Sci. Ukraine, Kiev, 1988, pp. 27–33.

[M1] Menegazzo F., Gruppi nei quail la relazone di quasi-normalita e tranzitiva, Rend. Sem.

Mat. Univ. Padova 40 (1968), 347–361.

[M2] Menegazzo F., Gruppi nei quail la relazone di quasi-normalita e tranzitiva II, Rend.

Sem. Mat. Univ. Padova 42 (1969), 389–399.

[Mu] Müller K.H., Schwachnormale Untergruppen: Eine gemeinsame Verallgemeinerung der normalen und normalizatorgleichen Untergruppen, Rend. Sem. Mat. Univ. Padova 36 (1966), 129–157.

[P] Peng T.A., Pronormality in finite groups, J. London Math. Soc. (2) 3 (1971), 301–306. [R1] Robinson D.J.S., Groups in which normality is a transitive relation, Proc. Cambridge Philos. Soc. 60 (1964), 21–38.

[R2] Robinson D.J.S., A note on finite groups in which normality is transitive, Proc. Amer.

Math. Soc. 19 (1968), 933–937.

[R3] Robinson D.J.S., Groups which are minimal with respect to normality being transitive, Pacific J. Math. 31 (1969), 777–785.

[R4] Robinson D.J.S., Groups whose gomomorphic images have a transitive normality relation, Trans. Amer. Math. Soc. 176 (1973), 181–213.

[Ro] Rose J.S., Finite soluble groups with pronormal system normalizers, Proc. London Math. Soc. (3) 17 (1967), 447–469.

[S1] Subbotin I.Ya., Groups with pronormal subgroups of proper normal subgroups, in Proceedings of International Conference “Infinite Groups 1994”, Walter der Gruyter, Berlin, 1995, pp. 247–256.

[SK] Subbotin I.Ya, Kuzennyi N.F., Locally solvable groups in which all infinite subgroups are pronormal, Izv. Vyssh. Ucheb. Zaved. Mat. (1988), no. 11, 77–79; English translation: Soviet. Math. 32 (1988), no. 11, 126–131.

[V] Vincenzi G., Groups with dense pronormal subgroups, Ricerche Mat. XL (1991), 75–79. [V1] Vincenzi G., Groups satisfying the maximall condition on non-pronormal subgroups, Algebra Colloq. 5:2 (1998), 121–134.

[W] Wood G.J., On pronormal subgroups of finite soluble groups, Arch. Math. 25 (1974), 578–585.

[Z] Zacher G., Caratterizzazione dei t-gruppi finite risolubili, Ricerche Mat. 1 (1952), 287– 294.

Mathematics Department, Dnepropetrovsk University, Provulok Naukovyi 13, 49050 Dnepropetrovsk, Ukraine E-mail: mmf@ff.dsu.dp.ua

Mathematics Department, National University, 9920 S. La Cienega Blvd, Inglewood, CA 90301, USA E-mail: isubboti@nu.edu

(Received June 6, 2001, revised April 22, 2002)