Comment.Math.Univ.Carolin. 43,4 (2002)707–721 707

On the subsets of non locally compact points of ultracomplete spaces

Iwao Yoshioka

Abstract. In 1998, S. Romaguera [13] introduced the notion of cofinally Čech-complete spaces equivalent to spaces which we later called ultracomplete spaces. We define the subset of points of a space X at which X is not locally compact and call it an nlc set. In 1999, García-Máynez and S. Romaguera [6] proved that every cofinally Čech-complete space has a bounded nlc set. In 2001, D. Buhagiar [1] proved that every ultracomplete GO-space has a compact nlc set. In this paper, ultracomplete spaces which have compact nlc sets are studied. Such spaces contain dense locally compact subspaces and coincide with ultracomplete spaces in the realms of normal γ-spaces or ks-spaces.

Keywords: locally compact, ultracomplete, Čech-complete, countable character, bounded set

Classification: 54A20, 54D15, 54D45, 54E50

1. Preliminaries

In this paper, all spaces are Tychonoff and all maps are continuous and onto. For a subset A of Y , where Y is also a subset of a space X, by A^Y (∂_Y A) we denote the closure (the boundary) of A in Y . For a collection A of subsets of a space X, by ⋃ A, ⋂ A and ⋂ A we denote the union ⋃ {A | A ∈ A}, the intersection ⋂ {A | A ∈ A} and ⋂ {A | A ∈ A} respectively. Also, by A^F we denote the collection of all unions of finite subcollections from A. Moreover, let A and B be collections of subsets of X, then we say that A meshes with B if A ∩ B ≠ ∅ for every A ∈ A and every B ∈ B. When A and B are both coverings of X, we say that A refines B if for every A ∈ A there exists B ∈ B such that A ⊂ B and we express this by A < B.

By R and N, we denote the real line and the set of all natural numbers, respectively.

We refer the reader to [5], [12] for undefined terms.

For a space X, by a compactification of X we understand a Hausdorff compactification, in particular, by βX we denote the Stone-Čech compactification of X.

Recall that a collection B of open subsets of a space X is called a base for a subset A in X if all the elements of B contain A and for any open subset V containing A there exists a U ∈ B such that A ⊂ U ⊂ V . The character of A in X is defined to be the smallest cardinal number of the form |B(A)|, where B(A) is a base for A in X, and is denoted by χ(A, X). A space X is said to be of countable type provided every compact subset is contained in a compact subset of countable character ([14]).

In [2], [13], the class of ultracomplete spaces, which were called cofinally Čechcomplete by S. Romaguera, was studied and this class lies between the class of locally compact spaces and the class of Čech-complete spaces.

We recall the definition of ultracomplete spaces.

Definition 1.1 ([2]). A space X is said to be ultracomplete if X has countable character in βX, i.e. χ(X, βX) ≤ ω_0, equivalently, the remainder βX \ X is hemicompact.

The well known equivalent conditions of ultracompleteness are as follows.

Theorem 1.2 ([2], [13]). For a space X, the following conditions are equivalent:

(1) X is ultracomplete;

(2) χ(X, cX) ≤ ω_0 for every compactification cX of X; (3) χ(X, cX) ≤ ω_0 for some compactification cX of X;

(4) there exists a sequence {U_n}_{n≥1} of open coverings of X such that, if F is a filter base of X which meshes with some sequence {U_n}_{n≥1}, where U_n ∈ U_n, then F has a cluster point;

(5) there exists a sequence {U_n}_{n≥1} of open coverings of X such that for every open covering W of X, there exists an m ∈ N such that U_m refines W^F .

Let us recall that a nonempty subset A of a space X is bounded in X if every real valued continuous function on X is bounded on A.

The next lemma can be easily proved.

Lemma 1.3. A subset A of a space X is bounded in X if and only if the collection {U ∈ B | U ∩ A ≠ ∅} is finite for every locally finite collection B of nonempty open subsets.

We denote by X_C [6] the subset of points of a space X at which X is not locally compact and call X_C its nlc set. Note that X_C is closed in X.

A. García-Máynez and S. Romaguera [6] proved the following theorem.

Theorem 1.4. If X is an ultracomplete space, then X_C is a bounded subset in X.

Throughout this paper, we are primarily concerned with ultracomplete spaces whose nlc sets are compact.

We can slightly generalize the result of M. Henriksen and J.R. Isbell [7] that cX \ X = (cX \ X) ∪ X_C for any compactification cX of a space X.

Lemma 1.5. If X is a dense subset of a locally compact space Z, then Z\X = (Z\X) ∪ X_C .

Proposition 1.6 ([2], [13], [14]). For a space X, the following implications hold:

X is locally compact =⇒ X is ultracomplete =⇒ X is Čech-complete =⇒ X is of countable type =⇒ X is of point countable type =⇒ X is a k-space.

Therefore, Theorem 4 of [6] can be rewritten as follows.

Theorem 1.7. For a space X, the following conditions are equivalent:

(1) X is ultracomplete and X_C is compact;

(2) the nlc set X_C is contained in a compact subset of countable character; (3) X is the union of a compact subset of countable character and of an open locally compact subset.

We now give other conditions for the nlc sets of ultracomplete spaces to be compact.

Theorem 1.8. Let cX be any compactification of a space X. Then the following conditions are equivalent:

(1) X is ultracomplete and X_C is compact; (2) X is of countable type and X_C is compact; (3) cX \ X is hemicompact and locally compact; (4) the nlc set X_C is compact and χ(X_C , cX \ X) ≤ ω_0;

(5) cX \ X is the countable union of an increasing sequence {K_n}_{n≥1} of compact subsets such that ⋂ k≤n ∂_{cX\X} K_n = ∅ for every k ∈ N.

Proof: The equivalence of (1) and (2) follows from Proposition 1.6 and Theorem 1.7, while the equivalence of (1) and (3) follows from Definition 1.1 and Lemma 1.5. Also, the equivalence of (3) and (4) is evident in light of Lemma 1.5. Since (3) =⇒ (5) follows from [5, p. 250], we prove the implication (5) =⇒ (3). Suppose that cX \ X has no compact neighborhood at some point p of cX \ X. Then, we have that p ∈ K_k ⊂ K_{k+1} ⊂ . . . for some k ∈ N and p ∈ ⋂ k≤n ∂_{cX\X} K_n, which is a contradiction. Hence cX \ X is locally compact and so, there exists a sequence {H_n}_{n≥1} of compact subsets of cX \ X such that K_n ∪H_{n−1} ⊂ int H_n for n ≥ 2. If there exist x_n ∈ L\H_n for some compact subset L of cX \ X and for every n ∈ N, then for some m ∈ N, L ∩ (int H_m) contains a cluster point x_0 of a sequence {x_n}_{n≥1}. This contradiction implies that cX \ X is hemicompact. □

We now give the definition of c-ultracomplete spaces.

Definition 1.9. A space X is said to be c-ultracomplete if it satisfies condition (1), and hence all the conditions, in Theorem 1.8.

From the definition, we have following implications:

locally compact =⇒ c-ultracomplete =⇒ ultracomplete.

In the realm of paracompact spaces, c-ultracompleteness and ultracompleteness are equivalent by Theorem 1.4 and Lemma 1.3. Also, D. Buhagiar [1] proved the following result for GO-spaces.

Theorem 1.10. Every ultracomplete GO-space is c-ultracomplete.

But in general none of the above implications are reversible.

Example 1.11 ([1]). Let Y = [0, ω_1) be the set of all ordinals less than the first uncountable ordinal with the order topology and let X be the countable product ∏ n≥1 Y_n, where Y_n = Y for every n ∈ N. Then, X is ultracomplete, countably compact but not c-ultracomplete.

Example 1.12 ([2]). Let X be the subspace [0, 1] \ {1/n | n ≥ 2} of R. Then, X is a c-ultracomplete, σ-compact, separable metric space. But, it is neither locally compact nor hemicompact.

I do not know whether a Čech-complete, countably compact space is ultracomplete or not [3, Problem 5.1]. But, we get the following result with the special case.

Theorem 1.13. Let D be an infinite discrete space and let X be a subspace of βD such that D ⊂ X. Then, the following assertions hold:

(1) X is not sequentially compact;

(2) if X is Čech-complete and |βD \ X| < 2^c, then X is ultracomplete, countably compact;

(3) if ω_0 ≤ |βD \ X| < 2^c, then X is not locally compact.

Proof: (1) is well known [5, p. 228], so we prove (2) and (3).

(2): First, we show that X is ultracomplete. There exists a countable decreasing sequence {U_n}_{n≥1} of open subsets in βD such that X = ⋂ n≥1 U_n. Suppose that there exists an open subset W in βD such that X ⊂ W and U_n\W ≠ ∅ for every n ∈ N. Take arbitrary points x_n ∈ U_n\W for every n ∈ N. If for some x_0 ∈ βD, x_0 = x_{n(i)} for n(1) < n(2) < . . . , then x_0 ∈ X and this is a contradiction. Therefore, there exists an infinite subset K of {x_n}_{n≥1}. On the other hand, K ⊂ βD \ W ⊂ βD \ X and |K| ≥ 2^c. This contradiction asserts that {U_n}_{n≥1} is a base of X in βD.

Secondly, we prove that X is countably compact. Let F be a countably infinite subset of X. Then we have that |F ∩ X| ≥ 2^c.

Indeed, if |F ∩ X| < 2^c, then

2^c ≤ |F | = |(F ∩ X) ∪ (F ∩ (βD \ X))| ≤ |F ∩ X| + |βD \ X| < 2^c, which is a contradiction. Hence, F^X \ F ≠ ∅.

(3): If X is locally compact, then βD \ X is an infinite closed subset in βD. Therefore |βD \ X| ≥ 2^c, which is a contradiction. □

Corollary 1.14. Let D be an infinite discrete space. If a Čech-complete space X is a continuous image of a subspace Z of βD such that D ⊂ Z and |βD \ Z| < 2^c, then X is ultracomplete, countably compact.

Proof: Let h : βD −→ βZ be a homeomorphism such that h(z) = z for each z ∈ Z and let f : Z −→ X be a surjective map. Then, f has a continuous extension g : βZ −→ βX. We put W = (g ∘ h)^{−1}(X). Then, the restriction k : W −→ X of g ∘ h is perfect and Z ⊂ W ⊂ βD. Therefore, W is Čechcomplete and |βD \ W | < 2^c, which implies that W is ultracomplete, countably compact. Therefore, X is also ultracomplete, countably compact. □

Now, we construct a c-ultracomplete, countably compact space which is not locally compact.

Example 1.15. Let D be an infinite discrete space. Then, there exist a sequence A = {a_n}_{n≥1} ⊂ βD \ D and a sequence {V_n}_{n≥1} of clopen subsets in βD such that a_n ∈ V_n and V_n ∩ V_m = ∅ whenever n ≠ m. Then, X = βD \ A is Čech-complete and |βD \ X| = ω_0 < 2^c. Therefore, by Theorem 1.13, X is ultracomplete, countably compact but not locally compact. Next, we show that X is c-ultracomplete. Indeed, since βX \ X = βD \ X = A is a countable discrete space, βX \ X is locally compact and hemicompact. Hence, X is c-ultracomplete by Theorem 1.8.

Theorem 1.16. For a space X, the following conditions are equivalent:

(1) X is c-ultracomplete;

(2) there exists a sequence {U_n}_{n≥1} of open coverings of X satisfying the following two conditions (a) for every n ∈ N, X_C is contained in the union of some finite subcollection of U_n, and (b) if F is a filter base of X which meshes with some {U_n}_{n≥1}, where U_n ∈ U_n, then F has a cluster point;

(3) there exists a sequence {U_n}_{n≥1} of open coverings of X satisfying condition (a) of (2) and the following condition (c) if U is any open covering of X, then there exists an m ∈ N such that U_m refines U^F (i.e. U_m < U^F ).

Proof: The implications (1) ⇒ (2) and (2) ⇒ (3) are proved in (1) ⇒ (3) and (3) ⇒ (4) of Theorem 2.2 in [2]. Here, we note that the same sequence satisfying (b) of (2) also satisfies (c) of (3).

(3) ⇒ (1): Ultracompleteness of X is also proved in (4) ⇒ (1) of Theorem 2.2 in [2]. We show that the nlc set X_C is compact. Suppose that X_C is not compact.

Then, there exists a closed filter base F of X_C such that ⋂ F = ∅. Therefore, U = {X\F | F ∈ F} is open covering of X and hence, some U_m refines U^F . On the other hand, there exists a finite subcollection {U_1, . . . , U_p} of U_m such that X_C ⊂

⋃_p

i=1 U_i. Also for each i (1 ≤ i ≤ p), we have that U_i ⊂

⋃_{l(i)}

k=1(X \ F_{i,k}) for some finite subcollection {X \ F_{i,k} | k = 1, . . . , l(i)} of U. Therefore, X_C ⊂ X \ {

⋂_p

i=1(

⋂_{l(i)} k=1 F_{i,k})} and

⋂_p i=1(

⋂_{l(i)} k=1 F_{i,k}) ≠ ∅, which is a contradiction. This fact asserts that X is c-ultracomplete. □

One can easily prove the following two results.

Proposition 1.17. The product X × Y of a c-ultracomplete space X and a compact space Y is c-ultracomplete.

Proposition 1.18. The closed subspace of a c-ultracomplete space is c-ultra-complete.

Example 1.19. An open dense subspace of a c-ultracomplete space is not necessarily ultracomplete.

Indeed, the space X given in Example 1.15 is c-ultracomplete, non locally compact and X × D is an open dense subspace of the c-ultracomplete space X × βD. But, X × D is homeomorphic to the topological sum ⨁ {X_d | d ∈ D}, where X_d = X, which is not ultracomplete [3, Theorem 3.3].

We consider ultracomplete spaces which contain dense locally compact subsets.

Example 1.20. There exists an ultracomplete space in which no dense subspace is locally compact.

Indeed, let X be the ultracomplete space given in Example 1.11. If X contains a locally compact dense subspace P , then P is open in X, which is a contradiction.

Theorem 1.21. Every c-ultracomplete space contains an open dense locally compact subspace.

Proof: X_C = ∂X_C since the nlc set X_C is compact. Therefore, X\X_C is an open dense locally compact subspace of X. □

Remark. The reverse of the above theorem is not true. For example, the subspace X = N ∪ {p}, where p ∈ βN \ N, of βN contains an open dense discrete subspace N, but X is not a k-space.

2. Maps and c-ultracomplete spaces

We proved ([2], [6]) that ultracompleteness is an invariant of open maps. One can strengthen this result by using bi-quotient maps.

Definition 2.1 ([11]). A map f : X −→ Y is bi-quotient if, whenever y ∈ Y and U is a covering of f^{−1}(y) by open subsets in X, then there exists a finite subcollection {U_1, . . . , U_n} of U such that

⋃_n i=1 f(U_i) is a neighborhood of y in Y . Evidently every open map is bi-quotient.

Theorem 2.2. Let f : X −→ Y be a bi-quotient map. If X is an ultracomplete (a c-ultracomplete) space, then Y is ultracomplete (c-ultracomplete, respectively).

Proof: First, let X be an ultracomplete space. We show that Y is also ultracomplete. By Theorem 1.2, there exists a sequence {U_n}_{n≥1} of open coverings of X such that for every open covering W of X, there exists U_k which refines W^F . Let V_n = {int f(V ) | V ∈ U^F_n } for every n ∈ N. Then, {V_n}_{n≥1} is a sequence of open coverings of Y . Now, let H be an open covering of Y and denote by f^{−1}(H) the covering {f^{−1}(H) | H ∈ H}. Then, the fact that some U_m refines (f^{−1}(H))^F asserts that V_m refines H^F . Therefore, Y is ultracomplete by Theorem 1.2.

Next, let X be a c-ultracomplete space. By the above proof, we only need to show the compactness of Y_C . Let y ∈ Y_C \f(X_C ). Then for any x ∈ f^{−1}(y), there exists an open neighborhood U(x) of x such that U(x) is compact and U(x)∩X_C = ∅. By the bi-quotientness of f, there exists a finite subset {x_1, . . . , x_n} ⊂ f^{−1}(y) such that

y ∈ int{f(U(x_1)) ∪ · · · ∪ f(U(x_n))} ⊂ f{U(x_1) ∪ · · · ∪ U(x_n)},

where the latter set is compact. This contradiction implies that Y_C ⊂ f(X_C ) and hence, Y_C is compact. □

We note that ultracompleteness is not preserved by closed maps ([2]). Now, we have that f(X_C ) = Y_C [7] for a perfect map f : X −→ Y . So, we can easily see the following result by Theorem 1 in [6] (or [2]).

Theorem 2.3. Let f : X −→ Y be a perfect map. Then, X is c-ultracomplete if and only if Y is c-ultracomplete.

It is not difficult to see that the topological sum X ⊕ Y of c-ultracomplete spaces X and Y is also c-ultracomplete ([3]). Therefore, we have the following result.

Proposition 2.4. Let a space X be the union of c-ultracomplete subsets A and B. If both A and B are open or closed in X, then X is c-ultracomplete.

But, Remark of Theorem 1.21 asserts that the union of a discrete open subset and of a single point is not necessarily ultracomplete.

For infinite sums, we have the following theorem by Proposition 2.4 and [3, Theorem 3.3].

Theorem 2.5. Let A be some indexing set. Then the topological sum X = ⨁ α∈A X_α is c-ultracomplete if and only if there exists a finite subset A_0 ⊂ A such that X_α is locally compact for every α ∈ A \ A_0 and X_α is c-ultracomplete for every α ∈ A_0.

Corollary 2.6. Let A be some indexing set and let {X_α | α ∈ A} be a locally finite covering of a space X, where each X_α is a c-ultracomplete (ultracomplete) closed subsets. Then X is c-ultracomplete (ultracomplete) if and only if X_α is locally compact for every α ∈ A \ A_0 for some finite subset A_0 ⊂ A.

Proof: First, we define a map p : ⨁ α∈A X_α −→ X from the topological sum of {X_α | α ∈ A} onto X. Let p_α : X_α −→ X be an embedding such that p_α(x) = x for every α ∈ A and p(x) = p_α(x) if x ∈ X_α. Then, the map p is perfect by local finiteness of the closed covering {X_α | α ∈ A}. Therefore, the proof of this corollary follows from Theorem 2.3 and 2.5. □

3. Subsets of countable character

In this section, we discuss in varying detail the contents given in Theorem 1.7 and also give some conditions under which ultracomplete spaces are c-ultracom-plete. We begin with a definition.

Definition 3.1. A sequence {W_n}_{n≥1} of (open) subsets of a space X is said to be (open) complete if, whenever F is any filter base of X such that for every n ∈ N, F_n ⊂ W_n for some F_n ∈ F, then F has a cluster point. And, a subset A is said to be contained in {W_n}_{n≥1} if A ⊂ ⋂ n≥1 W_n.

We note that if a closed subset K is contained in a complete sequence, then K is compact.

Throughout this section, the following theorem is fundamental.

Theorem 3.2. For a space X, the following conditions are equivalent:

(1) X is ultracomplete (c-ultracomplete);

(2) X is the union of two ultracomplete (c-ultracomplete, respectively) subsets P and Q and, ∂Q is contained in an open complete sequence;

(3) X is the union of two ultracomplete (c-ultracomplete, respectively) subsets P and Q and, Q satisfies the following condition (∗) there exist a compact subset K and a subset L of countable character satisfying ∂Q ⊂ L ⊂ K.

Proof: First, we prove the ultracomplete case. Since the implication (1) ⇒ (2) is evident from X = X ∪ ∅, we prove the implications (2) ⇒ (3) and (3) ⇒ (1).

(2) ⇒ (3): We can assume that there exists a decreasing open complete sequence {W_n}_{n≥1} containing ∂Q. Since ∂Q is compact, we can construct an open complete sequence {H_n}_{n≥1} such that H_{n+1} ⊂ H_n ⊂ W_n for every n ∈ N and

∂Q ⊂ L = ⋂ n≥1 H_n = ⋂ n≥1 H_n. This implies that K = L is compact with the base {H_n | n ≥ 1}.

(3) ⇒ (1): Let {W_n}_{n≥1} be a decreasing open base of L in X. And, let {U_n}_{n≥1} and {V_n}_{n≥1} be a sequence of open coverings of P and Q respectively, satisfying condition (4) of Theorem 1.2 and, let U_{n+1} < U_n and V_{n+1} < V_n for every n ∈ N. For every n ∈ N, we put

G_n = {U \ Q | U ∈ U_n} ∪ {W_n} ∪ {V ∩ int Q | V ∈ V_n}.

We show that the sequence {G_n}_{n≥1} of open coverings of X satisfies condition (4) of Theorem 1.2. Consider a filter base F of X which meshes with some sequence {G_n | G_n ∈ G_n}_{n≥1}. Let K ∩ F ≠ ∅ for any F ∈ F. Then, we have that ⋂ F ≠ ∅ by compactness of K. Therefore, one can assume that K ∩H = ∅ for some H ∈ F. Then, there exists an m ∈ N such that L ⊂ W_m ⊂ X \ H and hence, G_k ≠ W_k for every k ≥ m. This implies that for every k ≥ m, G_k = U_k \ Q for some U_k ∈ U_k or G_k = V_k ∩ int Q for some V_k ∈ V_k. Therefore, let us assume that G_{k(n)} = U_{k(n)} \Q for some infinite sequence {k(1) < k(2) < . . . }. Then, for every n ∈ N, we have ∅ ≠ F ∩ G_{k(n)} ⊂ (F ∩ P ) ∩ U_{k(n)} for every F ∈ F. Therefore, F(P ) = {F ∩ P | F ∈ F} is a filter base of P which meshes with the subsequence {U_{k(n)} | n ∈ N}. Since {U_{k(n)}}_{n≥1} satisfies condition (3) of Theorem 1.2, we have

that ∅ ≠ ⋂ F(P )^P ⊂ ⋂ F, which implies that X is ultracomplete.

The case when G_{l(n)} = V_{l(n)} ∩ int Q for some infinite sequence {l(1) < l(2) < . . . } is the same.

Secondly, for the c-ultracomplete case, we only prove the implication (3) ⇒ (1). Since X is ultracomplete by the ultracomplete case, we show that the nlc set X_C is compact. We have that X_C ∩ (P \ Q) ⊂ P_C and X_C ∩ Q ⊂ ∂Q ∪ Q_C . Therefore, the subset X_C = (X_C ∩ Q) ∪ (X_C ∩ (P \ Q)) is a closed subset of a compact subset P_C ∪ ∂Q ∪ Q_C and hence, X_C is compact. □

Remark. The space X = N ∪ {p} given in the remark after Theorem 1.21 is the union of a locally compact open subset N and a compact subset {p}, but X is not k-space. This fact shows that condition (∗) of the above theorem cannot be omitted.

Theorem 3.3. For a space X, the following conditions are equivalent:

(1) X is ultracomplete (c-ultracomplete, Čech-complete);

(2) X is the union of subsets P , Q such that int P , int Q are both ultracomplete (c-ultracomplete, Čech-complete, respectively) and, ∂Q is contained in an open complete sequence;

(3) X is the union of subsets P , Q such that int P , int Q are both ultracomplete (c-ultracomplete, Čech-complete, respectively) and, Q satisfies condition (∗) of Theorem 3.2.

Proof: First, we prove the ultracomplete case. Since the proof of (2) ⇒ (3) is analogous to the proof of (2) ⇒ (3) of Theorem 3.2, we only prove the implication (3) ⇒ (1). Let {W_n}_{n≥1} be a decreasing open base of L in X. And, let {U_n}_{n≥1} and {V_n}_{n≥1} be a sequence of open coverings of int P and int Q respectively, satisfying condition (4) of Theorem 1.2 and, let U_{n+1} < U_n and V_{n+1} < V_n for every n ∈ N. For every n ∈ N, we put G_n = U_n ∪ {W_n} ∪ V_n. Then, we can see that the sequence {G_n}_{n≥1} of open coverings of X satisfies condition (4) of Theorem 1.2. Therefore, the rest of the proof should be completed in the same manner as (3) ⇒ (1) in Theorem 3.2.

Secondly, for the c-ultracomplete case, we only prove the implication (3) ⇒ (1). Ultracompleteness of X is evident. Next, we put int P = R and int Q = S. Then, we have that X_C ∩ R ⊂ R_C and X_C ∩ Q ⊂ ∂Q ∪ S_C . Since X = R ∪ Q, X_C is compact, which implies that X is c-ultracomplete.

Last, for the Čech-complete case, the implications (1) ⇒ (2) ⇒ (3) are evident and (3) ⇒ (1) can be proved in the same manner as the ultracomplete case. □

We can easily see a similar result for locally compact spaces.

Proposition 3.4. A space X is locally compact if and only if X is the union of subsets P and Q such that int P and int Q are both locally compact and, ∂Q is contained in an interior of some compact subset K.

Proof: The only if part is evident and the if part follows from the fact that X = int P ∪ int K ∪ int Q is locally compact. □

Example 3.5. Let X be the subspace R \ {1/k | k = ±1, ±2, . . . }, and P = (−∞, 0) \ {1/k | k = −1, −2, . . . } and Q = [0, ∞) \ {1/k | k = 1, 2, . . . }. Then, int P and int Q are locally compact and ∂Q = {0} is compact subset of countable character, but X is not locally compact.

We remark that by Theorem 3.3, X is c-ultracomplete.

Definition 3.6. For a space X, a structure ({g_n(x)}_{n≥1} | x ∈ X) is called a g-structure if g_n(x) is an open neighborhood of x and g_{n+1}(x) ⊂ g_n(x) for any x ∈ X and every n ∈ N. We now consider the following conditions on a g-structure ({g_n(x)}_{n≥1} | x ∈ X).

(A) If y_n ∈ g_n(p), x_n ∈ g_n(y_n) for every n ∈ N, then p is a cluster point of {x_n}_{n≥1}, equivalently, if y_n ∈ g_n(x_n) for every n ∈ N and lim x_n = p (p is a cluster point of {x_n}_{n≥1}), then lim y_n = p (p is a cluster point of {y_n}_{n≥1}, respectively).

(B) If y_n ∈ g_n(x_n) for every n ∈ N and lim y_n = p, then lim x_n = p. A space X is said to be a γ-space [8] (ks-space [15]) if there exists a g-structure satisfying condition (A) (condition (B), respectively).

Remark. The space X given in the remark after Theorem 1.21 is a paracompact ks-space which is not a γ-space. Also, there exists a ks-space which is not paracompact ([10]).

The Sorgenfrey line is a paracompact γ-space which is not a ks-space. The next lemma can be easily proved ([4], [15]).

Lemma 3.7. (1) If X is a γ-space, then any compact subset of X is of countable character in X.

(2) If A is a countably compact subset of a γ-space or a ks-space X, then A is compact metrizable.

(3) If A is a closed bounded subset of a normal γ-space X, then A is a compact metrizable subset of countable character.

Theorem 3.8. For a normal γ-space X, the following conditions are equivalent:

(1) X is c-ultracomplete; (2) X is ultracomplete;

(3) the nlc set X_C is bounded in X;

(4) χ(X_C , cX) ≤ ω_0 for some compactification cX of X;

(5) X is the union of a bounded subset A in X and of an ultracomplete subset B.

Proof: The equivalence of (1) and (2) follows Theorem 1.4 and Lemma 3.7. The implication (2) ⇒ (3) follows from Theorem 1.4.

(3) ⇒ (4): X_C is compact and χ(X_C , X) ≤ ω_0 by Lemma 3.7. Therefore, for the Stone-Čech compactification βX, we have that χ(X_C , βX) = χ(X_C , X) ≤ ω_0 ([7, Lemma 3.5]).

(4) ⇒ (2): By Theorem 1.2, it is sufficient to prove that χ(X, cX) ≤ ω_0. Let {W_n}_{n≥1} be a decreasing open base of X_C = X ∩ cX \ X in cX. If U is any open subset in cX containing X, then there exists an m ∈ N such that X ∩cX \ X ⊂ W_m ⊂ U and hence, X ⊂ W_m ∪X ⊂ U. Now, W_n ∪X is open in cX for every n ∈ N. Indeed, if z ∈ (W_n ∪ X) \ W_n, then, z ∈ cX \ cX \ X ⊂ W_n ∪ X. Therefore, {W_n ∪ X}_{n≥1} is an open base of X in cX.

The implication (2) ⇒ (5) is evident and the implication (5) ⇒ (2) is proved by applying Lemma 3.7 and Theorem 3.2 to X = B ∪ A. □

Remark. (4) ⇒ (2) of the above theorem holds for any space. But, in Example 3.10, we will give a metrizable, non ultracomplete space X satisfying χ(X_C , X) ≤ ω_0.

Theorem 3.9. For a collectionwise normal γ-space X, the following conditions are equivalent:

(1) X is c-ultracomplete;

(2) X is the union of two ultracomplete subsets P and Q, and χ(L, X) ≤ ω_0 for some subset L satisfying ∂Q ⊂ L ⊂ Q;

(3) X contains a locally compact dense subspace Y such that X \ Y is of countable character.

Proof: Since the implication (1) ⇒ (2) is evident, we show the implication (2) ⇒ (1). If ∂Q = ∅, then Q is clopen in X. Also X \ Q is a closed subset of P and hence, X \ Q is a closed ultracomplete subset. Therefore, by Proposition 2.4 and Theorem 3.8, X = Q ∪ (X \ Q) is c-ultracomplete. Now, suppose that ∂Q ≠ ∅. Then, ∂Q is countably compact. Indeed, if ∂Q contains a discrete sequence {x_n}_{n≥1}, then it is discrete in X. By collectionwise normality, there exists a discrete open sequence {H_n}_{n≥1} in X such that x_n ∈ H_n for every n ∈ N ([12, p. 209]). On the other hand, since χ(L, X) ≤ ω_0, there exists a decreasing open base {W_n}_{n≥1} of L in X. We put A_n = H_n ∩ W_n for every n ∈ N. There exists y_n ∈ A_n ∩(X \Q) ⊂ H_n because of the fact that x_n ∈ ∂Q ⊂ X \ Q for every n ∈ N. Then, the subset Y = {y_n}_{n≥1} is closed in X and L ∩ Y ⊂ Q ∩ Y = ∅. Therefore, there exists an m ∈ N such that y_m ∈ W_m ⊂ X \Y . This contradiction asserts countable compactness of ∂Q. Since X is a γ-space, by Lemma 3.7, ∂Q is compact and χ(∂Q, X) ≤ ω_0. Therefore, X is c-ultracomplete by Theorems 3.2 and 3.8.

(1) ⇒ (3): By Theorem 1.21, there exists a locally compact open dense subspace Y = X \ X_C and X \ Y = X_C is compact. Therefore, X \ Y is of countable character from Lemma 3.7.

(3) ⇒ (1): Since ∂(X \ Y ) = X \ Y and χ(X \ Y, X) ≤ ω_0, X \ Y is compact by analogy with the proof of (2) ⇒ (1). Therefore, X is c-ultracomplete by Theorem 1.7. □

Example 3.10. Let X be the space of the rationals with the subspace topology of R. Then, X is a metrizable, non ultracomplete space such that χ(X_C , X) ≤ ω_0.

Theorem 3.11. Let X be a collectionwise normal γ-space with χ(X_C , X) ≤ ω_0. Then, the following conditions are equivalent:

(1) X is c-ultracomplete;

(2) there exists a locally compact space Z such that X is dense in Z and Z \X is locally compact.

Proof: (1) ⇒ (2): βX \ X = βX \ X \ X_C is locally compact by compactness of X_C .

(2) ⇒ (1): Z \X is open in Z \ X. Hence, by Lemma 1.5, X_C = Z \ X \(Z \X) is locally compact. This implies that X_C = ∂_X X_C and ∂_X X_C is compact by the proof of (2) ⇒ (1) of Theorem 3.9. Therefore, X = (X \ X_C ) ∪ X_C is cultracomplete by Theorem 3.2. □ Remarks. (1) The above theorem is also true for a paracompact space.

(2) For the ultracomplete space X of Example 1.11, βX \ X is not locally compact. But, if X is a c-ultracomplete dense subspace of a locally compact space Z, then Z \ X is locally compact by Lemma 1.5.

Before we consider ultracompleteness in the realm of ks-spaces, a definition is given.

Definition 3.12 ([9], [13]). Let (X, U) be a uniform space (i.e. diagonal uniform space). A filter base F of X is called a weakly Cauchy filter base if for any U ∈ U, there exists an x ∈ X such that F ∩ U(x) ≠ ∅ for each F ∈ F. A uniform space (X, U) is called cofinally complete if every weakly Cauchy filter base has a cluster point. A space X is called cofinally completely metrizable if the uniform space (X, U_d), with the metric uniformity U_d for some compatible metric d on X, is cofinally complete.

S. Romaguera [13] proved the following theorem.

Theorem 3.13. A metric space X is cofinally completely metrizable if and only if it is ultracomplete.

Theorem 3.14 ([15]). Every ultracomplete ks-space is cofinally completely metrizable.

Theorem 3.15. For a ks-space X, the following conditions are equivalent:

(1) X is c-ultracomplete; (2) X is ultracomplete;

(3) X is cofinally completely metrizable;

(4) there exists a compatible metric d on X such that if F is a filter base of X satisfying the condition: for every n ∈ N there exist x_n ∈ X with d(x_n, F ) < 1/n for each F ∈ F, then F has a cluster point.

Proof: The implication (1) ⇒ (2) is evident and the implication (2) ⇒ (3) follows from Theorem 3.14.

(3) ⇒ (4): By Definition 3.12, there exists a compatible metric d such that the uniform space (X, U_d) with the metric uniformity U_d is cofinally complete. Let F be a filter base of X satisfying condition (4). Then, for every U ∈ U_d, there exists U_m = {(x, y) | d(x, y) < 1/m} with U_m ⊂ U. Also, for every F ∈ F, d(x_m, F ) < 1/m. Therefore, there exists y(F ) ∈ F such that d(x_m, y(F )) < 1/m for every F ∈ F. This implies that y(F ) ∈ U_m(x_m) ∩ F ⊂ U(x_m) ∩ F . Hence, F is a weakly Cauchy filter base with respect to U_d and therefore, F has a cluster point.

(4) ⇒ (3): We need to see that the uniform space (X, U_d) is cofinally complete. Let F be a weakly Cauchy filter base of X. Then for every n ∈ N, there exists x_n ∈ X such that U_n(x_n) ∩ F ≠ ∅ for every F ∈ F. Therefore, d(x_n, F ) < 1/n for every n ∈ N. Hence, F has a cluster point, which implies that (X, U_d) is cofinally complete for a compatible metric d on X.

Since a metrizable space is a normal γ-space, the implication (3) ⇒ (1) follows from Theorems 3.8 and 3.13. □

4. Products of c-ultracomplete spaces

We begin this section by showing that the product of two c-ultracomplete spaces need not to be c-ultracomplete.

Theorem 4.1. The product space X × Y is c-ultracomplete if and only if X and Y are both locally compact or, one of X and Y is compact and the other is c-ultracomplete.

Proof: One can see that (X × Y )_C = (X_C × Y ) ∪ (X × Y_C ). Thus, the proof follows from Proposition 1.17 and the fact that X_C × Y and X × Y_C are closed in (X × Y )_C . □

For infinite products, we have

Theorem 4.2. Let A be some indexing set and let X_α be a space for any α ∈ A. Then, the product space X = ∏ α∈A X_α is c-ultracomplete if and only if one of the following conditions holds: (a) there exists a finite subset A_0 ⊂ A such that X_α is locally compact for any α ∈ A_0 and X_α is compact for any α ∈ A \ A_0 or, (b) there exists α_0 ∈ A such that X_{α0} is c-ultracomplete and X_α is compact for any α ∈ A \ {α_0}.

Proof: The if part is evident and so we are left with the only if part. Put A_0 = {α ∈ A | X_α is noncompact}. If (b) does not hold, then |A_0| ≥ 2. Pick α_0 ∈ A_0. As X_{α0} × ∏ α∈A_0\{α_0} Xα is c-ultracomplete, Theorem 4.1 implies that

X_{α0} and ∏ α∈A_0\{α_0 } Xα are locally compact. Hence, A0 is finite and (a) holds. □ The following corollaries can be easily proved.

Corollary 4.3. For a space X, the following are true.

(1) X^2 is c-ultracomplete if and only if X is locally compact. (2) X^∞ is c-ultracomplete if and only if X is compact.

Corollary 4.4. If X is a c-ultracomplete, countably compact and non locally compact space (such a space is given in Example 1.15), then X^2 is ultracomplete [3] but not c-ultracomplete.

Acknowledgment. The author is grateful to the referee for his valuable comments, in particular for giving a simpler Example 3.10 and simplifying the proof of Theorem 4.2.

References

[1] Buhagiar D., Non locally compact points in ultracomplete topological spaces, Questions Answers Gen. Topology 19 (2001), 125–131.

[2] Buhagiar D., Yoshioka I., Ultracomplete topological spaces, to appear in Acta Math. Hungar. 92 (2001).

[3] Buhagiar D., Yoshioka I., Sums and products of ultracomplete spaces, to appear in Topology Appl.

[4] Chaber J., Conditions which imply compactness in countably compact spaces, Bull. Acad.

Pol. Sci. Ser. Math. 24 (1976), 993–998.

[5] Engelking R., General Topology, Polish Sci. Publ., Warsaw, 1977.

[6] García-Máynez A., Romaguera S., Perfectly pre-images of cofinally complete metric spaces, Comment. Math. Univ. Carolinae 40 (1999), 335–342.

[7] Henriksen M., Isbell J.R., Some properties of compactifications, Duke Math. J. 35 (1958), 83–105.

[8] Hodel R.E., Spaces defined by sequences of open covers which guarantee that certain sequences have cluster points, Duke Math. J. 39 (1972), 253–263.

[9] Howes N.R., On completeness, Pacific J. Math. 38 (1971), 431–440. [10] Lutzer D.J., Semimetrizable and stratifiable spaces, Gen. Topology Appl. 1 (1971), 43–48. [11] Michael E.A., A quintuple quotient quest, Gen. Topology Appl. 2 (1972), 91–138. [12] Nagata J., Modern General Topology, North-Holland Math. Library, Amsterdam, 1985, second revised edition.

[13] Romaguera S., On cofinally complete metric spaces, Questions Answers Gen. Topology 16 (1998), 165–170.

[14] Vaughan J.E., Spaces of countable and point-countable type, Trans. Amer. Math. Soc. 151 (1970), 341–351.

[15] Yoshioka I., On the metrizations of γ-spaces and ks-spaces, Questions Answers Gen. Topology 19 (2001), 55–72.

Department of Mathematics, Faculty of Science, Okayama University, Okayama, 700, Japan E-mail: yoshioka@math.okayama-u.ac.jp

(Received September 6, 2001, revised May 12, 2002)