Comment.Math.Univ.Carolin. 44,1 (2003)85–90 85

A remark on the minimal displacement problem

in spaces uniformly rotund in every direction

Krzysztof Bolibok

Abstract. We give an example of uniformly rotund in every direction space for which the minimal displacement characteristic is maximal.

Keywords: Lipschitzian mappings, minimal displacement Classification: Primary 47H09, 47H10

1. Introduction

Let (X, ‖ · ‖) be an infinite dimensional Banach space with the closed unit ball B_X and the unit sphere S_X . For any k ≥ 0, let L(k) denote the class of Lipschitz mappings T : B_X → B_X with constant k. By d_T we will denote the minimal displacement of T d_T = inf_{x∈BX} ‖x − T x‖.

Goebel [5] was the first who gave examples of Lipschitzian mappings with positive minimal displacement. He also introduced some useful functions which describe this problem. We will deal only with the minimal displacement characteristic of X which can be defined as

ψ_X (k) = sup {d_T : T ∈ L(k)} , k ≥ 1.

It is known that for any space X

ψ_X (k) ≤ 1 − 1 k . There are some “square” spaces like c_0, C[0, 1] for which ψ_X (k) = 1 −^1_k . In the case of uniformly rotund spaces it is known that ψ_X (k) < 1 −^1_k for k > 1. In particular in Hilbert space the following estimate holds

ψ_H (k) ≤ ( 1 − 1 k ) √ k k + 1 . The research was supported in part by KBN grant 2 PO3A 029 15.

For a long time it has been believed that: “If the unit ball in the space X is more rotund than the unit ball in the space Y then it should be that ψ_X (k) ≤ ψ_Y (k).” We show that it is not true by giving an example of uniformly rotund in every direction space for which ψ_X (k) = 1 −^1_k . On the other hand, in the case of the classical space l^1 it is known that

ψ_l1 (k) ≤

{_{2+}^√_3 4 ( 1 −^1_k ) for k ∈ [ 1, 3 + 2 √ 3 ] k+1 k+3 for k ∈ ( 3 + 2 √ 3, ∞ ) . But the space l^1 is not even strictly convex. For a wider discussion of the topics on the minimal displacement problem we refer the reader to the book [6]. Newest results can be found in papers by the author.

Recall that the modulus of convexity in direction z, ‖z‖ = 1, is the function δ_z : [0, 2] → [0, 1] defined as

δ_z(ϵ) = inf { 1 − ‖ ‖ ‖ ‖ x + y 2 ‖ ‖ ‖ ‖ : ‖x‖ ≤ 1, ‖y‖ ≤ 1, x − y = ϵz } . If δ_z(ϵ) > 0 for any ϵ > 0 and ‖z‖ = 1 then the space X is said to be uniformly rotund in every direction (URED). Before we give an example of a URED space with ψ_X (k) = 1 −^1_k we prove two technical lemmas for the classical space C[0, 1].

2. Results

Lemma 1. For every k ≥ 1 there exists a mapping T : B_{C[0,1]} → S_{C[0,1]}, of class L(k), with d_T = 1 −^1_k , and such that

(T x)(0) = −1 and (T x)(1) = 1

for every x ∈ B_{C[0,1]}.

Proof: Let us define a mapping T_1 : B_{C[0,1]} → C[0, 1] as (T_1x) (t) = x(t)+4t−2 and define the mapping T : B_{C[0,1]} → S_{C[0,1]} as a “composition”, i.e. (T x)(t) = f ((T_1x) (t)), where the function f : R → [−1, 1] is given for k > 1 as

f(t) =

−1 if t ∈ ( −∞, −^1_k ) kt if t ∈ [ −^1_k ,^1_k ] 1 if t ∈

(_1 k , ∞ ) . The mapping T_1 is nonexpansive and the function f is Lipschitzian with constant k which implies that T ∈ L(k). Observe that (T x)(0) = −1 and (T x)(1) = 1 for every x ∈ B_{C[0,1]}. Moreover observe that if (T_1x)

(_1 2 ) ≥ 0, then from the inequality (T_1y) (0) ≤ −1 valid for every y ∈ B_{C[0,1]} we have that there exists t_0 ∈ ( 0,^1_2 ) such that (T_1x) (t_0) = −^1_k . From this equality we obtain that

x (t_0) > (T_1x) (t_0) = − 1 k > −1 = (T x) (t_0) ,

which implies ‖x − T x‖ > 1 −^1_k . Analogously if (T_1x)

(_1 2 ) < 0, the inequality (T_1x) (1) ≥ 1 implies that there exists t_1 ∈

(_1 2 , 1 ) , for which (T_1x) (t_1) =^1_k . This implies x (t_1) < (T_1x) (t_1) = 1 k < 1 = (T x) (t_1) ,

and further ‖x−T x‖ > 1−^1_k . This, combined with the general fact that ψ_X (k) ≤ 1 −^1_k for any Banach space, implies that d_T = 1 −^1_k , which finishes the proof. □ Observe that we can prove slightly more, namely let for k = 1 the map T be given by a formula

(T x)(t) = max {−1, min [1, (T_1x) (t)]} .

This map is fixed point free because (T x)(t) > x(t) for some t >^1_2 or (T x)(t) < x(t) for some t <^1_2 . We obtained, in both cases (k > 1 and k = 1), that the infimum in the definition of the minimal displacement is not attained for any x ∈ B_{C[0,1]}.

Now we can generalize Lemma 1.

Lemma 2. Let 0 ≤ a < b ≤ 1. For every k ≥ 1 there exists a mapping T_{[a,b]} : B_{C[0,1]} → S_{C[0,1]} of class L(k) such that for every x ∈ B_{C[0,1]} the following conditions hold ( T_{[a,b]}x ) (t) = 0 for every t ∈ [0, a] ∪ [b, 1] and max t∈[a,b] | | |x(t) − ( T_{[a,b]}x ) (t) | | | > 1 − 1 k . Proof: Let us choose c, d such that a < c < d < b. Because the spaces C[0, 1] and C[c, d] are isometric then, according to the proof of previous lemma, for any k ≥ 1 there exists a map T : B_{C[c,d]} → S_{C[c,d]}, of class L(k), such that (T x)(c) = −1, (T x)(d) = 1 and ‖x − T x‖_{C[c,d]} > 1 −^1_k for every x ∈ B_{C[a,b]}. Now

let us define a map T_{[a,b]} : B_{C[0,1]} → S_{C[0,1]} as follows: ( T_{[a,b]}x ) (t) = (T x)(t)

for t ∈ [c, d] and ( T_{[a,b]}x ) (t) = 0 for every t ∈ [0, a] ∪ [b, 1]. On two intervals:

[a, c] and [d, b] we define T_{[a,b]}x as affine functions such that ( T_{[a,b]}x ) (c) = −1, ( T_{[a,b]}x ) (a) = ( T_{[a,b]}x ) (b) = 0 and ( T_{[a,b]}x ) (d) = 1 for any x ∈ B_{C[c,d]}. The

map T_{[a,b]} ∈ L(k) and ‖ ‖ ‖x − T_{[a,b]}x ‖ ‖ ‖ ≥ max_{t∈[c,d]} |x(t) − (T x)(t)| > 1 −^1_k according to

the previous lemma. □

Now we can proceed to the example.

Example. Let {t_i}^∞_{i=1} be a dense sequence in the interval [0, 1]. It can be shown that the space of continuous functions X = C[0, 1] equipped with the norm

‖x‖_X = ‖x‖_{C[0,1]} +

[_∞ ∑ i=1 ( 2^{−i}x(t_i)

)_2]^{1/2}

is URED (see [9]). Fix an arbitrary ϵ ∈ (0, 1). Find then an interval [a, b] ⊂ [0, 1] such that ∑

i,t_i∈[a,b]

2^{−2i} ≤ ϵ^2.

Let T_{[0,1]} : B_{C[0,1]} → S_{C[0,1]} be the mapping from Lemma 2. Then let us consider the mapping T_ϵx = (1 − ϵ)T_{[a,b]}x. Observe that

‖T_ϵx‖_X = max_{t∈[0,1]} |(T_ϵx) (t)| +

[_∞ ∑ i=1 ( 2^{−i} (T_ϵx) (t_i)

)_2

]_{1/2}

= max

t∈[a,b]

|(T_ϵx) (t)| + ∑ t_i∈[a,b] ( 2^{−i} (T_ϵx) (t_i)

)_2 1/2

≤ 1 − ϵ + ϵ = 1,

which shows that T_ϵ : B_X → B_X . We prove that T_ϵ is Lipschitzian. We have

‖T_ϵx − T_ϵy‖_X = max_{t∈[0,1]} |(T_ϵx) (t) − (T_ϵy) (t)|

+ [_∞ ∑ i=1 ( 2^{−i} [(T_ϵx) (t_i) − (T_ϵy) (t_i)]

)_2

]_{1/2}

= max

t∈[a,b]

|(T_ϵx) (t) − (T_ϵy) (t)|

+ ∑ t_i∈[a,b] ( 2^{−i} [(T_ϵx) (t_i) − (T_ϵy) (t_i)]

)_2 1/2

≤ (1 − ϵ)k max_{t∈[a,b]} |x(t) − y(t)|

+ (1 − ϵ)k max_{t∈[a,b]} |x(t) − y(t)| ∑ t_i∈[a,b]

2^{−2i} 1/2

≤ ( 1 − ϵ^2 ) k‖x − y‖.

This implies that T_ϵ ∈ L (( 1 − ϵ^2 ) k ) . The minimal displacement of T_ϵ can be evaluated in the following way

‖x − T_ϵx‖_X = max_{t∈[0,1]} |x(t) − (T_ϵx) (t)| +

[_∞ ∑ i=1 ( 2^{−i} [x (t_i) − (T_ϵx) (t_i)]

)_2]^{1/2}

≥ max

t∈[a,b]

|x(t) − (T_ϵx) (t)|

≥ 1 − 1 k − ϵ.

From the definition of the minimal displacement characteristic we have

ψ_X (( 1 − ϵ^2 ) k ) ≥ 1 − 1 k − ϵ.

This holds for every k ≥ 1 and for every ϵ > 0. Since ϵ can be arbitrarily small and the function ψ_X is continuous (see [6]) we deduce that

ψ_X (k) = 1 − 1 k .

References

[1] Benyamini Y., Sternfeld Y., Spheres in infinite dimensional normed spaces are Lipschitz contractible, Proc. Amer. Math. Soc. 88 (1983), 439–445.

[2] Bolibok K., Constructions of Lipschitzian mappings with non zero minimal displacement in spaces L^1(0, 1) and L^2(0, 1), Annal. Univ. Marie Curie-Sklodowska L (1996), 25–31.

[3] Bolibok K., Minimal displacement and retraction problems in the space l^1, Nonlinear Analysis Forum 3 (1998), 13–23.

[4] Bolibok K., Goebel K., A note on minimal displacement and retraction problems, J. Math.

Anal. Appl. 206 (1997), 308–314.

[5] Goebel K., On the minimal displacement of points under Lipschitzian mappings, Pacific J.

Math. 48 (1973), 151–163.

[6] Goebel K., Kirk W.A., Topics in Metric Fixed Point Theory, Cambridge University Press, Cambridge, 1990.

[7] Lin P.K., Sternfeld Y., Convex sets with the Lipschitz fixed point property are compact Proc. Amer. Math. Soc. 93 (1985), 633–639.

90 K. Bolibok

[8] Schauder J., Der Fixpunktsatz in Funkionalraumen, Studia Math. 2 (1930), 171–180. [9] Zizler V., On some rotundity and smoothness properties of Banach spaces, Rozprawy Mat.

87 (1971).

Institute of Mathematics, Maria Curie-Skłodowska University, 20-031 Lublin, Poland E-mail: bolibok@golem.umcs.lublin.pl

(Received October 4, 2001, revised August 6, 2002)