Comment.Math.Univ.Carolin. 44,1 (2003)121–135 121

Moment sequences and abstract Cauchy problems

Claus Müller

Abstract. We give a new characterization of the solvability of an abstract Cauchy problems in terms of moment sequences, using the resolvent operator at only one point.

Keywords: abstract Cauchy problems, moment sequences

Classification: 44A10, 44A60, 47D03, 47D06

Introduction

One idea to solve abstract Cauchy problems is to apply the Laplace transform to the equation Au(t) + f(t) = u^′(t), which leads to an equation where the unknown function only appears once^1. Now various characterizations of Laplace transforms yield solvability conditions of the problem^2.

In this paper the same aim is reached by using the concept of moment sequences in Banach spaces.

We extend Widder’s condition on scalar moment sequences to the Banach space case and give a characterization of finite Laplace transforms. Then we apply moment sequences to the abstract Cauchy problem. We deal with (almost) arbitrary inhomogenities, we only need the existence of the resolvent at one point and do not assume that D(A) is dense in X.

It turns out that an abstract Cauchy problem has a “p-regular” solution if and only if a special sequence is a p-moment sequence. The notation “p-regular” will be precised in Theorems 2.2 and 2.4.

1. Finite Laplace transform and moment sequences

With g^{[k]} we denote the k-th antiderivative of some integrable function g, and if f : [0, ∞) → X is some Banach space valued locally integrable and exponentially bounded function we let

^f(λ) :=

�_∞ 0 e^{−λt}f(t) dt (ℜ λ large)

1 see [ArBatNeu], [NeubrBaeum94].

2 see [Arendt87], [ArBatNeu], [ArMennKey94], [Cioranescu95], [Cio+Lumer94], [Cio+Lumer95], [Hieber91], [NeubrBaeum94], [Phillips54].

be the Laplace transform of f.

A sequence (μ_n)_{n≥0} in some Banach space X is called a p-moment sequence if there is some function ψ ∈ V_p([0, 1], X) of bounded p-variation such that

μ_n =

�_1 0 t^n dψ(t) for all n ≥ 0.

In this case ψ is called the representing function of (μ_n)_n.

We recall that if p < ∞ the p-variation of ψ is given by

‖ψ‖_{Vp} = sup � � � �_{n−1} � k=0 ‖ψ(t_{k+1}) − ψ(t_k)‖^p (t_{k+1} − t_k)^{p−1}

�_{1/p} � � � n ∈ N, 0 ≤ t0 < t1 . . . tn ≤ 1 � � � ,

and the ∞-variation of ψ by

‖ψ‖_{V∞} = sup � ‖ψ(s) − ψ(t)‖ s − t � � � 0 ≤ s < t ≤ 1 � . A function ψ is of bounded p-semi variation if x^∗ψ if of bounded p-variation for all x^∗ ∈ X^∗.

The space (P )V_p([0, 1], X) consists of all functions ψ of bounded p-(semi) variation with ψ(0) = 0.

Widder [13] gave a characterization of scalar moment sequences. His conditions are valid also in the Banach space case (see [9]).

Definition 1.1. Let (μ_n)_{n≥0} be a sequence in X.

(1) For k ≥ m ≥ 0 we define vectors λ_{k,m} by

λ_{k,m} = (−1)^{k−m} � k m �_{k−m}� r=0 (−1)^r � k − m r � μ_{k−r}.

(2) For 1 ≤ p < ∞ the B_p-norm of (μ_n)_n is given by

‖(μ_n)_n‖_{Bp} = sup_{k≥0} � (k + 1)^{p−1} k� m=0 ‖λ_{k,m}‖^p

�_{1/p} ∈ [0, ∞].

(3) The B_∞-norm of (μ_n)_n is given by

‖(μ_n)_n‖_{B∞} = sup_{k≥m≥0}(k + 1)‖λ_{k,m}‖ ∈ [0, ∞].

If the B_p-norm of (μ_n) is finite then it is called a B_p-sequence.

Definition 1.2. Let I ⊂ R be a closed interval with finite left end point and non empty interior, and let 1 ≤ q < ∞ and T : L_q(I, C) → X be a linear operator.

(1) The Dinculeanu-norm of T is given by

|||T ||| = sup_f n−1� k=0 |c_k| · ‖T 1_{[ak,bk)}‖ ∈ [0, ∞].

The supremum is taken over all functions f =

�_{n−1} k=0 c_k · 1_{[ak,bk)} with ‖f‖_{Lq} ≤ 1, where n > 0, c_k ∈ C and [a_k, b_k) ⊂ I.

(2) The order summing norm of T is given by

‖T ‖_{os} = sup_f

1,... ,f_n n� k=1 ‖T f_k‖ ∈ [0, ∞].

The supremum is taken over all real valued, positive functions f_1, . . . , f_n : I → R with ‖ � k f_k‖_{Lq (I)} ≤ 1, where n > 0.

We always have |||T ||| = ‖T ‖_{os} ∈ [0, ∞], and the representing function^3 φ ∈ P V_p(I, X) of T is of bounded p-variation if and only if |||T ||| < ∞ or ‖T ‖_{os} < ∞. In this case we have ‖φ‖_{Vp(I)} = |||T ||| = ‖T ‖_{os}.

Moreover, if |||T ||| < ∞, there is some positive L_p-function g : I → R with ‖g‖_{Lp} = |||T ||| such that

(1) ‖T f‖ ≤ � I |f(t)| · g(t) dt for all f ∈ L_q(I, C).

On the other hand, if there is some g ∈ L_p(I, R) such that (1) holds, then |||T ||| ≤ ‖g‖_{Lp} .

Definition 1.3. Let T : Y → X be a linear operator. T is called absolutely summing, if there is some M ≥ 0 such that for any choice of finitely many y_1, . . . , y_n ∈ Y we have (2) n� k=1 ‖T y_k‖ ≤ M · sup_{‖y∗‖≤1} n� k=1 |y^∗(y_k)| .

The infimum over all M ≥ 0 that fulfill (2) is called the absolutely summing norm ‖T ‖_{as} of T .

3 i.e. φ(t) = T 1_{[a,t]}, where a is the left end point of I.

A bounded operator T : C_0(I, C) → X is absolutely summing if and only if its representing function φ ∈ P V_1(I, X^{∗∗}) takes its values in X and is of bounded variation. In this case we have

‖T ‖_{as} = ‖φ‖_{V1(I)}.

Moreover, if T : C_0(I, C) → X is absolutely summing, there is some normalized function ψ : I → R with ‖ψ‖_{V1} = ‖T ‖_{as} such that

(3) ‖T f‖ ≤ � I |f(t)| dψ(t) for all f ∈ C_0(I, C).

On the other hand, if there is some ψ ∈ V_1(I, R) such that (3) holds, then ‖T ‖_{as} ≤ ‖ψ‖_{V1} .

A proof of the previous assertions on order summing and absolutely summing operators can be found in [7], [12] or [9].

After this preliminaries we can state the announced characterizations of p-moment sequences and sketch the proofs.

Theorem 1.4. Let (μ_n)_{n≥0} be a sequence in X and 1 < p < ∞. Then the following assertions are equivalent:

(1) (μ_n)_n is a p-moment sequence; (2) (μ_n)_n is a B_p-sequence;

(3) there is a linear operator T : L_q([0, 1], C) → X with bounded Dinculeanunorm such that

μ_n = T (t^n) for all n ≥ 0.

In this case we have

‖(μ_n)_n‖_{Bp} = |||T ||| = ‖φ‖_{Vp[0,1]},

where φ is the representing function of (μ_n)_n.

Proof: (2)⇒ (1). With the same proof as in [13, Chapter III, Theorem 3] we see that μ_n = lim_k

�_1 0 t^nL_{k,t}(μ) dt for all n,

and with [13, Chapter III, Theorem 5] we see that � L_{k,·}(μ)

�_p

L_p ≤

k + 1 k ‖μ‖_{Bp} .

An argument concerning X-valued V_p-functions using the Banach Steinhaus Theorem and the reflexivity of L_p([0, 1], C) shows that there is some V_p-function φ : [0, 1] → X with μ_n =

�_1 0 t^n dφ(t) for all n.

(1)⇒ (3). It is not hard to see that the operator T : L_q([0, 1], C) → X given by T 1_{[0,t)} := φ(t) has bounded Dinculeanu norm.

(3)⇒ (2). The representing function φ ∈ P V_p([0, 1], X) is of bounded p-varia-tion, and with λ_{k,m}(t) := � k m � t^m(1 − t)^{k−m}

we obtain λ_{k,m} =

�_1 0 λ_{k,m}(t) dφ(t).

Now the proof is the same as in [13, Chapter III, Theorem 5]. □ Theorem 1.5. Let (μ_n)_{n≥0} be a sequence in X. Then the following assertions are equivalent:

(1) (μ_n)_n is a 1-moment sequence; (2) (μ_n)_n is a B_1-sequence;

(3) there is an absolutely summing operator T : C([0, 1], C) → X such that

μ_n = T (t^n) for all n ≥ 0.

In this case we have

‖(μ_n)_n‖_{B1} = ‖T ‖_{as} = ‖φ‖_{V1[0,1]},

where φ is the representing function of (μ_n)_n.

Proof: (2)⇒ (1). The only difference to the classical proof of Widder [13, Chapter III, Theorem 26] is that now we need a vector valued version of the Theorem of Helly ([13, Chapter I, Theorem 16.3]):

If φ_n : [0, q] → X is some uniformly bounded sequence of functions of bounded variation such that lim_n

�_1 0 t^k dφ_n(t)

exists for all k ∈ N_0, then there is some function φ : [0, 1] → X of bounded variation such that

lim_n

�_1 0 f(t) dφ_n(t) =

�_1 0 f(t) dφ(t) for all f ∈ C([0, 1], C).

This is proved with the Banach Steinhaus Theorem and the scalar version of Helly’s Theorem.

(1)⇒ (3). If μ_n =

�_1 0 t^n dφ(t), then it is not hard to see that T f :=

�_1 0 f(t) dφ(t) is absolutely summing.

(3)⇒ (2) If φ ∈ V_1([0, 1], X) is the representing function of T , then k� m=0 ‖λ_{k,m}‖ ≤ k� m=0 �_1 0 λ_{k,m}(t) d|φ|(t) ≤ ‖φ‖_{V1} . □ Theorem 1.6. Let (μ_n)_{n≥0} be a sequence in X. Then the following assertions are equivalent:

(1) (μ_n)_n is a ∞-moment sequence; (2) (μ_n)_n is a B_∞-sequence;

(3) there is a bounded linear operator T : L_1([0, 1], C) → X such that

μ_n = T (t^n) for all n ≥ 0.

In this case we have

‖(μ_n)_n‖_{B∞} = ‖T ‖ = ‖φ‖_{V∞[0,1]},

where φ is the representing function of (μ_n)_n.

Proof: (2)⇒ (3). From the classical Theorem [13, Chapter III, Theorem 6], it follows that for all x^∗ ∈ X^∗

x^∗μ_n =

�_1 0 t^n � Sx^∗ � (t) dt,

where S : X^∗ → L_∞([0, 1], C) is bounded.

Define T := S^t � � �_{L1([0,1],C)} , the restriction of the dual S^t to L_1.

(3)⇒ (1). The function φ(t) := T 1_{[0,t)} is Lipschitz continuous, and

μ_n =

�_1 0 t^n dφ(t).

(1)⇒ (2). If x^∗ ∈ X^∗ then ‖x^∗μ‖_{B∞} ≤ ‖φ‖_{V∞} , where φ is the representing function of μ.

Thus ‖μ‖_{B∞} = sup_{‖x}∗_{‖≤1} ‖x^∗μ‖_{B∞} < ∞. □

Proposition 1.7. Let U ⊂ C be open and connected, μ ∈ U, 1 ≤ p ≤ ∞, τ > 0 and f : U → X be analytic, that is, f can be represented locally by its Taylor series. Then the following assertions are equivalent:

(1) there is some φ ∈ V_p([0, τ], X) such that f(λ) =

�_τ 0 e^{−λt} dφ(t) for all λ ∈ U;

(2) the sequence μ_n :=

(−1)^nf^{(n)}(μ)

τ^n

(n ≥ 0) is a B_p-sequence.

Proof: (1)⇒ (2). We define ψ : [0, 1] → X by the Riemann-Stieltjes integral ψ(s) =

�_s 0 e^{−μτ t} d_tφ(tτ).

Then

‖ψ‖_{Vp} ≤ � max 0≤t≤1

e^{−μτ t} � · ‖φ(·: τ)‖_{Vp[0,1]} ≤ ‖φ‖_{Vp[0,τ ]} · τ^{1−1/p}, where 1/∞ := 0.

Further on,

�_1 0 s^n dψ(s) =

�_1 0 s^ne^{−μτ s} d_sφ(sτ) = �_τ 0 �u τ �_n

e^{−μu} dφ(u) =

(−1)^nf^{(n)}(μ) τ^n

= μ_n.

Thus (μ_n)_n is a B_p-sequence by the previous theorems, depending on p.

(2)⇒ (1). Let μ_n =

�_1 0 t^n dψ(t) for all n ≥ 0, where ψ ∈ V_p([0, 1], X).

We define φ : [0, τ] → X by φ(s) =

�_{s/τ} 0 e^{μτ t} dψ(t).

Then ‖φ‖_{Vp[0,τ ]} ≤ e^{μτ} · ‖ψ(·/τ)‖_{Vp[0,τ ]} ≤ e^{μτ} τ^{1−1/p}

‖ψ‖_{Vp[0,1]}. Let g(λ) =

�_τ 0 e^{−λt} dφ(t). We show f = g. This is true since for n ≥ 0 we have g^{(n)}(μ) = (−1)^n

�_τ 0 t^ne^{−μt} dφ(t) = (−1)^n

�_1 0 τ^nu^ne^{−μτ u} d_uφ(uτ)

= (−1)^nτ^n

�_1 0 u^ne^{−μτ u}e^{μτ u} dψ(u) = f^{(n)}(μ).

Since both functions f and g are analytic we obtain f = g by the uniqueness theorem for analytic functions. □

2. Moment sequences and Cauchy problems

If 1 ≤ p ≤ ∞, μ ∈ C and τ > 0 we say a function u belongs to A_{μ,p,τ} (X)

if u ∈ C^1([0, τ), X) and if the function t → e^{−t} � d dt � e^{−μt}u(t) � t=τ (1−e^{−t})

is of

bounded p-variation on [0, ∞).

Proposition 2.1. Let 1 ≤ p ≤ ∞, τ > 0, A : D(A) → X be linear with μ ∈ ρ(A), f ∈ C([0, τ), X) ∩ L_1([0, τ], X) and g(t) := e^{−μt}f(t).

We define

c_k(y) := k! τ^{k+1} � � A − μ

�_{−k} y − k� j=1 � A − μ

�_{−(k+1−j)} g^{[j+1]}(τ) � .

Then the following assertions are equivalent:

(1) the abstract Cauchy problem � Au(t) + f(t) = u^′(t) for 0 ≤ t < τ u(0) = 0, u ∈ A_{μ,p,τ} (X)

has a solution;

(2) there is some y ∈ X and some v ∈ C^1([0, ∞), X) such that v^′ is of bounded p-variation on [0, ∞) and with

c_k(y) = ^v(k + 1) for all k ∈ N_0;

(3) there is some y ∈ X and some φ ∈ V_p([0, ∞), X) such that

k^2c_{k−1}(y) − τf(0) =

�_∞ 0 e^{−kt} dφ(t) for all k ≥ 1.

Proof: (1)⇒ (2). Let w(t) := e^{−μt}u(t) if 0 ≤ t < τ and v(t) := w(τ(1 − e^{−t})) if t ≥ 0. Then v^′(t) = τe^{−t}w^′(τ(1 − e^{−t})) is of bounded p-variation on [0, ∞), therefore ^v(λ) and ^v^′(λ) exist if ℜ λ > 0.

If B := A − μ we obtain

Bw(t) = −g(t) + w^′(t) if 0 ≤ t < τ and Bv(t) = e^t τ v^′(t) − g(τ(1 − e^{−t})) if t ≥ 0.

Thus, if k ≥ 2,

B^v(k) =

�_∞ 0 e^{−kt} e^t τ v^′(t) dt −

�_∞ 0 e^{−kt}g(τ(1 − e^{−t})) dt = 1 τ � e^{−(k−1)t}v(t) � � �^∞_0 + (k − 1)

�_∞ 0 e^{−(k−1)t}v(t) dt �

− �_τ 0 (1 − s/τ)^kg(s) ds τ − s = k − 1 τ ^v(k − 1) − 1 τ^k

�_τ 0 (τ − s)^{k−1}g(s) ds = k − 1 τ ^v(k − 1) −

(k − 1)!

τ^k g^{[k]}(τ).

This shows that

^v(k) = k − 1 τ B^{−1}^v(k − 1) −

(k − 1)!

τ^k

B^{−1}g^{[k]}(τ) if k ≥ 2.

Let y := τ ^v(1). It follows by induction that c_k(y) = ^v(k + 1) if k ≥ 0.

(2)⇒ (1). We have, if k ≥ 1,

B^v(k + 1) = k! τ^{k+1} � B^{−(k−1)}y − k� j=1 B^{−(k−j)}g^{[j+1]}(τ) �

= k τ c_{k−1}(y) − k! τ^{k+1} g^{[k+1]}(τ) = k τ �_∞ 0 e^{−kt}v(t) dt − k! τ^{k+1} g^{[k+1]}(τ) = k τ � − 1 k e^{−kt}v(t) � � �^∞_0 + 1 k �_∞ 0 e^{−kt}v^′(t) dt � − k! τ^{k+1} g^{[k+1]}(τ) = v(0) τ + 1 τ �_∞ 0 e^{−kt}v^′(t) dt −

�_∞ 0 e^{−(k+1)t}g(τ(1 − e^{−t})) dt.

Applying B^{−1} to both sides of this equation and letting k tend to ∞, we obtain B^{−1} v(0) τ = 0 and therefore v(0) = 0. From �_∞ 0 e^{−kt}e^{−t}v(t) dt = 1 τ �_∞ 0 e^{−kt}B^{−1}v^′(t) dt −

�_∞ 0 e^{−kt}e^{−t}B^{−1}g(τ(1 − e^{−t})) dt

and the uniqueness theorem for Laplace transforms it follows that

e^{−t}v(t) =

B^{−1}v^′(t) τ − e^{−t}B^{−1}g(τ(1 − e^{−t})) for all t ≥ 0, and, replacing t by − ln(1 − t/τ),

(τ − t)Bv(− ln(1 − t/τ)) = v^′(− ln(1 − t/τ)) − (τ − t)g(t) for all t ∈ [0, τ).

Let w(t) := v(− ln(1 − t/τ)). Then w^′(t) = 1 τ − t v^′(− ln(1 − t/τ)) and

Bw(t) = w^′(t) − g(t) for all t ∈ [0, τ).

Thus u(t) := e^{μt}w(t) solves the abstract Cauchy problem. u is in A_{μ,p,τ} (X) since t → e^{−t}w^′(τ(1 − e^{−t})) = v^′(t)/τ is of bounded p-variation on [0, ∞).

(2)⇒ (3) We already saw that v(0) = 0 and v^′(0) = τf(0). Let φ(t) := v^′(t) − v^′(0). Then, if k ≥ 1,

�_∞ 0 e^{−kt} dφ(t) = k

�_∞ 0 e^{−kt}φ(t) dt

= −τf(0) + k

�_∞ 0 e^{−kt}v^′(t) dt

= −τf(0) + k � e^{−kt}v(t) � �^∞_0 + k

�_∞ 0 e^{−kt}v(t) dt �

= −τf(0) + k^2^v(k) = −τf(0) + k^2c_{k−1}(y).

(3)⇒ (2). Let v(t) :=

�_t 0 φ(s) + τf(0) ds. Then, if k ≥ 0,

^v(k + 1) = − 1 k + 1 e^{−(k+1)t}v(t) � � �^∞_0 + 1 k + 1

�_∞ 0 e^{−(k+1)t} � φ(t) + τf(0) � dt = 1 (k + 1)^2

�_∞ 0 e^{−(k+1)t} dφ(t) + τf(0) (k + 1)^2 = c_k(y). □

If 1 ≤ p ≤ ∞, μ ∈ C and τ > 0 we say a function u belongs to B_{μ,p,τ} (X) if

u ∈ C^1([0, τ), X) and if the function t → t · � d dt � e^{−μt}u(t) � � t=τ (1−t)

extends to a

V_p-function on [0, 1].

We note that B_{μ,p,τ} (X) ⊂ A_{μ,p,τ} (X), and if u ∈ C^1([0, τ], X) such that u^′ is of bounded p-variation on [0, τ] then u ∈ B_{μ,p,τ} (X) for all μ ∈ C.

The following theorem yields a connection to moment sequences, see Section 1.

Theorem 2.2. Let τ > 0, 1 ≤ p ≤ ∞, let A : D(A) → X be linear with μ ∈ ρ(A) and let f : [0, τ] → X be continuous. Define c_k as in Proposition 2.1.

Then the following assertions are equivalent: (1) the abstract Cauchy problem � Au(t) + f(t) = u^′(t) for 0 ≤ t < τ u(0) = 0

has a solution u ∈ B_{μ,p,τ} (X), i.e. it has a p-regular solution; (2) there is some y ∈ X and some ψ ∈ V_p([0, 1], X) such that^4

k^2c_{k−1}(y) − τf(0) =

�_1 0 t^k dψ(t) for all k ≥ 0,

that is, � k^2c_{k−1}(y) − τf(0) � k is a p-moment sequence.

Proof: (1)⇒ (2). Since u ∈ A_{μ,p,τ} (X), Proposition 2.1 shows that there is some y ∈ X such that

k^2c_{k−1}(y) − τf(0) =

�_∞ 0 e^{−kt} dφ(t) for all k ≥ 1,

where φ(t) = τe^{−t}w^′(τ(1 − e^{−t})) − τf(0) and w(t) = e^{−μt}u(t).

Let ψ(t) := −τtw^′(τ(1 − t)) = −φ(− ln t) − τf(0), which is a V_p-function on [0, 1]. Then �_∞ 0 e^{−kt} dφ(t) =

�_1 0 t^k dψ(t) for all k ≥ 1.

Moreover ψ(1) = −τw^′(0) = −τu^′(0) = −τf(0), thus −τf(0) =

�_1 0 dψ(t).

(2)⇒ (1). Let φ(t) := −ψ(e^{−t}) + ψ(1). Then

k^2c_{k−1}(y) − τf(0) =

�_∞ 0 e^{−kt} dφ(t) for all k ≥ 1.

Proposition 2.1 shows that

u(t) := e^{μt}

�_{− ln(1−t/τ )} 0 φ(s) + τf(0) ds

solves the abstract Cauchy problem.

4 we define k^2c_{k−1}(y) | | |_{k=0} := 0.

Moreover t · � d dt � e^{−μt}u(t) � t=τ (1−t)

= t · � φ(− ln(1 − t/τ)) + τf(0) τ − t � t=τ (1−t) = −ψ(t) + ψ(1) + τf(0) τ = −ψ(t)/τ,

thus u ∈ B_{μ,p,τ} (X). □ If μ ∈ C and τ > 0 we say a function u : [0, τ) → X belongs to A^∗_{μ,τ} (X) if u is absolutely continuous on any interval [0, τ^′] ⊂ [0, τ), if u is differentiable almost everywhere and if the function

t → e^{−t} · � d dt � e^{−μt}u(t) � � t=τ (1−e^{−t})

coincides almost everywhere with a V_1-function on [0, ∞).

Proposition 2.3. Let τ > 0, A : D(A) → X be linear with μ ∈ ρ(A) and let f : [0, τ] → X be integrable. Define c_k as in Proposition 2.1.

Then the following assertions are equivalent: (1) the abstract Cauchy problem � Au(t) + f(t) = u^′(t) for almost all 0 ≤ t < τ u(0) = 0, u ∈ A^∗_{μ,τ} (X)

has a solution;

(2) there is some y ∈ X and some v ∈ C([0, ∞), X) which is locally absolutely continuous and differentiable almost everywhere such that v^′ coincides almost everywhere with a V_1-function on [0, ∞) and such that

c_k(y) = ^v(k + 1) for all k ∈ N_0;

(3) there is some y ∈ X and some φ ∈ V_1([0, ∞), X) such that

k^2c_{k−1}(y) =

�_∞ 0 e^{−kt} dφ(t) for all k ≥ 1.

If f is continuous on [0, τ) then moreover we have the equivalence (4) the abstract Cauchy problem � Au(t) + f(t) = u^′(t) for all 0 ≤ t < τ u(0) = 0, u ∈ C^1([0, τ), X) ∩ A^∗_{μ,τ} (X)

has a solution.

Proof: (1)⇒ (2). The function w(t) := e^{−μt}u(t) is absolutely continuous on any interval [0, τ^′] ⊂ [0, τ), and the function v(t) := w(τ(1 − e^{−t})) is absolutely continuous on any interval [0, R] ⊂ [0, ∞).

Moreover its derivative v^′(t) = τe^{−t}w^′(τ(1−e^{−t})) coincides almost everywhere with a V_1-function on [0, ∞).

Especially we obtain, if k ≥ 1, �_∞ 0 e^{−kt}v^′(t) dt = k

�_∞ 0 e^{−kt}v(t) dt.

Now the proof is the same as in Proposition 2.1.

(2)⇒ (1). The proof is the same as in Proposition 2.1. (2)⇒ (3). Let φ := v^′ ∈ V_1([0, ∞), X). (3)⇒ (2). Let v(t) :=

�_t 0 φ(s) ds.

(4)⇒ (1) is trivial.

(1)⇒ (4). We already saw that

Bw(t) + g(t) = w^′(t) for almost all t ∈ [0, τ),

where w(t) := e^{−μt}u(t), g(t) := e^{−μt}f(t) and B := A − μ. Thus

w(t) + B^{−1}g(t) = B^{−1}w^′(t) almost everywhere on [0, τ).

The function h(t) := w(τ(1 − e^{−t})) is differentiable almost everywhere on [0, ∞), and h^′(t) = τe^{−t}w^′(τ(1 − e^{−t})) almost everywhere on [0, ∞).

From the assumption it follows that there is some σ : [0, ∞) → X of bounded variation which is everywhere continuous from the right with σ = h^′ almost everywhere. The function t → B^{−1}σ(t) is of bounded variation, continuous from the right and coincides almost everywhere with the continuous function

t → τe^{−t}h(t) + τe^{−t}B^{−1}g(τ(1 − e^{−t})),

therefore t → B^{−1}σ(t) is continuous on [0, ∞).

Since σ is of bounded variation the limit σ(t+) exists for all t ≥ 0, and we showed that

B^{−1} � σ(t+) � = � B^{−1}σ � (t+) = � B^{−1}σ � (t) = B^{−1} � σ(t) � , and in the same way for σ(t−).

Since B^{−1} is injective we see that σ is continuous. From

τe^{−t}w^′(τ(1 − e^{−t})) = σ(t) almost everywhere on [0, ∞) it follows that w^′ and therefore u^′ coincides almost everywhere with a continuous function on [0, τ). Thus u is C^1, and the assertion follows since A is closed. □ If μ ∈ C and τ > 0 we say a function u : [0, τ) → X belongs to B^∗_{μ,τ} (X) if u is absolutely continuous on any interval [0, τ^′] ⊂ [0, τ), if u is differentiabe almost everywhere and if the function

t → t · � d dt � e^{−μt}u(t) � � t=τ (1−t)

coincides almost everywhere with a V_1-function on [0, 1].

Theorem 2.4. Let τ > 0, A : D(A) → X be linear with μ ∈ ρ(A) and let f : [0, τ] → X be integrable. Define c_k as in Proposition 2.1.

Then the following assertions are equivalent: (1) the abstract Cauchy problem � Au(t) + f(t) = u^′(t) for almost all 0 ≤ t < τ u(0) = 0

has a solution u ∈ B^∗_{μ,τ} (X), i.e. it has a regular solution almost everywhere;

(2) there is some y ∈ X and some ψ ∈ V_1([0, τ], X) such that^5

k^2c_{k−1}(y) =

�_1 0 t^k dψ(t) for all k ≥ 0.

Proof: (1)⇒ (2). Since u ∈ A^∗_{μ,τ} (X) Proposition 2.3 shows that there is some y ∈ X and some φ ∈ V_1([0, ∞), X) such that

k^2c_{k−1}(y) =

�_∞ 0 e^{−kt} dφ(t) for all k ≥ 1,

where φ coincides almost everywhere with the function

t → τe^{−t} · � d dt � e^{−μt}u(t) � � t=τ (1−e^{−t}) . Let ψ(t) := −φ(− ln t) if t ∈ (0, 1] and ψ(0) := 0. Then ψ ∈ V_1([0, τ], X), and �_∞ 0 e^{−kt} dφ(t) =

�_1 0+ t^k dψ(t) =

�_1 0 t^k dψ(t) for all k ≥ 1.

5 again k^2c_{k−1}(y) | | |_{k=0} := 0.

Moreover

�_1 0 dψ(t) = 0.

(2)⇒ (1). Let φ(t) := −ψ(e^{−t}). Then φ ∈ V_1([0, ∞), X), and

k^2c_{k−1}(y) =

�_∞ 0 e^{−kt} dφ(t) for all k ≥ 1.

Thus

u(t) := e^{μt}

�_{− ln(1−t/τ )} 0 φ(s) ds

solves the abstract Cauchy problem. The solution u ∈ C([0, τ), X) is absolutely continuous on any interval [0, τ^′] ⊂ [0, τ), differentiable almost everywhere and t · � d dt � e^{−μt}u(t) � t=τ (1−t) = t � φ(− ln(1 − t/τ)) τ − t � t=τ (1−t)

= −ψ(t)/τ. □

References

[1] Arendt W., Vector-valued Laplace transforms and Cauchy Problems, Israel J. Math. 59 (1987), 327–352.

[2] Arendt W., Batty C.J.K., Hieber M., Neubrander F., Vector Valued Laplace Transforms and Cauchy Problems, Birkhäuser, Basel, 2001.

[3] Arendt W., El-Mennaoui O., Keyantuo V., Local integrated semigroups: Evolution with jumps of regularity, J. Math. Anal. Appl. 186 (1994), 572–595.

[4] Cioranescu I., Local convoluted semigroups, Lecture Notes in Pure and Applied Math., No. 168, Marcel Dekker, N.Y., 1995, pp. 107–122.

[5] Cioranescu I., Lumer G., Problèmes d’évolution régularisés par un noyau général K(t). Formule de Duhamel, prolongements, théorèmes de génération, C.R. Acad. Sci. Paris, t. 319, Série I, 1994, 1273–1278.

[6] Cioranescu I., Lumer G., On K(t)-convoluted semigroups, Pitman Research Notes in Mathematics 324, (1995), 86–93.

[7] Diestel J., Uhl J.J., Vector Measures, Amer. Math. Soc., Providence, 1977. [8] Hieber M., Integrated semigroups and differential operators on L^p spaces, Math. Ann. 291 (1991), 1–16.

[9] Müller C., Charakterisierung von Momentenfolgen in Banachräumen, Thesis of Diploma, Kaiserslautern, 1996.

[10] Neubrander F., Bäumer B., Laplace transformmethods for evolution equations, Conference del Seminario di Mathematica dell’ Universitá di Bari 259 (1994), 27–60.

[11] Phillips R.S., An inversion formula for Laplace transforms and semigroups of linear operators, Ann. Math. 59 (1954), 325–356.

[12] Vieten P., Holomorphie und Laplace Transformation Banachraumwertiger Funktionen, PhD thesis, Shaker, Aachen, 1995.

[13] Widder D.V., The Laplace Transform, Princeton University Press, Princeton, 1972.

Fachbereich Mathematik, Universität Kaiserslautern, Erwin Schrödinger Strasse, 67659 Kaiserslautern, Germany E-mail: claus_− mueller@mathematik.uni-kl.de

(Received September 19, 2001, revised August 15, 2002)