Comment.Math.Univ.Carolin. 44,2 (2003)295–306 295

Notes on cfp-covers

Shou Lin, Pengfei Yan

Abstract. The main purpose of this paper is to establish general conditions under which T_2-spaces are compact-covering images of metric spaces by using the concept of cfpcovers. We generalize a series of results on compact-covering open images and sequencecovering quotient images of metric spaces, and correct some mapping characterizations of g-metrizable spaces by compact-covering σ-maps and mssc-maps.

Keywords: cfp-covers, compact-covering maps, metrizable spaces, g-metrizable spaces, σ-maps, mssc-maps

Classification: 54E40, 54E18, 54C10

In 1964, E. Michael introduced the concept of compact-covering maps. Let f : X → Y . f is called a compact-covering map, if every compact subset of Y is the image of some compact subset of X under f. Because many important kinds of maps are compact-covering maps, such as closed maps on paracompact spaces, many topologists have aimed to seek the characterizations of certain compactcovering images of metric spaces since the seventies last century. E. Michael, K. Nagami, Y. Tanaka and some Chinese topologists have obtained the characterizations of images of metric spaces under the following maps: compact-covering and open maps, compact-covering and open s-maps, sequence-covering (quotient) s-maps, compact-covering (quotient) s-maps, compact-covering (quotient) compact maps. The key to prove these results is to construct compact-covering maps on metric spaces, but there is no method to unify these proofs. The purpose of this paper is to develop the concept of cfp-covers, and give some consistent methods to construct compact-covering maps.

We assume that all spaces are T_2, and maps are continuous and onto.

1. Compact-covering images of metric spaces

In 1960, V. Ponomarev proved that every first-countable space is an open image of some Baire zero-dimension metric space (Proposition 2.4.4 in [10]). Now, we generalize the Ponomarev’s method. Let P be a network of X, P = {P_α}_{α∈Λ}, let Λ be endowed with discrete topology and M = {α = (α_i) ∈ Λ^ω : {P_{αi} }_{i∈N} forms a network at some point x_α in X}, then M is a metric space, and x_α is unique

Supported by the NNSF of China (10271026, 19971048, 10171043).

for each α ∈ M. Define f : M → X by f(α) = x_α. Then (f, M, X, P) is called a Ponomarev’s system. The following lemma can be easily obtained by using the Ponomarev’s method (Proposition 2.4.3 in [10]).

Lemma 1 ([14]). Let (f, M, X, P) be a Ponomarev’s system.

(1) f is a map if there exists a countable subset of P which forms a network at x for every x ∈ X.

(2) f is an open map if P is a countable local base of X. (3) For every non-empty subset C of X, f^{−1}(C) is a separable subspace of M if C meets only with countably many elements of P. □

To ensure that f in the Ponomarev’s system is a compact-covering map, P must have some properties. Recall the concept of cfp-covers ([20]). Let K be a subset of X. F is called a cfp-cover (i.e., compact-finite-partition-cover) of K, if F is a cover of K in X such that it can be precisely refined by some finite cover of K consisting of compact subsets of K.

Let P be a collection of subsets of X, and K be a subset of X. We say that P has the cc-property on K, if whenever C is a non-empty compact subset of K, and V a neighborhood of C in X, then there exists a subset F of P such that F is a cfp-cover of C and ⋃ F ⊂ V .

The cc-property is related to the concept of strong k-networks posed by Chuan Liu and Mumin Dai ([11]).

Theorem 2. Let (f, M, X, P) be a Ponomarev’s system. If K is a non-empty compact subset of X such that some countable subset P(K) of P has the ccproperty on K, then there exists a compact subset L of M satisfying f(L) = K.

Proof: Let P = {P_α}_{α∈Λ}, and K be a non-empty compact subset of X. P(K) is countable, hence there are only countably many cfp-covers of K by elements of P(K). Let {P_i} enumerate these cfp-covers and P_i = {P_α}_{α∈Γi} . Then P_i can be precisely refined by some finite cover F_i = {F_α}_{α∈Γi} of K consisting of compact subset of K with each F_α ⊂ P_α.

Let L = {(α_i) ∈ ∏ i∈N Γ_i : ⋂ i∈N F_{αi} ≠ ∅}. Then (2.1) L is a closed subset of the compact set ∏ i∈N Γ_i, so L is a compact subset of Λ^ω. Put α = (α_i) ∈ ∏ i∈N Γ_i − L. Then ⋂ i∈N F_{αi} = ∅. From the compactness of K, there exists i_0 ∈ N such that ⋂ i≤i_0 Fαi = ∅. Let W = {(βi) ∈ ∏ i∈N Γ_i :

β_i = α_i for each i ≤ i_0}. Then W is an open subset of ∏ i∈N Γ_i such that α ∈ W and W ∩ L = ∅. Therefore, L is a closed subset of ∏ i∈N Γ_i.

(2.2) L ⊂ M and f(L) ⊂ K. Let α = (α_i) ∈ L, then ⋂ i∈N F_{αi} ≠ ∅. Pick x ∈ ⋂ i∈N F_{αi} . Then it will suffice to show that {P_{αi} }_{i∈N} is a network of x in X.

In this case, α ∈ M and f(α) = x ∈ K, so L ⊂ M and f(L) ⊂ K.

Let V be a neighborhood of x in X. Since K is a regular subspace of X, there exists an open neighborhood W of x in K such that W = cl_K (W ) ⊂ V . Now W is a compact subset of K and P(K) has the cc-property on K, so there exists a finite collection P^′ of P(K) such that P^′ is a cfp-cover of W and ⋃ P^′ ⊂ V . On the other hand, K − W is a compact subset of K satisfying K − W ⊂ X − {x}, so there exists a finite collection P^{′′} of P(K) such that P^{′′} is a cfp-cover of K − W and ⋃ P^{′′} ⊂ X − {x}. Put P^∗ = P^′ ∪ P^{′′}. Then P^∗ is a cfp-cover of K, so P_k = P^∗ for some k ∈ N. But x ∈ F_{αk} ⊂ P_{αk} ∈ P_k, thus P_{αk} ∈ P^′ and P_{αk} ⊂ V . Hence {P_{αi} }_{i∈N} is a network of x in X.

(2.3) K ⊂ f(L). Let x ∈ K. For each i ∈ N, pick α_i ∈ Γ_i such that x ∈ F_{αi} . Put α = (α_i). Then α ∈ L and f(α) = x by the proof of (2.2). So K ⊂ f(L).

In words, L is a compact subset of M such that f(L) = K. □

The cc-property provides that the compact subset K of X is the image of some compact subset of a metric space. “cc” means an abbreviation of “compactcovering”. Next, we shall give some corollaries of Theorem 2.

The first corollary is an inner characterization of compact-covering and open images of metric spaces obtained by E. Michael and K. Nagami in 1973. Recall the concept of outer bases ([14]). A collection B of open subsets of a space X is called an outer base of a subset A in X, if there exists B_x ∈ B such that x ∈ B_x ⊂ U for every x ∈ A and an open neighborhood U of x in X. Michael and Nagami proved the following property of outer bases.

Lemma 3 ([14]). Let K be a compact and metrizable subset of a space X. If K has a countable neighborhood base in X, then there exists a countable outer base of K in X. □

Lemma 4. Let K be a subset of X. If B is an outer base of K, then B has the cc-property on K.

Proof: Let C be a compact subset of K and V a neighborhood of C in X. For each x ∈ C, there exists B_x ∈ B such that x ∈ B_x ⊂ V . From the regularity of C, we can choose a relatively open set V_x of C such that x ∈ V_x ⊂ V_x ⊂ B_x. {V_x}_{x∈C} is a relatively open cover of C, thus it has a finite subcover {V_{xi} }_{i≤n}. Hence, C = ⋃ i≤n V_{xi} ⊂ ⋃ i≤n B_{xi} ⊂ V , and {V_{xi} }_{i≤n} is a precise refinement of {B_{xi} }_{i≤n}. This implies that B has the cc-property on K. □

Corollary 5 ([14]). A space X is a compact-covering and open image of a metric space if and only if every compact subset of X is a metrizable subspace and has a countable neighborhood base in X.

Proof: Let f : M → X be a compact-covering and open map, where M is a metric space. Suppose K is a compact subset of X. Then there exists a compact subset L of M such that f(L) = K. Since L is a compact subset of M, f|L : L → M is a perfect map, whereas metrizability is persevered by perfect maps (Theorem 2.2.1 in [10]), so K is a metrizable space. On the other hand, from the metrizability of M, L has a countable neighborhood base {V_n}_{n∈N} in M, and f is an open map, thus {f(V_n)}_{n∈N} is a countable neighborhood base of K in X.

Conversely, suppose every compact subset of X is metrizable and has a countable neighborhood base. For each compact subset K of X, in view of Lemma 3, K has a countable outer base U(K) in X. U(K) has the cc-property on K by Lemma 4. U = ⋃ {U(K) : K is a compact subset of X} is a countable local base of X. Let (f, M, X, U) be a Ponomarev’s system. Then f is a compact-covering and open map by Lemma 1 and Theorem 2. So X is a compact-covering and open image of a metric space. □

The second corollary concludes inner characterizations of compact-covering simages of metric spaces given by Pengfei Yan and Shou Lin in 1999 and compactcovering open s-images of metric spaces given by E. Michael and K. Nagami in 1973. Recall the concept of cfp-networks ([19]). Let P be a cover of a space X. P is called a cfp-network of X, if for every compact subset K of X and a neighborhood V of K in X there exists F ⊂ P such that F is a cfp-cover of K and ⋃ F ⊂ V . Obviously, cfp-networks are related to k-networks introduced by P. O’Meara in 1971. Let P be a collection of subsets of X. P is called a knetwork, if for every compact subset K and a neighborhood V of K in X there exists a finite subset F of P such that K ⊂ ⋃ F ⊂ V . It is easy to see that every k-network consisting of closed sets is a cfp-network, and every cfp-network is a k-network.

Lemma 6. Every base of a space X is a cfp-network of X.

Proof: Let B be a base of X. For each compact subset K of X and a neighborhood V of K in X, since B is an outer base of K, by Lemma 4, there exists a finite subset F of B such that F is a cfp-cover of K and ⋃ F ⊂ V . So B is a cfp-network of X. □

Certain point-countable covers can be used to characterize various s-images of metric spaces. The following cfp-property of point-countable collections is similar to the famous Miščenko’s lemma. For every subset A of X, F is called a minimal cfp-cover of A, if F is a cfp-cover of A, and F − {F } is not a cfp-cover of A for every F ∈ F.

Lemma 7 ([19]). Suppose P is a point-countable collection of subsets of a space X. Then every compact subset of X has only countably many minimal cfp-covers by elements of P. □

Corollary 8 ([19]). A space X is a compact-covering s-image of a metric space if and only if X has a point-countable cfp-network.

Proof: Necessity. Suppose X is a compact-covering s-image of a metric space M. M is a metrizable space, thus M has a σ-locally finite base P. By Lemma 6, P is a cfp-network of M. Since cfp-networks are preserved by compact-covering maps, f(P) is a cfp-network of X. f is an s-map, so f(P) is a point-countable collection. Hence f(P) is a point-countable cfp-network of X. Sufficiency. Suppose X has a point-countable cfp-network P and let (f, M, X, P) be a Ponomarev’s system. Then f : M → X is an s-map by Lemma 1. In view of Theorem 2, to prove that f is a compact-covering map, it will suffice to show that there exists a countable subset P(K) of P with cc-property on K for every compact subset K of X.

By Lemma 7, if {P_i}_{i∈N} is a collection of minimal cfp-covers of K by elements of P, then P(K) = ⋃ i∈N P_i is countable and has the cc-property on K. In fact, for each non-empty compact subset C of K and a neighborhood V of C in X, since K is a compact subset of X, K is a normal subset of X, so there exists an open neighborhood W of C in K such that W ⊂ V . P is a cfp-network of X, thus there is a finite subset P^′ of P such that P^′ is a cfp-cover of W and ⋃ P^′ ⊂ V .

On the other hand, K − W ⊂ X − C, so we can pick a finite subset P^{′′} of P such that P^{′′} is a cfp-cover of K − W and ⋃ P^{′′} ⊂ X − C. Let P^∗ = P^′ ∪ P^{′′}. Then P^∗ is a cfp-cover of K and P_k ⊂ P^∗ for some k ∈ N. Suppose P_k = {P_α}_{α∈Γ} is precisely refined by the finite cover {K_α}_{α∈Γ} of K consisting of compact subsets of K and put F = {P_α ∈ P_k : K_α ∩ C ≠ ∅}. Then F is a cfp-cover of C such that ⋃ F ⊂ V . Hence P(K) has the cc-property on K.

Summarizing, f is a compact-covering s-map. □

Corollary 9 ([14]). A space X is a compact-covering and open s-image of a metric space if and only if X has a point-countable base.

Proof: It is easy to show that open s-images of metric spaces have pointcountable bases. Let B be a point-countable base of X and (f, M, X, B) be a Ponomarev’s system. In view of Lemma 1, f is an open s-map. f is a compactcovering map by Lemma 6 and Corollary 8. □ The third corollary is the inner characterization of sequence-covering and quotient s-images of metric spaces proved by Y. Tanaka in 1987. Recall the concepts of sequence-covering maps and cs^∗-networks. A map f : X → Y is called a sequence-covering map ([6]), if each convergent sequence of Y is the image of some compact subset of X under f. A collection P of subsets of X is called a cs^∗-network ([5]), if whenever {x_n} is a sequence converging to a point x ∈ U with U open in X, then {x} ∪ {x_{ni} : i ∈ N} ⊂ P ⊂ U for some subsequence {x_{ni} } of {x_n} and some P ∈ P.

Obviously, every cfp-network of X is a cs^∗-network of X.

Lemma 10. Let P be a point-countable cs^∗-network, and K be a convergent sequence (including its limit). Then there is a countable subset P(K) of P with the cc-property on K.

Proof: Let P(K) = {P ∈ P : P ∩ K ≠ ∅}. Since P is point-countable, P(K) is a countable subset of P. Suppose C is a non-empty compact subset of K and V is a neighborhood of C in X. If C is a finite set, because X is a T_2-space and P is a network of X, there is a finite subset F of P such that the intersection of C with elements of F includes only one point and C ⊂ ⋃ F ⊂ V . So F is a cfp-cover of C and ⋃ F ⊂ V . Suppose C is an infinite set, put C = {x} ∪ {x_n : n ∈ N}, where {x_n} converges to x, and P^′ = {P ∈ P : x ∈ P ⊂ V } = {P_i}_{i∈N}. We shall show that there exists a k_0 ∈ N such that x_n ∈ ⋃ i≤k_0 Pi for all but finitely

many n ∈ N. If not, we can pick a subsequence {x_{nk} } of {x_n} such that each x_{nk} ∈ X − ⋃ i≤k P_i. So each P_i only includes finitely many elements of {x_{nk} }.

But P is a cs^∗-network of X, hence there is a P ∈ P such that P ⊂ V and some subsequence of {x_{nk} } is included in P , thus P = P_m for some m ∈ N. Hence P_m includes infinitely many elements of {x_{nk} }, a contradiction.

So C − ⋃ i≤k_0 Pi is a finite set and C ∩ Pi is a non-empty closed set. Without

losing generality, we can assume that C − ⋃ i≤k_0 Pi is non-empty. Then there is a

finite subset P^′ of P such that P^′ is a cfp-cover of C − ⋃ i≤k_0 Pi, ⋃ P^′ ⊂ V and every element of P^′ meets with C. Let F = {P_i}_{i≤k0} ∪ P^′. Then F is a cfp-cover of C and ⋃ F ⊂ V , so P(K) has the cc-property on K. □ Corollary 11 ([6], [17]). The following are equivalent for a space X:

(1) X is a quotient s-image of a metric space;

(2) X is a sequence-covering and quotient s-image of a metric space; (3) X is a sequential space with a point-countable cs^∗-network.

Proof: (1) ⇒ (3). Let f : M → X be a quotient s-map, where M is a metric space. Suppose B is a σ-locally finite base of M, P = f(B). Since f is a quotient s-map and sequentiality of spaces is preserved by quotient maps, X is a sequential space and P is a point-countable cs^∗-network of X.

(3) ⇒(2). Suppose P is a point-countable cs^∗-network of X and let (f, M, X, P) be a Ponomarev’s system. In view of Lemma 1, f : M → X is an s-map. f is a sequence-covering map by Lemma 10 and Theorem 2. X is a sequential space, so the sequence-covering map f is a quotient map.

(2) ⇒ (1). It is trivial. □

2. The characterizations of g-metrizable spaces

Recall the definition of g-metrizable spaces. A collection P = ⋃ x∈X P_x of subsets of a space X is called a weak base of X, if P satisfies that (1) P_x is a network of x in X; (2) For each U, V ∈ P_x, there exists W ∈ P_x such that W ⊂ U ∩ V ; (3) G ⊂ X is open iff for each x ∈ G, there exists P ∈ P_x such that P ⊂ G.

P_x is called a weak neighborhood base of x in X. X is gf-countable if X has a weak base ⋃ x∈X P_x, where each P_x is countable. Also, X is g-metrizable if X is a regular space with a σ-locally finite weak base.

Obviously, every metric space is g-metrizable. L. Foged obtained the following theorem for g-metrizable spaces.

Lemma 12 ([3], [4]). The following are equivalent for a regular space X:

(1) X is a g-metrizable space; (2) X has a σ-discrete weak base;

(3) X is a gf-countable space with a σ-locally finite k-network. □

By Corollary 3.8.6 in [10], g-metrizable spaces are quotient and compact images of metric spaces, but the converse is not true (see Example 15). To find out a suitable map to characterize g-metrizable spaces, we need the concept of σ-maps ([8]). Let f : X → Y . f is called a σ-map, if there exists a base B of X such that f(B) is a σ-locally finite collection in Y . Every map defined on a separable metric space is a σ-map. In this section, we shall show that a regular space is gmetrizable iff it is a compact-covering, quotient, compact and σ-image of a metric space.

We extend the Ponomarev’s system to cover sequences of spaces. Let {P_i} be a cover sequence of a space X. {P_i} is called a point-star network, if {st(x, P_i)}_{i∈N} is a network of x for each x ∈ X. Suppose {P_i} is a point-star network of X, for each i ∈ N, put P_i = {P_α}_{α∈Λi} and endow Λ_i with the discrete topology. Then M = {α = (α_i) ∈ ∏ i∈N Λ_i : {P_{αi} }_{i∈N} forms a network at some point x_α in X} is a metric space and x_α is unique for each α ∈ M. Define f : M → X by f(α) = x_α. Then (f, M, X, P_i) is also called a Ponomarev’s system.

Lemma 13. Let (f, M, X, P_i) be a Ponomarev’s system.

(1) f is a compact map if {P_i} is a point-star network consisting of point-finite covers.

(2) For a compact subset K of X, if some finite subset of P_i is a cfp-cover of K for each i ∈ N, then there exists a compact subset L of M such that f(L) = K.

Proof: Suppose {P_i} is a point-star network of X. For each i ∈ N, put P_i = {P_α}_{α∈Λi} . Then (1) holds in view of [7]. (A similar proof can be seen by Proposition 2.9.5(3) in [10].)

Next, we shall show that (2) is true. Let K be a non-empty compact subset of X such that for each i ∈ N, there exists some finite subset P^′_i of P_i which forms a cfp-cover of K. So there is a finite subset Γ_i of Λ_i such that P^′_i = {P_α}_{α∈Γi} can be precisely refined by some finite cover {K_α}_{α∈Γi} of K, where K_α is a non-empty compact subset of K for each α ∈ Γ_i. Put L = {(α_i) ∈ ∏ i∈N Γ_i : ⋂ i∈N K_{αi} ≠ ∅}.

Then (13.1) L is a closed subset of the compact subset ∏ i∈N Γ_i, so L is compact.

Suppose α = (α_i) ∈ ∏ i∈N Γ_i −L. Then ⋂ i∈N K_{αi} = ∅. By the compactness of K, there exists i_0 ∈ N such that ⋂ i≤i_0 Kαi = ∅. Let W = {(βi) ∈ ∏ i∈N Γ_i : β_i = α_i for each i ≤ i_0}. Then W is an open neighborhood of α in ∏ i∈N Γ_i and W ∩L = ∅.

Hence L is a closed subset of ∏ i∈N Γ_i.

(13.2) L ⊂ M and f(L) ⊂ K. Suppose α = (α_i) ∈ L. Then ⋂ i∈N K_{αi} ≠ ∅. Pick x ∈ ⋂ i∈N K_{αi} , then x ∈ ⋂ i∈N P_{αi} , since {P_{αi} }_{i∈N} is a network of x in X, so α ∈ M and f(α) = x ∈ K. Hence L ⊂ M and f(L) ⊂ K.

(13.3) K ⊂ f(L). For every x ∈ K and i ∈ N, pick α_i ∈ Γ_i such that x ∈ K_{αi} . If α = (α_i), then α ∈ L and f(α) = x by the proof of (13.2). So K ⊂ f(L).

In words, L is a compact subset of M such that f(L) = K. □

Theorem 14. A regular space is g-metrizable if and only if it is a compactcovering, quotient, compact and σ-image of a metric space.

Proof: Let X be a g-metrizable space. By Lemma 12, X has a σ-discrete weak base P. Since X is a regular space, we can assume that each member of P is a closed set of X. Put P = ⋃ i∈N B_i = ⋃ x∈X P_x, where B_i is a discrete collection of closed sets of X, and P_x is a weak neighborhood base of x in X. For each i ∈ N, let Q_i = {x ∈ X : P_x ∩B_i = ∅}, U_i = B_i ∪{Q_i}. Then U_i is a locally finite cover of X. We shall show that for each non-empty compact subset K of X, there exists a finite subset of U_i which forms a cfp-cover of K. In fact, since B_i is a discrete collection, K meets only finitely many members of U_i. Let Γ_i = {α : B_α ∈ B_i, B_α ∩ K ≠ ∅}. For each α ∈ Γ_i, put K_α = B_α ∩ K, K_i = K − ⋃ α∈Γ_i Kα. All Kα and Ki are

closed subset of K, and K = K_i ∪ ( ⋃ α∈Γ_i Kα). We only need to show Ki ⊂ Qi.

K is metrizable as a compact subset of a g-metrizable space. Pick x ∈ K_i. There exists a sequence {x_n} of K − ⋃ α∈Γ_i Kα converging to x. If P ∈ Px ∩ Bi, then

P is a weak neighborhood of x, thus x_n ∈ P whenever n � m for some m ∈ N. Hence x_n ∈ K_α for some α ∈ Γ_i, a contradiction. So P_x ∩ B_i = ∅, and x ∈ Q_i. This implies that K_i ⊂ Q_i and {Q_i} ∪ {B_α}_{α∈Γi} is a cfp-cover of K.

For each x ∈ X and an open neighborhood U of x, pick P ∈ P_x satisfying P ⊂ U. Then P ∈ B_i for some i ∈ N. Thus st(x, U_i) = P ⊂ U and {st(x, U_i)}_{i∈N} is a network of x in X. So {U_i} is a point-star network of X. Let (f, M, X, U_i) be a Ponomarev’s system. Then f : M → X is a compact-covering and compact map by Lemma 13.

Since g-metrizable spaces are sequential spaces, and f is a compact-covering map, it is easily checked that f is a quotient map. Next, we shall show that f : M → X is a σ-map. For each i ∈ N, let U_i = {U_α}_{α∈Λi} . For every (α_i) ∈ M and n ∈ N, put B(α_1, α_2, . . . , α_n) = {(γ_i) ∈ M : γ_i = α_i for each i ≤ n}. Then f(B(α_1, α_2, . . . , α_n)) = ⋂ i≤n U_{αi} . In fact, if γ = (γ_i) ∈ B(α_1, α_2, . . . , α_n), then f(γ) ∈ ⋂ i∈N U_{γi} ⊂ ⋂ i≤n U_{αi} , so f(B(α_1, α_2, . . . , α_n)) ⊂ ⋂ i≤n U_{αi} . Let z ∈ ⋂ i≤n U_{αi} . Since U_i is a cover of X for each i ∈ N, pick β_i ∈ Λ_i such that z ∈ U_{βi} and the following holds: (1) β_i = α_i for every i ≤ n; (2) U_{βi} ∈ B_i whenever z ∈ ⋃ B_i (U_{βi} is unique by the discreteness of B_i). Then β = (β_i) ∈ ∏ i∈N Λ_i. If z is an isolated point in X, then there exists m ∈ N and P ∈ B_m such that {z} = P , thus z /∈ Q_m by the construction of Q_m, so U_{βm} = P and {U_{βi} }_{i∈N} is a network of z in X. Suppose that z is an accumulation point in X. Since P_z is a weak neighborhood base of z in X, P_z is an infinite set. Let U be a neighborhood of z in X. There exists P ∈ P_z ∩B_m such that P ⊂ U for some m > n, thus U_{βm} = P , and {U_{βi} }_{i∈N} is a network of z in X. So β ∈ B(α_1, α_2, . . . , α_n) and z = f(β), ⋂ i≤n U_{αi} ⊂ f(B(α_1, α_2, . . . , α_n)). We have shown that f(B(α_1, α_2, . . . , α_n)) = ⋂ i≤n U_{αi} . Since {B(α_1, α_2, . . . , α_n) : (α_i) ∈ M, n ∈ N} is a base of M and ⋀ i≤n U_i is a locally finite collection in X for every n ∈ N, f is a σ-map. Conversely, let M be a metric space and f : M → X be a compact-covering, quotient, compact and σ-map. Since f is a σ-map, f(B) is a σ-locally finite collection in X for some base B of M. B is a k-network of M and k-networks are preserved by compact-covering maps, so f(B) is a σ-locally finite k-network. Also, X is a gf-countable space as a quotient compact image of a metric space (see Theorem 2.9.14 in [10]). This implies that X is a g-metrizable space by Lemma 12. □

In 1977, E. Michael defined σ-locally finite maps to characterize σ-spaces ([13]). The definition of σ-locally finite maps is similar to σ-map’s. A map f : X → Y is called σ-locally finite if for every σ-locally finite cover P of X, there exists a refinement B of P such that f(B) is a σ-locally finite collection. E. Michael proved the following results in [13]: (1) A regular space X is a σ-space if and only if X is a σ-locally finite image of a metric space; (2) f is a σ-locally finite map if there exists a network B of X such that f(B) is a σ-locally finite collection of Y . So every σ-map is a σ-locally finite map, but the converse is not true. See the following example.

Example 15. There exist a metric space M and a compact-covering, open, compact and σ-locally finite map f : M → X such that X is not g-metrizable.

Let X be the non-normal space from Example 2.5 in [2] which can be represented as a union of two open metric subspaces. Since X is first-countable but not metrizable, X is not a g-metrizable space ([15]). Suppose that M is the topological sum of a cover of X consisting of two open metric subspaces. Then M is metrizable. Let f : M → X be a natural map. Then f is a finite-to-one open map, thus f is a compact-covering map (see Corollary 1.2 in [12]). Also X is the union of countable many closed metric subspaces. So there exists a network B of M such that f(B) is a σ-locally finite collection. Hence f is a σ-locally finite map. By Theorem 14, f is not a σ-map.

A completely regular, non-normal space which is the open and finite-to-one image of a metric space under f is given directly in Example 3.2 in [16]. It can be showed that f is a compact-covering and σ-locally finite map. □

The idea of Theorem 14 is inspired by a question posed by Y. Tanaka. For a metric space (X, d), f : X → Y is called a π-map, if d(f^{−1}(y), X − f^{−1}(V )) > 0 for each y ∈ Y and a neighborhood V of y in Y . Obviously, every compact map on metric spaces is a π-map. The following result is proved in [8]: A regular space X is g-metrizable if and only if X is a compact-covering, quotient, π and σ-image of a metric space. In 2001, Y. Tanaka asked the first author of this paper the following question: Is the result above true? In the proof of the result above, the following lemma was used (see Lemma in [8]): Let X be a metric space. If f : X → Y is a quotient map, then Y is a symmetric space if and only if f is a π-map. Next, we shall show that the lemma above is not true.

Example 16. There exist a metric space M and a quotient map f : M → X such that X is a symmetric space, but f is not a π-map.

By Example 2.9.8 and Theorem 2.9.7 in [10], we can find out a symmetric space X such that X is not any quotient π-image of a metric space M.

Let M be the topological sum of all convergent sequences in X, and f : M → X the natural map. Then M is a metric space and f is a quotient map, so f is not a π-map. □

This wrong lemma is a modification of Proposition 1.3 in [18]. (Proposition 1.3: If X is a symmetric space and f : X → Y a quotient map, then Y is the symmetric space iff f is a π-map for some equivalent symmetric on X.) By Example 16, this modification to replace symmetrics by metrics is not true. On the other hand, since the quotient π-images of metric spaces are gf-countable spaces (see Lemma 2.9.4 in [10]), in view of Theorem 14, a regular space X is g-metrizable iff X is the compact-covering, quotient, π and σ-image of a metric space.

The first author of this paper proved the following mapping theorem on gmetrizable spaces in [9] by using the wrong lemma above: For a regular space X, X is g-metrizable iff X is the compact-covering, quotient, π and mssc-image of a metric space. Recall the concept of mssc-maps ([9]). Let f : X → Y , where X is a subspace of a product space ∏ i∈N X_i. f is called a stratified strong compact map or ssc-map, if for each y ∈ Y there exists a sequence {V_i} of open neighborhoods of y in Y satisfying that p_i(f^{−1}(V_i)) is a compact subspace of X_i for each i ∈ N, where p_i : ∏ i∈N X_i → X_i is the projective map. f is called a metrizable stratified strong compact map or mssc-map if f is an ssc-map and X_i is a metric space for each i ∈ N.

Lemma 17. mssc-maps are σ-maps.

Proof: Let f : X → Y be an mssc-map. Then there exists a sequence {X_i} of metric spaces satisfying the conditions of mssc-maps. For each i ∈ N, X_i has a σ-locally finite base P_i = ⋃ j∈N P_{ij}, where P_{ij} is a locally finite collection of X_i.

Put B_{ij} = {X ∩ ( ⋂ k≤i p^{−1}_k (P_{kj} )) : P_{kj} ∈ P_{kj}, k ≤ i}, B = ⋃ i,j∈N Bij. Then B is

a base of X. For each y ∈ Y , there exists a sequence {V_i} of open neighborhoods of y in Y such that p_i(f^{−1}(V_i)) is a compact subspace of X_i for each i ∈ N. For each i, j ∈ N, p_i(f^{−1}(V_i)) meets only elements of some finite subset F_{ij} of P_{ij}. Since p_i(f^{−1}(V_i)) ∩ P ≠ ∅ if and only if f^{−1}(V_i) ∩ p^{−1}_i (P ) ≠ ∅, F_{ij} ∈ F_{ij} for each i ≤ n if ( ⋂ i≤n f^{−1}(V_i)) ∩ ( ⋂ i≤n p^{−1}_i (F_{ij} )) ≠ ∅. For each n ∈ N, let V = ⋂ i≤n V_i.

Then {Q ∈ f(B_{nj}) : V ∩ Q ≠ ∅} is a finite set, thus f(B_{nj}) is a locally finite collection of Y , so f(B) is a σ-locally finite collection of Y . Hence f is a σ-map. □ Generally, σ-maps need not be mssc-maps. For example, let Y be a non-locally compact, separable metric space and put X_i = Y for each i ∈ N. Then X_1 is a subspace of ∏ i∈N X_i. Let f : X_1 → Y be the identical map. Since X_1 is a separable metric space, f is a σ-map. If f is an mssc-map, then for each y ∈ Y , there exists a sequence {V_i} of open neighborhoods of y in Y such that p_i(f^{−1}(V_i)) is a compact subspace of X_i for each i ∈ N, thus p_1(f^{−1}(V_1)) = f^{−1}(V_1) is a compact subset of X_1, so X_1 is a locally compact space, a contradiction. Hence f is not an mssc-map.

Next, we shall show that the σ-map f in Theorem 14 is an mssc-map. For each x ∈ X and i ∈ N, since U_i is a locally finite cover of X, there exists an open neighborhood V_i of x in X such that V_i only meets with finitely many elements in U_i. Let △_i = {α ∈ Λ_i : U_α ∩ V_i ≠ ∅}. Then △_i is a finite subset and p_i(f^{−1}(V_i))(⊂ △_i) is a compact subset of Λ_i, so f is an mssc-map. The following corollary holds by the above-mentioned discussions.

Corollary 18. The following are equivalent for a regular space X:

(1) X is a g-metrizable space;

(2) X is a compact-covering, quotient, compact and mssc-image of a metric space;

(3) X is a compact-covering, quotient, π and mssc-image of a metric space; (4) X is a compact-covering, quotient, π and σ-image of a metric space. □

Question 19. Let {X_i} be a sequence of locally compact metric spaces and let X be a subspace of ∏ i∈N X_i. If f : X → Y is a σ-map, is f an mssc-map?

References

[1] Arhangel’skiǐ A.V., Mappings and spaces (in Russian), Uspechi Mat. Nauk 21 (1966), no. 4, 133–184; Russian Math. Surveys 21 (1966), no. 4, 115–162.

[2] Fleissner W.F., Reed M.G., Paralindelöf spaces and spaces with a σ-locally countable base, Topology Proc. 2 (1977), 89–110.

[3] Foged L., On g-metrizability, Pacific J. Math. 98 (1982), 327–332. [4] Foged L., Characterization of ℵ-spaces, Pacific J. Math. 110 (1984), 59–63. [5] Zhimin Gao, ℵ-spaces is invariant under perfect mappings, Questions Answers Gen. Topology 5 (1987), 271–279.

[6] Gruenhage G., Michael E., Tanaka Y., Spaces determined by point-countable covers, Pacific J. Math. 113 (1984), 303–332.

[7] Ikeda Y., Chuan Liu, Tanaka Y., Quotient compact images of metric spaces, and related matters, Topology Appl. 122 (2002), 237–252.

[8] Shou Lin, σ-maps and the Alexandroff’s problem (in Chinese), Proc. First Academic Annual Meeting of Youth of Fujian Association for Science and Technology, Fuzhou, China, 1992, pp. 4–8.

[9] Shou Lin, Locally countable collections, locally finite collections and Alexandroff’s problems (in Chinese), Acta Math. Sinica 37 (1994), 491–496.

306 Shou Lin, Pengfei Yan

[10] Shou Lin, Generalized Metric Spaces and Mappings (in Chinese), Science Press of China, Beijing, 1995.

[11] Chuan Liu, Mumin Dai, The compact-covering s-images of metric spaces (in Chinese), Acta Math. Sinica 39 (1996), 41–44.

[12] Michael E.A., A theorem on semi-continuous set-valued functions, Duke Math. J. 26 (1959), 647–656.

[13] Michael E.A., σ-locally finite maps, Proc. Amer. Math. Soc. 65 (1977), 159–164. [14] Michael E.A., Nagami K., Compact-covering images of metric spaces, Proc. Amer. Math.

Soc. 37 (1973), 260–266.

[15] Siwiec F., On defining a space by a weak base, Pacific J. Math. 52 (1974), 233–245. [16] Tanaka Y., On open finite-to-one maps, Bull. Tokyo Gakugei Univ. Ser. IV 25 (1973), 1–13.

[17] Tanaka Y., Point-countable covers and k-networks, Topology Proc. 12 (1987), 327–349. [18] Tanaka Y., Symmetric spaces, g-developable spaces and g-metrizable spaces, Math. Japonica 36 (1991), 71–84.

[19] Pengfei Yan, Shou Lin, The compact-covering s-maps of metric spaces (in Chinese), Acta Math. Sinica 42 (1999), 241–244.

[20] Pengfei Yan, The compact images of metric spaces (in Chinese), J. Math. Study 30 (1997), 185–187, 198.

Department of Mathematics, Fujian Normal University, Fuzhou 350007, P.R. China E-mail: linshou@public.ndptt.fj.cn

Department of Mathematics, Nanjing Normal University, Nanjing 210097, P.R. China E-mail: ypengfei@sina.com

(Received May 21, 2002, revised January 28, 2003)