Comment.Math.Univ.Carolin. 44,3 (2003)469–487 469

The fractional integral between weighted Orlicz and BMOϕ spaces on spaces of homogeneous type

Gladis Pradolini, Oscar Salinas

Abstract. In this work we give sufficient and necessary conditions for the boundedness of the fractional integral operator acting between weighted Orlicz spaces and suitable BMO_ϕ spaces, in the general setting of spaces of homogeneous type. This result generalizes those contained in [P1] and [P2] about the boundedness of the same operator acting between weighted L^p and Lipschitz integral spaces on R^n. We also give some properties of the classes of pairs of weights appearing in connection with this boundedness.

Keywords: weights, Orlicz spaces, BMO, fractional integral

Classification: Primary 42B25

1. Introduction and preliminaries

Let I_α, 0 < α < n, be the fractional integral operator on R^n, that is

I_αf(x) = ∫ R^n

f(y)|x − y|^{α−n} dy, x ∈ R^n.

There are well known properties related to the boundedness of I_α acting on the Lebesgue spaces L^p for 1 < p ≤ n/α, shortly: I_α : L^p → L^q, 1/q = 1/p − α/n when p < n/α and I_α : L^{n/α} → BMO (in the last case an adequate extension is required by reasons of convergence). Moreover there are versions with weights of these results (see, for instance [MW] and [S]) and extensions of the weighted results for I_γ acting between Orlicz spaces ([KK]). Less known are results concerning the behaviour of I_α acting on L^p for p > n/α. In this line we have [HSV1], where Harboure, the second author and Viviani prove one-weight boundedness inequalities for an appropriate extension of I_α between weak and strong L^p spaces and Lipschitz type integral spaces, characterizing the classes of weights involved. The same authors, in [HSV2], extend one of their results by considering Orlicz and BMO_ϕ spaces and, in addition, prove that the classes of weights considered coincide with the A_p Muckenhoupt’s classes. In two later works, [P1] and [P2],

The authors were supported by Consejo Nacional de Investigaciones Científicas y Técnicas de la República Argentina.

the first author shows a two-weight version of some results of [HSV1] and, in particular, characterizes the pairs of weights (w, v) for which an extension of I_α acting between weighted versions of L^p and Lipschitz type integral spaces is bounded.

The purpose of this work is to try to give a unified view of the above results in the general setting of spaces of homogeneous type. In particular we characterize the classes of pairs of weights in connection with the boundedness of the fractional integral operator of order γ, with 0 < γ < 1, between Orlicz and ϕ-Lipschitz integral spaces, but now working in the context of spaces of homogeneous type. Also, we study the properties of the classes of weights obtained and we give examples of them. We wish to remark that the unweighted case of these results in spaces of homogeneous type was studied in [GV] but for a slightly different version of the operator I_γ .

On the other hand, in [GGKK] (see Chapter 3, Section 3.6), the particular case L^{n/γ} − BMO for two weights is studied for another version of I_γ (closer to ours than that one used in [GV]).

The paper is organized in the following way: the last part of this section contains basic definitions about spaces of homogeneous type and Orlicz spaces, Section 2 is dedicated to prove some properties of the classes of weights that we are going to use; in Section 3 we present our main results about I_γ , Section 4 contains the proofs of the main theorems; finally some examples of weights can be founded in Section 5.

Let X be a set. A function d : X × X → R^+_0 is called a quasi-distance on X if the following conditions are satisfied:

(i) for every x and y in X, d(x, y) ≥ 0, and d(x, y) = 0 if and only if x = y, (ii) for every x and y in X, d(x, y) = d(y, x), (iii) there exists a constant K such that d(x, y) ≤ K(d(x, z)+d(z, y)) for every x, y and z in X.

Let μ be a positive measure on the σ-algebra of subsets of X generated by the d-balls B(x, r) = {y : d(x, y) < r}, with x ∈ X and r > 0. We assume that μ satisfies the doubling condition, that is, there exists a constant A such that

(1.1) 0 < μ(B(x, 2Kr)) ≤ Aμ(B(x, r)) < ∞

holds for every ball B ⊂ X. The triple (X, d, μ), with d and μ as above, is called a space of homogeneous type.

We consider the function ρ : X × X → R^+_0 defined by

ρ(x, y) = { (μ(B(x, d(x, y))) + μ(B(y, d(x, y)))) /2 if x ≠ y, 0 if x = y.

It is easy to check that ρ is a quasi-distance on X. If there exists α ≥ 1 such that ρ^{1/α} is a distance, then we set η = ρ^{1/α}. If that does not happen, we take for η a distance such that η^α is equivalent to ρ for some α ≥ 1 (from [MS], this choice it is always possible), that is, there exist two constants C_1 and C_2, such that

C_1η(x, y)^α ≤ ρ(x, y) ≤ C_2η(x, y)^α

holds for every x and y in X. With this choice of η and α, a version of the usual fractional integral operator of order γ, for 0 < γ < 1, can be defined in (X, d, μ) as (1.2) I_γ f(x) = ∫ X Q_γ (x, y)f(y)dμ(y),

with Q_γ (x, y) = { η(x, y)^{α(γ−1)} if x ≠ y, μ({x})^{γ−1} if x = y.

Now we summarize a few facts about Orlicz spaces. We are going to deal with continuous functions ϕ defined and increasing on [0, ∞) such that lim_{t→0}+ ϕ(t) = 0 and lim_{t→∞} ϕ(t) = ∞. We also assume that the following conditions are satisfied:

(1.3) ϕ is of lower type p, p > 1, that is there exists a constant C such that

ϕ(st) ≤ Cs^pϕ(t)

for every s ∈ [0, 1] and every t ≥ 0;

(1.4) ϕ is of upper type q, that is there exists a constant C such that

ϕ(st) ≤ Cs^qϕ(t)

for every s ≥ 1 and every t ≥ 0.

Given ϕ, the complementary function (with respect to ϕ) is defined by

ϕ̃(s) = sup t>0 (st − ϕ(t))

for s > 0. It is well known (see for example [RR]) that ϕ̃ satisfies similar properties as ϕ. In particular, if ϕ is of lower type p then ϕ̃ is of upper type p^′ and if ϕ is of upper type q then ϕ̃ is of lower type q^′, where r^′ = r/(r − 1). Moreover, it can be proved that there exist two constants C_1 and C_2 such that

(1.5) C_1t ≤ ϕ̃^{−1}(t)ϕ^{−1}(t) ≤ C_2t for every t > 0.

On the other hand, if ϕ is of lower type p then it is easy to check that ϕ̃^{−1} is of lower type 1/p^′ and if ϕ is of upper type q then ϕ̃^{−1} is of upper type 1/q^′.

Let ϕ be a function as above. For such ϕ, the Orlicz space L_ϕ is defined as the class of measurable functions f : X → R such that ∫ X ϕ(|f(x)|) dμ(x) < ∞.

In this class we consider the following analog to the Luxemburg norm

‖f‖_ϕ = inf { λ > 0 : ∫ X ϕ(|f(x)/λ|) ≤ 1 } . Note that ‖ · ‖_ϕ is not a norm, but in view of the properties of ϕ, it can be shown that it is equivalent to a norm. Moreover, the Hölder type inequality

(1.6) | | | | ∫ f(x)g(x) dμ(x) | | | | ≤ C‖f‖^ϕ‖g‖^~ϕ

holds for every f ∈ L_ϕ and every g ∈ L_{ϕ̃} where L_{ϕ̃} is the dual space of L_ϕ.

We define a weighted version of L_ϕ in the following way: given a weight w (that is, a non negative and locally integrable function defined in X), we say that f ∈ L_{ϕ,w} if f/w ∈ L_ϕ.

2. Properties of the weights

Now, we give the definition of the classes of pairs of weights which we are going to use in connection with the boundedness of the fractional integral operator I_γ .

2.1 Definition. Given a function ϕ, β ∈ R and 0 < γ < 1, we say that (w, v) belongs to C_γ (ϕ, β) if there exists a constant C such that the inequality (2.2)

‖(1/w)χ_B‖_∞ μ(B)^{β+γ−1/α−1} ϕ^{−1}(1/μ(B)) | | | | | | v (μ(B(x_B , d(x_B , .))) + μ(B))^{1−γ+1/α} | | | | | | ϕ ≤ C holds for every ball B ⊂ X, where x_B denotes the centre of B.

2.3 Remark. It is clear that the above condition is verified if and only if the following pair of inequalities hold simultaneously for every B ⊂ X:

(2.4)

‖(1/w)χ_B ‖_∞ μ(B)^β ϕ^{−1}(1/μ(B)) ||vχ_B ||_ϕ ≤ C,

(2.5)

‖(1/w)χ_B‖_∞ μ(B)^{β+γ−1/α−1} ϕ^{−1}(1/μ(B)) | | | | | |χ_{X−B} v μ(B(x_B , d(x_B , ·)))^{1−γ+1/α} | | | | | | ϕ ≤ C.

2.6 Remark. Replacing ‖(1/w)χ_B ‖_∞ by μ(B)/w(B) in (2.1) we obtain another class of weights involved in a different version of the boundedness of I_γ (see Section 3 below). We shall denote this class by C̃_γ (ϕ, β).

2.7 Lemma. Let ϕ be an increasing function with lower type p, β ∈ R and 0 < γ < 1. If μ(X) = ∞ and β < 1/p^′ − γ + 1/α then C_γ (ϕ, β) is reduced to (2.4). If μ(X) < ∞ then condition C_γ (ϕ, β) is reduced to (2.4) for every β ∈ R.

2.8 Remark. In the case μ(X) = ∞, the result for β = 1/p^′ − γ + 1/α is not true. This fact was proved in [P1] for the case ϕ(t) = t^p in Euclidean spaces with the Lebesgue measure.

On the other hand, if μ(X) < ∞, the proof is trivial and we omit it. Proof of Lemma 2.7: Let B = B(x_B , R) and B̃ = B(x_B , 2KR). Note that μ(B(x_B , d(x_B , y))) ≥ C_oμ(B), with C_o independent of B, for every y ∈ X − B̃. We consider the sets Ω_j = {y ∈ X : μ(B̄(x_B , d(x_B , y))) < 2^jR_o}, j = 0, 1, . . . , with R_o = C_oμ(B) and B̄(x, r) = {y : d(x, y) ≤ r}, then using Lemma 2.5 of [MT], we get Ω_{j+1} ⊂ B̄(x_B , R_j ) and

(2.9) μ(B̄(x_B , R_j)) ≤ C2^{j+1}R_o, where R_j = sup_{y∈X} {d(x_B , y) : μ(B̄(x_B , d(x_B , y))) ≤ 2^{j+1}R_o} and C only depends on the constants of the space. Since X − B̃ ⊂ X − Ω_o, we get ∫ X−B̃ ϕ ( v(y)ϕ^{−1}(1/μ(B)) μ(B)^{β+γ−1/α−1} μ(B(x_B , d(x_B , y)))^{1−γ+1/α} inf_B w ) dμ(y) ≤ ∫ X−Ω_o ϕ ( v(y)ϕ^{−1}(1/μ(B)) μ(B)^{β+γ−1/α−1} μ(B̄(x_B , d(x_B , y)))^{1−γ+1/α} inf_B w ) dμ(y) ≤ ∞∑ j=0 ∫ Ω_{j+1}−Ω_j ϕ ( C v(y)ϕ^{−1}(1/μ(B)) μ(B)^β 2^{j(1−γ+1/α)} inf_B w ) dμ(y),

where we have used that μ(B̄(x_B , d(x_B , y))) ≃ 2^jμ(B) if y ∈ Ω_{j+1} − Ω_j. Now, if B^∗_j = B(x_B , 2R_j), from (2.9) we have that μ(B^∗_j ) ≤ C2^j μ(B). Then, since ϕ^{−1}

is of upper type 1/p, we have that ϕ^{−1}(1/μ(B^∗_j )) ≥ C 2^{j/p} ϕ^{−1}(1/μ(B)). So, from the fact that Ω_{j+1} − Ω_j ⊂ B^∗_j and B ⊂ B^∗_j , we obtain that the last expression is bounded by C ∞∑ j=0 ∫ B^∗_j ϕ ( v(y) μ(B^∗_j )^β 2^{j(1−γ+1/α−β)} ϕ^{−1}(1/μ(B)) inf_B∗_j w ) dμ(y)

≤ C ∞∑ j=0 ∫ B^∗_j ϕ ( C v(y)ϕ^{−1}(1/μ(B^∗_j )) μ(B^∗_j )^β2^{j(1/p′−γ+1/α−β)} inf_B∗_j w ) dμ(y).

Finally, since β < 1/p^′ − γ + 1/α and ϕ is of lower type p, the last term is bounded by

(2.10) C ∞∑ j=0 1 2^{j(1/p′−γ+1/α−β)p} ∫ B^∗_j ϕ ( v(y)ϕ^{−1}(1/μ(B^∗_j ) μ(B^∗_j )^β inf_B∗_j w ) dμ(y)

which is finite since (w, v) satisfies (2.4). So it is obvious that (w, v) ∈ C_γ (ϕ, β). From this fact and Remark 2.3 we conclude the proof. □

In connection with the previous lemma, it is important to note that the case β > 1/p^′ − γ + 1/α in many examples, lead to trivial weights. In fact, we have the following result.

2.11 Theorem. Let 0 < γ < 1 and let (X, d, μ) be a space of homogeneous type containing a sequence {B_i} of balls in X with μ(B_i) → 0 and B_{i+1} ⊂ B_i. Then, if β > 1/q^′ − γ + 1/α, condition C_γ (ϕ, β) is satisfied if and only if v = 0 a.e. in X or if there exists i_o such that v = 0 a.e. in B_i, i ≥ i_o.

Proof: Let {B_i} be as in the assumption of the theorem. From condition (2.5) for such balls B_i we have (2.12) ∫ X−B_i ϕ ( C v(y)ϕ^{−1}(1/μ(B_i)) μ(B_i)^{β+γ−1/α−1} μ(B(x_B , d(x_B , y)))^{1−γ+1/α} inf_{Bi} w ) dμ(y) ≤ 1.

From the fact that μ(B_i) → 0, there exists i_o such that μ(B_i) < 1 for i > i_o. Since ϕ^{−1} is of lower type 1/q we have that ϕ^{−1}(1/μ(B_i)) ≥ C1/μ(B_i)^{1/q} and then, using that ϕ has lower type p we get (2.13) 1 μ(B_i)^{(β+γ−1/α−1/q′ )p} ∫ X−B_i ϕ ( v(y) μ(B(x_B , d(x_B , y)))^{1−γ+1/α} inf_{Bi} w ) dμ(y) ≤ 1.

Suppose that there exists i_l > i_o such that inf_{Bil} w = l_o > 0, otherwise, if inf_{Bi} w = 0 for all i > i_o, from condition C_γ (ϕ, β) (see Remark 2.3), we obtain v = 0 a.e. in B_i. Then, for every i > i_l, we have that (2.14)∫

X−B_i ϕ ( v(y) μ(B(x_B , d(x_B , y)))^{1−γ+1/α} ) dμ(y) ≤ Cμ(B_i)^{(β+γ−1/α−1/q′ )p}.

The right hand side of (2.14) tends to 0 when i → ∞, and then we get that v = 0 a.e. in X. □

3. Statement of main results

First, we shall introduce the ϕ−Lipschitz integral spaces that we are going to consider. The functions ϕ we are going to deal with, have the properties mentioned at the end of Section 1.

3.1 Definition. Let w be a weight, 0 < γ < 1, β ∈ R and ϕ a function. We say that a locally integrable function f belongs to L^ϕ_w(β, γ) if there exists a constant C such that

(3.2)

‖(1/w)χ_B‖_∞ μ(B)^{β+γ+1}ϕ^{−1}(1/μ(B)) ∫ B |f(x) − m_B f| dμ(x) ≤ C

for every ball B ⊂ X.

3.3 Definition. Let w be a weight, 0 < γ < 1, β ∈ R and ϕ a function. We say that a locally integrable function f belongs to L̃^ϕ_w(β, γ) if there exists a constant C such that

(3.4) 1 w(B)μ(B)^{β+γ} ϕ^{−1}(1/μ(B)) ∫ B |f(x) − m_Bf| dμ(x) ≤ C

for every ball B ⊂ X.

3.5 Remark. For sake of simplicity we use two parameters β and γ in the definition of the spaces L^ϕ_w(β, γ) and L̃^ϕ_w(β, γ), that will be useful in the estimates.

It is easy to check that L^ϕ_w(β, γ) ⊆ L̃^ϕ_w(β, γ). On the other hand, if w belongs to the A_1 Muckenhoupt’s class with respect to X (that is w(B)/μ(B) ≤ C inf_B w for every ball B), it is obvious that both spaces coincide. In the Euclidean case, if ϕ(t) = t^p and β = (δ − γ)/n + 1/p then the spaces L^ϕ_w(β, γ) and L̃^ϕ_w(β, γ) agree with the Lipschitz integral spaces L_w(δ) and L_w(δ) defined in [P1] and [P2] respectively. The case with general ϕ and w ∈ A_1 was considered in [HSV2] for the one weight results, as we said before.

Now we are able to state the results about the boundedness of the fractional integral operator.

3.6 Theorem. Let ϕ be an increasing function, 0 < γ < 1, β ∈ R and (w, v) ∈ C_γ (ϕ̃, β). Then, the operator I_γ can be extended to a bounded linear operator Ĩ_γ from L_{ϕ,v} into L^ϕ_w(β, γ), i.e. there exists a constant C such that

(3.7)

‖(1/w)χ_B‖_∞ μ(B)^{β+γ+1}ϕ^{−1}(1/μ(B)) ∫ B | |Ĩγ f(x) − m_B (Ĩγ f) | | dμ(x) ≤ C‖f/v‖_ϕ

for every B(x_B , R).

3.8 Remark. Even though we will restrict our attention in this paper to the boundedness of the fractional integral operator involving the spaces L^ϕ_w(β, γ) and the corresponding classes C_γ (ϕ̃, β), similar results can be obtained for the spaces L̃^ϕ_w(β, γ) and the classes C̃_γ (ϕ̃, β). The proof follows similar lines as Theorem 3.6 and we omit it.

For certain functions ϕ, a likewise reciprocal result of Theorem 3.6 holds if we restrict the balls B = B(x_B , R) to those with R smaller than a fraction of μ(X). This is established in the following theorem.

3.9 Theorem. Let ϕ be an increasing function with lower type p and upper type q, 0 < γ < 1 and β < 1/q − γ + 1/α. If (3.7) holds for every B then there exists a constant θ, 0 < θ < 1, only depending on the constants of the space X, such that C_γ (ϕ̃, β) holds restricted to the balls with radius smaller than θμ(X) (that is (2.2) for ϕ̃ and these balls).

3.10 Corollary. Let ϕ be an increasing function with upper type q, 0 < γ < 1 and β < 1/q − γ + 1/α. If μ(X) = ∞ then (3.7) implies that (w, v) ∈ C_γ (ϕ̃, β).

3.11 Remark. If we suppose in the above theorem that ‖(1/w)χ_X ‖_∞ < ∞ (that is inf_X w > 0) and v ∈ L_{ϕ̃}(X) it can be proved that, when μ(X) < ∞, condition C_γ (ϕ̃, β) holds for every ball. Related to these conditions, note that if inf_B w = 0 for any ball B then, from condition C_γ (ϕ̃, β) we obtain that v = 0 a.e. in B.

4. Proofs

Proof of Theorem 3.6: Let us first show that I_γ defined by (1.2) can be extended to an operator Ĩ_γ such that Ĩ_γ f(x) is finite in almost every x ∈ X when f ∈ L_{ϕ,v}. Take x_o ∈ X. With this point we consider the following definition for Ĩ_γ

(4.1) Ĩ_γ f(x) = ∫ X (Q_γ (x, y) − Q_γ (x_o, y)(1 − χ_{B(xo,1)}(y))) f(y) dμ(y).

For a ball B = B(x_B , R), (4.1) can be formally written as a_B + I(x), where (4.2)

a_B = ∫ X ( (1 − χ_{B̃}(y))Q_γ (x_B , y) − (1 − χ_{B(xo,1)}(y))Q_γ (x_o, y) ) ) f(y) dμ(y),

(4.3) I(x) = ∫ X ( Q_γ (x, y) − (1 − χ_{B̃} (y))Q_γ (x_B , y) ) f(y) dμ(y)

with B̃ = B(x_B , 2KR).

Let us first estimate a_B . With B^∗ = B(x_o, K^2d(x_o, x_B ) + 2K^2R + 1) we have a_B = I + II where I = ∫ B̃∗ ( (1 − χ_{B̃} (y))Q_γ (x_B , y) − (1 − χ_{B(xo,1)}(y))Q_γ (x_o, y) ) f(y) dμ(y),

II = ∫ X−B̃^∗ ( (1 − χ_{B̃} (y))Q_γ (x_B , y) − (1 − χ_{B(xo,1)}(y))Q_γ (x_o, y) ) f(y) dμ(y).

If y ∈ X − B^∗ then the expression enclosed by external parentheses in II is equal to

(4.4)

|Q_γ (x_B , y) − Q_γ (x_o, y)| = |η(x_B , y)^{α(γ−1)} − η(x_o, y)^{α(γ−1)}| = | | |η(xo, y)^{α(1−γ)} − η(x_B , y)^{α(1−γ)} | | | η(x_B , y)^{α(1−γ)}η(x_o, y)^{α(1−γ)} .

Since η ≃ ρ^{1/α}, it is easy to see that η(x_B , y) ≃ μ(B(x_B , d(x_B , y)))^{1/α}. In fact, we have that μ(B(x_B , d(x_B , y))) ≃ μ(B(y, d(x_B , y))) and, from the definition of ρ, the conclusion follows. On the other hand if y ∈ X − B^∗ then d(x_B , x_o) ≤ K^2d(x_o, x_B ) + 2K^2R + 1 ≤ d(x_o, y), so d(x_B , y) ≤ K(d(x_B , x_o) + d(x_o, y)) ≤ 2Kd(x_o, y). Then we have that B(x_B , d(x_B , y)) ⊂ B(y, 4K^3d(x_o, y)). From the doubling property of μ we obtain that μ(B(x_B , d(x_B , y))) ≤ Cμ(B(y, d(x_o, y))), and from the fact that

η(x_o, y)^α ≃ ρ(x_o, y) ≃ μ(B(y, d(x_o, y))),

we get η(x_o, y)^α ≥ Cμ(B(x_B , d(x_B , y))).

Collecting these estimates and using the mean value theorem we have that the last expression in (4.4) is bounded by C |η(x_o, y) − η(x_B , y)| μ(B(x_B , d(x_B , y)))^{1−γ+1/α} ≤ C η(x_o, x_B ) μ(B(x_B , d(x_B , y)))^{1−γ+1/α} ≤ C μ(B^∗)^{1/α} μ(B(x_B , d(x_B , y)))^{1−γ+1/α} . Then we have

II ≤ Cμ(B^∗)^{1/α} ∫ X−B̃^∗

|f(y)| μ(B(x_B , d(x_B , y)))^{1−γ+1/α} dμ(y).

Note that, if y ∈ X − B̃^∗ then μ(B(x_B , d(x_B , y))) ≃ μ(B(x_o, d(x_o, y))), so, the last inequality allows us to write

II ≤ Cμ(B^∗)^{1/α} ∫ X−B̃^∗

|f(y)| μ(B(x_o, d(x_o, y)))^{1−γ+1/α} dμ(y)

≤ Cμ(B^∗)^{1/α} ‖f/v‖_ϕ ‖ ‖ ‖ vχ_{X−B̃∗} μ(B(x_o, d(x_o, .)))^{1−γ+1/α} ‖ ‖ ‖_{ϕ̃}

≤ Cμ(B^∗)^{β+γ} ϕ^{−1}(1/μ(B^∗)) inf_{B∗} w ‖f/v‖_ϕ < ∞,

where we have used the fact that (w, v) ∈ C_γ (ϕ̃, β).

To estimate I we first note that if y ∈ B̃^∗ then ( (1 − χ_{B̃} (y))Q_γ (x_B , y) − (1 − χ_{B(xo,1)}(y))Q_γ (x_o, y) )

≤ C ( μ(B)^{γ−1} + μ(B(x_o, 1))^{γ−1} ) , and thus we have

I ≤ C ( μ(B)^{γ−1} + μ(B(x_o, 1))^{γ−1} ) ∫ B^∗

|f(y)| dμ(y) ≤ C ( μ(B)^{γ−1} + μ(B(x_o, 1))^{γ−1} ) ‖f/v‖_ϕ‖vχ_{B̃∗} ‖_{ϕ̃} ≤ C ( μ(B)^{γ−1} + μ(B(x_o, 1))^{γ−1} ) μ(B̃^∗)^{1+β} ϕ^{−1}(1/μ(B^∗)) inf_{B̃∗} w‖f/v‖_ϕ < ∞.

Combining this inequality with the result for II we get that a_B is finite.

To see that I(x) is finite, we first note that

I(x) = ∫ B̃ Q_γ (x, y) f(y) dμ(y) + ∫ X−B̃ ( Q_γ (x, y) − Q_γ (x_B , y) ) f(y) dμ(y)

= I_1(x) + I_2(x).

From the definition of Q_γ it is clear that Q_γ (x, y) ≃ μ(B(y, d(x, y)))^{γ−1}. On the other hand, if y ∈ B̃ and x ∈ B, then μ(B(y, d(x, y))) ≤ C_oμ(B). Now, let y ∈ B̃. Let us consider the same sets taken for the proof of Lemma 2.7, that is Ω_j = {x ∈ B : μ(B(y, d(x, y))) ≤ 2^{−j}C_oμ(B)}, for j = 0, 1, . . . . So we have that Ω_j ⊂ B̄(y, R_j ) and μ(B̄(y, R_j)) ≤ C2^{−j} C_oμ(B), with R_j = sup{d(x, y) : μ(B(y, d(x, y))) ≤ 2^{−j}C_oμ(B)} where the sup is taken over all x ∈ X. Then we get ∫ B Q_γ (x, y) dμ(x) ≤ ∞∑ j=0 ∫ Ω_j −Ω_{j+1}

Q_γ (x, y) dμ(x)

≤ C ∞∑ j=0 (2^{−j}μ(B))^{γ−1}μ(Ω_j )

≤ C ∞∑ j=0 2^{−j(γ−1)}μ(B)^{γ−1}2^{−j}μ(B)

≤ Cμ(B)^γ ∞∑ j=0 2^{−jγ} ≤ Cμ(B)^γ .

Using these facts we obtain

(4.5) ∫ B |I_1 (x)| dμ(x) ≤ C ∫ B̃ |f(y)| ∫ B Q_γ (x, y) dμ(x) dμ(y)

≤ Cμ(B)^γ ∫ B̃ |f(y)| dμ(y).

Since (w, v) ∈ C_γ (ϕ̃, β) the last expression is bounded by

Cμ(B)^{γ+β+1} ϕ^{−1}(1/μ(B)) inf_B w‖f/v‖_ϕ.

On the other hand, if x ∈ B and y ∈ X − B̃, proceeding as in (4.4) we have that

|Q_γ (x, y) − Q_γ (x_B , y)| ≤ C μ(B)^{1/α} μ(B(x_B , d(x_B , y)))^{1−γ+1/α} .

Since (w, v) ∈ C_γ (ϕ̃, β) we get

(4.6)

|I_2(x)| ≤ Cμ(B)^{1/α} ∫ X−B̃

|f(y)| μ(B(x_B , d(x_B , y)))^{1−γ+1/α} dμ(y)

≤ Cμ(B)^{1/α}‖f/v‖_ϕ ‖ ‖ ‖ ‖ vχ_{X−B̃} μ(B(x_B , d(x_B , .)))^{1−γ+1/α} ‖ ‖ ‖ ‖_{ϕ̃}

≤ Cμ(B)^{β+γ} ϕ^{−1}(1/μ(B)) inf_B w‖f/v‖_ϕ < ∞.

So, from the estimates for I(x) and a_B , we get |Ĩ_γ f(x)| < ∞ a.e. x ∈ X.

Now we are going to prove the boundedness result for Ĩ_γ . From the decomposition of Ĩ_γ f(x) as I(x) + a_B and the estimates (4.5) and (4.6), we can write ∫ B | |Ĩ_γ f(x) − a_B | | dμ(x) = ∫ B |I(x)| dμ(x) ≤ ∫ B |I_1(x)| dμ(x) + ∫ B |I_2(x)| dμ(x)

≤ Cμ(B)^{β+γ+1}ϕ^{−1}(1/μ(B)) inf_B w‖f/v‖_ϕ

which proves (3.7) since ∫ B | |Ĩ_γ f(x) − m_B (Ĩ_γ ) | | dμ(x) ≤ C ∫ B | |Ĩ_γ f(x) − a_B | | dμ(x)

≤ Cμ(B)^{β+γ+1}ϕ^{−1}(1/μ(B)) inf_B w‖f/v‖_ϕ.

This completes the fact that Ĩ_γ is a bounded linear operator Ĩ_γ from L_{ϕ,v} into L^ϕ_w(β, γ). □

In order to prove Theorem 3.9, we introduce two tools. First, let the function K_γ for γ ∈ (0, 1) be defined by

K_γ (x, z, y) = η(x, y)^{α(γ−1)} − η(z, y)^{α(γ−1)} if x ≠ y and z ≠ y, μ({x})^{γ−1} − η(z, y)^{α(γ−1)} if x = y and z ≠ y, η(x, y)^{α(γ−1)} − μ({z})^{γ−1} if x ≠ y and z = y, 0 if x = y = z, for x, y, and z in X.

It is easy to see that the left hand side of (3.7) is equivalent to the following expression involving K_γ

(4.7)

‖(1/w)χ_B‖_∞ μ(B)^{β+γ+2}ϕ^{−1}(1/μ(B)) ∫ B ∫ B | | | ∫ X K_γ (x, z, y)f(y) dμ(y) | | | dμ(z) dμ(x).

Now, we introduce a quasi-distance naturally associated to (X, d, μ). Let δ : X × X → R be defined by

δ(x, y) = { μ(B(x, d(x, y))) if x ≠ y, 0 if x = y.

It is easy to see (see [MST]) that the function δ satisfies

(i) δ(x, y) ≥ 0 and δ(x, y) = 0 if and only if x = y, (ii) δ(x, y) ≤ Aδ(y, x) and (iii) δ(x, y) ≤ A^2(δ(x, z) + δ(y, z)) for every x, y, and z in X, where A is the doubling constant of μ with the quasi-metric d.

We observe that δ(x, y) does not necessarily satisfy a symmetric condition as d. The function δ is called the non-necessarily symmetric quasi-distance associated to (X, d, μ). We denote by B_δ(x, r) the set {y : δ(x, y) < r}. The above conditions on δ imply the existence of a constant D such that

(4.9) 0 < μ(B_δ(x, 2Kr)) ≤ D μ(B_δ(x, r)) < ∞.

In [MST] it is also proved that δ has the following properties: (i) B_δ(x, r) = {x}, if 0 < r < μ({x}), (ii) μ(B_δ(x, r)) ≤ r, if μ({x}) ≤ r, (iii) B_δ(x, r) = X, if μ(X) ≤ r, (iv) A^{−2}r ≤ μ(B_δ(x, r)), if r < μ(X).

In the proof of Theorem 3.9 we need the next lemma, which is a slight modification of Lemma 2.9 in [BS] for the case of a non-symmetric quasi-distance δ, so the proof is omitted here.

4.10 Lemma. Let (X, δ, μ) be a space of homogeneous type with δ given by (4.8). For each γ ∈ (0, 1) there exist two constants, K_o and C, depending only on γ and the constants of the space such that, for every ball B = B_δ(x_B , R) satisfying (2KA)^{−1}μ({x_B }) ≤ R ≤ K^{−1}_o μ(X), the inequality

(4.11) 1 μ(B^∗)^2 ∫ B^∗ ∫ B^∗ | | | ∫ B K_γ (x, z, y)f(y)dμ(y) | | | dμ(z)dμ(x) ≥ C 1 μ(B)^{1−γ} ∫ B f(x)dμ(x)

holds with B^∗ = B_δ(x_B , K_oR) for every non negative function f. Proof of Theorem 3.9: Since ϕ̃ is of lower type q^′ and β < 1/q − γ + 1/α, by Lemma 2.7 we only need to estimate

(4.12)

‖(1/w)χ_B‖ μ(B)^β ϕ̃^{−1}(1/μ(B))‖vχ_B‖_{ϕ̃} ≤ C.

Let us first give an outline of the proof that is based on the following steps: (a) The results holds if we have (X, δ, μ) in place of (X, d, μ). (b) If condition (4.12) holds for δ-balls then it holds for d-balls. (c) If (3.7) holds with d-balls then it holds with δ-balls.

To prove (a), suppose that (3.7) holds with δ-balls and let B = B_δ(x_B , R) be a ball such that R ≤ K^{−1}_o μ(X), where K_o is the same constant as in Lemma 4.10.

If (2KA)^{−1}μ({x_B }) ≤ R from that lemma, (4.7) and the doubling property of μ we have

‖(1/w)χ_B ‖_∞ μ(B)^{1−γ} ∫ B |f(x)| dμ(x) ≤ ‖(1/w)χ_B∗ ‖_∞ μ(B^∗)^2 ∫ B^∗ ∫ B^∗ | | | ∫ B K_γ (x, z, y)f(y)dμ(y) | | | dμ(z) dμ(x)

≤ Cμ(B)^{β+γ} ϕ^{−1}(1/μ(B))‖f/v‖_ϕ

where B^∗ = B_δ(x_B , K_oR). Then, the operator T defined as

T (g) = ∫ B g(x)v(x) dμ(x)

satisfies

|T (f/v)| = | | | | ∫ B f(x) dμ(x) | | | | ≤ Cμ(B)^β ϕ^{−1}(1/μ(B)) inf_B w‖f/v‖^ϕ

for every f such that f/v ∈ L_ϕ. So T belongs to (L_ϕ)^∗ = L_{ϕ̃} and we can write

‖vχ_B‖_{ϕ̃} = sup_{‖f/v‖}

ϕ ≤1

|T (f/v)| ≤ Cμ(B)^{β+1}ϕ^{−1}(1/μ(B)) inf_B w

which proves the result for the case of δ-balls, with (2KA)^{−1}μ({x_B }) ≤ R ≤ K^{−1}_o μ(X).

Now, suppose R ≤ (2KA)^{−1}μ({x_B }) ≤ K^{−1}_o μ(X). If K^{−1}_o μ(X) < μ({x_B}), by (i) of normality properties of δ (see after 4.9) we have that B(x_B , R) = {x_B }. Then we can choose R̃ such that (2KA)^{−1}μ({x_B }) ≤ R̃ ≤ K^{−1}_o μ(X) < μ({x_B }) and the conclusion follows from the above case since B(x_B , R̃) = B(x_B , R) = {x_B }.

On the other hand, if μ({x_B }) ≤ K^{−1}_o μ(X), we get the conclusion from the first case by taking R̃ such that μ({x_B })(2KA)^{−1} < R̃ < μ({x_B }), since B(x_B , R) = B(x_B , R̃) = {x_B }.

Now we prove (b). Let S be any positive number and R̃ = μ(B_d(x_B , S)). Then

(4.13) B_d(x_B , S) ⊂ B̄_δ(x_B , R̃) ⊂ B_δ(x_B , 2R̃)

where B̄_δ(x_B , R̃) = {y : δ(x_B , y) ≤ R̃}. Moreover, since (X, δ, μ) is a normal space of homogeneous type we have that

(4.14) μ(B_δ(x_B , 2R̃)) ≃ μ(B_δ(x_B , R̃)) ≃ R̃ = μ(B_d(x_B , S)).

Since (4.12) holds for any δ-ball it holds for B_δ(x_B , 2R̃). From (4.13) and (4.14) we obtain

‖(1/w)χ_{Bd(xB ,S)}‖_∞ μ(B_d(x_B , S))^β ϕ̃^{−1}(1/μ(B_d(x_B , S))‖vχ_{Bd(xB ,2KS))}‖_{ϕ̃} ≤ C

for all s > 0, which says that (w, v) ∈ C(ϕ̃, β) with respect to d.

Finally we prove (c). If S = sup{d(x_B , y) : y ∈ B̄_δ(x_B , R)} then, from Lemma 2.5 of [MT] we have that (4.15) B_d(x_B , S) ⊂ B̄_δ(x_B , R) ⊂ B̄_d(x_B , S). Then we obtain that B_δ(x_B , R) ⊂ B_d(x_B , 2S) and (4.16) μ(B_δ(x_B , R)) ≤ Cμ(B_d(x_B , 2S)).

On the other hand, since μ satisfies the doubling condition, from (4.15), (1.1) and (4.9) we have that

(4.17) μ(B_d(x_B , 2S)) ≤ Aμ(B_d(x_B , S)) ≤ Aμ(B_δ(x_B , 2R)) ≤ ADμ(B_δ (x_B , R)).

From (4.16) and (4.17) we obtain that (4.18) μ(B_δ(x_B , R)) ≃ Cμ(B_d(x_B , 2S)).

Now, since (3.7) holds for any d-ball, it holds for B_d(x_B , 2S) and from (4.18) we have ‖(1/w)χ_{Bδ (xB ,R)}‖_∞ μ(B_δ(x_B , R))^{β+γ+1}ϕ^{−1}(1/μ(B_δ(x_B , R))) × ∫ B_δ (x_B ,R)

|Ĩ_γ f(x) − m_{Bδ (xB ,R)}(Ĩ_γ f)| dμ(x) ≤ C ‖(1/w)χ_{Bd(xB ,2S)}‖_∞ μ(B_d(x_B , 2S))^{β+γ+1}ϕ^{−1}(1/μ(B_d(x_B , 2S))) × ∫ B_d(x_B ,2S)

|Ĩ_γ f(x) − m_{Bd(xB ,2S)}(Ĩ_γ f)| dμ(x) ≤ C‖f/v‖_ϕ.

Then we obtain (4.12) for δ-balls. We are done. □ 4.19 Remark. From Theorem 3.9, if μ(X) < ∞, we have that C_γ (ϕ̃, β) holds with R smaller than a fraction of μ(X). But, if R > μ(X) then, by (iii) of normality properties of δ, B_δ(x_B , R) = X and if Cμ(X) ≤ R ≤ μ(X), by (iv), A^{−2}K^{−1}_o μ(X) ≤ A^{−2}R ≤ μ(B_δ(x_B , R)) ≤ μ(X) and thus μ(B_δ(x_B , R)) ≃ μ(X). So the first part of Remark 3.11 follows.

5. Examples

Now, we give some examples of pairs of weights belonging to C_γ (ϕ, β).

• Let us first consider X = R^n, d the Euclidean metric, ϕ(t) = t^{p′} and μ the Lebesgue measure. Then, the condition C(ϕ, β) is the condition H(p, γn, nβ − n/p+nγ) defined in [P] and, consequently, the pairs given there belong to C_γ (ϕ, β). • Let us now consider X = { 1 2^i } i∈N , d the Euclidean metric and μ such that

μ({1/2^i}) = 1/2^i. It is easy to check that (X, d, μ) is a space of homogeneous type. We shall prove that the pair (w, v) defined by

w(x) = |x|^{θ−β} and v(x) = |x|^θ,

belongs to C_γ (ϕ, β) for every γ in (0, 1), with ϕ(t) = t^α, α > 1 and 1/α ≤ θ ≤ β. Since μ(X) < ∞, from Remark 2.8 we only need to estimate (2.4) for every ball B ⊂ X. Let us first consider B( 1 2^{i0}

, R) = { 1 2^{i0} } , then

‖(1/w)χ_B‖_∞ μ(B)^{β+1/α} (∫ B v^α

)_{1/α} = C 1 2^{i0(β−θ)}

2^{i0(β+1/α)} ( 1 2^{i0(αθ+1)}

)_{1/α} ≤ C.

Let us now suppose that B( 1 2^{i0}

, R) = {x_1, . . . , x_n}, with x_i ∈ X. Then R < 1 2^{i0} and μ(B) =

i_0+n∑

k=i_0 1 2^k = 1 2^{i0} ( 2 − 1 2^n ) . Furthermore ∫ B v^α =

i_0+n∑

k=i_0 1 2^{k(θα+1)} = 1 2^{i0(θα+1)}

2^{(n+1)(θα+1)} − 1 2^{θα+1} − 1 1 2^{n(θα+1)} .

Then

‖(1/w)χ_B‖_∞ μ(B)^{β+1/α} (∫ B v^α

)_{1/α}

= C 2^{−io(β−θ)} 2^{−io(β+1/α)} (2 − (1/2^n))^{β+1/α} 1 2^{io(θ+1/α)} ( 2^{θα+1} 2^{θα+1} − 1

)_{1/α}

≤ C ( 2^{θα+1} 2^{θα+1} − 1

)_{1/α} 1 (2 − (1/2^n))^{β+1/α} .

Since 2 − 1/2^n ≥ C > 0 the last term in the above expression is bounded by a constant.

On the other hand, if B( 1 2^{i0}

, R) contains infinitely many x_i ∈ X, then R ≥ 1 2^{i0} and if i_o ≥ 3, there exists m ∈ N, m ≤ i_0 − 2 such that 1/2^{m+1} − 1/2^{i0} ≤ R ≤ 1/2^m − 1/2^{i0} . Then

μ(B) = ∞∑ k=m+1 1 2^k = 1 2^m and inf_B w = 1 2^{(m+1)(θ−β)} . On the other hand ∫ B v^α = ∞∑ k=m+1 1 2^{k(θα+1)} = 1 2^{m(θα+1)}2^{θα+1} − 1 . Thus

(5.1)

‖(1/w)χ_B ‖_∞ μ(B)^{β+1/α} (∫ B v^α

)_{1/α} ≤ C 2^{(θ−β)} ( 2^{θα+1} − 1

)_{1/α} .

If i_o = 2 or i_o = 1, then B(1/2^{io} , R) = X. So, we can take m = 0 and the same estimates hold. This proves that (w, v) ∈ C_γ (ϕ, β).

• With the same space (X, d, μ) from the previous example, let us now consider ϕ defined by ϕ(t) = { t^p 0 ≤ t ≤ 1 t^q t > 1 with 1 < p < q.

It is not too hard to see that ϕ is of lower type p and of upper type q. The pair (w, v) defined by w(x) = |x|^η and v(x) = |x|^θ with −1/p < η < 0, θ > 0 and −1/q < β < −1/p − η belongs to C_γ (ϕ, β) for every γ in (0, 1). In fact, let us first suppose that B(1/2^{i0} , R) = {x_1, . . . , x_n}, with x_i ∈ X. In the previous example we obtain that μ(B) = 1 2^{i0}

(2 − 1/2^n).

From this estimate and the fact that ϕ is of lower type p and of upper type q, we get ∫ B̃ ϕ ( v(y)ϕ^{−1}(1/μ(B)) inf_B wμ(B)^β ) = i_0+n∑

k=i_0 ϕ ( 2^{−kθ}ϕ^{−1}(1/μ(B)) 2^{−i0η}(2 − 1/2^n)^β 2^{−i0β} ) μ({2^{−k}})

≤ C 2^{i0((β+η)p+1)} (2 − 1/2^n)^{βq+1}

i_0+n∑

k=i_0

2^{−k(θp+1)}

≤ C 2^{i0((β+η−θ)p)} (2 − 1/2^n)^{(βq+1)} 1 (1 − 2^{−(θp+1)})2^{θp+1}

≤ C.

486 G. Pradolini, O. Salinas

If B(1/2^{i0} , R) contains infinitely many x_i ∈ X, proceeding as in the above example, we get that μ(B) = 1/2^m and inf_B w = 1/2^{(m+1)η}. Then ∫ B̃ ϕ ( v(y)ϕ^{−1}(1/μ(B))

inf_B wμ(B)^β ) = ∞∑ k=m+1 ϕ ( 2^{−kθ}ϕ^{−1}(1/μ(B)) 2^{−η(m+1)}2^{−mβ} ) μ(2^{−k})

≤ C2^{m+m(β+η)p+ηp} ∞∑ k=m+1

2^{−k(θp+1)}

≤ C2^{m(β+η−θ)p+ηp} ≤ C.

This completes the proof. □

References

[BS] Bernardis A., Salinas O., Two-weighted inequalities for certain maximal fractional operators on spaces of homogeneous type, Revista de la Unión Matemática Argentina 41 (1999), no. 3.

[GGKK] Genebashvili I., Gogatishvili A., Kokilashvili V., Krbec M., Weight Theory for Integral Transforms on Spaces of Homogeneous Type, Addison Wesley Longman Limited, Harlow, 1998.

[GV] Gatto A., Vagi S., Fractional integrals on spaces of homogeneous type, Analysis and Partial Differential Equations, Lecture Notes in Pure and Appl. Math., Vol. 122, Marcel Dekker, New York, 1990, pp. 171–216.

[HSV1] Harboure E., Salinas O., Viviani B., Boundedness of the fractional integral on weighted Lebesgue spaces and Lipschitz spaces, Trans. Amer. Math. Soc. 349 (1997), no. 1, 235–255.

[HSV2] Harboure E., Salinas O., Viviani B., Relations between weighted Orlicz and BMO(ϕ) spaces through fractional integrals, Comment. Math. Univ. Carolinae 40 (1999), no. 1, 53–69.

[KK] Kokilashvili V., Krbec M., Weighted Inequalities in Lorentz and Orlicz Spaces, World Scientific, River Edge, NJ, 1991.

[MST] Macías R., Segovia C., Torrea J., Singular integral operators with non-necessarily bounded kernels on spaces of homogeneous type, Adv. Math. 93 (1992), no. 1.

[MT] Macías R., Torrea J., L^2 and L^p boundedness of singular integrals on non necessarily normalized spaces of homogeneous type, Cuadernos de Matemática y Mecánica, No. 1-88, PEMA-INTEC-GTM, Santa Fe, Argentina.

[MW] Muckenhoupt B., Wheeden R., Weighted norm inequalities for the fractional integrals, Trans. Amer. Math. Soc. 192 (1974), 261–274.

[P1] Pradolini G., Two-weighted norm inequalities for the fractional integral operator between L^p and Lipschitz spaces, Comment. Math. Prace Mat. 41 (2001), 147–169.

[P2] Pradolini G., A class of pairs of weights related to the boundedness of the Fractional Integral Operator between L^p and Lipschitz spaces, Comment. Math. Univ. Carolinae 42 (2001), 133–152.

[RR] Rao, M.M., Ren Z.D., Theory of Orlicz Spaces, Marcel Dekker, New York, 1991. [S] Sawyer E., A characterization of two-weight norm inequalities related to the fractional and Poisson integrals, Trans. Amer. Math. Soc. 308 (1988), 533–545.

Instituto de Matematica Aplicada del Litoral (IMAL), Güemes 3450 - 3000 Santa Fe, Argentina E-mail: gpradoli@intec.unl.edu.ar

gprado@math.unl.edu.ar salinas@ceride.gov.ar

(Received January 8, 2002, revised February 21, 2003)