Comment.Math.Univ.Carolin. 44,4 (2003)659–667 659

Isoperimetric estimates for the first eigenvalue of the p-Laplace operator and the Cheeger constant

B. Kawohl, V. Fridman

In memoriam Jindřich Nečas

Abstract. First we recall a Faber-Krahn type inequality and an estimate for λ_p(Ω) in terms of the so-called Cheeger constant. Then we prove that the eigenvalue λ_p(Ω) converges to the Cheeger constant h(Ω) as p → 1. The associated eigenfunction u_p converges to the characteristic function of the Cheeger set, i.e. a subset of Ω which minimizes the ratio |∂D|/|D| among all simply connected D ⊂⊂ Ω. As a byproduct we prove that for convex Ω the Cheeger set ω is also convex.

Keywords: isoperimetric estimates, eigenvalue, Cheeger constant, p-Laplace operator, 1-Laplace operator

Classification: 35J20, 35J70, 49R05, 49Q20, 52A38

Let p ∈ (1, ∞), and suppose that Ω ⊂ R^n is a bounded simply connected domain with sufficiently smooth boundary. A well-known result in nonlinear partial differential equations states that the following eigenvalue problem (1) Δ_pu + λ|u|^{p−2}u = 0 in Ω, u = 0 on ∂Ω

has a positive (weak) solution in W^{1,p}_0 (Ω), which is unique modulo scaling, in other words the corresponding eigenvalue is simple. A simple proof of this long-known fact was recently given in [3]. These functions are also called first eigenfunctions of the p-Laplace operator, and Δ_pv := div(|∇v|^{p−2}∇v). To avoid ambiguity, we shall normalize it by prescribing ‖u‖_∞ = 1.

One can characterize the eigenvalue and eigenfunction by

(2) λ_p(Ω) := min_{0≠v∈W 1,p}

0 (Ω) ∫ Ω |∇v|^p dx ∫ Ω |v|^p dx ,

with u as minimizer. As mentioned above, in this paper the eigenfunction is scaled to ‖u‖_∞ = 1. The functional in the right hand side is usually called Rayleigh quotient. The eigenfunction, or rather a multiple of it, can also be characterized as a critical point, and in fact a minimizer, of the functional

(3) J_p(v) = ∫ Ω |∇v|^p dx on K := { v ∈ W^{1,p}_0 (Ω) | ‖v‖_Lp_{(Ω)} = 1 }.

Upper bounds for λ_p can be obtained by choosing particular test functions v in (2), but lower bounds are more challenging.

Theorem 1. Among all domains of given n-dimensional volume the ball minimizes every λ_p, in other words

(4) λ_p(Ω) ≥ λ_p(Ω^∗),

where Ω^∗ is the n-dimensional ball of same volume as Ω.

As noted in [20, p. 224] and [12, p. 3353], this is a straightforward consequence of results in [14]. To prove the theorem, one replaces the first eigenfunction u_p on any domain Ω by its Schwarz symmetrization (u_p)^∗ and notes that the Rayleigh quotient does not increase under this operation. Moreover, (u_p)^∗ is in W^{1,p}_0 (Ω^∗) and thus an admissible function in (2). Therefore it provides an upper bound for λ_p(Ω^∗). Theorem 1 was apparently rediscovered in [2] and [12], but λ_p(Ω^∗) does not seem to be explicitly known unless p = 2.

Remark 2. If the Euclidean modulus of ∇v in (2) is replaced by its ℓ_p norm then Theorem 1 must be modified in the sense that Ω^∗ is a ball in R^n equipped with the ℓ_p′ -norm, see [4]. Analogous isoperimetric inequalities for (linear) operators of fourth order are discussed in [18].

In order to state the next result we need to define the Cheeger constant h(Ω) of a domain Ω. Cheeger defines it in [6, p. 196] for manifolds with or without boundary, and in this paper we are only interested in the case with boundary. In this case

(5) h(Ω) := inf_D

|∂D| |D| with D varying over all smooth subdomains of Ω whose boundary ∂D does not touch ∂Ω, and with |∂D| and |D| denoting (n − 1)- and n-dimensional Lebesgue measure of ∂D and D. For ease of notation we call the expression Q(D) := |∂D|/|D| the Cheeger quotient of D and a subset ω of Ω for which Q(ω) = h(Ω) a Cheeger domain of Ω. The existence, (non)uniqueness and regularity of Cheeger domains is discussed in Theorem 8 and the remarks following it.

In his celebrated paper Cheeger proved the case p = 2 of the following theorem.

Theorem 3 ([22]). For every p ∈ (1, ∞) the first eigenvalue can be estimated from below via

(6) λ_p(Ω) ≥ ( h(Ω) p )_p .

The proof can be found in the appendix of [22], but since it is short, we repeat it here for the reader’s convenience. Suppose first that w ∈ C^∞_0 (Ω) is a positive function and set A(t) := { x ∈ Ω | w(x) > t }. Then by the coarea formula and by Cavalieri’s principle

(7) ∫ Ω |∇w| dx =

∫_∞ −∞ |∂A(t)| dt =

∫_∞ −∞ |∂A(t)| |A(t)|

|A(t)| dt

≥ inf_{D⊂⊂Ω}

|∂D| |D| ∫_∞ −∞ |A(t)| dt = h(Ω) ∫ Ω |w| dx.

Since C^∞_0 (Ω) is dense in W^{1,1}_0 (Ω), relation (7) holds also for any w ∈ W^{1,1}_0 (Ω). For p > 1 take any v ∈ W^{1,p}_0 (Ω) and define Φ(v) = |v|^{p−1}v. Then Hölder’s inequality implies (8) ∫ Ω |∇Φ(v)| dx = p ∫ Ω |v|^{p−1}|∇v| dx ≤ p ‖v‖^{p−1}_p ‖∇v‖_p ,

so that w = Φ(v) ∈ W^{1,1}_0 (Ω). Therefore (7) applies and (9) ∫ Ω |∇Φ(v)| dx ≥ h(Ω) ∫ ω |v|^p dx,

or rather, using (8),

(10) h(Ω) ≤ ∫ Ω |∇w| dx ∫ Ω |w| dx ≤ p ‖v‖^{p−1}_p ‖∇v‖_p ∫ Ω |v|^p dx = p ‖∇v‖_p ‖v‖_p . Since v ∈ W^{1,p}_0 (Ω) is arbitrary, we obtain (6). This proves Theorem 3. □ Remark 4. Cheeger’s original result [6] treated also manifolds without boundary, and an extension of this result from p = 2 to general p was done in [23], resulting in the same relation (6).

Remark 5. Since Cheeger’s constant is known for special domains, Theorem 3 provides concrete numbers. If Ω is a ball B_R of radius R in n-space, then h(B_R) =^n_R , the Cheeger domain ω of Ω coincides with Ω and

(11) λ_p(B_R) ≥ ( n Rp )_p .

Note that (after taking the p-th root) the right hand side of (11) goes to zero as p → ∞, while the left hand side goes to 1/R, see [13]. It is the limit p → 1, for which (11) becomes sharp.

If Ω is a stadium, that is the convex hull of two balls of same radius, then h(Ω) = Q(Ω) and the Cheeger domain ω coincides again with Ω.

However, if Ω is a plane square S_a = (−a, a)^2, then a longer but straightforward calculation gives

h(S_a) =

4 − π (4 − 2 √ π)a ≈ 1.886226925 a . Note that |∂S_1|/|S_1| = 2 and |∂B_1|/|B_1| = 2 are larger than 1.886226925. The Cheeger domain ω that minimizes the quotient in (5) for S_1 is a square with its corners rounded off by circular arcs of radius ρ = (4 − 2 √ π)/(4 − π) ≈ 0.5301589043.

Its area |ω| is 4−(4−2 √ 2)^2/(4−π) ≈ 3.758728766. This was shown in [15, p. 22], but not stated in context with the name Cheeger. Now Theorem 3 states

(12) λ_p(S_a) ≥ ( 1.886 pa )_p . For p = 2 and a = 1 this is λ_2(S_1) = 2π^2 ≈ 19.73920881 ≥ 0.8894531, not a very sharp estimate; and for p → ∞ the estimate (12) is trivially λ_∞(S_1) = 1 ≥ 0. More instructive details on how to obtain such results will be given below after Remark 7.

Corollary 6. As p → 1, the first eigenvalue λ_p(Ω) of the p-Laplacian converges to Cheeger’s constant h(Ω).

The lower bound (6) converges to h(Ω) as p → 1. Therefore it suffices to give an upper bound for λ_p(Ω) with the same limit as p → 1. To this end we choose a smooth subdomain D_k ⊂⊂ Ω, such that |∂D_k|/|D_k| − h(Ω) ≤ 1/k and approximate the characteristic function of D_k by a function v(x) with the following properties: v ≡ 1 on D_k, v ≡ 0 outside an ε-neighborhood of D_k and |∇v| = 1/ε on an ε-layer outside D_k. For sufficiently small ε this function is in W^{1,∞}_0 (Ω). Plugged into (2) it provides the upper bound

(13) λ_p(Ω) ≤

|∂D_k| |D_k| ε^{1−p}.

Now one sends first p → 1, then k → ∞ to complete the proof of Corollary 6.

Remark 7. If we define λ_1(Ω) := lim_{p→1+} λ_p(Ω)(= h(Ω)) we can ask for the solvability of the formal limit problem

(14)

−div ( ∇u |∇u| ) = λ_1(Ω) in Ω,

u = 0 on ∂Ω.

Suppose there exists a classical solution u of (14). Then also f(u) solves (14) for any Lipschitz-continuous f. Moreover, if we assume that |∇u| is nonzero in the neighborhood of a point x ∈ Ω, then in intrinsic coordinates the p-Laplace operator can be written as

Δ_pu = (p − 1)|∇u|^{p−4} < D^2u∇u, ∇u > −|∇u|^{p−2}(n − 1)H(x)|∇u|.

Here H(x) is the mean curvature of the level surface of u in x. As p → 1, the equation from (14) turns into (n − 1)H(x) = h(Ω), that is every level set Ω_c := {x ∈ Ω; u(x) > c} has a boundary with the same constant mean curvature h(Ω) independent of c. Therefore (14) cannot have a classical solutions, because its level sets would be strictly nested in the sense that Ω_c ⊂⊂ Ω_d for c > d. This reasoning goes back to [16, p. 355]. Problem (14) was already addressed in [15], where it was shown that one cannot even expect solutions in BV (Ω) for a constant positive right hand side different from h(Ω).

A natural problem arises: Does the variational problem (5) have a minimizing domain and what does it look like? An analysis of (7) reveals that (5) is equivalent to solving

(15) min

v∈BV (Ω), ‖v‖_∞=1

H(v) := ∫ Ω |Dv| dx + ∫ ∂Ω |v| ds ∫ Ω |v| dx

in the following sense: Any solution of (15) has the property that almost all of its level sets are Cheeger sets. Moreover, if ω minimizes h, then χ_ω solves (15). Here |Dv| denotes the distributional derivative of v. For a definition of BV (Ω) and its norm we refer to [10]. Because of the coarea formula the numerator of (15) can also be written as

∫_∞ 0 P (Ω_t, R^n) dt, where Ω_t := {x ∈ Ω| |v(x)| > t} and P (Ω_t, R^n) = H^{n−1}(∂Ω_t) denote a level set and its perimeter in R^n.

Solving (15) is straightforward. There exists a sequence of domains D_k ⊂⊂ Ω which minimizes h. Let v_k = χ_{Dk} . Then the sequence v_k is bounded in BV (Ω) and after passing to a subsequence it converges strongly in L^1(Ω), see [10, p. 17]. This and the weak lower semicontinuity of the BV -norm along this sequence (see [10, p. 7]) show, that it converges to a solution v_∞ = χ_ω of (15). Thus we have shown:

Theorem 8. Problems (5) and (15) have a solution ω and χ_ω, but ω is not in the admissible class for (5) because it touches the boundary ∂Ω. Therefore ũ_1(x) := cχ_ω with ω as a Cheeger domain can be considered to be the first eigenfunction of the operator −Δ_1 and the Cheeger constant h(ω) is the associated eigenvalue.

For the special case that Ω is a ball this was recently published in [8], see also [15, (3.18)]. The existence proof was already given. To see that ω cannot be a compact subset of Ω, one blows it up by a factor larger than one until it touches the boundary. This would decrease h, a contradiction to ω being optimal.

Remark 9. On the regularity of a Cheeger domain Several qualitative properties can be shown. Once the existence of a Cheeger domain ω is known, we can look for its shape. Given the volume constraint |D| = |ω|, we can look for subdomains of Ω which minimize surface area |∂D|. Variational problems of this type were studied in [11] and [29], where it was shown, that the boundaries of the optimal domain are as smooth as ∂Ω where they touch it, and analytic except on a set of (n − 8) dimensional measure where they do not touch ∂Ω. Moreover, for C^1 domains they are globally C^1. For n = 2 this means that the boundaries have only finitely many singular points. Clearly ω solves this variational problem, and ∂ω ∩ Ω is a surface of constant mean curvature h(Ω). In two dimensions it must consist of circular arcs. This is how we arrived at (12), by minimizing Q(D) among “squares with rounded corners”.

Remark 10. On the convexity of a Cheeger domain for convex Ω The boundary of the Cheeger set splits into two parts. ∂ω ∩ Ω has constant mean curvature h(Ω), and ∂ω ∩ ∂Ω has the same mean curvature as ∂Ω. From this it is evident, that for convex Ω the Cheeger set ω is convex if n = 2 and at least mean-convex, i.e. ∂ω has nonnegative mean curvature, if n ≥ 3. But more can be said if Ω is convex. In this case, a result of Sakaguchi [27] states that the positive eigenfunctions u_p which minimize (2) are all logconcave, i.e. ln u_p is concave for every p > 1. The functions u_p are admissible in (15) and uniformly bounded in BV (Ω). Therefore after passing to a subsequence they converge in L^1(Ω) to a logconcave limit u_1, and H(u_1) ≤ lim inf_{p→1}+ H(u_p). Suppose we can show that

(16) u_1(x) = χ_ω(x)

with ω a Cheeger domain. Then ω must be convex because u_1 is logconcave. To prove (16) we observe that u_1 minimizes (15), because H(u_p) = λ_p and λ_p → h(Ω), see Corollary 2. Therefore by the argument following (15) almost every level set of u_1 is a Cheeger domain. Now another argument yields that the level sets Ω_t all coincide for t ∈ (0, 1]. In two dimensions the Cheeger set is unique by Remark 12 and in general dimension n one notes that the level sets of u_1 are all convex and must be nested. But the fact that they are Cheeger domains implies that they cannot be strictly nested, see the proof of Theorem 8. This observation can then be used to reach a contradiction. More details on this and related results will be given in [9].

Remark 11. On monotone dependence between Ω and h(Ω) The variational characterization (5) of the Cheeger constant implies the monotone dependence h(Ω_1) ≥ h(Ω_2) if Ω_1 ⊂ Ω_2. However, strict inclusion of the domains Ω_1 ⊂≠ Ω_2 does not always imply strict inequality h(Ω_1) > h(Ω_2) of the corresponding Cheeger constants. As one example imagine the square S_1 from Remark 5 and modify it near one of the corners. Then both ω and the Cheeger constant are not affected by this modification.

Remark 12. On uniqueness of the Cheeger domain Suppose that Ω is the union of two disjoint squares of length 2a, which are connected by a thin pipe that enters each square in a corner. Then (in the notation of Remark 5) h(Ω) = h(S_a), and now there are at least two disjoint rounded squares ω_1 and ω_2 (and maybe even their union) which qualify for a Cheeger domain, since Q(ω_1) = Q(ω_2) = h(Ω) = Q(ω_1 ∪ ω_2). However, for convex Ω and n = 2 the Cheeger domain is unique, provided it is large enough. This follows from [29, Theorem 3.14]. In fact, let us call H_Ω the union of all largest balls in Ω. Then (at least for convex plane Ω) the Cheeger domain is unique if |ω| is at least as large as |H_Ω|. But the fact that |ω| ≥ |H_Ω| follows from Remarks 11 and 13. If n ≥ 3 and Ω convex, and if Ω satisfies a “great circle condition”, then Theorem 3.13 of [29] applies to yield uniqueness of the Cheeger domain. In fact the volume of |ω| is at least as large as that of a largest ball inside Ω. If |ω| < |H_Ω|, then |ω| is the convex hull C of two largest balls, but elementary calculations show that h(H_Ω) < h(C), so that |ω| must be at least equal to |H_Ω|.

Remark 13. On guessing the Cheeger domain Once h(Ω) is determined, we can take a ball of radius (n − 1)/h and sweep Ω with it. Then one may wonder if D := ⋃ x∈Ω, d(x,∂Ω)>(n−1)/h B(x, n−1 h(Ω) ) is a

good candidate for the minimizer of (5). If n = 2 this is clearly the case, but for n ≥ 3 it is not true in general. Consider a large parallelepiped P and sweep it from inside with balls of radius h. The resulting set has mean curvature h near the rounded corners and h/(n − 1) near the rounded edges of P .

Remark 14. On parabolic equations

Cheeger domains play an important role in the qualitative study of certain quasilinear parabolic equations, see [17, (1.5) and section 4] and [24]. Suppose that u(x, t) solves the differential equation

u_t − div ( ∇u √ 1 + ∇u|^2 ) = 1 in Ω × (0, ∞)

under vanishing initial and boundary data, and suppose that h(Ω) < 1. Then solutions of these equations grow in time with speed proportional to 1 − h(Ω) on the Cheeger domain ω. In fact, since there are no classical stationary solutions, the growth and “detachment” of the solution u from its homogeneous boundary data can only be understood by passing to a viscosity limit in a more regular problem. We refer to [17] for details of the analysis and to [24] for numerical confirmation of the predictions from [17].

Corollary 15. The following inequalities hold and become equalities if Ω is a ball.

(17) λ_1(Ω) ≥ n ( ω_n |Ω| )_{1/n}

(18) lim_{p→∞} ( λ_p(Ω)

)_{1/p} ≥ ( ω_n |Ω| )_{1/n}

To see (17) one combines Theorem 1, Corollary 6 and Remark 5. For the square S_a from Remark 5 estimate (17) boils down to 1.886226925/a ≈ λ_1(S_a) ≥ √ π/a ≈ 1.772453851/a, a fairly good estimate. In a similar way the estimate (18) follows from Theorem 1 and the result in [13] that lim_{p→∞} ( λ_p(Ω)

)_{1/p} = max{dist(x, ∂Ω) : x ∈ Ω}. It is remarkable that the left hand sides in (17) and (18) depend only on the geometry of Ω.

Remark 16. On related results The equation −Δ_pu = f(x) and the limiting behaviour of solutions as p → 1 were studied in [13] for f ≡ 1 and in [7] for more general f. In both cases the solution was shown to converge to zero as p → 1, provided f is sufficiently small or the Cheeger constant is sufficiently large. [28] addresses a multivalued differential inclusion of type κΔ_pu + u ∈ f(x) + ∂I_{[−1,1]}(u) with small positive κ in case of one space dimension as p → 1 and under Neumann boundary conditions.

Acknowledgment. We thank Cristina Trombetti for bringing [8] to our attention and Peter Lindqvist for helpful comments on a previous version of this manuscript.

References

[1] Alvino A., Ferone V., Trombetti G., On the properties of some nonlinear eigenvalues, SIAM J. Math. Anal. 29 (1998), 437–451.

[2] Bhattacharia T., A proof of the Faber-Krahn inequality for the first eigenvalue of the p- Laplacian, Ann. Mat. Pura Appl. Ser. 4 177 (1999), 225–240.

[3] Belloni M., Kawohl B., A direct uniqueness proof for equations involving the p-Laplace operator, Manuscripta Math. 109 (2002), 229–231.

[4] Belloni M., Kawohl B., The pseudo–p–Laplace eigenvalue problem and viscosity solutions as p → ∞, ESAIM COCV, to appear.

[5] Chavel I., Isoperimetric Inequalities. Differential Geometric and Analytic Perspectives, Cambridge University Press, Cambridge, 2001.

[6] Cheeger J., A lower bound for the smallest eigenvalue of the Laplacian, in: Problems in Analysis, A Symposium in Honor of Salomon Bochner, R.C. Gunning, Ed., Princeton Univ. Press, 1970, pp. 195–199.

[7] Cicaclese M., Trombetti C., Asymptotic behaviour of solutions to p-Laplacian equation, preprint No. 13, Univ. Napoli, 2002.

[8] Demengel F., Theorémès d’existence pour des équations avec l’opérateur 1-Laplacien, première valeur propre pour −Δ_1, C.R. Acad. Sci. Paris, Ser. I 334 (2002), 1071–1076.

[9] Fridman V., doctoral thesis, in preparation.

[10] Giusti E., Minimal Surfaces and Functions of Bounded Variation, Birkhäuser Verlag, Basel, 1984.

[11] Gonzales E., Massari U., Tamanini I., On the regularity of boundaries of sets minimizing perimeter with a volume constraint, Indiana Univ. Math. J. 32 (1983), 25–37.

[12] Huang Y.X., On the eigenvalues of the p-Laplacian with varying p, Proc. Amer. Math. Soc.

125 (1997), 3347–3354.

[13] Juutinen P., Lindqvist P., Manfredi J., The ∞-eigenvalue problem, Arch. Ration. Mech.

Anal. 148 (1999), 89–105.

[14] Kawohl B., Rearrangements and Convexity of Level Sets in PDE, Springer Lecture Notes in Math. 1150, 1985.

[15] Kawohl B., On a family of torsional creep problems, J. reine angew. Math. 410 (1990), 1–22.

[16] Kawohl B., Stará J., Wittum G., Analysis and numerical studies of a problem of shape design, Arch. Ration. Mech. Anal. 114 (1991), 349–363.

[17] Kawohl B., Kutev N., Global behavior of solutions to a parabolic mean curvature equation, Differ. Integral Equations 8 (1995), 1923–1946.

[18] Kawohl B., Some nonconvex shape optimization problems, in: Optimal Shape Design, B. Kawohl et al., Eds., Springer Lecture Notes in Math. 1740 (2000), 7–46.

[19] Lindqvist P., On non-linear Rayleigh quotients, Potential Anal. 2 (1993), 199–218. [20] Lindqvist P., A note on the nonlinear Rayleigh quotient, in: Analysis, Algebra and Computers in Mathematical Research (Lulea 1992), M. Gyllenberg & L.E. Persson, Eds., Marcel Dekker Lecture Notes in Pure and Appl. Math. 156, 1994, pp. 223–231.

[21] Lindqvist P., On a nonlinear eigenvalue problem, Padova, 2000, pp. 79–110. [22] Lefton L., Wei D., Numerical approximation of the first eigenpair of the p-Laplacian using finite elements and the penalty method, Numer. Funct. Anal. Optim. 18 (1997), 389–399.

[23] Matei A.M., First eigenvalue for the p-Laplace operator, Nonlinear Anal. TMA 39 (2000), 1051–1061.

[24] Marcellini P., Miller K., Elliptic versus parabolic regularization for the equation of prescribed mean curvature, J. Differential Equations 137 (1997), 1–53.

[25] Payne L.E., Rayner M.E., An isoperimetric inequality for the first eigenfunction in the fixed membrane problem, Z. Angew. Math. Phys. 23 (1972), 13–15.

[26] Payne L.E., Rayner M.E., Some isoperimetric norm bound for solutions of the Helmholtz equation, Z. Angew. Math. Phys. 24 (1973), 105–110.

[27] Sakaguchi S., Concavity properties of solutions to some degenerate quasilinear elliptic Dirichlet problems, Ann. Sci. Norm. Sup. Pisa (IV) 14 (1987), 404–421.

[28] Shirakawa K., Asymptotic convergence of p-Laplace equations with constraints as p tends to 1, Math. Methods Appl. Sci. 25 (2002), 771–793.

[29] Stredulinsky E., Ziemer W.P., Area minimizing sets subject to a volume constraint in a convex set, J. Geom. Anal. 7 (1997), 653–677.

Mathematisches Institut, Universität zu Köln, D-50923 Köln, Germany E-mail: kawohl@mi.uni-koeln.de

vfridman@mi.uni-koeln.de

(Received March 28, 2003, revised April 17, 2003)