Comment.Math.Univ.Carolin. 44,4 (2003)681–689 681

Best approximations and porous sets

Simeon Reich, Alexander J. Zaslavski

Abstract. Let D be a nonempty compact subset of a Banach space X and denote by S(X) the family of all nonempty bounded closed convex subsets of X. We endow S(X) with the Hausdorff metric and show that there exists a set F ⊂ S(X) such that its complement S(X) \ F is σ-porous and such that for each A ∈ F and each x̃ ∈ D, the set of solutions of the best approximation problem ‖x̃ − z‖ → min, z ∈ A, is nonempty and compact, and each minimizing sequence has a convergent subsequence.

Keywords: Banach space, complete metric space, generic property, Hausdorff metric, nearest point, porous set

Classification: 41A50, 41A52, 41A65, 54E35, 54E50, 54E52

Given a nonempty closed convex subset A of a Banach space (X, ‖ · ‖) and a point x ∈ X, we consider the minimization problem

(P) min{‖x − z‖ : z ∈ A}.

It is well known that if X is reflexive, then problem (P) always has at least one solution. This solution is unique when X is strictly convex. In this connection we recall that the minimization problem (P) is said to be well posed if it has a unique solution, say a_0, and every minimizing sequence of (P) converges to a_0. It is said to be well posed in the generalized sense of [6] if the set of minimizers is nonempty and compact, and each minimizing sequence has a convergent subsequence.

When X is not reflexive, several generic existence results for best approximation problem are still available [3], [4], [9]. In these papers the authors considered a framework the main feature of which is that the set A in problem (P) can vary. For example, in their recent paper [2], De Blasi, Georgiev and Myjak fix a point x ∈ X and show, inter alia, that for most bounded closed convex subsets of X, problem (P) is well posed.

In order to formulate their result more precisely, we first set, for each x ∈ X and each A ⊂ X, ρ(x, A) = inf{‖x − y‖ : y ∈ A}.

We denote by S(X) the family of all nonempty bounded closed convex subsets of X. For each A, B ∈ S(X), define the Hausdorff distance between A and B by

H(A, B) = max{sup{ρ(x, B) : x ∈ A}, sup{ρ(y, A) : y ∈ B}}.

It is not difficult to see that H is a metric on S(X) and that the metric space (S(X), H) is complete.

We also need to recall the notion of porosity [1], [2], [5], [8], [9], [12]–[14]. Let (Y, d) be a complete metric space. We denote by B(y, r) the closed ball of center y ∈ Y and radius r > 0. A subset E ⊂ Y is called porous (with respect to the metric d) if there exist α ∈ (0, 1) and r_0 > 0 such that for each r ∈ (0, r_0] and each y ∈ Y , there exists z ∈ Y for which

B(z, αr) ⊂ B(y, r) \ E.

A subset of the space Y is called σ-porous (with respect to d) if it is a countable union of porous subsets of Y .

Remark 1. It is known that in the above definition of porosity, the point y can be assumed to belong to E.

Other notions of porosity have been used in the literature [1], [7], [11]–[13]. We use the rather strong notion which appears, for example, in [2], [5], [8], [9], [14].

Fixing x ∈ X and denoting by F the set of all elements A ∈ S(X) for which the minimization problem (P) is well posed, De Blasi, Georgiev and Myjak [2] have proved that the complement S(X) \ F is σ-porous in S(X). More applications of porosity concepts to best approximation theory can be found in [5], [7], [10], [11] and in the references mentioned there.

In the present paper, instead of x ∈ X we fix a set D ⊂ X. If D is countable, then the De Blasi-Georgiev-Myjak result implies that the collection of all sets A ∈ S(X) for which problem (P) is well posed for any x ∈ D, has a σ-porous complement. When the set D is uncountable, the problem is more difficult and less understood. Nevertheless, we are able to prove a partial positive result when D is compact in the norm topology. More precisely, we establish the existence of a set F ⊂ S(X) which has a σ-porous complement such that for any A ∈ F and any x ∈ D, problem (P) is well posed in the generalized sense of [6].

We are now ready to state and prove our result.

Theorem. Given a nonempty compact subset D of a Banach space (X, ‖ · ‖), there exists a set F ⊂ S(X) such that its complement S(X) \ F is σ-porous in (S(X), H) and such that for each A ∈ F and each x̃ ∈ D, the following property holds:

(C) The set {y ∈ A : ‖x̃ − y‖ = ρ(x̃, A)} is nonempty and compact and each sequence {y_i}^∞_{i=1} ⊂ A which satisfies lim_{i→∞} ‖x̃ − y_i‖ = ρ(x̃, A) has a convergent subsequence.

Proof: Let (X, ‖·‖) be a Banach space. Denote by co(A) and clco(A) the convex hull and the closed convex hull of A, respectively.

For each A ⊂ X, set

(1) rad(A) = sup{‖x‖ : x ∈ A}.

Let D be a nonempty compact subset of X. For each natural number n, denote by F_n the set of all A ∈ S(X) which have the following property:

(C1) There exist a nonempty compact set E ⊂ A and a positive number δ such that for each u ∈ D and each z ∈ A satisfying

(2) ‖u − z‖ ≤ ρ(u, A) + δ,

the inequality

(3) ρ(z, E) ≤ 1/n

is valid. Set (4) F = ∞⋂ n=1 F_n.

Let A ∈ F. By (4) and property (C1), for each natural number n, there exist a nonempty finite set E_n ⊂ A and a positive number δ_n such that the following property holds:

(C2) For each u ∈ D and each z ∈ A satisfying ‖u − z‖ ≤ ρ(u, A) + δ_n, the inequality ρ(z, E_n) < 2/n holds.

Let u ∈ D. Consider a sequence {x_i}^∞_{i=1} ⊂ A such that lim_{i→∞} ‖u − x_i‖ = ρ(u, A). By (C2), for each integer n ≥ 1, there exists a subsequence {x^{(n)}_i }^∞_{i=1} of {x_i}^∞_{i=1} such that the following two properties hold:

{x^{(n+1)} i }^∞_{i=1} is a subsequence of {x^{(n)}_i }^∞_{i=1} for all integers n ≥ 1;

for any integer n ≥ 1, ‖x^{(n)}_j − x^{(n)}_k ‖ < 4/n for all integers j, k ≥ 1. These properties imply that there exists a subsequence {x̄_i}^∞_{i=1} of {x_i}^∞_{i=1} which is a Cauchy sequence. Therefore {x̄_i}^∞_{i=1} converges to a point x̄ ∈ A which satisfies ‖u − x̄‖ = lim_{i→∞} ‖u − x_i‖ = ρ(u, A).

In other words, for each A ∈ F and each x̃ ∈ D, property (C) holds. In order to complete the proof of our theorem, it is sufficient to show that S(X) \ F is σ-porous in (S(X), H). Since

S(X) \ F = ∞⋃ n=1 S(X) \ F_n,

it suffices to show that S(X) \ F_n is σ-porous in (S(X), H) for each natural number n.

To this end, let n be a natural number. For each natural number m, set (5) Ω_m = {A ∈ S(X) : rad(A) ≤ m}. Since S(X) \ F_n = ∞⋃ m=1 Ω_m \ F_n, it is sufficient to show that for each natural number m, the set Ω_m \ F_n is porous in (S(X), H).

Let m be a natural number. Choose a positive number α satisfying (6) α < (4 · 48n(2m + 1))^{−1}. Let (7) A ∈ Ω_m \ F_n and r ∈ (0, 1].

Since D is compact, there are a natural number q and a finite subset {ξ_1, . . . , ξ_q} of D such that (8) D ⊂ q⋃ i=1 {z ∈ X : ‖z − ξ_i‖ < αr}.

For each i ∈ {1, . . . , q}, we pick ξ̃_i ∈ X satisfying (9) ρ(ξ̃_i, A) ≤ r/8, i = 1, . . . , q, in the following way:

Let i ∈ {1, . . . , q}. There are two cases: 1) ρ(ξ_i, A) ≤ r/8; 2) ρ(ξ_i, A) > r/8. In the first case we set (10) ξ̃_i = ξ_i. In the second case, we first choose x_i ∈ A for which (11) ‖ξ_i − x_i‖ ≤ ρ(ξ_i, A) + (64n(2m + 1))^{−1}r, and then choose (12) ξ̃_i ∈ {γx_i + (1 − γ)ξ_i : γ ∈ (0, 1)} such that (13) ‖ξ̃_i − x_i‖ = r/8 and ‖ξ̃_i − ξ_i‖ = ‖x_i − ξ_i‖ − r/8.

If the second case holds, then by (11) and (13), (14) ‖ξ_i − ξ̃_i‖ = ‖x_i − ξ_i‖ − r/8 ≤ −r/8 + ρ(ξ_i, A) + r(64n(2m + 1))^{−1}. Clearly, (9) holds in both cases. Let (15) Ã := clco(A ∪ {ξ̃_1, . . . , ξ̃_q}) and (16) E := co{ξ̃_1, . . . , ξ̃_q}. By (9) and (15), (17) H(A, Ã) ≤ r/8. We will now show that the following property holds:

(C3) If u ∈ D, z ∈ Ã, and ‖u − z‖ ≤ ρ(u, Ã) + 4αr, then ρ(z, E) ≤ n^{−1}. Indeed, assume that (18) u ∈ D, z ∈ Ã, and ‖u − z‖ ≤ ρ(u, Ã) + 4αr. We claim that ρ(z, E) ≤ n^{−1}. Assume the contrary. Then (19) ρ(z, E) > n^{−1}. By (8) and (18), there exists j ∈ {1, . . . , q} such that (20) ‖u − ξ_j ‖ < αr. The relations (20) and (18) imply that ‖ξ_j − z‖ ≤ ‖u − z‖ + ‖ξ_j − u‖ < αr + ρ(u, Ã) + 4αr ≤ 5αr + ρ(ξ_j , Ã) + ‖u − ξ_j ‖ < 6αr + ρ(ξ_j , Ã).

Thus (21) ‖ξ_j − z‖ < 6αr + ρ(ξ_j , Ã).

If ρ(ξ_j , A) ≤ r/8, then by the definition of ξ̃_j (see (10)), ξ_j = ξ̃_j ; now by (21), the inclusion ξ̃_j ∈ Ã (see (15)), and (6), ‖ξ_j − z‖ < 6αr + ρ(ξ_j , Ã) = 6αr < n^{−1}, and in view of (16), ρ(z, E) ≤ ‖z − ξ_j ‖ < n^{−1}, a contradiction (see (19)). Therefore we have (22) ρ(ξ_j , A) > r/8. Since z ∈ Ã, it follows from (15) that there exists a sequence (23) {z_i}^∞_{i=1} ⊂ co(A ∪ {ξ̃_1, . . . , ξ̃_q}) such that (24) ‖z − z_i‖ → 0 as i → ∞.

The relations (23), (16) and the convexity of A imply that for each natural number i, there exist (25) λ_i ∈ [0, 1], z_{i1} ∈ A, and z_{i2} ∈ E such that (26) z_i = λ_iz_{i1} + (1 − λ_i)z_{i2}.

It follows from (25), (19), (26), (7), (5), (16), (1) and (9) that for each natural number i,

n^{−1} < ‖z − z_{i2}‖ ≤ ‖z − z_i‖ + ‖z_i − z_{i2}‖ = ‖z − z_i‖ + λ_i‖z_{i1} − z_{i2}‖ ≤ ‖z − z_i‖ + λ_i(‖z_{i1}‖ + ‖z_{i2}‖) ≤ ‖z − z_i‖ + λ_i(2m + 1), and by (24),

n^{−1} ≤ lim inf_{i→∞} (‖z − z_i‖ + λ_i(2m + 1)) = (2m + 1) lim inf_{i→∞} λ_i. Thus (27) lim inf_{i→∞} λ_i ≥ ((2m + 1)n)^{−1}.

Let Δ be any positive number. By (25), (16) and (9), for each natural number i, there exists z̃_{i2} ∈ X such that (28) z̃_{i2} ∈ A and ‖z_{i2} − z̃_{i2}‖ ≤ r/8 + Δ.

It follows from (25), (26) and (28) that for each natural number i, λ_iz_{i1} + (1 − λ_i)z̃_{i2} ∈ A and ρ(ξ_j , A) ≤ ‖ξ_j − (λ_iz_{i1} + (1 − λ_i)z̃_{i2})‖ ≤ ‖ξ_j − (λ_iz_{i1} + (1 − λ_i)z_{i2})‖ + ‖(1 − λ_i)(z_{i2} − z̃_{i2})‖ = ‖ξ_j − z_i‖ + (1 − λ_i)‖z_{i2} − z̃_{i2}‖ ≤ ‖ξ_j − z_i‖ + (1 − λ_i)(r/8 + Δ).

By these relations, (24) and (27), (29) ρ(ξ_j , A) ≤ lim inf_{i→∞} (‖ξ_j − z_i‖ + (1 − λ_i)(r/8 + Δ)) = ‖ξ_j − z‖ + lim inf i→∞ (1 − λ_i)(r/8 + Δ) ≤ ‖ξ_j − z‖ + (r/8 + Δ)(1 − ((2m + 1)n)^{−1}).

By (29), (21), (15), (22), the definition of ξ̃_j (see (12), (13)) and (14), ρ(ξ_j , A) ≤ ‖ξ_j − z‖ + (8^{−1}r + Δ)(1 − ((2m + 1)n)^{−1}) < (8^{−1}r + Δ)(1 − ((2m + 1)n)^{−1}) + 6αr + ρ(ξ_j , Ã) ≤ (8^{−1}r + Δ)(1 − ((2m + 1)n)^{−1}) + 6αr + ‖ξ_j − ξ̃_j ‖ ≤ (8^{−1}r + Δ)(1 − ((2m + 1)n)^{−1})

+ 6αr − r/8 + ρ(ξ_j , A) + r((2m + 1)64n)^{−1}. Since Δ is an arbitrary positive number, we conclude that

0 ≤ (1 − ((2m + 1)n)^{−1}) + 48α − 1 + ((2m + 1)8n)^{−1} = 48α − ((2m + 1)n)^{−1} + ((2m + 1)8n)^{−1} ≤ 48α − ((2m + 1)2n)^{−1}, a contradiction (see (6)). The contradiction we have reached proves that ρ(z, E) ≤ n^{−1}, as claimed. Thus property (C3) holds true.

Now assume that (30) B ∈ S(X), H(B, Ã) ≤ αr, and (31) u ∈ D, z ∈ B, ‖u − z‖ ≤ ρ(u, B) + αr. By (30) and (31), (32) ρ(u, B) ≤ ρ(u, Ã) + H(B, Ã) ≤ ρ(u, Ã) + αr and there is z_1 ∈ X such that (33) z_1 ∈ Ã and ‖z_1 − z‖ ≤ 2αr. The relations (31), (33) and (32) imply that

‖u − z_1‖ ≤ ‖u − z‖ + ‖z − z_1‖ ≤ ρ(u, B) + αr + 2αr ≤ ρ(u, Ã) + 4αr. Thus (34) ‖u − z_1‖ ≤ ρ(u, Ã) + 4αr.

It now follows from (31), (33), (34) and property (C3) that ρ(z, E) ≤ n^{−1}. Hence B ∈ F_n. The inequalities (30), (17) and (6) imply that

H(A, B) ≤ H(B, Ã) + H(Ã, A) ≤ αr + r/8 ≤ r.

In other words, we have shown that each B satisfying (30) belongs to F_n and satisfies H(A, B) ≤ r. Therefore

{B ∈ S(X) : H(B, Ã) ≤ αr} ⊂ {B ∈ S(X) : H(B, A) ≤ r} ∩ F_n and the set Ω_m \ F_n is porous in (S(X), H). This completes the proof of our theorem. □ Since every σ-porous set is of the first category, the following corollary is an immediate consequence of our theorem.

Corollary. Given a nonempty compact subset D of a Banach space (X, ‖ · ‖), there exists a residual set F ⊂ S(X) such that for each A ∈ F and each x̃ ∈ D, the following property holds:

The set {y ∈ A : ‖x̃ − y‖ = ρ(x̃, A)} is nonempty and compact and each sequence {y_i}^∞_{i=1} ⊂ A which satisfies lim_{i→∞} ‖x̃ − y_i‖ = ρ(x̃, A) has a convergent subsequence.

A natural question which can be raised at this point is whether analogous results hold in a nonconvex setting. A theorem in this direction can indeed be found in [10]. However, the setting there is different; it is concerned with complete hyperbolic spaces, closed (not necessarily bounded) subsets, and with the notion of porosity with respect to a pair of metrics. At first sight, the result of [10] seems to be more general. Indeed, here we have considered only Banach spaces (a special case of complete hyperbolic spaces), porosity with respect to only one metric, and the subclass of bounded closed convex subsets. But sometimes it is more difficult to establish a generic result for a subspace than for the whole space. This is because one of the most crucial points in the proofs of generic results is the construction of a small perturbation of a given element. Thus in [10], when we perturb a given set, we need only to make sure that the perturbed set is closed, while in the present paper we need to ensure that it is also convex. It may also be of interest to mention that we do not know if the theorem of the present paper can be extended to closed convex, not necessarily bounded, subsets. Also, it seems that its proof cannot be modified so as to apply to all complete hyperbolic spaces.

Acknowledgments. The work of the first author was partially supported by the Fund for the Promotion of Research at the Technion and by the Technion VPR Fund. Both authors are grateful to the referee for providing them with a detailed report and several helpful comments.

References

[1] Benyamini Y., Lindenstrauss J., Geometric Nonlinear Functional Analysis, Amer. Math.

Soc., Providence, RI, 2000.

[2] De Blasi F.S., Georgiev P.G., Myjak J., On porous sets and best approximation theory, preprint.

[3] De Blasi F.S., Myjak J., On the minimum distance theorem to a closed convex set in a Banach space, Bull. Acad. Polon. Sci. 29 (1981), 373–376.

[4] De Blasi F.S., Myjak J., On almost well posed problems in the theory of best approximation, Bull. Math. Soc. Sci. Math. R.S. Roum. 28 (1984), 109–117.

[5] De Blasi F.S., Myjak J., Papini P.L., Porous sets in best approximation theory, J. London Math. Soc. 44 (1991), 135–142.

[6] Furi M., Vignoli A., About well-posed minimization problems for functionals in metric spaces, J. Optim. Theory Appl. 5 (1970), 225–229.

[7] Matoušková E., How small are the sets where the metric projection fails to be continuous, Acta Univ. Carolin. Math. Phys. 33 (1992), 99–108.

[8] Reich S., Zaslavski A.J., Asymptotic behavior of dynamical systems with a convex Lyapunov function, J. Nonlinear Convex Anal. 1 (2000), 107–113.

[9] Reich S., Zaslavski A.J., Well-posedness and porosity in best approximation problems, Topol. Methods Nonlinear Anal. 18 (2001), 395–408.

[10] Reich S., Zaslavski A.J., A porosity result in best approximation theory, J. Nonlinear Convex Anal. 4 (2003), 165–173.

[11] L. Zajíček, On the Fréchet differentiability of distance functions, Suppl. Rend. Circ. Mat.

Palermo (2) 5 (1984), 161-165.

[12] Zajíček L., Porosity and σ-porosity, Real Anal. Exchange 13 (1987), 314–350. [13] Zajíček L., Small non-σ-porous sets in topologically complete metric spaces, Colloq. Math.

77 (1998), 293–304.

[14] Zaslavski A.J., Well-posedness and porosity in optimal control without convexity assumptions, Calc. Var. 13 (2001), 265–293.

Department of Mathematics, The Technion-Israel Institute of Technology, 32000 Haifa, Israel E-mail: sreich@tx.technion.ac.il

ajzasl@tx.technion.ac.il

(Received September 10, 2002, revised July 9, 2003)