Comment.Math.Univ.Carolin. 45,1 (2004)73–90 73

Differentiability of weak solutions of nonlinear second order parabolic systems with quadratic growth and nonlinearity q ≥ 2

Luisa Fattorusso

Abstract. Let Ω be a bounded open subset of R^n, let X = (x, t) be a point of R^n × R^N . In the cylinder Q = Ω × (−T, 0), T > 0, we deduce the local differentiability result

u ∈ L^2(−a, 0, H^2(B(σ), R^N )) ∩ H^1(−a, 0, L^2(B(σ), R^N ))

for the solutions u of the class L^q (−T, 0, H^{1,q} (Ω, R^N )) ∩ C^{0,λ}(Q̄, R^N ) (0 < λ < 1, N integer ≥ 1) of the nonlinear parabolic system

− n∑ i=1 D_ia^i(X, u, Du) + ∂u ∂t = B^0(X, u, Du)

with quadratic growth and nonlinearity q ≥ 2. This result had been obtained making use of the interpolation theory and an imbedding theorem of Gagliardo-Nirenberg type for functions u belonging to W^{1,q} ∩ C^{0,λ}.

Keywords: differentiability of weak solution, parabolic systems, nonlinearity with q > 2

Classification: 35K55

1. Introduction

Let Ω be an open bounded subset of R^n (n > 2) of generic point x = (x_1, x_2, . . . , x_n), Q the cylinder Ω × (−T, 0) (0 < T < +∞); here N is an integer > 1, ( | )_k and ‖ · ‖_k are the scalar product and the norm in R^k, respectively. We will drop the subscript k when there is no fear of confusion.

We define

B(x^0, σ) = { x ∈ R^n : |x_i − x^0_i | < σ, i = 1, . . . , n } . If u : Q → R^N , we set Du = (D_1u, . . . , D_nu) where, as usual, D_i =^∂_{∂xi} .

Clearly Du ∈ R^{nN} and we denote by p = (p^1, . . . , p^n), p^i ∈ R^N , a typical vector of R^{nN} and let V (p) = ( 1 + ‖p‖^2

) 1_2 .

74 L. Fattorusso

Let u ∈ L^q(−T, 0, H^{1,q}(Ω, R^N )) ∩ C^{0,λ}(Q̄, R^N ) (0 < λ < 1)^{(1)} be a solution in Q to the second order nonlinear parabolic system of variational type

(1.0) − n∑ i=1 D_ia^i(X, u, Du) + ∂u ∂t = B^0(X, u, Du)

in the sense that

(1.1) ∫ Q {_n ∑ i=1 ( a^i(X, u, Du) | D_iφ ) − ( u | ∂φ ∂t )} dX = ∫ Q ( B^0(X, u, Du) | φ ) dX, ∀ φ ∈ C^∞_0 (Q, R^N ),

where X = (x, t), a^i(X, u, p), i = 1, . . . , n, and B^0(X, u, p) are vectors of R^N defined on Λ = Q × R^N × R^{nN} , satisfying the following conditions:

(1) By H^{m,p}(Ω, R^N ), m = 0, 1, 2, . . . , 1 < p < ∞, we will denote the usual Sobolev spaces

H^{0,p}(Ω, R^N ) = L^p(Ω, R^N ) and |u|_{0,p,Ω} = ‖u‖_{0,p,Ω} = {∫ Ω ‖u‖^p dx

}_{1/p} , 1 < p < ∞.

If 1 ≤ p < ∞ and m, j are integers ≥ 0, we denote

|u|_{j,p,Ω} = ∫ Ω ∑ |α|=j

‖D^αu‖^2 p/2 dx 1/p , ‖u‖_{m,p,Ω} = m∑ j=0 |u|^p_{j,p,Ω} 1/p .

If p = 2, we shall use the notation H^s, | · |_{s,Ω}, ‖ · ‖_{s,Ω} simply.

By H^{θ,r} (Ω, R^N ), 0 < θ < 1, 1 < r < ∞, we will denote the Slobodecky space of those vectors u ∈ L^r (Ω, R^N ) such that

|u|^r_{θ,r,Ω} = ∫ Ω dx ∫ Ω ‖u(x) − u(y)‖^r ‖x − y‖^{n+θr} dy < +∞

By H^{m+θ,r} (Ω, R^N ), m = 1, 2, . . . , 0 < θ < 1, 1 < r < ∞ we will denote the space of those vectors u ∈ H^{m,r} (Ω, R^N ) such that D^αu ∈ H^{θ,r}(Ω, R^N ), ∀ |α| = m. If r = 2 we shall use the notation H^{m+θ} , m = 0, 1, 2, . . . , 0 ≤ θ < 1 instead of H^{m+θ,2}. By C^{0,λ}(Ω, R^N ), 0 < λ < 1, we shall denote the space of those vectors u ∈ C^0(Ω̄, R^N ) for which

[u]_{λ,}¯_Ω = sup

x,y∈Ω̄,x≠y

‖u(x) − u(y)‖

‖x − y‖^λ

< +∞.

In Q the Hölder continuity is considered with respect to the parabolic metric

d(X, Y ) = max { ‖x − y‖, |t − τ |^{1/2} } , X = (x, t), Y = (y, τ ).

(1.2) the vector B^0(X, u, p) is measurable in X, continuous in (u, p), and, for each (X, u, p) ∈ Λ, with ‖u‖ ≤ k, p ∈ R^{nN}

‖B^0(X, u, p)‖ + n∑ s=1 ‖ ‖ ‖ ∂B^0 ∂x_s ‖ ‖ ‖ + N∑ k=1 ‖ ‖ ‖ ∂B^0 ∂u_k ‖ ‖ ‖ ≤ M(k)V^q(p)

N∑ k=1 n∑ j=1 ‖ ‖ ‖ ‖ ∂B^0 ∂p^j_k ‖ ‖ ‖ ‖ ≤ c(k)V^{q−1}(p),

(1.3) the vectors a^i(X, u, p), i = 1, 2, . . . , n, are of class C^1 in Q̄ × R^N × R^{nN} and, for each (X, u, p) ∈ Λ with ‖u‖ ≤ k

‖a^i‖ + n∑ s=1 ‖ ‖ ‖ ∂a^i ∂x_s ‖ ‖ ‖ +^N ∑ k=1 ‖ ‖ ‖ ∂a^i ∂u_k ‖ ‖ ‖ ≤ c(k)V^{q−1}(p), i = 1, 2, . . . , n

N∑ k=1 n∑ j=1 ‖ ‖ ‖ ‖ ∂a^i ∂p^j_k ‖ ‖ ‖ ‖ ≤ M(k)V^{q−2}(p), i = 1, 2, . . . , n,

(1.4) there exists ν(k) > 0 such that n∑ i,j=1 N∑ h,k=1

∂a^i_k(X, u, p)

∂p^j_k ξ^i_hξ^j_k ≥ ν(k) V^{q−2}(p) ‖ξ‖^2

for each ξ = (ξ^1 | ξ^2 | . . . | ξ^n) ∈ R^{nN} and for each (X, u, p) ∈ Λ with ‖u‖ ≤ k.

In [4], the local differentiability was examined with respect to the spatial derivatives of the solutions

(1.5) u ∈ L^q(−T, 0, H^{1,q}(Ω, R^N )) ∩ C^{0,λ}(Q, R^N ), q ≥ 2, 0 < λ < 1

to the system (1.1), proving that, under the assumptions of monotony and nonlinearity q > 2, for each cube B(σ) = B(x^0, σ) ⊂⊂ Ω and ∀ a ∈ (0, T ) it results

u ∈ L^q(−a, 0, H^{1+θ,q}(B(σ), R^N )), ∀ θ ∈ ( 0, 2 q )

and this result is analogous to that which we obtained in [3] under the assumptions of nonlinearity q = 2, under the boundedness conditions for the derivatives^{∂aj}_{∂pik} and of strong ellipticity.

In [5], we considered again the problem of differentiability, under assumptions of monotony and nonlinearity 1 < q < 2, always achieving results of the same type.

The aim of this paper is to obtain for the solutions (1.5) of the system (1.1), under assumptions (1.2), (1.3), (1.4) and of nonlinearity q > 2, the result of

u ∈ L^2(−a, 0, H^2(B(σ), R^N )) ∩ H^1(−a, 0, L^2(B(σ), R^N ))

for each cube B(σ) = B(x^0, σ) ⊂⊂ Ω and ∀ a ∈ (0, T ), making use of the interpolation theory and an imbedding theorem of Gagliardo-Nirenberg type for functions u belonging to W^{1,q} ∩ C^{0,λ}.

This paper extends the result obtained by Marino-Maugeri [6] in the case of nonlinearity q = 2 and it is analogous to the regularity result which had been obtained by Campanato [2] for elliptic systems with nonlinearity q > 2.

2. Some notations and preliminary results

In this section we list a few lemmas that will be needed in the sequel and which are already well known in the mathematical literature.

Let B(σ) = B(x^0, σ) (x^0 ∈ R^n, σ > 0) be a cube in R^n defined by

B(σ) = {x ∈ R^n : |x_i − x^0_i | < σ, i = 1, . . . , n}.

If u : B(σ) × (−T, 0) → R^N (T > 0) and X = (x, t) ∈ B(τσ) × (−T, 0), τ ∈ (0, 1), |h| < (1 − τ)σ, then we define

τ_{i,h}u(X) = u(x + he^i, t) − u(X), i = 1, 2, . . . , n,

where {e^s}_{s=1,... ,n} is the standard basis of R^n.

Lemma 2.1. If u ∈ L^q(−b, −ρ, H^{1,q}(B(σ), R^N )), q > 1, 0 ≤ ρ < b, then ∀ τ ∈ (0, 1) and ∀ |h| < (1 − τ)σ

∫_{−ρ} −b dt ∫ B(τ,σ)

‖τ_{i,h}u‖^q dx ≤ |h|^q

∫_{−ρ} −b dt ∫ B(σ)

‖D_iu‖^q dx, i = 1, 2, . . . , n.

See for instance [1, Cap. I, Lemma 3.VI].

Lemma 2.2. If v ∈ L^p(−a, 0, L^p(B(2σ), R^N )), a, σ > 0, 1 < p < +∞, and if there exists M > 0 such that

∫_0 −a dt ∫ B(σ)

‖τ_{i,h}v‖^p dx ≤ |h|^pM, ∀ |h| < σ, i = 1, 2, . . . , n,

then v ∈ L^p(−a, 0, H^{1,p}(B(σ), R^N )) and ∫_0 −a dt ∫ B(σ)

‖D_iv‖^p dx ≤ M, i = 1, 2, . . . , n.

The proof is the same as that of Theorem 3.X in [1].

Lemma 2.3. Let N be a positive integer and Ω a cube of R^n. If

u ∈ H^{1+θ,q}(Ω, R^N ) ∩ C^{0,λ}(Ω, R^N )

with 1 < r < ∞, 0 < θ < 1 and 0 < λ < 1, then u ∈ W^{1,p}(Ω, R^N ) and there exists a constant c (depending on Ω, θ, λ, n, a, q) such that:

‖u‖_{1,p,Ω} ≤ c‖u‖^a_{1+θ,q,Ω}‖u‖^{1−a}_{C0,λ(Ω,RN )},

where 1 p = 1 n + a ( 1 q − 1 + θ n ) − (1 − a) λ n , ∀ a ∈ ] 1 − λ 1 + θ − λ , 1 [ . In particular, if 1 − λ < θ < 1, for a =^1_2 we get

u ∈ W^{1,p}(Ω, R^N )

and there exists a constant c (depending on Ω, θ, λ, n, a, q) such that

‖u‖_{1,p,Ω} ≤ c‖u‖^{12}_{1+θ,q,Ω}‖u‖^{12}_{C0,λ(Ω,RN )}

where p = 2q +

2q^2(θ + λ − 1) n − q(θ + λ − 1)

(> 2q).

The proof is the same as that of Theorem 2.2 in [6] for m = 1, r = q, s = 0, j = 1.

3. Differentiability of the solutions to the system (1.1)

Let u ∈ L^q(−T, 0, H^{1,q}(Ω, R^N )) ∩ C^{0,λ}(Q̄, R^N ), 0 < λ < 1, q ≥ 2, be a solution to the system (1.1) and suppose that assumptions (1.2), (1.3) and (1.4) are fulfilled; in what follows we shall set

k = sup_Q ‖u‖, U = [u]_{λ,Q} = sup_{X,Y ∈Q,X≠Y}

‖u(X) − u(Y )‖ d^λ(X, Y ) ,

where d(X, Y ) is the parabolic metric

d(X, Y ) = max { ‖x − y‖, |t − τ|^12 } , X = (x, t), Y = (y, τ).

Now we show the following

Theorem 3.1. If u ∈ L^q(−T, 0, H^{1,q}(Ω, R^N )) ∩ C^{0,λ}(Q̄, R^N ), 0 < λ < 1, q ≥ 2, is a solution to the system (1.1), if assumptions (1.2), (1.3) and (1.4) hold, then, ∀ B(3σ) = B(x^0, 3σ) ⊂⊂ Ω, ∀ a, b ∈ (0, T ), a < b, we have

(3.1) u ∈ L^2(−a, 0, H^2(B(σ), R^N )) ∩ H^1(−a, 0, L^2(B(σ), R^N ))

and the following estimate holds:

(3.2)

∫_0 −a ( |u|^2_{,B(σ)} + | | | ∂u ∂t | | |^2 ) dt

≤ c(ν, k, U, λ, σ, q, a, b, n) { 1 + ∫_0 −b |u|^q_{1,q,B(3σ)} dt } .

Proof: Given B(3σ) = B(x^0, 3σ) ⊂⊂ Ω, a, b ∈ (0, T ), with a < b, let ψ(x) ∈ C^∞_0 (R^n) be a real function which has the following properties:

(3.3) 0 ≤ ψ ≤ 1, ψ = 1 in B(σ), ψ = 0 in R^n \ B(2σ), ‖Dψ‖ ≤ c σ . Let ρ_m(t), with m integer > 2/a, be a function defined on R by

(3.4) ρ_m(t) =

1 if − a ≤ t ≤ − 2 m , 0 if t ≥ − 1 m or t ≤ b, t + b b − a if − b < t < −a,

−(mt + 1) if − 2 m < t < − 1 m . Finally let {g_s(t)} be a sequence of symmetric mollifying functions

(3.5) g_s(t) ∈ C^∞_o (R), g_s(t) ≥ 0, g_s(t) = g_s(−t)

supp g_s ⊂ [ − 1 s , 1 s ] ∫ g_s(t) dt = 1.

Having fixed i integer, 1 ≤ i ≤ n, and h such that |h| < min { 1, σ 2 } , if we set b^∗ = a + b 2 , let us assume in (1.1), for each m > 2 a and for each s > max { m, 1 T − b } , φ = τ_{i,−h}{ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]}.

Then we get

(3.6)

∫ Q n∑ j=1 ( τ_{i,h}a^j(X, u, Du) | D_j{ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]} ) dX

= ∫ Q ( τ_{i,h} | ψ^2{ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]}^′ ) dX + ∫ Q ( B^0(X, u, Du) | τ_{i,−h}{ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]} ) dX. Furthermore

(3.7) τ_{i,h}a^j (X, u(X), Du(X)) = ∫_1 0 ∂ ∂η a^j (x + ηhe^i, t, u(X) + ητ_{i,h}u(X), Du(X) + ητ_{i,h}Du(X)) dη

= h ∂ã^j ∂x_i + N∑ k=1 (τ_{i,h}u_k(X))

∂ã^j ∂u_k + n∑ r=1 N∑ k=1 (τ_{i,h}D_ru_k(X))

∂ã^j ∂p^r_k

where, if b = b(X, u, p) is a vector of R^N , we set for the sake of simplicity

(3.8) b̃(x) =

∫_1 0 b(x + hηe^i, t, u(X) + ητ_{i,h}u(X), Du(X) + ητ_{i,h}Du(X)) dη.

Therefore, from (3.6) we obtain that

(3.9)

∫ Q ψ^2ρ_m n∑ j,r=1 N∑ k=1 ( (τ_{i,h}D_ru_k(X))

∂ã^j ∂p^r_k

| (ρ_mτ_{i,h}D_ju) ∗ g_s ) dX

= −2 ∫ Q ψρ_m n∑ j,r=1 N∑ k=1 ( (τ_{i,h}D_ru_k(X))

∂ã^j ∂p^r_k

| D_jψ[(ρ_mτ_{i,h}u) ∗ g_s] ) dX

− ∫ Q n∑ j,r=1 N∑ k=1 ( (τ_{i,h}u_k(X))

∂ã^j ∂u_k

| D_j { ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s] }) dX

− h ∫ Q n∑ j=1 ( ∂ã^j ∂x_i

| D_j { ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s] }) dX

+ ∫ Q ψ^2ρ^′_m(τ_{i,h}u | (ρ_mτ_{i,h}u) ∗ g_s) dX + ∫ Q ( B^0(X, u, Du) | τ_{i,−h}{ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]} ) dX taking into account that

D_j{ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]} = ψ^2ρ_m[(ρ_mτ_{i,h}D_ju) ∗ g_s] + 2ψρ_mD_jψ[(ρ_mτ_{i,h}u) ∗ g_s]

and that, by symmetry of the g_s(t) ∫ Q ( τ_{i,h}u | ψ^2ρ_m[(ρ_mτ_{i,h}u) ∗ g_s]^′ ) dX = 0.

And so, from (3.9), taking the limit for s → +∞, we obtain that

(3.10)

A = ∫ Q ψ^2ρ^2_m n∑ j,r=1 N∑ k=1 ( (τ_{i,h}D_ru_k(X))

∂ã^j ∂p^r_k

| τ_{i,h}D_j u ) dX

= −2 ∫ Q ψρ^2_m n∑ j,r=1 N∑ k=1 ( (τ_{i,h}D_ru_k(X))

∂ã^j ∂p^r_k

| D_jψ τ_{i,h}u ) dX

− ∫ Q n∑ j,r=1 N∑ k=1 ( (τ_{i,h}u_k)

∂ã^j ∂u_k

| D_j(ψ^2ρ^2_mτ_{i,h}u) ) dX

− h ∫ Q n∑ j=1 ( ∂ã^j ∂x_i

| D_j(ψ^2ρ^2_mτ_{i,h}u) ) dX

+ ∫ Q ψ^2ρ_mρ^′_m‖τ_{i,h}u‖^2 dX + ∫ Q ( B^0(X, u, Du) | τ_{i,−h}(ψ^2ρ^2_mτ_{i,h}u)} ) dX = B + C + D + E + F.

By assumption (1.4) and from Lemma 2.VI of [2], the integral on the left-hand side can be estimated in the following way

(3.11) A ≥ ν(k)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m‖τ_{i,h}Du‖^2(1 + ‖Du‖^2)^{q−2}2 dx

≥ ν C(K, q)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m‖τ_{i,h}Du‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2} dx.

On the other hand, from (3.8) and by assumption (1.3) it follows that

(3.12) N∑ k=1 n∑ r=1 ‖ ‖ ‖ ∂ã^j ∂p^r_k ‖ ‖ ‖ ≤ M(k)(1 + ‖Du‖ + ‖τ^{i,h} Du‖)^{q−2},

(3.13) ‖ ‖ ‖ ‖ ∂ã^j ∂x_i ‖ ‖ ‖ ‖ + N∑ k=1 ‖ ‖ ‖ ‖ ∂ã^j ∂u_k ‖ ‖ ‖ ‖ ≤ M(k)(1 + ‖Du‖ + ‖τ^{i,h} Du‖)^{q−1}.

Then, we obtain that

|B| ≤ c(k, q, σ, n) · ∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}u‖ ‖τ_{i,h}Du‖ dX

≤ c(k, q, σ, n) · (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}Du‖^2 dx

) 1_2

· (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}u‖^2 dx

) 1_2

and from this inequality it follows, ∀ ϵ > 0, that

(3.14)

|B| ≤ ϵ 3 ∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}Du‖^2 dx

+c(k, q, σ, n, ϵ)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q‖τ_{i,h}u‖^2 dx.

Analogously, we have

|C| ≤ c(k, q, σ, n)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−1}‖τ_{i,h}u‖

· (ψ^2ρ^2_m‖τ_{i,h}Du‖ + c(σ)ψρ^2_m‖τ_{i,h}u‖) dx ≤ c(k, q, σ, n) · ∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−1}ψ^2ρ^2_m‖τ_{i,h}u‖ ‖τ_{i,h}Du‖^2 dx

+ c(k, q, σ, n)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−1}ψρ^2_m‖τ_{i,h}u‖^2 dx

≤ c(k, q, σ, n) · (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}Du‖^2 dx

) 1_2

· (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖) ‖τ_{i,h}u‖^2 dx

) 1_2

+ c(k, q, σ, n)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q‖τ_{i,h}u‖^2 dx.

Then, ∀ ϵ > 0 it follows

(3.15)

|C| ≤ ϵ 3 ∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}Du‖^2 dx

+c(k, q, σ, n, ϵ)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q‖τ_{i,h}u‖^2 dx.

Moreover, by assumption (1.3) and from Lemma 2.1 we obtain that

|D| ≤ c(k, n, q)|h|

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−1}

· (ψ^2ρ^2_m‖τ_{i,h}Du‖ + c(σ)ψρ^2_m‖τ_{i,h}u‖) dx ≤ c(k, n, q)|h| · (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}Du‖^2 dx

) 1_2

· (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q dx

) 1_2

+ c(k, σ, n, q)|h|

(∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψρ^2_m‖τ_{i,h} u‖^q dx

) 1_q

· (∫_{−1/m}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q dx

) q−1_q .

Then, ∀ ϵ > 0 it follows that

|D| ≤ ϵ

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h}Du‖^2 dx

(3.16)

+ c(k, q, n, ϵ)|h|^2

∫_{−1/m}

−b^∗ dt ∫ B(3σ)

(1 + ‖Du‖)^q dx

+ c(k, q, n, σ)|h|^2

(∫_{−1/m}

−b^∗ dt ∫ B(3σ)

(1 + ‖Du‖)^q dx

) 1_q

· ( c(q)

∫_{−1/m}

−b^∗ dt ∫ B(3σ)

(1 + ‖Du‖)^q dx

) q−1_q

≤ ϵ ∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2}‖τ_{i,h} Du‖^2 dx

+ c(k, σ, n, q, ϵ)|h|^2

∫_{−1/m}

−b^∗ dt ∫ B(3σ)

(1 + ‖Du‖)^q dx.

Moreover we have

(3.17)

|E| = ∫ Q ψ^2ρ_mρ^′_m‖τ_{i,h}u‖^2 dx

≤ |h|^2

∫_{−a}

−b^∗ dt ∫ B(2σ)

ψ^2ρ_mρ^′_m‖Du‖^2 dx ≤ |h|^2 b − a

∫_{−a}

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖)^q dx,

taking into account that

ρ_mρ^′_m

≤ 0 if − 2 m ≤ t ≤ 1 m , = 0 if t ≤ −b or t ≥ − 1 m or − a ≤ t ≤ − 2 m , ≤ 1 b − a if − b ≤ t ≤ −a.

By assumption (1.2), we have moreover

(3.18)

|F | ≤ ∫ Q ‖B^0(X, u, Du)‖ ‖τ_{i,−h}(ψ^2ρ^2_mτ_{i,h}u)‖ dX

≤ c(k, q)

∫_{−1/m}

−b^∗ dt ∫ B(^5_2 σ)

(1 + ‖Du‖^2)^q2 ‖τ_{i,−h}(ψ^2τ_{i,h} u)‖ dx.

From (3.10)–(3.18), with ϵ = ν 6 in (3.14), (3.15), (3.16), it follows, for each integer i, 1 ≤ i ≤ n, and for each |h| < min { 1, σ 2 }

(3.19) ν 2 c(k, q)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

ψ^2ρ^2_m‖τ_{i,h} Du‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2} dx

≤ c(k, σ, q, a, b, n, ν)|h|^2

∫_{−1/m}

−b^∗ dt ∫ B(3σ)

(1 + ‖Du‖)^q dx

+ c(k, σ, q, n, ν)

∫_{−1/m}

−b^∗ dt ∫ B(2σ)

‖τ_{i,h}u‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q dx + ∫_{−1/m}

−b^∗ dt ∫ B(^5_2 σ)

(1 + ‖Du‖^2)^q2 ‖τ_{i,−h}(ψ^2τ_{i,h}u)‖ dx.

Let us consider now the last integral that appears at the right hand side of (3.19). From Theorem 3.III of [4] (with σ_0 = 3σ, a = b^∗) we deduce that

(3.20) u ∈ L^q(−b^∗, 0, H^{1+θ,q}(B( 5 2 σ), R^N )), ∀ θ ∈ ( 0, 2 q )

and

(3.21)

∫_0

−b^∗

|Du|^q_{θ,q,B( 52 σ)} dt

≤ c(ν, k, U, θ, λ, σ, q, a, b, n)

∫_0 −b dt ∫ B(3σ)

(1 + ‖Du‖)^q dx

hence, thanks also to the assumption u ∈ C^{0,λ}(Q, R^N ), it results for a.e. t ∈ (−b^∗, 0)

u(x, t) ∈ H^{1+θ,q}(B( 5 2 σ), R^N ) ∩ C^{0,λ}(B( 5 2 σ), R^N ), ∀ θ ∈ ( 0, 2 q ) .

From Lemma 2.3 (with Ω = B(^5_2 σ) and θ = 1 −^λ_2 ) we get for a.e. t ∈ (−b^∗, 0)

(3.22) u(x, t) ∈ W^{1,p}(Ω, R^N ) where p = 2q +

2q^2λ 2n − λq and (3.23) ‖u‖_{1,p,B(} 5_{2 σ)} ≤ c(λ, σ, n)‖u‖^{12}_{2− λ2 ,q,B( 52 σ)} ‖u‖^{12}_{C0,λ(B( 52 σ),RN )}.

Now, since p > 2q, we obtain

W^{1,p}(B( 5 2 σ), R^N ) ⊂ W^{1,2q}(B( 5 2 σ), R^N )

and this is an algebraic and topological inclusion; from which by (3.22) and (3.23), it follows for a.e. t ∈ ( −b^∗, −^1_m ) that

(3.24) u(x, t) ∈ W^{1,2q}(B( 5 2 σ), R^N ) and

(3.25)

‖u‖^{2q}_{1,2q,B( 52 σ)}

≤ c(k, U, λ, σ, n)‖u‖^q_{2− λ2 ,q,B( 52 σ)}

≤ c(k, U, λ, σ, n) { 1 + |u|^q_{1,q,B( 52 σ)} + |Du|^q_{1− λ2 ,q,B( 52 σ)} } . This estimate holds in particular for a.e. t ∈ ( −b^∗, −^1_m ) ; for such t therefore we obtain, ∀ ϵ > 0,

c(k) ∫ B(^5_2 σ)

(1 + ‖Du‖^2)^q2 ‖τ_{i,−h}(ψ^2τ_{i,h}u)‖ dx

≤ (∫ B(^5_2 σ)

|h|^{−2}‖τ_{i,−h}(ψ^2τ_{i,h}u)‖^2 dx

) 1_2 ( c(k) ∫ B(^5_2 σ)

|h|^2(1 + ‖Du‖^2)^q dx

) 1_2

≤ ϵ 2 |h|^{−2} ∫ B(^5_2 σ)

‖τ_{i,−h}(ψ^2τ_{i,h}u)‖^2 dx + c(k, ϵ)|h|^2 ∫ B(^5_2 σ)

(1 + ‖Du‖^2)^q dx

≤ ϵ 2 ∫ B(2σ)

‖D(ψ^2τ_{i,h}u)‖^2 dx + c(k, σ, ϵ)|h|^2 { 1 + ∫ B(^5_2 σ)

‖Du‖^{2q} dx }

≤ ϵ ∫ B(2σ)

ψ^4‖τ_{i,h}Du‖^2 dx + c(σ, ϵ) ∫ B(2σ)

ψ^2‖τ_{i,h}u‖^2 dx

+ c(k, σ, ϵ)|h|^2 { 1 + ∫ B(^5_2 σ)

‖Du‖^{2q} dx }

≤ ϵ ∫ B(2σ)

ψ^2‖τ_{i,h}Du‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2} dx

+ c(σ, ϵ) ∫ B(2σ)

ψ^2‖τ_{i,h}u‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q dx

+ c(k, σ, ϵ)|h|^2 { 1 + ‖u‖^{2q}_{1,2q,B( 52 σ)} } .

From this, for ϵ =^ν_4 , it follows that

c(k) ∫ B(^5_2 σ)

(1 + ‖Du‖^2)^q2 ‖τ_{i,−h}(ψ^2τ_{i,h}u)‖ dx ≤ ν 4 ∫ B(2σ)

ψ^2‖τ_{i,h}Du‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2} dx

+ c(σ, ν) ∫ B(2σ)

ψ^2‖τ_{i,h}u‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q dx

+ c(k, σ, ν)|h|^2 { 1 + ‖u‖^{2q}_{1,2q,B( 52 σ)} }

and, from which, by multiplicating both members with ρ^2_m and by integrating with respect to t over ( −b^∗, −^1_m ) we deduce

(3.26) c(k)

∫_− 1_m

−b^∗

ρ^2_m dt ∫ B(^5_2 σ)

(1 + ‖Du‖^2)^q2 ‖τ_{i,−h}(ψ^2τ_{i,h}u)‖ dx

≤ ν 4 ∫_− 1_m

−b^∗ dt ∫ B(2σ)

ψ^2‖τ_{i,h}Du‖^2ρ^2_m(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2} dx

+ c(σ, ν)

∫_− 1_m

−b^∗ dt ∫ B(2σ)

‖τ_{i,h}u‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q dx

+ c(ν, k, U, λ, σ, n)|h|^2

∫_− 1_m

−b^∗ { 1 + ‖u‖^{2q}_{1,2q,B( 52 σ)} dx } dt. Let us consider the penultimate integral that appears at the right hand side of (3.26) and (3.19). Using the Hölder inequality and thanks to Lemma 2.1 and (3.25), we have, for a.e. t ∈ (−b^∗, 0), that^{(2)} ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q‖τ_{i,h}u‖^2 dx

≤ (∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^p dx

) q_p

· (∫ B(2σ)

‖τ_{i,h}u‖^{4n}

n+q(θ+λ−1) dx

)^{n+q(θ+λ−1)} 2n

≤ c(q) { 1 + (∫ B(^5_2 σ)

‖Du‖^p dx

)} q_p

|h|^2 (∫ B(^5_2 σ)

|Du|^{4n}

n+q(θ+λ−1) dx

)^{n+q(θ+λ−1)} 2n

(2) 4n

n+q(θ+λ−1) = 2p p−q < p since 2 < p − q

≤ c(n, q, σ, θ, λ)|h|^2 { 1 + (∫ B(^5_2 σ)

‖Du‖^p dx

)} q_p { 1 + (∫ B(^5_2 σ)

‖Du‖^p dx

)} 2_p

≤ c(q, σ, θ, n, λ)|h|^2 { 1 + |Du|_{0,p,B(} 5_{2 σ)}

}_{q+2}

≤ c(n, q, σ, θ, λ)|h|^2 { 1 + ‖u‖^{2q}_{1,p,B( 52 σ)} }

≤ c(n, q, λ, θ, σ)|h|^2 { 1 + |u|^q_{1,q,B( 52 σ)} + |Du|^q_{1− λ2 ,q,B( 52 σ)} }

from which, by integrating with respect to t over (−b^∗, 0) we have

(3.27)

∫_0

−b^∗ dt ∫ B(2σ)

(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^q‖τ_{i,h}u‖^2 dx

≤ c(q, σ, n, θ, λ, k, U, a, b)|h|^2 { 1 + ∫_0

−b^∗ ( |u|^q_{1,q,B( 52 σ)} + |Du|^q_{1− λ2 ,q,B( 52 σ)} ) dt } . From (3.19), (3.25), (3.26), (3.27) and (3.21) (for θ = 1 −^λ_2 ) we deduce, for each integer i, 1 ≤ i ≤ n, and for each |h| < min { 1,^σ_2 } , taking the limit as m → ∞, we get

(3.28) ν 4 c(k, q)

∫_0 −a dt ∫ B(σ)

‖τ_{i,h}Du‖^2(1 + ‖Du‖ + ‖τ_{i,h} Du‖)^{q−2} dx

≤ c(q, σ, n, ν, λ, k, U, a, b)|h|^2 { 1 + ∫_0 −b |u|^q_{1,q,B(3σ)} dt }

and then, for any h such that |h| < min { 1,^σ_2 } we have

(3.29)

∫_0 −a dt ∫ B(σ)

‖τ_{i,h}Du‖^2 dx

≤ c(q, σ, n, ν, λ, k, U, a, b)|h|^2 { 1 + ∫_0 −b |u|^q_{1,q,B(3σ)} dt } . The estimate (3.29) is trivial if min { 1,^σ_2 } < h < σ and then (3.29) will be true for each integer i, 1 ≤ i ≤ n and for each |h| < σ.

From (3.29) and by Lemma 2.2 we have that

(3.30) Du ∈ L^2(−a, 0, H^{1,2}(B(σ), R^N ))

and then

(3.31) u ∈ L^2(−a, 0, H^2(B(σ), R^N )) and moreover (3.32)

∫_0 −a |u|^2_{,B(σ)} dt ≤ c(ν, k, U, σ, a, b, q, n) { 1 + ∫_0 −b |u|^q_{1,q,B(3σ)} dt } . It remains to show that u ∈ H^1(−a, 0, L^2(B(σ), R^N )) and that the relative estimate holds. From (3.25) it follows, for a.e. t ∈ (−a, 0) ∫ B(σ)

‖D_iu‖^{2q} dx ≤ c(k, U, λ, σ, n) { 1 + |u|^q_{1,q,B( 52 σ)} + |Du|^q_{1− λ2 ,q,B( 52 σ)} } , i = 1, 2, . . . , n, from which and from (3.21), by integrating with respect to t in (−a, 0) we deduce D_iu ∈ L^{2q}(B(σ) × (−a, 0), R^N ), i = 1, 2, . . . , n, and (3.33)

∫_0 −a dt ∫ B(σ)

‖Du‖^{2q} dx ≤ c(ν, k, U, λ, σ, n, a, b) { 1 + ∫_0 −b |u|^q_{1,q,B(3σ)} dt } . Now, by assumption (1.2) ‖B^0(X, u, Du)‖ ≤ M(k, q)(1 + ‖Du‖^q) and then, from (3.33) we deduce that (3.34) B^0(X, u, Du) ∈ L^2(B(σ) × (−a, 0), R^N ) and (3.35)

∫_0 −a dt ∫ B(σ)

‖B^0(X, u, Du)‖^2 dx ≤ c(k, q)

∫_0 −a dt ∫ B(σ)

(1 + ‖Du‖^{2q}) dx.

On the other hand, by assumption (1.3) we have that (3.36) D_ia^i(X, u, Du) ∈ L^2(B(σ) × (−a, 0), R^N ), i = 1, 2, . . . , n, and that

(3.37)

∫_0 −a dt ∫ B(σ) n∑ i=1 ‖D_ia^i(X, u, Du)‖^2 dx

≤ c(k, n, q)

∫_0 −a dt ∫ B(σ)

1 + ‖Du‖^{2q} + n∑ i,j=1

‖D_{i,j}u‖^2 dx.

Now, taking into account that u is a solution in Q (and then in B(σ) × (−a, 0)) of the system (1.1), we deduce that, for each φ ∈ C^∞_0 (B(σ) × (−a, 0), R^N )

∫_0 −a dt ∫ B(σ) ( u | ∂φ ∂t ) dx

= − ∫_0 −a dt ∫ B(σ) ((_n ∑ i=1 D_ia^i(X, u, Du) + B^0(X, u, Du) ) | φ ) dx

from which, by (3.34) and (3.36), it results that

(3.38) ∃ ∂u ∂t ∈ L^2(B(σ) × (−a, 0), R^N )

and from (3.35), (3.37) it follows that

∫_0 −a dt ∫ B(σ) ‖ ‖ ‖ ∂u ∂t ‖ ‖ ‖ 2 dx

≤ c(k, n)

∫_0 −a dt ∫ B(σ)

1 + ‖Du‖^{2q} + n∑ i,j=1

‖D_{i,j}u‖^2 dx

and then, by (3.32), (3.33) we deduce that

(3.39)

∫_0 −a dt ∫ B(σ) ‖ ‖ ‖ ∂u ∂t ‖ ‖ ‖^2 dx

≤ c(ν, k, U, λ, σ, a, b, n) { 1 + ∫_0 −b |u|^q_{1,q,B(3σ)} dt } . Finally we deduce (3.1) and (3.2) from (3.31), (3.32), (3.38), (3.39)^{(3)} . □

References

[1] Campanato S., Sistemi ellittici in forma di divergenza. Regolarità all’interno, Quaderni Scuola Norm. Sup. Pisa, 1980.

[2] Campanato S., Differentiability of the solutions of nonlinear elliptic systems with natural growth, Ann. Mat. Pura Appl. (4) 131 (1982).

[3] Fattorusso L., Sulla differenziabilità delle soluzioni di sistemi parabolici non lineari del secondo ordine ad andamento quadratico, Boll. Un. Mat. Ital. B (7) 1 (1987), 741–764.

[4] Fattorusso L., Marino M., Differenziabilità locale per sistemi parabolici non lineari del secondo ordine con non linearità q ≥ 2, Ricerche Mat. 41 (1992), no. 1, 89–112.

(3) Theorem 3.1 can be proved by substituting (1.3) and (1.4) with the monotony assumptions (1.3), (1.4) of [4] and by following the technique in [4] instead of the one in [3].

90 L. Fattorusso

[5] Fattorusso L., Differenziabilità locale per sistemi parabolici non lineari del secondo ordine con non linearità 1 < q < 2, Matematiche (Catania) 48 (1993), no. 2, 331–347 (1994).

[6] Marino M., Maugeri M., Differentiability of weak solutions of nonlinear parabolic systems with quadratic growth, Matematiche (Catania) 50 (1995), no. 2, 361–377.

D.I.M.E.T. Faculty of Engineering, University of Reggio Calabria, Via Graziella, Loc. Feo di Vito, 89100 Reggio Calabria, Italy E-mail: fattorusso@ing.unirc.it

(Received April 3, 2003, revised October 16, 2003)