Comment.Math.Univ.Carolin. 45,1 (2004)17–36 17

On conditions for the boundedness of the Weyl fractional integral on weighted Lp spaces

L. de Rosa, A. de la Torre

Abstract. In this paper we give a sufficient condition on the pair of weights (w, v) for the boundedness of the Weyl fractional integral I^+_α from L^p(v) into L^p(w). Under some restrictions on w and v, this condition is also necessary. Besides, it allows us to show that for any p : 1 ≤ p < ∞ there exist non-trivial weights w such that I^+_α is bounded from L^p(w) into itself, even in the case α > 1.

Keywords: Weyl fractional integrals, weights Classification: Primary 26A33; Secondary 42B25

1. Introduction and main results

Let 0 < α < 1. Given a locally integrable function f on R, its Weyl fractional integral is defined by

(1.1) I^+_α f(x) =

∫_∞ x f(y) (y − x)^{1−α} dy. Similarly, the Riesz fractional integral is given by

(1.2) I^−_α f(x) =

∫_x −∞ f(y) (x − y)^{1−α} dy. By a weight w we mean a locally integrable, non-negative function defined on R. For any Lebesgue measurable set E ⊆ R we denote the w-measure of E by w(E) = ∫ E w(x) dx, and the characteristic function of E by χ_E.

Throughout the paper, C shall be a positive constant not necessarily the same at each occurrence.

Let w and v be two weights on R and 1 < p < ∞. We consider the weighted norm inequality,

(1.3)

[∫_{+∞} −∞ |I^+_α f(x)|^pw(x) dx

]_{1/p} ≤ C [∫_{+∞} −∞ |f(x)|^pv(x) dx

]_{1/p} , This research has been partially supported by UBACYT 2000-2002, CONICET, Ministerio de Ciencia y Tecnología BFM 2001-1638 and Junta de Andalucía.

for every f in L^p(v). If we denote σ(x) = v(x)^{1−p′} , where 1/p + 1/p^′ = 1, then (1.3) is equivalent to

(1.4)

[∫_{+∞} −∞ |I^+_α (fσ)(x)|^pw(x) dx

]_{1/p} ≤ C [∫_{+∞} −∞ |f(x)|^pσ(x) dx

]_{1/p} , for every f in L^p(σ).

The fractional maximal operator,

M^+_α f(x) = sup_{h>0} 1 h^{1−α}

∫_{x+h} x |f(t)| dt

satisfies the inequality M^+_α f(x) ≤ I^+_α (|f|)(x). The boundedness of M^+_α from L^p(v) into L^p(w) implies that there exists a constant C > 0 such that for every a < b,

(1.5) (∫_a −∞ w(y) (b − y)^{(1−α)p} dy )_{1/p} (∫_b a σ(y) dy

)_{1/p}′

≤ C,

see proof of Theorem 3 in [4]. Then, this condition (1.5) is necessary for the inequality (1.4) to hold. The following theorem gives a sufficient condition for (1.4), which is also necessary in some cases.

Theorem 1.1. Let w and σ be two weights on R. Let 1 < p < ∞ and 0 < α < 1. Then (1.4) holds if I^−_α w belongs to L^{p′}_{loc}(σ) and

(1.6) I^−_α [(I^−_α w)^{p′} σ](x) ≤ CI^−_α w(x) σ -a.e.

Theorem 1.2. Let 1 < p < ∞ and 0 < α < 1. If w and σ satisfy

(1.7) sup_{r>0} [∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ ]_{1/p} [∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ ]_{1/p}′ ≤ C,

for all x ∈ R, then condition (1.6) is necessary for the inequality (1.4) to hold.

Let w be any weight and σ = v^{1−p′} = (I^−_α w)^{−p′} w. Clearly, the pair (w, σ) satisfies condition (1.6). Therefore, the inequality

∫_{+∞} −∞ |I^+_α (f)(x)|^pw(x) dx ≤ C

∫_{+∞} −∞ |f(x)|^pw(x)^{1−p}I^−_α (w)(x)^p dx holds. If w is a power weight, for instance w(x) = x^γ χ_{(0,∞)}(x), γ > −1, it is easy to see that w(x)^{1−p}I^−_α (w)(x)^p ≈ Cx^{γ+αp}χ_{(0,∞)}(x) and therefore ∫_∞ 0 |I^+_α (f)(x)|^px^γ dx ≤ C

∫_∞ 0 |f(x)|^px^{γ+αp} dx.

A similar result for I^−_α was obtained by E. Hernández in [3]. Furthermore, if the weight w satisfies I^−_α w(x) ≤ Cw(x) almost everywhere, then I^+_α maps L^p(w) boundedly into itself. It is easy to check that w(x) = e^x satisfies this condition. Therefore, the class of weights w such that I^+_α maps L^p(w) boundedly into itself, is not empty. This is in sharp contrast with the case of the two-sided operator I_αf(x) =

∫_{+∞} −∞ f(y) |y−x|^{1−α} dy, for which this class is trivial. Indeed, there does not

exist a non-zero weight w satisfying the condition

(A_{p,α}) w(I)^{1/p}w^{1−p′} (I)^{1/p′} ≤ C|I|^{1−α}

for all intervals I, which is necessary for the boundedness of I_α. Remark 1.3. We can consider the operators I^+_α and I^−_α defined as in (1.1) and (1.2) for every α > 0. In the case α ≥ 1 the weights for these operators were studied by F.J. Martín Reyes and E. Sawyer in [5].

Definition 1.4. For fixed 1 ≤ p < ∞ and 0 < α, we say that the weight w belongs to the class F^+_{p,α}, respectively F^−_{p,α}, if the operator I^+_α , respectively I^−_α , maps L^p(w) boundedly into itself.

We have seen above that these classes are non-trivial, at least in the case 1 < p < ∞, 0 < α < 1. The following theorems give us a characterization of them.

Theorem 1.5. Let 0 < α < 1. The following are equivalent:

1. w ∈ F^+_{1,α}.

2. There exists a constant C such that for any f

∫_{+∞} −∞ M^+_α (f)(x)w(x) dx ≤ C

∫_{+∞} −∞ |f(x)|w(x) dx.

3. There exists a constant C such that I^−_α w(x) ≤ Cw(x) a.e.

Actually the result is true for pairs of weights.

Theorem 1.6. Let v and w be two weights and 0 < α < 1. The following are equivalent:

1. There exists a constant C such that for any f

∫_{+∞} −∞ |I^+_α (f)(x)|w(x) dx ≤ C

∫_{+∞} −∞ |f(x)|v(x) dx.

2. There exists a constant C such that for any f

∫_{+∞} −∞ M^+_α (f)(x)w(x) dx ≤ C

∫_{+∞} −∞ |f(x)|v(x) dx.

3. There exists a constant C such that I^−_α w(x) ≤ Cv(x) a.e.

Remark 1.7. By a duality argument, parts (1) and (3) of the previous theorem are equivalent even in the case α ≥ 1.

Theorem 1.8. Let 1 < p < ∞ and α > 0. The following are equivalent:

1. w ∈ F^+_{p,α}.

2. There exist two weights w_0 ∈ F^+_{1,α} and w_1 ∈ F^−_{1,α} such that w = w_0w^{1−p}_1 .

Clearly we obtain similar theorems for I^−_α reversing the orientation of the real line.

2. Proof of Theorems 1.1 and 1.2

Let w and σ be two weights on R. If I^−_α w belongs to L^{p′}_{loc}(σ), we denote

(2.1) ν = (I^−_α w)^{p′} σ.

Then, we can write condition (1.6) in the form

(2.2) I^−_α ν ≤ CI^−_α w σ -a.e.

The following three lemmas shall be needed in the proof of Theorem 1.1. Lemma 2.1. Let 1 < p < ∞ and ν be defined by (2.1).

(i) Suppose that

(2.3)

[∫_{+∞} −∞ |I^−_α (gν)|^{p′} σ

]_{1/p}′ ≤ C [∫_{+∞} −∞ |g|^{p′} ν

]_{1/p}′ ,

for all g ∈ L^{p′} (ν). Then, for any r : 1 < r ≤ p^′ the inequality

(2.4)

[∫_{+∞} −∞ | | | I^−_α (gν) I^−_α w | | | r ν ]_{1/r} ≤ C [∫_{+∞} −∞ |g|^rν

]_{1/r} , holds for all g ∈ L^r(ν).

(ii) If (2.2) holds, then (2.4) holds for all r : 1 < r ≤ ∞. (In the case r = ∞, inequality (2.4) is to be interpreted in the L^∞(dν) norm.)

Proof: In order to prove (i) we will make use of the theory of interpolation in the setting of Lorentz spaces. We recall that for 0 < p < ∞, 0 < q ≤ ∞, the space L^{p,q}(ν) is defined as the set of all measurable functions f for which

‖f‖_{p,q} = ‖t^{1p} f^∗(t)‖_Lq_{(dt/t)} < ∞

where f^∗ is the decreasing rearrangement of f with respect to the measure ν. It is known that if 1 < p < ∞ then the associate space of L^{p,1}(ν) is L^{p′,∞}(ν) and that if a quasilinear operator T maps L^{p,1}(ν) boundedly into L^p(ν) and L^q(ν) into L^q(ν), where 1 < p < q ≤ ∞ then T is a bounded operator on L^s(ν) for any p < s < q (see [1]).

We define the operator A by

(2.5) Ag =

I^−_α (gν) I^−_α w . Taking into account (2.3) we have that (2.6) ‖Ag‖_{Lp}′_{(ν)} ≤ C‖g‖_{Lp}′_{(ν)}.

That is, the operator A is bounded from L^{p′} (ν) to L^{p′} (ν). We shall show that for all 1 < r < p^′, (2.7) ‖Ag‖_Lr_{(ν)} ≤ C‖g‖_Lr,1_{(ν)}. The adjoint operator of A is defined by A^∗f = I^+_α [f(I^−_α w)^{−1}]ν, and (2.7) can be rewritten as (2.8) ‖I^+_α [f(I^−_α w)^{−r}ν]‖_{Lr}′_{,∞(ν)} ≤ C‖f‖_{Lr}′_{((I}−_{α w)−r ν)}.

This inequality is equivalent to ‖I^+_α g‖_{Lr}′_{,∞(ν)} ≤ C‖(I^−_α w)^rν^{−1}g‖_{Lr}′_{((I}−_{α w)−rν)} = C‖g‖_{Lr}′_{((I}−_{α w)r}′_{ν1−r}′_).

This is the same as asserting that I^+_α is bounded from L^{r′} ((I^−_α w)^{r′} ν^{1−r′} ) to L^{r′,∞}(ν). By Theorem 2 in [4] this is equivalent to the existence of a constant C > 0 such that for any interval I,

(2.9) ∫ I | | | I^−_α (χ_I ν)

I^−_α w | | | r ν ≤ Cν(I).

Using (2.3) with g = χ_I , we get

(2.10) ∫ I |I^−_α (χ_I ν)|^{p′} σ ≤ Cν(I).

Applying Hölder’s inequality with exponents p^′/r and its conjugate, by (2.10) we have that ∫ I [ I^−_α (χ_I ν) I^−_α w

]_r ν ≤ [∫ I [ I^−_α (χ_I ν) I^−_α w

]_p′ ν ]_{r/p}′ ν(I)^{1−r/p′}

= [∫ I [ I^−_α (χ_I ν)

]_p′ σ ]_{r/p}′ ν(I)^{1−r/p′}

≤ Cν(I).

Then (2.9) holds, and it implies (2.8). Therefore, by duality we have (2.7). Now, by (2.6) and an interpolation theorem for L^{r,1}(ν), we obtain (2.4) for all 1 < r < p^′.

(ii) By inequality (2.2), the operator A defined in (2.5) is bounded on L^∞(ν) that is,

(2.11) ‖Ag‖_L∞_{(ν)} ≤ C‖g‖_L∞_{(ν)}.

On the other hand, (2.2) implies that ∫ I [ I^−_α (χ_I ν)

]_p′

σ ≤ C ∫ I (I^−_α w)^{p′} σ = Cν(I),

for any interval I. Then (2.10) holds and, as in part (i), (2.7) holds for all r ≤ p^′. Now, interpolating (2.11) and (2.7) we have that (2.4) holds for all 1 < r < ∞. The case r = ∞ is straightforward and left to the reader. □ Lemma 2.2. Let w and σ be two weights defined on R. Let 0 < α < 1. Then, for every positive integer m, the inequality

(2.12) I^−_α [(I^+_α σ)^mw] ≤ C { (I^−_α w)(I^+_α σ)^m + I^−_α [(I^−_α w)(I^+_α σ)^{m−1}σ] } holds with a constant C depending on α and m. Proof: Taking into account that m > 0 we get,

I^−_α [(I^+_α σ)^mw](x) =

∫_x −∞ I^+_α σ(y)^m (x − y)^{1−α} w(y) dy = ∫_x −∞ 1 (x − y)^{1−α} (∫_∞ y σ(z)dz (z − y)^{1−α}

)_m

w(y) dy

≤ 2^m [∫_x −∞ 1 (x − y)^{1−α} (∫_∞ x σ(z)dz (z − y)^{1−α}

)_m w(y) dy ] (2.13)

+ 2^m [∫_x −∞ 1 (x − y)^{1−α} (∫_x y σ(z)dz (z − y)^{1−α}

)_m

w(y) dy ]

= A_m + B_m.

We have the estimate

A_m ≤ C

∫_x −∞ 1 (x − y)^{1−α} (∫_∞ x σ(z)dz (z − x)^{1−α}

)_m

w(y) dy

= CI^+_α σ(x)^mI^−_α w(x).

Then, in order to prove (2.12), by (2.13), it will be enough to show that

(2.14) B_m ≤ CI^−_α [(I^−_α w)(I^+_α σ)^{m−1}σ](x). We can write B_m in the form

B_m = C

∫_x −∞ (∫_x y σ(z)dz (z − y)^{1−α}

)_m ∫_∞ x−y dt t^{2−α} w(y) dy.

Applying Fubini’s Theorem we have that

(2.15) B_m = C

∫_∞ 0 1 t^{2−α}

∫_x x−t (∫_x y σ(z)dz (z − y)^{1−α}

)_m

w(y) dy dt.

If we prove that for every positive integer m, the inequality

(2.16)

∫_x x−t (∫_x y σ(z)dz (z − y)^{1−α}

)_m

w(y) dy ≤ C

∫_x

x−2^mt

I^−_α w(y)I^+_α σ(y)^{m−1}σ(y) dy,

holds with a constant C depending on m and α only, then by (2.15) and Fubini’s Theorem, we obtain (2.14). We shall show (2.16) by induction. If m = 1, changing the order of integration,

∫_x x−t (∫_x y σ(z)dz (z − y)^{1−α} ) w(y) dy dt =

∫_x x−t ∫_z x−t w(y)dy (z − y)^{1−α} σ(z) dz ≤ ∫_x

x−2t

I^−_α w(z)σ(z) dz.

That is, (2.16) holds in the case m = 1.

Let m > 1 and assume that (2.16) holds for m − 1. Integrating by parts, we observe that (∫_x y σ(z)dz (z − y)^{1−α}

)_m = m ∫_x y 1 (u − y)^{1−α} (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

σ(u) du.

Then applying Fubini’s Theorem,

(2.17)

I_m =

∫_x x−t (∫_x y σ(z)dz (z − y)^{1−α}

)_m

w(y) dy = m ∫_x x−t ∫_x y 1 (u − y)^{1−α} (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

σ(u) du w(y) dy = m ∫_x x−t ∫_u x−t 1 (u − y)^{1−α} (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

w(y) dy σ(u) du.

By (2.17), we can write I_m in the form

I_m = C

∫_x x−t ∫_u x−t ∫_{2(u−y)} u−y ds s^{2−α} (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

w(y) dy σ(u) du.

Changing the order of integration and enlarging the domain we have that

I_m = C

∫_x x−t ∫_{u−x+t} 0 1 s^{2−α}

∫_{u−s/2} u−s (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

w(y) dy ds σ(u) du + C ∫_x x−t ∫_{2(u−x+t)}

u−x+t 1 s^{2−α}

∫_{u−s/2} x−t (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

w(y) dy ds σ(u) du ≤ C ∫_x x−t ∫_{u−x+t} 0 1 s^{2−α}

∫_u u−s (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1} w(y) dy ds σ(u) du + C ∫_x x−t ∫_{2(u−x+t)}

u−x+t 1 s^{2−α}

∫_u u−s (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1}

w(y) dy ds σ(u) du = C ∫_x x−t ∫_{2(u−x+t)} 0 1 s^{2−α}

∫_u u−s (∫_u y σ(z)dz (z − y)^{1−α}

)_{m−1} w(y) dy ds σ(u) du.

Using (2.16) in the case m − 1, we get

I_m ≤ C

∫_x x−t ∫_{2(u−x+t)} 0 1 s^{2−α}

∫_u

u−2^{m−1}s

I^−_α w(y)I^+_α σ(y)^{m−2}σ(y) dy ds σ(u) du.

Applying Fubini’s Theorem, we obtain the estimate

I_m ≤ C

∫_x x−t ∫_u

u−2^m(u−x+t)

I^−_α w(y)I^+_α σ(y)^{m−2}σ(y)

∫_{2(u−x+t)} u−y 2m−1 ds s^{2−α} σ(u) du dy

≤ C ∫_x x−t ∫_u

u−2^m(u−x+t)

I^−_α w(y)I^+_α σ(y)^{m−2} (u − y)^{1−α} σ(y) dy σ(u) du.

Changing the order of integration again, we have that

I_m ≤ C

∫_{x−t}

x−2^mt

I^−_α w(y)I^+_α σ(y)^{m−2}

∫_x

y−2m(x−t) 1−2m

σ(u) (u − y)^{1−α} σ(y) dy du + C ∫_x x−t I^−_α w(y)I^+_α σ(y)^{m−2}

∫_x y σ(u) (u − y)^{1−α} σ(y) dy du.

Enlarging the domain of integration in the first term on the right hand,

I_m ≤ C

∫_x

x−2^mt

I^−_α w(y) I^+_α σ(y)^{m−2} I^+_α σ(y) σ(y) dy = C ∫_x

x−2^mt

I^−_α w(y) I^+_α σ(y)^{m−1} σ(y) dy.

This shows that (2.16) holds for every positive integer m, and finishes the proof of this lemma. □ The following two lemmas are simple variants of Lemma 4 and Lemma 5 in [6], therefore we omit their proofs.

Lemma 2.3. Let w and σ be two weights, 0 < α < 1 and 1 < p < ∞. We assume that m < p ≤ m + 1, where m is a positive integer. Let δ = (p − 1)/m. Then, the inequality (2.18) I^−_α [(I^+_α σ)^{p−1}w] ≤ C { (I^−_α w)(I^+_α σ)^{p−1} + (I^−_α w)^{1−δ} [I^−_α [(I^−_α w)(I^+_α σ)^{m−1}σ]]^δ }

holds, with a constant C depending on α, p and m.

Let w and σ be two weights on R and 1 < p < ∞. We define the operator B_p in the form (2.19) B_p(f) = I^−_α [|I^+_α (fσ)|^{p−1}w], for each f ∈ L^p(σ).

Lemma 2.4. Let 1 < p < ∞ and 1/p + 1/p^′ = 1. Suppose that for every f ∈ L^p(σ), we have the inequality

(2.20)

∫_{+∞} −∞ [B_p(f)]^{p′} σ ≤ C‖f‖^p_{Lp(σ)}.

Then, (1.4) holds.

Proof of Theorem 1.1: Let ν be defined as in (2.1), that is ν = (I^−_α w)^{p′} σ. Condition (1.5) is I^−_α ν ≤ CI^−_α w, σ − a.e. Then, by Lemma 2.1(ii), we get (2.4) for every r : 1 < r ≤ ∞. In the case r = p^′ we have that the inequality (2.21) ‖I^−_α (gν)‖_{Lp}′_{(σ)} ≤ C‖g‖_{Lp}′_{(ν)} holds for every g ∈ L^{p′} (ν). By duality (2.21) is equivalent to (2.22) ‖I^+_α (fσ)‖_Lp_{(ν)} ≤ C‖f‖_Lp_{(σ)}, for every f ∈ L^p(σ). We shall show that (2.22) implies (2.21). Thus, applying Lemma 2.4 we obtain (1.4).

Let f ∈ L^p(σ), f ≥ 0. We consider the operator B_p defined in (2.19). First of all, we prove that (2.20) holds for all positive integers p ≥ 2. By Lemma 2.2 with m = p − 1,

B_p(f) ≤ C { (I^−_α w)(I^+_α (fσ))^{p−1} + I^−_α [(I^−_α w)(I^+_α (fσ))^{p−2}fσ] } . Raising both sides of this inequality to the power p^′ and integrating with respect to the weight σ, ∫_{+∞} −∞ B_p(f)^{p′} σ ≤ C

∫_{+∞} −∞ I^−_α (w)^{p′} (I^+_α (fσ))^pσ +C ∫_{+∞} −∞ I^−_α [(I^−_α w)(I^+_α (fσ))^{p−2}fσ]^{p′} σ.

By (2.22), the first term on the right hand is bounded by C‖f‖^p_{Lp(σ)}. To estimate the second term we consider the function g = (I^−_α w)^{1−p′} [I^+_α (fσ)]^{p−2}f.

Using (2.21), we have that

∫_{+∞} −∞ I^−_α [(I^−_α w)(I^+_α (fσ))^{p−2}fσ]^{p′} σ = ‖I^−_α (gν)‖^{p′}_{Lp′ (σ)}

≤ C‖g‖^{p′}_{Lp′ (ν)} = C

∫_{+∞} −∞ (I^−_α w)^{(2−p′ )p′} (I^+_α (fσ))^{(p−2)p′} f^{p′} σ.

This inequality gives (2.20) for p = 2. From now on, assume that p > 2. By Hölder’s inequality with exponents^{p−1}_{p−2} and^p_{p′} and using the identity (2−p^′)p^{′ p−1}_{p−2} = p^′, we obtain that the last expression is bounded by C [∫_{+∞} −∞ I^+_α (fσ)^p(I^−_α w)^{p′} σ

]^{p−2}_{p−1} ‖f‖^{p′}_{Lp(σ)} ≤ C‖f‖^p_{Lp(σ)}.

In consequence, (2.20) holds for every positive integer p.

Now, we suppose that p is not an integer and m < p < m + 1 with m a positive integer. By Lemma 2.3 we get

B_p(f) ≤ C { (I^−_α w)(I^+_α fσ)^{p−1} + (I^−_α w)^{1−δ} [I^−_α [(I^−_α w)(I^+_α fσ)^{m−1}fσ]]^δ } , where δ =^{p−1}_m . Raising both sides of this inequality to the power p^′ and integrating against σ(x)dx, we have

∫_{+∞} −∞ B_p(f)^{p′} σ ≤ C

∫_{+∞} −∞ (I^+_α (fσ))^pν + C ∫_{+∞} −∞ (I^−_α w)^{p′(1−δ)} { I^−_α [(I^−_α w)(I^+_α fσ)^{m−1}fσ]

}_p′_δ σ. Using (2.22), the first term on the right hand is bounded by C‖f‖^p_{Lp(σ)}. Now, let r = p^′δ < p^′ and g = (I^−_α w)^{1−p′} [I^+_α (fσ)]^{m−1}f.

Applying Lemma 2.1(i), more precisely using (2.4) we have that ∫_{+∞} −∞ (I^−_α w)^{p′(1−δ)} { I^−_α [(I^−_α w)(I^+_α fσ)^{m−1}fσ]

}_p′_δ σ = ∫_{+∞} −∞ | | | I^−_α (gν) I^−_α w | | | r ν ≤ C

∫_{+∞} −∞ g^rν = C ∫_{+∞} −∞ (I^−_α w)^{p′(1− 1}m^)(I^+_α fσ)^{(1− 1}m^{)p}f^pm σ.

If 1 < p < 2 then m = 1 and the proof is complete in this case. Suppose p > 2. Applying Hölder’s inequality with exponent m and its conjugate, and taking into account (2.22) we obtain that

∫_{+∞} −∞ (I^−_α w)^{p′(1− 1}m^)(I^+_α fσ)^{(1− 1}m^{)p}f^pm σ

≤ [∫_{+∞} −∞ (I^−_α w)^{p′} I^+_α (fσ)^pσ

]_{1−}^1_m ‖f‖ p m L^p(σ) ≤ C‖f‖ p L^p(σ).

Thus, (2.20) is proved for every 1 < p < ∞. This completes the proof of Theorem 1.1. □

Remark 2.5. We observe that applying Lemma 2.4 we have proved that (2.22) implies (1.4).

We observe that by duality (1.4) is equivalent to (2.23) ‖I^−_α (fw)‖_{Lp}′_{(σ)} ≤ C‖f‖_{Lp}′_{(w)}.

Proof of Theorem 1.2: Let us assume that (1.4) and (1.7) hold. We can write

I^−_α [(I^−_α w)^{p′} σ](x) = C

∫_∞ 0 [(I^−_α w)^{p′} σ]([x − r, x]) r^{1−α} dr r . For each r > 0, let w = w_{1,r} + w_{2,r} where, w_{1,r} = wχ_{[x−2r,x]} and w_{2,r} = w − w_{1,r}.

Then, I^−_α w = I^−_α (w_{1,r}) + I^−_α (w_{2,r}), and it follows that

I^−_α [(I^−_α w)^{p′} σ](x) ≤ C ∫_∞ 0 [(I^−_α w_{1,r})^{p′} σ]([x − r, x]) r^{1−α} dr r + C ∫_∞ 0 [(I^−_α w_{2,r})^{p′} σ]([x − r, x]) r^{1−α} dr r = A + B.

By (2.23), we have the estimate

[(I^−_α w_{1,r})^{p′} σ]([x − r, x]) =

∫_x x−r I^−_α (χ_{[x−2r,x]}w)(y)^{p′} σ(y) dy ≤ C ∫_{+∞} −∞ |χ_{[x−2r,x]}(y)|^{p′} w(y) dy = Cw([x − 2r, x]).

Therefore, A ≤ C

∫_∞ 0 w([x − 2r, x]) r^{1−α} dr r = CI^−_α w(x).

On the other hand, taking into account the definition of w_{2,r}, for each z ∈ [x−r, x] we have that

I^−_α (w_{2,r})(z) = C

∫_∞ r w_{2,r}([z − ρ, z])

ρ^{1−α} dρ ρ ≤ C ∫_∞ r w([x − 2ρ, x − 2r]) ρ^{1−α} dρ ρ = C ∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ .

Then,

∫_x x−r I^−_α (w_{2,r})(z)^{p′}σ(z) dz ≤ C (∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ )_p′∫_x x−r σ(z) dz.

In consequence,

(2.24) B ≤ C

∫_∞ 0 σ([x − r, x]) r^{1−α} (∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ )_p′ dr r . Applying Fubini’s Theorem, we observe that

g(r) =

∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ = ∫_∞ 2r 1 ρ^{2−α}

∫_{x−2r} x−ρ w(z) dz dρ = ∫_{x−2r} −∞ w(z)

∫_∞ x−z dρ ρ^{2−α} dz = C

∫_{x−2r} −∞ w(z) (x − z)^{1−α} dz. Thus, the derivative g^′(r) is equal to −C^{w(x−2r)}_{r1−α} . Integrating by parts from (2.24) it follows that we can dominate B by C ∫_∞ 0 ∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ (∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ )_p′_{/p}

w(x − 2r) r^{1−α} dr ≤ C ∫_∞ 0 w(x − 2r) r^{1−α} dr since (1.7) implies that

sup_{r>0}

∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ (∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ )_p′_{/p}

≤ C.

Then, B ≤ C

∫_x −∞ w(y) (x − y)^{1−α} dy = CI^−_α w(x),

and the proof of this theorem is complete. □ In order to state the next proposition, we need to introduce the following definition.

Definition 2.6. Let β > 0. We say that a weight w belongs to RD^−(β) if there exists a constant C > 0, such that

w([x − ρ, x]) ≤ C (ρ r )_β w([x − r, x]),

for all x ∈ R, r > 0 and 0 < ρ < r.

Proposition 2.7. Let 1 < p < ∞. Let w and σ be two weights on R. If σ ∈ RD^−(β) for some β > 1 − α, then (1.5) implies condition (1.7).

Proof: We suppose that w and σ satisfy condition (1.5) and σ ∈ RD^−(β) with β > 1 − α. For each r > 0 we have that ∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ ≤ C σ([x − r, x])

r^β

∫_r 0 ρ^{β+α−2} dρ = C σ([x − r, x])

r^{1−α} . Therefore,

(2.25)

∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ (∫_∞ 2r w([x − ρ, x − 2r]) ρ^{1−α} dρ ρ )_p′_{−1}

≤ C 1 r^{1−α} (∫_∞ 2r w([x − ρ, x − 2r]) σ([x − r, x])^{p/p′} ρ^{1−α} dρ ρ )_p′_{−1}

≤ C 1 r^{1−α} (∫_∞ 2r w([x − ρ, x − r]) σ([x − r, x + ρ − 2r])^{p/p′} ρ^{1−α} dρ ρ )_p′_{−1} .

On the other hand (1.5) implies condition A^+_{p,α}, that is, there exists a constant C such that for every a ∈ R and h > 0

(w([a − h, a]))^{1/p}(σ([a, a + h]))^{1/p′} ≤ Ch^{1−α}.

Applying condition A^+_{p,α}, it follows that (2.25) is bounded by

C 1 r^{1−α} (∫_∞ 2r (ρ − r)^{(1−α)p} ρ^{1−α} dρ ρ )_p′_{−1} ≤ C 1 r^{1−α} r^{(1−α)(p−1)(p′ −1)} = C.

Then, w and σ satisfy (1.7). □

Corollary 2.8. Let σ belong to RD^−(β) for some β > 1 − α. Then (1.6) is a necessary and sufficient condition for the inequality (1.4) to hold.

Proof: It is an immediate consequence of Proposition 2.7 part (ii) and Theorem 1.2. □

Remark 2.9. As an application of these results we consider the existence of non-negative solution of the non-linear integral equation (2.26) u = I^−_α (u^qσ) + I^−_α w σ -a.e., where we suppose that I^−_α w < ∞ σ -a.e. and we have the following result:

Let 1 < q < ∞,^1_p +^1_q = 1, A(p) = (p − 1)p^{−q} and 0 < α < 1. Let w and σ be two locally integrable weights.

(i) If I^−_α w belongs to L^q_{loc}(σ) and the inequality

(2.27) I^−_α [(I^−_α w)^qσ](x) ≤ A(p)I^−_α w(x) σ -a.e. holds, then equation (2.26) has a non-negative solution in L^q_{loc}(σ).

(ii) Assume that there exists a constant C such that

(2.28)

∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ≤ C σ([x − r, x])^{1/q} σ([x − 2r, x − r])^{1/p} r^{1−α} , for all x ∈ R and r > 0. If (2.26) has a non-negative solution in L^q_{loc}(σ), then I^−_α w belongs to L^q_{loc}(σ) and there exists a constant A > 0 such that

(2.29) I^−_α [(I^−_α w)^qσ](x) ≤ AI^−_α w(x) σ -a.e.

The proof is similar to the one in [6].

Definition 2.10. We say that a weight w belongs to D^− if there exists a constant C > 0, such that for all x belonging to R and r > 0, w([x, x + r]) ≤ Cw([x − r, x]).

Taking into account Definition 2.10 we state the next proposition. Proposition 2.11. Let 1 < q < ∞,^1_p +^1_q = 1 and 0 < α < 1. If σ belongs to D^− with a constant C : 0 < C < (2^{1−α} − 1)^{−1} then condition (2.28) holds. Proof: Since σ ∈ D^− with constant C we have that (1 + C)σ([x, x + r]) ≤ Cσ([x − r, x + r]).

Then,

(2.30) σ([x, x + r]) ≤ C 1 + C σ([x − r, x + r]), for every x ∈ R and r > 0. Let β > 1 − α such that

(2.31) 0 < C ≤ 1 2^β − 1 . We shall show that σ ∈ RD^−(β) with constant^{1+C}_C = A^{−1}. Let x ∈ R and r > 0. Fixing ρ : 0 < ρ < r, there exists a positive integer i such that, 2^{−i}r ≤ ρ < 2^{−i+1}r. Then, using (2.30) we have that

(2.32) σ([x − ρ, x]) ≤ σ([x − 2^{−i+1}r, x]) ≤ A^{i−1}σ([x − r, x])

≤ A^{−1}(A2^β)^i ( ρ r )_β σ([x − r, x]).

Taking into account (2.31) we have that A =^C_{1+C} ≤^1_{2β} . Then, by (2.32) we obtain that σ([x − ρ, x]) ≤ A^{−1} ( ρ r )_β σ([x − r, x]).

Since β + α > 1 we have the estimate

(2.33)

∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ ≤ A^{−1} r^β σ([x − r, x])

∫_r 0 ρ^{β+α−2} dρ ≤ A^{−1} β + α − 1 σ([x − r, x]) r^{1−α} . From the hypothesis σ ∈ D^− it follows that σ([x − r, x]) ≤ Cσ([x − 2r, x − r]). Then, applying (2.33), we have that

∫_r 0 σ([x − ρ, x]) ρ^{1−α} dρ ρ ≤ A^{−1} β + α − 1

C^{1/p} σ([x − r, x])^{1/q} σ([x − 2r, x − r])^{1/p} r^{1−α} . This shows that (2.28) holds and completes the proof of the proposition. □

3. The case of equal weights

As we have observed in Section 1, the class of weights w such that I^+_α maps L^p(w), 1 < p < ∞, boundedly into itself, is non-empty. In fact, it is non-empty even in the case p = 1.

Proof of Theorem 1.5: (1) ⇒(2): It follows from the inequality M^+_α (f)(x) ≤ I^+_α (|f|)(x).

(2) ⇒(3): We assume that ∫ M^+_α f(x)w(x) dx ≤ C ∫ |f(x)|w(x) dx.

Let x be a Lebesgue point for w, h > 0 and I = (x, x + h). If a = ess inf_{y∈I} w(y) and ε > 0 we consider the set E = {x ∈ I : w(y) ≤ a + ε} and the function f = |E|^{−1}χ_E . It is clear that for any y < x

M^+_α f(y) ≥ 1 (x + h − y)^{1−α}

∫_{x+h} y f(y) dy = 1 (x + h − y)^{1−α} . Therefore, ∫_x −∞ w(y) (x + h − y)^{1−α} dy ≤ C |E| ∫ χ_E w ≤ C(a + ε).

Thus, ∫_x −∞ w(y) (x + h − y)^{1−α} dy ≤ Ca ≤ 1 h ∫_{x+h} x w(y) dy.

When h goes to zero the left hand side converges to I^−_α (f)(x) while the right hand side converges to w(x).

(3) ⇒(1): Indeed, ∫_{+∞} −∞ |I^+_α (f)|w dx ≤

∫_{+∞} −∞ I^+_α (|f|)w dx = ∫_{+∞} −∞ |f|I^−_α (w) dx ≤ C

∫_{+∞} −∞ |f|w dx. □ Proof of Theorem 1.6: The proof is similar to the previous one and we omit it. □ Proof of Theorem 1.8: (1) ⇒(2): By duality w ∈ F^+_{p,α} is equivalent to w^{1−p′} ∈ F^−_{p′,α}. It follows easily that the operators M_1(g) = [w^{1/p}I^+_α (w^{−1/p}|g|^{p′} )]^{1/p′} and M_2(g) = [w^{−1/p}I^−_α (w^{1/p}|g|^p)]^{1/p} are bounded from L^{pp′} (R) into itself. Applying the Rubio de Francia algorithm, see [2, Lemma 5.1, p. 434], we can obtain a weight v such that M_1(v) ≤ Cv and M_2(v) ≤ Cv.

Then, w_0 = w^{1/p}v^p belongs to F^+_{1,α} and w_1 = w^{−1/p}v^{p′} belongs to F^−_{1,α}. Clearly w = w_0w^{1−p}_1 .

(2) ⇒(1): We suppose that w = w_0w^{1−p}_1 , with w_0 ∈ F^+_{1,α} and w_1 ∈ F^−_{1,α}. It follows easily from Hölder’s inequality that

|I^+_α (f)(x)|^p ≤ I^+_α (|f|^pw^{1−p}_1 )(x)I^+_α (w_1)(x)^{p−1}.

Therefore, by duality

∫_{+∞} −∞ |I^+_α (f)(x)|^pw(x) dx ≤

∫_{+∞} −∞ I^+_α (|f|^pw^{1−p}_1 )(x)I^+_α (w_1)(x)^{p−1}w(x) dx = ∫_{+∞} −∞ |f(x)|^pw_1(x)^{1−p}I^−_α [I^+_α (w_1)^{p−1}w](x) dx ≤ C ∫_{+∞} −∞ |f(x)|^pw_1(x)^{1−p}I^−_α [w^{p−1}_1 w](x) dx = C ∫_{+∞} −∞ |f(x)|^pw_1(x)^{1−p}I^−_α (w_0)(x) dx ≤ C ∫_{+∞} −∞ |f(x)|^pw_1(x)^{1−p}w_0(x) dx = C ∫_{+∞} −∞ |f(x)|^pw(x) dx. □ In the rest of the paper we will make some remarks about the classes F^+_{p,α}.

Proposition 3.1. Let w be a weight and 0 < α < 1. Then

(a) F^+_{1,α} ⊂ F^+_{p,α} for 1 < p < ∞;

(b) if w ∈ F^+_{1,α} and f is a non-negative increasing function then fw ∈ F^+_{1,α}; (c) there exists a weight u_0 ∈ F^+_{1,α} for all 0 < α < 1, that is not essentially increasing;

(d) for any 1 < p < ∞ there exists a weight u ∈ F^+_{p,α} \ F^+_{1,α}; (e) there exists an increasing weight w such that w /∈ F^+_{1,α}.

Proof: (a) Theorem 1.5 states that w ∈ F^+_{1,α} is equivalent to I^−_α w ≤ Cw. Therefore (I^−_α w)^{p′} w^{1−p′} ≤ Cw and the result follows from Theorem 1.1.

In order to prove (b) we observe that it is easy to check that if w satisfies part (3) of Theorem 1.5 then so does fw for any non-negative increasing f.

(c) Simple computations show that the function u defined by

u(x) = ∞∑ n=1 2^nχ_{(2}−2n_{,2}−2n+2_](x) + e^xχ_{(1,∞)}(x),

satisfies I^−_α (u)(x) ≤ Cu(x) almost everywhere and it is clearly not increasing.

(d) Let u_0 be the function defined in part (c) and u_1(x) = u_0(1 − x). From the equality I^+_α (u_1)(x) = I^−_α (u_0)(1 − x) it follows that u_1 belongs to F^−_{1,α}. By Theorem 1.8 we have that w = u_0u^{1−p}_1 belongs to the class F^+_{p,α}.

We shall show that there does not exist a constant C such that I^−_α (w)(x) ≤ Cw(x) a.e. Let x be such that 2^{−2n0} < 1 − x ≤ 2^{−2n0+2} for some n_0 > 1. Then, u(x) = 2^{n0(1−p)+1}, while for any x ∈ [3/4, 1)

I^−_α (w)(x) ≥

∫_{1/4} 0 w(y) (x − y)^{1−α} dy = ∞∑ n=2 2^{n+1−np}

∫_2−2n+2

2^{−2n} 1 (x − y)^{1−α} dy

≥ 3 ∞∑ n=2 2^{n+1−np} 2^{−2n} = A > 0.

In consequence the inequality I^−_α (w)(x) ≤ Cw(x) a.e. would imply 0 < A < 2^{n0(1−p)+1} for every n_0 > 1.

The function w(x) = χ_{[0,∞)}(x) satisfies that I^−_α (w)(x) =^{xα}_α χ_{[0,∞)}(x) and (e) follows. □ Proposition 3.2. Let w be a weight. Then,

(a) for any 0 < γ < 1, there exists u satisfying:

(i) u ∈ F^+_{1,α} for every α : γ < α < 1, (ii) u /∈ F^+_{1,α} for every 0 < α ≤ γ;

(b) let α, β > 0. If w ∈ F^+_{1,α} then I^−_β (w) ∈ F^+_{1,α}; (c) for every 1 ≤ p < ∞, if 0 < α < β then F^+_{p,α} ⊂ F^+_{p,β}.

Remark 3.3. It follows from (a) of Proposition 3.1 and (c) of Proposition 3.2 that for any 0 < α < 1 < β and 1 < p < ∞ we have F^+_{1,α} ⊂ F^+_{p,β}. This inclusion provides easy examples of equal weights satisfying conditions (1.4) and (1.5) in [5, p. 728].

Proof: In order to prove (a) we consider the sequence a_n = 1 −^1_{2n} , n ≥ 0 and we define the function

u(x) = ∞∑ n=1 1 (x − a_{n−1})^γ χ_{(an−1 ,an]}(x) + e^xχ_{[1,∞)}(x).

It is an easy but tedious computation to check that I^−_α (u)(x) ≤ Cu(x) for any γ < α < 1. On the other hand, for 0 < α ≤ γ and any positive integer n_0, if 1 < x < 1 + 2^{−n0} we have

I^−_α (u)(x) ≥

∫_1 0 u(y) (x − y)^{1−α} dy ≥ n_0∑ n=1 ∫_{an}

a_{n−1} dy (y − a_{n−1})^γ (1 + 2^{−n0} − y)^{1−α} .

A change of variables gives

I^−_α (u)(x) ≥ C

n_0∑ n=1 2^{n(γ−α)}.

Therefore, the inequality I^−_α (u)(x) ≤ Cu(x) almost everywhere for 1 < x < 1 + 2^{−n0} would imply

∑_{n0}

n=1 2^{n(γ−α)} ≤ Ce^2 for every n_0 > 1.

Part (b) is a consequence of the equality I^−_α ∘ I^−_β (w) = I^−_β ∘ I^−_α (w). We shall prove part (c). Let us assume that w ∈ F^+_{p,α}. There exists a positive integer n > 1 such that α < β < nα. Then, for any positive f we have

I^+_β (f)(x) =

∫_∞ x f(y) (y − x)^{1−β} dy ≤ ∫_∞ x+1 f(y) (y − x)^{1−nα} dy +

∫_{x+1} x f(y) (y − x)^{1−α} dy ≤ I^+_α ∘ I^+_α ∘ · · · ∘ I^+_α (f)(x) + I^+_α (f)(x),

which implies that I^+_β is bounded from L^p(w) into itself. □

References

[1] Bennett C., Sharpley R., Interpolation of Operators, Academic Press, 1988. [2] García-Cuerva J., Rubio de Francia J.L., Weighted Norm Inequalities and Related Topics, North-Holland, 1985.

[3] Hernández e., Weighted inequalities through factorization, Publ. Mat. 35 (1991), 141–153. [4] Lorente M., de la Torre A., Weighted inequalities for some one-sided operators, Proc. Amer.

Math. Soc. 124 (1996), 839–848.

[5] Martín Reyes F.J., Sawyer E., Weighted inequalities for Riemann-Liouville fractional integrals of order one and greater, Proc. Amer. Math. Soc. 106 (3) (1989), 727–733.

[6] Verbitsky I.E., Wheeden R.L., Weighted trace inequalities for fractional integrals and applications to semilinear equations, J. Funct. Anal. 129 (1) (1995), 221–241.

Departamento de Matemática, Facultad de Ciencias Exactas y Naturales, Universidad de Buenos Aires, Ciudad Universitaria, Pabellón I, 1428 Ciudad de Buenos Aires, y CONICET, Argentina E-mail: lderosa@dm.uba.ar

Departamento de Análisis Matemático, Facultad de Ciencias, Universidad de Málaga, Campus de Teatinos, 29071 Málaga, España E-mail: torre@anamat.cie.uma.es

(Received April 8, 2003, revised October 10, 2003)