Comment.Math.Univ.Carolin. 45,4 (2004)735–737 735

On a question of E.A. Michael

Vladimir V. Filippov

Abstract. A negative answer to a question of E.A. Michael is given: A convex G_δ -subset Y of a Hilbert space is constructed together with a l.s.c. map Y → Y having closed convex values and no continuous selection.

Keywords: l.s.c. map, selection, space of probability measures

Classification: 54C65

In [1] E.A. Michael has proved the following fundamental theorem: Let F : X → B be a lower semicontinuous multivalued mapping of a paracompact space X into a Banach space B. Let the values of F be convex and closed. Then the mapping F has a continuous selection.

In [2] E.A. Michael has asked: Let Y be a convex G_δ-subset of a Banach space B. Does then every lower semicontinuous mapping F : X → Y of a paracompact space X with convex closed values in Y have a continuous selection? V.G. Gutev proved in [3] that the answer is affirmative when X is a countably dimensional metric space or a strongly countably dimensional paracompact space. In [4] V.G. Gutev and V. Valov proved that the answer is affirmative for a paracompact C-space X. See also [5].

Here we will construct an example giving a negative answer. We will construct a lower semicontinuous mapping F : Y → Y of a convex G_δ-subset Y of Hilbert space into itself with convex closed values in Y , which has no continuous singlevalued selection.

Example. We start with the space P ([0, 1]) of all probability measures on the segment [0, 1]. We identify a measure m ∈ P ([0, 1]) with the corresponding linear functional C([0, 1]) → R on the space C([0, 1]) of real continuous functions on the segment [0, 1]. So we associate with a measure m ∈ P ([0, 1]) a point of the Tychonoff product ∏ {[−‖ϕ‖, ‖ϕ‖] : ϕ ∈ C([0, 1])}. Conditions defining probability measures describe closed subset of the Tychonoff product. Then the defined topological space P ([0, 1]) is compact. The sets

O(m_0; ϕ_1, . . . , ϕ_k; ε) = {m : m ∈ P ([0, 1]), |m(ϕ_i) − m_0(ϕ_i)| < ε, i = 1, . . . , k},

where ϕ_1, . . . , ϕ_k ∈ C([0, 1]) and ε > 0, give us a base at a point m_0 ∈ P ([0, 1]). There exists a countable dense subset W of the space of continuous functions on

736 V.V. Filippov

[0, 1]. The mapping which associates with a measure m the sequence {m(w) : w ∈ W } maps P ([0, 1]) into a countable product of segments, which can be considered as the Hilbert cube embedded in a Hilbert space. This mapping keeps the convex structure. So we may consider P ([0, 1]) as a subset of a Banach space. Denote by ρ an arbitrary metric on P ([0, 1]).

There exists a proper convex G_δ-subset Y of the space P ([0, 1]) of all probability measures on the segment [0, 1] which contains all Dirac measures, see [6]. The set Y may be constructed as follows. Let λ denote the Lebesgue measure. Let us denote by A_k, k = 1, 2, . . . , the set of all points m ∈ P ([0, 1]), satisfying the condition: There exists a point n ∈ P ([0, 1]), such that ρ(n, λ) ≥ 2^{−k} and the segment [m, n] contains λ. It is easy to show that the sets A_k are closed, the set Y = P ([0, 1]) \ ⋃ {A_k : k = 1, 2, . . . } is convex, contains all Dirac measures and does not contain the measure λ.

The mapping H_0 : P ([0, 1]) → [0, 1] which associates with a measure its support is lower semicontinuous. So the mapping H_1 : P ([0, 1]) → Y which associates with a measure m the set of all Dirac measures whose supports lie in H_0(m) is lower semicontinuous. So the mapping H_2 : P ([0, 1]) → Y which associates with a measure m the convex hull of H_1(m) is lower semicontinuous. So the mapping H_3 : P ([0, 1]) → Y which associates with a measure m the closure of H_2(m) is lower semicontinuous. The values of the mapping H_3 are convex and closed in Y (H_3(m) = [H_2(m)]_Y = [H_2(m)]_{P ([0,1])} ∩ Y , where [H_2(m)]_Y denotes the closure of H_2(m) in Y and [H_2(m)]_{P ([0,1])} denotes the closure of H_2(m) in P ([0, 1])).

Denote by Δ(a_0, . . . , a_n) the set of all measures whose supports lie in the finite set {a_0, . . . , a_n}. It is homeomorphic to an n-dimensional simplex. The mappings H_2 and H_3 associate with a point p of the simplex the minimal face which contains p. So for every selection h and for every point p of the boundary β of the simplex Δ(a_0, . . . , a_n), the segment connecting the points p and h(p) lies in β. So the identity mapping i : β → β and h | |_β : β → β are homotopic.

So the degree of the mapping h | |_β is equal to 1. So the mapping h | |_{Δ(a0,...,an)} is

surjective. See [7].

So the image I of a selection h must contain the set of all measures with finite supports. This set is dense in P ([0, 1]). But I is compact, so I = P ([0, 1]). On the other hand I ⊂ Y , a contradiction.

Acknowledgment. I wish to express my thanks to E.A. Michael, A.V. Arhangel’skii, P.V. Semenov and to the anonymous referee for useful remarks and suggestions.

References

[1] Michael E.A., Continuous selections, I, Ann. of Math. 63 (1956), 361–382. [2] Michael E.A., Some problems, in: Open Problems in Topology, J. van Mill, G.M. Reed, eds., North Holland, Amsterdam, 1990, pp. 271–278.

On a question of E.A. Michael 737

[3] Gutev V.G., Continuous selections, G_δ -subsets of Banach spaces and usco mappings, Comment. Math. Univ. Carolinae 35.3 (1994), 533–538.

[4] Gutev V.G., Valov V., Continuous selections and C-spaces, Proc. Amer. Math. Soc. 130 (2002), 233–242.

[5] Repovš D., Semenov P.V., Continuous selections of multivalued mappings, in: Recent Progress in General Topology, M. Hušek, J. van Mill, eds., Elsevier Science B.V., 2002, pp. 424–461.

[6] von Weizsäcker H., A note on infinite dimensional convex sets, Math. Scand. 38 (1976), 321–324.

[7] Hilton P.J., Wylie S., Homology Theory, Cambridge University Press, New York, 1960.

Department of Mathematics, Moscow State University, 119 992 Moscow, Russia

(Received May 17, 2004, revised September 15, 2004)