Comment.Math.Univ.Carolin. 46,3 (2005)541–553 541

Oscillatory and nonoscillatory solutions for first order impulsive differential inclusions

Mouffak Benchohra, Abdelghani Ouahab

Abstract. In this paper we discuss the existence of oscillatory and nonoscillatory solutions of first order impulsive differential inclusions. We shall rely on a fixed point theorem of Bohnenblust-Karlin combined with lower and upper solutions method.

Keywords: impulsive differential inclusions, lower and upper solution, existence, nonoscillatory, oscillatory, fixed point

Classification: 34A37, 34A60, 34C10

1. Introduction

In this paper we prove the existence of nonoscillatory and oscillatory solutions for the following class of first order impulsive differential inclusions

y^′(t) ∈ F (t, y(t)), a.e. t ∈ [t_0, ∞), (1) y(t^+_k ) = I_k(y(t^−_k )), k ∈ N, (2) where F : [t_0, ∞) × R −→ P(R) is a multivalued map with nonempty compact and convex values, P(R) is the family of all nonempty subsets of R, I_k ∈ C(R, R), t_0 < t_1 < . . . < t_m < t_{m+1} . . . , t_m → ∞ as m → ∞, y(t^−_k ), y(t^+_k ) represent the left and right limit of y(t) at t = t_k, respectively.

Impulsive differential equations are now recognized as an excellent source of models to simulate processes and phenomena observed in control theory, physics, chemistry, population dynamics, biotechnology, industrial robotics, economics, etc., see the monographs of Bainov and Simeonov [4], Lakshmikantham et al [20], and Samoilenko and Perestyuk [21] and the references therein. Recently, by means of fixed point arguments, some extensions to impulsive differential inclusions have been obtained by Benchohra et al [6], [7], [9]. The questions of oscillation and nonoscillation for nonlinear differential equations have received much attention in the last three decades, we recommend, for instance, the monographs [1], [12], [16], [18] and the references cited therein. For oscillation and nonoscillation of impulsive differential equations see for instance the monograph of Bainov and Simeonov [5] and the papers of Graef et al [13], [14], [15] and Yong-shao and Weizhen [22]. However the theory of nonoscillatory solutions of differential inclusions has received much less attention. Very recently it was initiated by Agarwal, Grace and O’Regan in [2], [3]. The purpose of this paper is to give some sufficient conditions for the existence of oscillatory and nonoscillatory solutions to the class of impulsive differential inclusions (1)–(2). We shall rely on the Bohnenblust- Karlin [10] theorem and the concept of lower and upper solutions. Our results can be considered as a contribution to this field.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multivalued analysis which are used throughout this paper. Let [a, b] be an compact real interval and let C([a, b], R) be the Banach space of all continuous functions y from [a, b] into R with the norm

‖y‖_∞ = sup{|y(t)| : t ∈ [a, b]}.

Let AC([a, b], R) be the space of absolutely continuous functions y : [a, b] → R.

The property

y ≤ y if and only if y(t) ≤ y(t) for all t ∈ [a, b]

defines a partial ordering in C([a, b], R). If α, β ∈ C([a, b], R) and α ≤ β, we let

[α, β] = {y ∈ C([a, b], R) : α ≤ y ≤ β}.

Let L^1([a, b], R) denote the Banach space of functions y : [a, b] −→ R that are Lebesgue integrable with norm

‖y‖_L1 =

∫_b a |y(t)| dt.

Let (X, ‖ · ‖) be a Banach space. A multi-valued map G : X −→ P(X) has convex (closed) values if G(x) is convex (closed) for all x ∈ X. We say that G is bounded on bounded sets if G(B) is bounded in X for each bounded subset B of X (i.e., sup_{x∈B}{sup{‖y‖ : y ∈ G(x)}} < ∞). The map G is upper semi-continuous (u.s.c.) on X if for each x_0 ∈ X the set G(x_0) is a nonempty, closed subset of X, and if for each open subset N of X containing G(x_0), there exists an open neighborhood M of x_0 such that G(M) ⊆ N. Finally, we say that G is completely continuous if G(B) is relatively compact for every bounded subset B ⊆ X. If the multi-valued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph (i.e., x_n −→ x_∗, y_n −→ y_∗, y_n ∈ G(x_n) imply y_∗ ∈ G(x_∗)). We say that G has a fixed point if there exists x ∈ X such that x ∈ G(x). In what follows, P_{cl}(X), P_{cl,c}(X) and P_{cp,c}(X) denote the family of nonempty closed, nonempty closed convex and nonempty compact convex subsets of X, respectively. A multi-valued map G : [t_0, ∞) −→ P_{cl}(X) is said to be measurable if for each x ∈ X the function Y : [t_0, ∞) −→ R defined by Y (t) = d(x, G(t)) = inf{|x − z| : z ∈ G(t)} is measurable, where d is the metric induced from the Banach space X. For more details on multi-valued maps see the book of Hu and Papageorgiou [17]. Definition 2.1. The multivalued map F : [t_0, ∞)×R −→ P(R) is L^1_{loc}-Carathéodory if

(i) t −→ F (t, y) is measurable for each y ∈ R;

(ii) y −→ F (t, y) is upper semi-continuous for almost all t ∈ [t_0, ∞); (iii) for each q > 0, there exists ϕ_q ∈ L^1_{loc}([t_0, ∞), R_+) such that ‖F (t, y)‖ = sup{|v| : v ∈ F (t, y)} ≤ ϕ_q(t)

for all |y| ≤ q and for almost all t ∈ [t_0, ∞).

For any y ∈ C([a, b], R), we define the set

S^1_{F (y)} = {v ∈ L^1([a, b], R) : v(t) ∈ F (t, y(t)) for a.e. t ∈ [a, b]}. This is known as the set of selection functions.

Lemma 2.1 ([19]). Let J be an compact real interval and X be a Banach space. Let F : J × X −→ P_{cp,c}(X) be an L^1-Carathéodory multivalued map with S^1_{F (y)} ≠ ∅ and let Γ be a linear continuous mapping from L^1(J, X) to C(J, X). Then the operator

Γ ∘ S_F : C(J, X) −→ P_{cp,c}(C(J, X)), y −→ (Γ ∘ S_F )(y) := Γ(S_{F,y}) is a closed graph operator in C(J, X) × C(J, X).

Lemma 2.2 (Bohnenblust-Karlin [10], see also [23, p. 452]). Let X be a Banach space and K ∈ P_{cl,c}(X) and suppose that the operator G : K −→ P_{cl,c}(K) is upper semicontinuous and the set G(K) is relatively compact in X. Then G has a fixed point in K. 3. Main results

Now, we are able to state and prove our main theorem for the impulsive differential inclusion (1)–(2). We give first the definition of a solution of the problem (1)–(2). Consider the following space P C = {y : [t_0, ∞) → R : y ∈ C((t_k, t_{k+1}], R), k ∈ N^∗, and there exist y(t^−_k ) and

y(t^+_k ), k ∈ N with y(t^−_k ) = y(t_k)}.

Definition 3.1. A function y ∈ P C ∩ AC(J^′, R) (J^′ := [t_0, ∞)\t_k, k ∈ N) is called solution of the problem (1)–(2) if there is v ∈ L^1([t_0, ∞), R) with v(t) ∈ F (t, y(t)) a.e. t ∈ [t_0, ∞) such that the differential equation y^′(t) = v(t), a.e. t ∈ [t_0, ∞) is satisfied and y(t^+_k ) = I_k(y(t_k)), k ∈ N.

Now, we introduce the concept of lower and upper solutions for (1)–(2). It will be the basic tool in the approach that follows (see [7], [8]).

Definition 3.2. A function α ∈ P C ∩ AC(J^′, R) is said to be a lower solution of (1)–(2) if there exists v_1 ∈ L^1([t_0, ∞), R) such that v_1(t) ∈ F (t, α(t)) a.e. on [t_0, ∞), α^′(t) ≤ v_1(t) a.e. on [t_0, ∞) and α(t^+_k ) ≤ I_k(α(t_k)), k ∈ N. Similarly, a function β ∈ P C ∩ AC(J^′, R) is said to be an upper solution of (1)–(2) if there exists v_2 ∈ L^1([t_0, ∞), R) such that v_2(t) ∈ F (t, β(t)) a.e. on [t_0, ∞), β^′(t) ≥ v_2(t) a.e. on [t_0, ∞) and β(t^+_k ) ≥ I_k(β(t_k)), k ∈ N.

Definition 3.3. The solution y is said to be regular if it is defined on some halfline [T_y, ∞) and sup{|y(t)| : t ≥ T } > 0 for all T > T_y. T_y depends on such solution y. This solution is said to be

(i) eventually positive if there exists T ≥ t_0 such that y is defined for t ≥ T and y(t) > 0 for t ≥ T ;

(ii) eventually negative if there exists T ≥ t_0 such that y is defined for t ≥ T and y(t) < 0 for t ≥ T ;

(iii) nonoscillatory if it is either eventually positive or eventually negative; (iv) oscillatory if it is neither eventually positive nor eventually negative.

Theorem 3.1. Assume that:

(H1) F : [t_0, ∞) × R −→ P_{cp,c}(R) is an L^1-Carathéodory multi-valued map; (H2) there exist α and β ∈ P C ∩ AC(J^′, R) lower and upper solutions, respectively, for the problem (1)-(2), such that α ≤ β;

(H3) α(t^+_k ) ≤ min_{[α(tk ),β(tk )]} I_k(y) ≤ max_{[α(tk ),β(tk )]} I_k(y) ≤ β(t^+_k ), k ∈ N.

Then the problem (1)-(2) has at least one solution y on [t_0, ∞) such that α ≤ y ≤ β.

Proof: The proof will be given in several steps.

Step 1. Consider first the problem (1)-(2) on J_0 = [t_0, t_1]

(3) y^′(t) ∈ F (t, y(t)), a.e. t ∈ [t_0, t_1).

Consider the modified problem

(4) y^′(t) ∈ F (t, (τy)(t)), a.e. t ∈ [t_0, t_1), where τ : C([t_0, t_1], R) → C([t_0, t_1], R) is the truncation operator defined by

(τy)(t) = α(t), y(t) < α(t), y(t), α(t) ≤ y(t) ≤ β(t), β(t), y(t) > β(t).

Transform the problem into a fixed point problem. Consider the multivalued operator N : C([t_0, t_1], R) → P(C([t_0, t_1], R)) defined by:

N(y) = { h ∈ C([t_0, t_1], R) : h(t) =

∫_t

t_0

g(s) ds, g ∈ S̃^1_{F,τ y} }

where

S̃^1_{F,τ y} = {g ∈ S^1_{F,τ y} : g(t) ≥ v_1(t) a.e. on A_1 and g(t) ≤ v_2(t) a.e. on A_2}, S^1_{F,τ y} = {g ∈ L^1([t_0, t_1], R) : g(t) ∈ F (t, (τy)(t)) for a.e. t ∈ [t_0, t_1]}, A_1 = {t ∈ [t_0, t_1]) : y(t) < α(t) ≤ β(t)}, A_2 = {t ∈ [t_0, t_1] : α(t) ≤ β(t) < y(t)}.

Remark 3.1. (i) For each y ∈ C([t_0, t_1], R), the set S̃^1_{F,τ y} is nonempty. In fact, (H1) implies there exists g_3 ∈ S^1_{F,τ y}, so we set

g = v_1χ_{A1} + v_2χ_{A2} + v_3χ_{A3} ,

where A_3 = {t ∈ [t_0, t_1] : α(t) ≤ y(t) ≤ β(t)}.

Then, by the decomposability, g ∈ S̃^1_{F,τ y}.

(ii) By the definition of τ it is clear that F (·, τy(·)) is an L^1_{loc}−Carathéodory multi-valued map with compact convex values and there exists ϕ_1 ∈ L^1([t_0, t_1], R) such that

‖F (t, (τy)(t))‖ ≤ ϕ_1(t) for each y ∈ R.

We shall show that N satisfies the assumptions of Lemma 2.2. The proof will be given in a series of Claims. Let

K_1 := {y ∈ C([t_0, t_1], R) : ‖y‖_∞ ≤ ‖ϕ_1‖_L1 }.

It is clear that K_1 is a closed bounded convex set.

Claim 1. N(y) is convex for each y ∈ C([t_0, t_1], R). This is a obvious since S̃^1_{F,τ y} is convex (because F has convex values).

Claim 2. N(K_1) ⊂ K_1.

Indeed, let y ∈ K_1 and fix t ∈ [t_0, t_1). We must show that N(y) ⊂ K_1. If h ∈ N(y) then there exists g ∈ S̃^1_{F,τ y} such that for each t ∈ [t_0, t_1] we have

h(t) =

∫_t

t_0

g(s) ds.

By the above remark we have for each t ∈ [t_0, t_1]

|h(t)| ≤

∫_t

t_0

|g(s)| ds ≤ ‖ϕ_1‖_L1 .

Claim 3. N(K_1) is relatively compact.

Since K_1 is bounded and N(K_1) ⊂ K_1, it is clear that N(K_1) is bounded. N(K_1) is equicontinuous. Let u_1, u_2 ∈ [t_0, t_1] with u_1 < u_2. Let y ∈ K_1 and h ∈ N(y). Then there exists g ∈ S̃^1_{F,τ y} such that for each t ∈ [t_0, t_1] we have

h(t) =

∫_t

t_0

g(s) ds.

Then

|h(u_2) − h(u_1)| = | | | ∫_{u2}

t_0

g(s) ds −

∫_{u1}

t_0

g(s) ds | | | ≤ ∫_{u2}

u_1

|g(s)| ds ≤

∫_{u2}

u_1

ϕ_1(s) ds.

The right-hand side tends to zero as u_2 − u_1 → 0. Hence N(K_1) is relatively compact in C([t_0, t_1], R). Then N(K_1) is relatively compact in C([t_0, t_1], R).

Claim 4. N has a closed graph.

Let y_n −→ y_∗, h_n ∈ N(y_n) and h_n −→ h^∗. We shall prove that h^∗ ∈ N(y_∗). h_n ∈ N(y_n) means that there exists g_n ∈ S̃^1_{F,τ yn} such that for each t ∈ [t_0, t_1]

h_n(t) =

∫_t

t_0

g_n(s) ds.

An application of Lemma 2.1 yields that there exists g_∗ ∈ S̃^1_{F,τ y∗} such that for each t ∈ [t_0, t_1] h^∗(t) =

∫_t

t_0

g_∗(s) ds, which means that N has a closed graph, and hence it is upper semicontinuous.

As a consequence of Lemma 2.2 we deduce that N has a fixed point which is a solution of (4).

Claim 5. The solution y of the problem (4) satisfies α(t) ≤ y(t) ≤ β(t) for all t ∈ [t_0, t_1].

Let y be solution to (4). We prove that α(t) ≤ y(t) for all t ∈ [t_0, t_1].

Suppose not. Then there exist e_1, e_2 ∈ [t_0, t_1), e_1 < e_2 such that α(e_1) = y(e_1) and y(t) < α(t) for all t ∈ (e_1, e_2).

In view of the definition of τ one has

y(t) − y(e_1) ∈

∫_t

e_1

F (s, α(s)) ds a.e. (e_1, e_2).

Thus there exists g(t) ∈ F (t, α(t)) a.e. on (e_1, e_2) with g(t) ≥ v_1(t) a.e. on (e_1, e_2) and y(t) = y(e_1) +

∫_t

e_1

g(s) ds.

Since α is a lower solution to (1)–(2) we have

α(t) − α(e_1) ≤

∫_t

e_1

v_1(s) ds.

Since y(e_1) = α(e_1) and g(t) ≥ v_1(t), it follows that

α(t) − α(e_1) ≤

∫_{e2} t v_1(s) ds ≤ y(t) − α(e_1) < α(t) − α(e_1),

which is a contradiction since α(t) > y(t) for all t ∈ (e_1, e_2). Analogously, we can prove that y(t) ≤ β(t) for all t ∈ [t_0, t_1).

This shows that the problem (3)–(2) has a solution in the interval [α, β] which is a solution of (3). Denote this solution by y_0.

Step 2: Consider now the following problem (5) y^′(t) ∈ F (t, y(t)), a.e. t ∈ [t_1, t_2], y(t^+_1 ) = I_1(y_0(t^−_1 )).

Transform the problem (5) into a fixed point problem. Consider the following modified problem (6) y^′(t) ∈ F (t, (τy)(t)), a.e. t ∈ [t_1, t_2], y(t^+_1 ) = I_1(y_0(t^−_1 )). A solution to (5) is a fixed point of the operator N_1 : C([t_1, t_2], R) −→ P(C([t_1, t_2], R)) defined by:

N_1(y) = { h ∈ C([t_1, t_2], R) : h(t) = I_1(y_0(t^−_1 )) +

∫_t

t_1

g(s) ds, g ∈ S̃^1_{F,τ y} } .

Since y_0(t_1) ∈ [α(t^−_1 ), β(t^−_1 )], (H2) implies that α(t^+_1 ) ≤ I_1(y_0(t^−_1 )) ≤ β(t^+_1 ), that is α(t^+_1 ) ≤ y(t^+_1 ) ≤ β(t^+_1 ).

Using the same reasoning as that used for problem (4) we can conclude the existence of at least one solution y to (6). We now show that this solution satisfies α(t) ≤ y(t) ≤ β(t) on J_1 = [t_1, t_2].

We first show that α(t) ≤ y(t) on J_1. Assume this is false. Then since y(t^+_1 ) ≥ α(t^+_1 ), there exist e_3, e_4 ∈ J_1 with e_3 < e_4 such that y(e_3) = α(e_3) and y(t) < α(t) on (e_3, e_4). Consequently,

y(t) − y(e_3) =

∫_t

e_3

g(s) ds, t ∈ (e_3, e_4),

where g(·) ∈ F (·, α(·)) a.e. on J_1 with g(t) ≥ v_1(t) a.e. on (e_3, e_4) since α is a lower solution to (1). Thus

α(t) − α(e_3) ≤

∫_t

e_3

v_1(s) ds, t ∈ (e_3, e_4).

It follows that α(t) ≤ y(t) on (e_3, e_4),

which is a contradiction since α(t) > y(t) for all t ∈ (e_3, e_4). Analogously, we can prove that y(t) ≤ β(t) for all t ∈ [t_1, t_2].

This shows that the problem (5) has a solution in the interval [α, β] which is a solution of (1)–(2) on J_1. Denote this solution by y_1.

Step 3: Take into account that y_m := y | | |_{[tm−1,tm]} is a solution to the problem

(7) y^′(t) ∈ F (t, y(t)), a.e. t ∈ (t_{m−1}, t_m), y(t^+_m) = I_m(y_{m−1}(t^−_m)).

Consider the following modified problem

(8) y^′(t) ∈ F (t, (τy)(t)), a.e. t ∈ [t_{m−1}, t_m], y(t^+_m) = I_m(y_{m−1}(t^−_{m−1})).

Let the operator N_m : C([t_{m−1}, t_m], R) −→ P(C([t_{m−1}, t_m], R)) be defined by:

N_m(y) = { h ∈ C([t_{m−1}, t_m], R) : h(t) = I_m(y(t^−_{m−1})) +

∫_t

t_m

g(s) ds, g ∈ S̃^1_{F,τ y} } , and set K_m = {y ∈ C([t_{m−1}, t_m], R) : ‖y‖_∞ ≤ ‖ϕ_m‖_L1 }.

Clearly, K_m is closed, bounded and convex. As in Step 1 we show that the operator N_m : K_m → P(K_m) is completely continuous. As a consequence of Lemma 2.2 we deduce that N_m has a fixed point which is a solution of the problem (7). Denote this one by y_{m−1}. The solution y of the problem (1)–(2) is then defined by

y(t) = y_0(t), if t ∈ [t_0, t_1], y_1(t), if t ∈ (t_1, t_2], . . .

y_m(t), if t ∈ (t_m, t_{m+1}], . . . □

The following theorem gives sufficient conditions to ensure that the solutions of problem (1)–(2) are nonoscillatory.

Theorem 3.2. Let α and β be lower and upper solutions respectively of (1)–(2) and assume that

(H4) α is eventually positive nondecreasing or β is eventually negative nonincreasing.

Then every solution y of (1)–(2) such that y ∈ [α, β] is nonoscillatory. Proof: Assume that α is eventually positive. Thus there exist T_α > t_0 such that

α(t) > 0 for all t > T_α.

Hence y(t) > 0 for all t > T_α, and t ≠ t_k, k = 1, . . . . For some k ∈ N and t_k > T_α we have y(t^+_k ) = I_k(y(t_k)). From (H3) we get y(t^+_k ) ≥ α(t^+_k ). Since for each h > 0, α(t_k + h) ≥ α(t_k) > 0, we have I_k(y(t_k)) > 0 for all t_k > T_α, k = 1, . . . which means that y is nonoscillatory. Analogously, if β is eventually negative, then there exists T_β > t_0 such that

y(t) < 0 for all t > T_β,

which means that y is nonoscillatory. □ The following theorem discusses when solutions of (1)–(2) are nonoscillatory.

Theorem 3.3. Let α and β be lower and upper solutions respectively of (1)–(2) and assume that the sequences α(t_k) and β(t_k), k = 1, . . . are oscillatory. Then every solution y of (1)–(2) such that y ∈ [α, β] is oscillatory.

Proof: Suppose on the contrary that y is a nonoscillatory solution of (1)–(2). Then there exists T_y > 0 such that y(t) > 0 for all t > T_y or y(t) < 0 for all t > T_y. In the case that y(t) > 0 for all t > T_y we have β(t_k) > 0 for all t_k > T_y, k = 1, . . . , which is a contradiction since β(t_k) is an oscillatory upper solution. Analogously in the case y(t) < 0, for all t > T_y we have α(t_k) < 0 for all t_k > T_y, k = 1, . . . , which is also a contradiction since α is an oscillatory lower solution. □

4. An example

As an application of our results, we consider the following differential inclusion of the form

y^′ ∈ F (t, y), a.e. t ∈ [t_0, ∞), (9) y(t^+_k ) = I_k(y(t^−_k )), k ∈ N,

(10)

where

F (t, y) = [f_1(t, y), f_2(t, y)] := {v ∈ R : f_1(t, y) ≤ v ≤ f_2(t, y)}, and f_1, f_2 : [t_0, ∞) × R → R. We assume that for each t ∈ [t_0, ∞), f_1(t, ·) is lower semicontinuous (i.e., the set {y ∈ R : f_1(t, y) > μ} is open for each μ ∈ R), and assume that for each t ∈ [t_0, ∞), f_2(t, ·) is upper semicontinuous (i.e., the set {y ∈ R : f_2(t, y) < μ} is open for each μ ∈ R). Assume, also, that there exist g_1(·), g_2(·) ∈ L^1([t_0, ∞), R) such that

g_1(t) ≤ f_1(t, y) ≤ f_2(t, y) ≤ g_2(t) for all t ∈ [t_0, ∞) and y ∈ R,

and for each t ∈ [t_0, ∞)

∫_t

t_0

g_1(s) ds ≤ I_k (∫_t t_0

g_1(s) ds ) , k ∈ N, ∫_t

t_0

g_2(s) ds ≥ I_k (∫_t t_0

g_2(s) ds ) , k ∈ N.

Consider the functions α(t) :=

∫_t

t_0

g_1(s) ds and β(t) :=

∫_t

t_0

g_2(s) ds. Clearly, α

and β are lower and upper solutions of the problem (9)–(10), respectively, that is,

α^′(t) ≤ f_1(t, y) for all t ∈ [t_0, ∞) and all y ∈ R, and β^′(t) ≥ f_2(t, y) for all t ∈ [t_0, ∞) and all y ∈ R.

It is clear that F is compact, convex valued, and upper semicontinuous (see [11]). Since all the conditions of Theorem 3.1 are satisfied, the problem (9)–(10) has at least one solution y on [t_0, ∞) with α ≤ y ≤ β. If g_1(t) > 0 then α is positive and nondecreasing, thus y(t) is nonoscillatory. If g_2(t) < 0 then β is negative and nonincreasing, thus y(t) is nonoscillatory. If the sequences α(t_k) and β(t_k) are both oscillatory, then y(t) is oscillatory.

Acknowledgment. This work was done while the authors were visiting the ICTP in Trieste. It is a pleasure for them to acknowledge its financial support and the warm hospitality. The authors are grateful to the referee for the careful reading and for his valuable comments which lead to an improvement of the original manuscript.

References

[1] Agarwal R.P., Grace S.R., O’Regan D., Oscillation Theory for Second Order Dynamic Equations, Series in Mathematical Analysis and Applications, Taylor & Francis, Ltd., London, 2003.

[2] Agarwal R.P., Grace S.R., O’Regan D., On nonoscillatory solutions of differential inclusions, Proc. Amer. Math. Soc. 131 (2003), no. 1, 129–140.

552 M. Benchohra, A. Ouahab

[3] Agarwal R.P., Grace S.R., O’Regan D., Oscillation criteria for sublinear and superlinear second order differential inclusions, Mem. Differential Equations Math. Phys. 28 (2003), 1–12.

[4] Bainov D.D., Simeonov P.S., Systems with Impulse Effect, Ellis Horwood Ltd., Chichister, 1989.

[5] Bainov D., Simeonov P., Oscillations Theory of Impulsive Differential Equations, International Publications Orlando, Florida, 1998.

[6] Benchohra M., Boucherif A., Initial value problems for impulsive differential inclusions of first order, Differential Equations Dynam. Systems 8 (2000), 51–66.

[7] Benchohra M., Henderson J., Ntouyas S.K., On first order impulsive differential inclusions with periodic boundary conditions, Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 9 (2002), no. 3, 417–427.

[8] Benchohra M., Ntouyas S.K., The lower and upper solutions method for first order differential inclusions with nonlinear boundary conditions, J. Inequal. Pure Appl. Math. 3 (2002), no. 1, Article 14, 8 pp.

[9] Benchohra M., Henderson J., Ntouyas S.K., Ouahab A., Upper and lower solutions method for first order impulsive differential inclusions with nonlinear boundary conditions, Comput. Math. Appl. 47 (2004), 1069–1078.

[10] Bohnenblust H.F., Karlin S., On a theorem of Ville. Contributions to the theory of games, pp. 155-160, Annals of Mathematics Studies, no. 24. Princeton University Press, Princeton, N.J., 1950.

[11] Deimling K., Multivalued Differential Equations, Walter De Gruyter, Berlin-New York, 1992.

[12] Erbe L.H., Kong Q.K., Zhang B.G., Oscillation Theory for Functional Differential Equations, Marcel Dekker, New York, 1995.

[13] Graef J.R., Karsai J., On the oscillation of impulsively damped halflinear oscillators, Proc.

Sixth Colloquium Qual. Theory Differential Equations, Electron. J. Qual. Theory Differential Equations no. 14 (2000), 1–12.

[14] Graef J.R., Karsai J., Oscillation and nonoscillation in nonlinear impulsive systems with increasing energy, in Proceeding of the Third International Conference on Dynamical systems and Differential Equations, Discrete Contin. Dynam. Syst. 7 (2000), 161–173.

[15] Graef J.R., Karsai J., Yang B., Nonoscillation results for nonlinear impulsive systems with nondecreasing energy, Dyn. Contin. Discrete Impuls. Systems, to appear.

[16] Gyori I., Ladas G., Oscillation Theory of Delay Differential Equations with Applications, Clarendon Press, Oxford, 1991.

[17] Hu Sh., Papageorgiou N., Handbook of Multivalued Analysis, Volume I: Theory, Kluwer, Dordrecht, Boston, London, 1997.

[18] Ladde G.S., Lakshmikantham V., Zhang B.G., Oscillation Theory for Differential Equations with Deviating Arguments, Marcel Dekker, New York, 1987.

[19] Lasota A., Opial Z., An application of the Kakutani-Ky Fan theorem in the theory of ordinary differential equations, Bull. Acad. Pol. Sci. Ser. Sci. Math. Astronom. Phys. 13 (1965), 781–786.

[20] Lakshmikantham V., Bainov D.D., Simeonov P.S., Theory of Impulsive Differential Equations, World Scientific, Singapore, 1989.

[21] Samoilenko A.M., Perestyuk N.A., Impulsive Differential Equations, World Scientific, Singapore, 1995.

[22] Yong-shao C., Wei-zhen F., Oscillation of second order nonlinear ODE with impulses, J.

Math. Anal. Appl. 20 (1997), 150–169.

[23] Zeidler E., Nonlinear Functional Analysis and Applications, Fixed Point Theorems, Springer, New York, 1986.

Permanent address:

Laboratoire de Mathématiques, Université de Sidi Bel Abbès, BP 89, 22000 Sidi Bel Abbès, Algérie E-mail: benchohra@univ-sba.dz

agh ouahab@yahoo.fr

Present address:

The Abdus Salam International Centre for Theoretical Physics, Strada Costiera 11, 34100 Trieste, Italy

(Received March 18, 2004, revised January 30, 2005)