Comment.Math.Univ.Carolin. 46,3 (2005)413–424 413

Stability of positive part of unit ball in Orlicz spaces

Ryszard Grząślewicz, Witold Seredyński

Abstract. The aim of this paper is to investigate the stability of the positive part of the unit ball in Orlicz spaces, endowed with the Luxemburg norm. The convex set Q in a topological vector space is stable if the midpoint map Φ: Q × Q → Q, Φ(x, y) = (x + y)/2 is open with respect to the inherited topology in Q. The main theorem is established: In the Orlicz space L^φ(μ) the stability of the positive part of the unit ball is equivalent to the stability of the unit ball.

Keywords: stable convex set

Classification: Primary 52Axx, 46Axx,46Cxx

1. Introduction

A convex set Q in a real Hausdorff topological vector space X is called stable if the midpoint map Φ: Q × Q → Q, Φ(x, y) = (x + y)/2 is open with respect to the inherited topology in Q ([2], [9], [16]). Stable compact sets have been studied in [10], [14], [19]. Stability is a useful tool in investigating the extremal operators between Banach spaces ([2]). Further, the set of extreme points of a stable set is closed. Thus “stability” arguments can be employed for a description of extreme points of the unit ball of C(K, X), K being a compact Hausdorff space and X a Banach space, namely, applying the Michael selection theorem [12],

f ∈ ext B(C(K, X)) ⇐⇒ f(k) ∈ ext B(X) for every k ∈ K

provided that the unit ball B(X) of X is stable.

In [16] it has been proved that if dim X ≤ 2, then every convex set Q ⊂ X is stable, and also that from the stability of a convex closed set Q it follows that the set of extremal points ext Q is closed. The converse implication is not satisfied, although for dim X ≤ 3 it is true. The strictly convex sets are stable, too. Finite dimensional Banach spaces can have non-stable unit balls, for example let X = R^3 and B := conv � { (x, y, 0) : x^2 + y^2 ≤ 1 } ∪ { (±1, 0, ±1) } � , (see [16]).

The paper is supported by the grant from the KBN.

By Theorem from [7] the above Banach space is not Orlicz with the Luxemburg norm. Moreover,

B^+(X) = conv � { (x, y, 0) : x ≥ 0, y ≥ 0, x^2 + y^2 ≤ 1 } ∪ { (1, 0, 1) } �

is stable, which is easy to verify. Thus, the stability of B^+(X) does not indicate that B(X) is stable. However, it is known that in normed vector lattices, the stability of B(X) implies the stability of B^+(X), see [6].

In this work we give an answer to the question: does the stability of B(X) in Orlicz spaces with the Luxemburg norm follow from the stability of B^+(X)? The main ideas of this result are contained in [22], hence some parts of the proof we omit are available in the above-mentioned work.

2. Basic definition and auxiliary results

Let (Ω, Σ, μ) be a measure space with a nonnegative, σ-finite and complete measure μ (μ(Ω) > 0), and let φ: R → [0, +∞] be a convex, even, non-identically equal to 0, vanishing at 0 and left-continuous for t > 0 function such that c(φ) := sup{t > 0 : φ(t) < ∞} > 0. Such functions will be called Young functions. This definition is somewhat stronger than for example that in [17], but it does not really bound the class of spaces considered. We will often use the notation a(φ) := sup{t : φ(t) = 0}. By an Orlicz space L^φ(μ) ([13], [15], [17]), we mean the set of all measurable functions x: Ω → R such that I_φ(λx) < ∞ for some λ > 0, where the modular I_φ is defined by

I_φ(x) := � Ω φ (x(ω)) dμ.

L^φ(μ) is equipped with the equality “almost everywhere” (a.e.) and the Luxemburg norm [11] ‖x‖_φ := inf � λ > 0 : I_φ (x/λ) ≤ 1 � . (Note that ‖x‖_φ ≤ 1 iff I_φ(x) ≤ 1; I_φ(x) = 1 implies ‖x‖_φ = 1; I_φ(x) < 1 ⇒ (‖x‖_φ = 1 iff I_φ(λx) = +∞ for every λ > 1); ‖x_n −x‖_φ → 0 iff I_φ(λ(x_n −x)) → 0 for every λ > 0.) The subspace

E^φ(μ) := � x ∈ M : ∀ λ > 0 I_φ(λx) < +∞ � is called the space of finite elements.

Let r > 1. The function φ is said to satisfy condition Δ_r(μ) [20], [22] (φ ∈ Δ_r(μ) in short) if:

(a) there exists a constant c > 1 such that φ(rt) ≤ cφ(t) for every t (respectively, every t ≥ a_0, φ(a_0) < +∞) provided that μ is atomless and infinite (respectively, finite);

(b) there exist b > 0, c > 1 and a nonnegative sequence (d_n) such that � n d_n < +∞, and φ(rt)μ(e_n) ≤ cφ(t)μ(e_n) + d_n for every t with φ(t)μ(e_n) ≤ b and every n ∈ N provided that μ is purely atomic and {e_n : n ∈ N}, N ⊂ N, is the set of all atoms of Ω;

(c) a combination of (a) and (b) if Ω has both an atomless and purely atomic part.

If c(φ) = ∞, then

φ ∈ Δ_r(μ) for some r > 1 ⇐⇒ φ ∈ Δ_r(μ) for every r > 1 ⇐⇒ φ ∈ Δ_2(μ).

The above equivalences remain true if μ is atomless (then φ ∈ Δ_r(μ) for some r > 1 implies that c(φ) = ∞). If μ is purely atomic with � n μ(e_n) = ∞ and φ ∈ Δ_r(μ) for some r > 1, then φ vanishes only at 0 (indeed, d_n ≥ φ(ra(φ))μ(e_n) for every n ∈ N). Thus the above equivalences are true also in the case of a purely atomic measure μ with an infinite number of atoms provided that 0 < inf_n μ(e_n) ≤ sup μ(e_n) < ∞ — no matter whether φ takes only finite values or not (if φ ∈ Δ_{r0} (μ), then evidently φ ∈ Δ_r(μ) for every 1 < r ≤ r_0; for r > r_0, consider b_r = φ(a^′r_0/r) · inf_n μ(e_n) > 0, where a^′ = sup{ a > 0 : φ(a) ≤ b_{r0} / sup_n μ(e_n) } > 0). If dim L^φ(μ) < ∞ (i.e., Ω consists of a finite number of atoms), then φ ∈ Δ_r(μ) for some r > 1 if and only if L^φ(μ) is not isometric to L^∞(μ) (take any a_0 ∈ (a(φ), c(φ)), 1 < r < c(φ)/a_0 and put b = φ(a_0) · inf_n μ(e_n) > 0, d_n = φ(ra_0)·sup_n μ(e_n) < ∞). However, if 0 < a(φ) ≤ c(φ) < ∞, then φ does not satisfy the condition Δ_r(μ) for any r > c(φ)/a(φ).

Note that if c(φ) = ∞ and L^φ(μ) is finite dimensional, then L^φ(μ) = E^φ(μ). If c(φ) = ∞ and dim L^φ(μ) = ∞, the equality L^φ(μ) = E^φ(μ) holds if and only if φ ∈ Δ_2(μ) (cf. [13, Theorem 8.13, p. 52]), thus, applying the Lebesgue dominated convergence theorem, we obtain

(I_φ(x) = 1 ⇐⇒ ‖x‖_φ = 1) if and only if φ ∈ Δ_2(μ).

In fact, we can replace condition Δ_2(μ) by Δ_r(μ) for some r > 1 in the last equivalence. Then the assumption c(φ) = ∞ is used in the “if” part of the proof only, so, in any case, we have that if φ /∈ Δ_r(μ) for any r > 1, then there exists x ∈ L^φ(μ) such that ‖x‖ = 1 but I_φ(x) < 1, and that is what we need to have.

Now we introduce another related notion.

Let {e_n : n ∈ N}, N ⊂ N, be a set of all atoms of Ω and let r > 1. We shall say that a function φ satisfies the condition Δ^0_r (μ) (on Ω) — φ ∈ Δ^0_r (μ) in short — if – there exist a_0 > 0 and c > 1 such that 0 < φ(a_0) < ∞ and φ(rt) ≤ cφ(t) for every |t| ≤ a_0, provided that the atomless part of Ω is of positive measure;

– there exist a_0 > 0, b > 0, c > 1 and a nonnegative sequence (d_n) such that � n d_n < +∞, 0 < φ(a_0) < ∞ and φ(rt)μ(e_n) ≤ cφ(t)μ(e_n) + d_n for every |t| ≤ a_0 with φ(t)μ(e_n) ≤ b and every n ∈ N provided that μ is purely atomic.

If φ ∈ Δ^0_r (μ) for some r > 1 on the atomless part of Ω, which is of positive measure, then evidently, φ ∈ Δ^0_r (μ) on the whole set Ω. Further, if the measure of the atomless part of Ω is either infinite or equal to zero and φ ∈ Δ_r(μ) for some r > 1, then φ ∈ Δ^0_r (μ). Thus φ ∈ Δ^0_r(μ) for some r > 1 provided that dim L^φ(μ) < ∞ and L^φ(μ) is not isometric to L^∞(μ).

If φ ∈ Δ^0_r (μ) for some r > 1, then, (see [22, p. 509]) if φ ∈ Δ^0_r (μ) for some r > 1 and ‖x‖_∞ < c(φ), then

I_φ(x) = 1 ⇐⇒ ‖x‖_φ = 1.

Note that φ ∈ Δ^0_r (μ) for some r > 1 iff φ ∈ Δ^0_2(μ) provided that φ takes only finite values.

The point z ∈ Q is called stable (or Q is said to be stable at z, (cf. [16, p. 197])) if for every x, y ∈ Q, x ≠ y with^{x+y}_2 = z and every open neighborhoods U, V of x and y respectively there exists an open set W such that W ∩ Q ⊂ 1 2 ((U ∩ Q) + (V ∩ Q)).

If X is normed, then the last condition can be represented as

∀ ε > 0 ∀ x, y ∈ Q, z = x + y 2 ∃ δ > 0∀ w ∈ Q � ‖w − z‖ < δ ⇒

⇒ ∃ u, v ∈ Q ‖u − x‖ < ε, ‖v − y‖ < ε, w = 1 2 (u + v) � . Of course if z ∈ int Q then Q is stable at z. Moreover, Q is stable iff it is stable at each its point.

Proposition 1. In a normed vector lattice X the positive cone X^+ is stable.

Proof: Let the sets U, V be open. It is necessary to prove that^1_2 � (U ∩X^+)+(V ∩ X^+) � is open in X^+. Suppose not. Then there exist z ∈^1_2 � (U ∩X^+)+(V ∩X^+) � and a net (z_α)_{α∈Γ}, lim_{α∈Γ} z_α = z such that for every α ∈ Γ it holds z_α /∈ 1 2 � (U ∩ X^+) + (V ∩ X^+) � , z_α ≥ 0. From the assumption it follows that there exist x ≥ 0, y ≥ 0, x ∈ U, y ∈ V such that z =^{x+y}_2 . Let x_α := (2z_α) ∧ x, y_α := 2z_α − x_α. Of course x_α ≥ 0, and by x_α ≤ 2z_α we have y_α ≥ 0. From the continuity of “∧” it follows that lim_{α∈Γ} x_α = x and lim_{α∈Γ} y_α = 2z − x = y, too. Thus for eventually α it holds x_α ∈ U, y_α ∈ V . Hence for eventually α it holds z_α =^1_2 (x_α + y_α) ∈^1_2 � (U ∩ X^+) + (V ∩ X^+) � against of (z_α). □

We say that the normed vector lattice X has property PPP if for every x, y ∈ X^+ there exists sup{x ∧ ny : n ∈ N}, cf. [18, Corollary 2, p. 64].

Of course, Orlicz spaces have property PPP.

Proposition 2. Let X be a normed vector lattice with property PPP. Then if z ∈ B(X) is a point such that B(X) is stable at |z|, then B(X) is stable at z, too.

Proof: Fix z ∈ B(X) such that B(X) is stable at |z| and define a transformation φ: X → X by the formula φ(x) := sup_{n∈N}(nz^− ∧ x^+) − sup_{n∈N}(nz^− ∧ x^−).

It is known that φ is the lattice projection (i.e. the vector mapping preserving the lattice operations and satisfying φ ∘ φ = φ). For z^− > 0 it follows by Proposition 2.11 from [18, p. 63], where it is necessary to take A = {z^−}, and for z^− = 0 it is obvious.

At present we define a vector mapping ^: X → X in the following way: ^x := x − 2φ(x).

We claim:

^x = x, |^x| = |x|.

The first equality is a consequence of simple algebraic operations. Since for x ≥ 0 0 ≤ φ(x) = sup_{n∈N}(nz^− ∧ x) ≤ x holds,

so −x = x − 2x ≤ x − 2φ(x) = ^x ≤ x, thus |^x| ≤ x for x ≥ 0. Hence for any x ∈ X the inequality

|^x| = |x − 2φ(x)| = |(x^+ − 2φ(x^+)) − (x^− − 2φ(x^−))| ≤ |x^+ − 2φ(x^+)| + |x^− − 2φ(x^−)| = | ^x^+| + | ^x^−| ≤ x^+ + x^− = |x|

holds, so |^x| ≤ |x|. Thus |x| = |^x| ≤ |^x| ≤ |x|.

The claim is proved, so also ‖^x‖ = ‖x‖.

Let x, y ∈ B(X) be such that z = (x + y)/2 and fix ε > 0. Because φ(z) = sup_{n∈N}(nz^− ∧ z^+) − sup_{n∈N}(nz^− ∧ z^−) = −z^−,

so ^z = z − 2φ(z) = z^+ − z^− + 2z^− = z^+ + z^− = |z|, thus |z| = ^z = (^x + ^y)/2. By definition of stability at a point the following statement

(1) ∃ δ > 0∀ ~w ∈ B(x) � ‖ ~w − |z|‖ < δ ⇒ ∃ ~u, ~v ∈ B(x)

‖~u − ^x‖ < ε, ‖~v − ^y‖ < ε, ~w = 1 2 (~u + ~v) �

is satisfied. Let w ∈ B(X) satisfy ‖w − z‖ < δ. Then ‖ ^w − |z| ‖ = ‖^w − z‖ = ‖w − z‖ < δ, so there exist ~u, ~v satisfying (1) for ~w := ^w.

Let u := ^~u, v := ^~v. Then ^u = ~u, so ‖u − x‖ = ‖^u − x‖ = ‖^u − ^x‖ = ‖~u − ^x‖ < ε and analogously ‖v − y‖ < ε. Moreover u, v ∈ B(X) and w = ^^w = ^(~u + ~v)/2 = (^~u + ^~v)/2 = (u + v)/2. Because ε > 0 has been arbitrary, B(X) is stable at z. □ Now we present an elementary lemma (cf. [6]).

Lemma 1. If X is a normed vector lattice and x, y ∈ X, the following inequalities are satisfied:

1. ‖x^+ − y^+‖ ≤ ‖x − y‖ and ‖x^− − y^−‖ ≤ ‖x − y‖; 2. if x + y ≥ 0, then y^+ − x^− ≥ 0 and x^+ − y^− ≥ 0.

Proof: Note that if u, v, w ≥ 0, u ∧ v = 0 and w + u ≥ v then w ≥ v. Indeed, from w + u ≥ v we get v = (w + u) ∧ v ≤ (w ∧ v) + (u ∧ v) = w ∧ v ≤ v. Hence w ∧ v = v, i.e. w ≥ v. Put u = x^+, v = x^−, w = y^+. Hence y^+ ≥ x^−. Similarly we get x^+ − y^− ≥ 0.

Recall that if x, x^′, y, y^′ ∈ X then ‖(x ∧ x^′) − (y ∧ y^′)‖ ≤ ‖x − y‖ + ‖x^′ − y^′‖ and ‖(x ∨ x^′) − (y ∨ y^′)‖ ≤ ‖x − y‖ + ‖x^′ − y^′‖. In particular, ‖x^+ − y^+‖ ≤ ‖x − y‖ and ‖x^− − y^−‖ ≤ ‖x − y‖. □

The following proposition is a local variant of Theorem from [6].

Proposition 3. Let X be a normed vector lattice and z ∈ B^+(X). If B(X) is stable at z, then B^+(X) is stable at z.

Proof: Assume that B(X) is stable at z ∈ B^+(X). Let ε > 0 and let x, y ∈ B^+(X) satisfy z = (x+y)/2. By definition of stability at a point there exists δ > 0 such that for every w ∈ B^+(X) (and even B(X)) satisfying ‖z−w‖ < δ there exist ũ, ṽ ∈ B(X) such that w = (ũ + ṽ)/2, and ‖x − ũ‖ < ε/5, ‖y − ṽ‖ < ε/5. Then by point 1. of Lemma 1 the following inequalities ‖ũ^+ − x‖ <^1_5 ε, ‖ṽ^+ − y‖ <^1_5 ε hold, and

‖ũ^−‖ = ‖ũ^+ − x + x − ũ‖ ≤ ‖ũ^+ − x‖ + ‖x − ũ‖ < 2 5 ε, and analogously ‖ṽ^−‖ <^2_5 ε. Put u := ũ^+ − ṽ^−, v := ṽ^+ − ũ^−. By point 2. of Lemma 1, 0 ≤ u ≤ ũ^+ and 0 ≤ v ≤ ṽ^+ hold, so u, v ∈ B^+(X). Of course w = (u + v)/2 and

‖u − x‖ = ‖ũ^− + (−ṽ^−) + ũ − x‖ ≤ ‖ũ^−‖ + ‖ṽ^−‖ + ‖ũ − x‖ < 2 5 ε + 2 5 ε + 1 5 ε = ε,

and analogously ‖v − y‖ ≤ ‖ṽ^−‖ + ‖ũ^−‖ + ‖ṽ − y‖ < ε. Because ε > 0 has been arbitrary, B^+(X) is stable at the point z. □

It follows from the above proposition that Theorem proved in [6] is true. It says that in normed lattices if B(X) is stable then B^+(X) is stable. In the case of Orlicz spaces with Luxemburg norm the converse implication is true, too.

The proof needs a lemma which differs from Proposition 1 from [22, p. 504] only in B(L^φ(μ)) being replaced by B^+(L^φ(μ)).

Lemma 2. Assume that L^φ(μ) is neither finite dimensional nor isometric to L^∞(μ). Let z ∈ B^+(L^φ(μ)) and define, for n ∈ N, n ≥ 2,

A_n := � ω ∈ Ω : |x(ω)| < � 1 − 1 n � c(φ) �

if c(φ) < +∞ and φ(c(φ)) < +∞, and A_n = Ω otherwise. If � �zχ_{An} � �_φ = 1 for some n ≥ 2, then the following conditions are equivalent:

(i) I_φ(z) < 1;

(ii) there exist a subset E ⊂ A_n of positive measure and functions x, y ∈ B^+(L^φ(μ)) such that z =^1_2 (x + y), � �zχ_E � �_φ < 1 and 2φ�z(ω)� < φ � x(ω) � + φ � y(ω) � for every ω ∈ E.

Proof: We follow the proof of Wisła [22, p. 504]. As, clearly, (ii)⇒(i), we should only prove the implication (i)⇒(ii). Let Ω = Ω_1 ∪ Ω_2, where Ω_1, Ω_2 denote the purely atomic and atomless part of the measure space (Ω, Σ, μ), respectively. Then either ‖zχ_{Ω1∩An} ‖_φ = 1 or ‖zχ_{Ω2∩An} ‖_φ = 1.

(1) Suppose ‖zχ_{Ω2∩An} ‖_φ = 1.

Claim. There exists a number 1 < ρ < 2 such that, if F := {ω ∈ A_n ∩ Ω_2 : 2φ(z(ω)) < φ(ρz(ω)) < ∞}, then μ(F ) > 0.

First suppose that either c(φ) = ∞ or c(φ) < ∞ and φ(c(φ)) < ∞. Then, since, ∀ λ > 1, I_φ(λzχ_{Ω2∩An} ) = ∞, for every 1 < ρ < ∞ such that (1−1/n)ρ ≤ 1, we obtain μ(F_ρ) > 0, where F_ρ := {ω ∈ A_n ∩ Ω_2 : 2φ(z(ω)) < φ(ρz(ω))}, and, moreover, φ(ρz(ω)) < ∞ for every ω ∈ F_ρ. So, in this case we put F = F_ρ for some 1 < ρ < 2 such that (1 − 1/n)ρ ≤ 1.

Assume now that c(φ) < ∞ and φ(c(φ)) = ∞. Denote P := {ω ∈ Ω : |z(ω)| ≥ 1 2 c(φ)}. There are two possibilities, namely:

(a) Suppose that μ(P ∩ A_n ∩ Ω_2) > 0. Denote Q_0 = Q ∩ (1, 2) and:

∀ q ∈ Q_0, F_q := {ω ∈ P ∩ A_n ∩ Ω_2 : 2φ(z(ω)) < φ(qz(ω)) < ∞}.

Clearly, P ∩A_n ∩Ω_2 = � q∈Q_0 Fq a.e. (= almost everywhere), whence we conclude

that there exists some q_0 ∈ Q_0 such that μ(F_{q0} ) > 0. We put F = F_{q0} in this case.

(b) Suppose that μ(P ∩ A_n ∩ Ω_2) = 0. Then for every 1 < ρ < 2, we have |z(ω)| <^1_2 c(φ) and φ(z(ω)) < ∞ a.e. on A_n ∩ Ω_2. Denote

∀ 1 < ρ < 2, F_ρ := {ω ∈ A_n ∩ Ω_2 : 2φ(z(ω)) < φ(ρz(ω)) }.

We claim that μ(F_ρ) > 0 for every 1 < ρ < 2. Indeed, otherwise there exists some 1 < ρ_0 < 2 such that μ(F_{ρ0} ) = 0, that is, φ(ρ_0z(ω)) ≤ 2φ(z(ω)) a.e. on A_n ∩ Ω_2, whence +∞ = I_φ(ρ_0zχ_{Ω2∩An} ) ≤ 2I_φ(zχ_{Ω2∩An} ) < 2, a contradiction. So, in this case we put F = F_ρ for some 1 < ρ < 2.

Since μ is atomless on F , we can find a measurable set E ⊂ F such that I_φ(ρzχ_E) < 1. Thus ‖zχ_E‖_φ ≤ 1/ρ < 1. Define

x = zχ_{Ω\E} + ρχ_E , y = z_{Ω\E} + (2 − ρ)zχ_E.

Clearly, x, y ∈ B^+(L^φ(μ)). Further, for every ω ∈ E, φ � x(ω) � + φ � y(ω) � ≥ φ(ρz(ω)) > 2φ � z(ω) � . (2) Suppose that ‖zχ_{Ω1∩An} ‖_φ = 1. Then, without loss of generality, we can identify Ω_1 ∩ A_n with the set N of all natural numbers. Since I_φ(zχ_N) < 1, there exists p ∈ N such that I_φ(zχ_{{p,p+1,... }}) < 2η,

where η = 1 − I_φ(z) > 0.

Define [p, m] = {p, p + 1, . . . , m} if m ≥ p, [p, m] = ∅ otherwise. Let

h(m) = I_φ(zχ_{Ω\[p,m]}) + I_φ(ρzχ_{[p,m]}), m ∈ N.

Let q := max{ m ≥ p−1 : h(m) < 1 }. (In Wisła’s original paper by mistake there is “min” instead of “max”.) We can find 1 < σ ≤ ρ < 2 such that I_φ(x) = 1, where x = zχ_{Ω\[p,q+1]} + ρzχ_{[p,q]} + σzχ_{{q+1}}.

Using similar arguments, we infer the existence of numbers r ∈ N, r ≥ q + 1 and 1 < τ ≤ ρ < 2 such that I_φ(y) = 1, where

y = zχ_{Ω\[p,r+1]} + (2 − ρ)zχ_{[p,q]} + (2 − σ)zχ_{{q+1}} + ρzχ_{[q+2,r]} + τzχ_{{r+1}}. Put x = zχ_{Ω\[p,r+1]} + ρzχ_{[p,q]} + σzχ_{{q+1}} + (2 − ρ)zχ_{[q+2,r]} + (2 − τ)zχ_{{r+1}}.

Obviously x, y ∈ B^+(L^φ(μ)),^1_2 (x + y) = z and I_φ(x) ≤ I_φ(x) = 1. Further

I_φ(x) ≥ I_φ(x) − I_φ(zχ_{[q+2,r+1]}) > 1 − 2η.

Taking E = {i}, where i ∈ [p, r + 1] is such an index for which φ is not affine on the corresponding interval, all the requirements of (ii) are satisfied and the proof is concluded. □

3. Main results

Modifying Theorem 3, p. 506 from [22] we get the following lemma. Lemma 3. B^+(L^φ(μ)) is stable at a point z ∈ B^+(L^φ(μ)) if and only if at least one of the following conditions is satisfied:

(i) L^φ(μ) is finite dimensional, (ii) L^φ(μ) is isometric to L^∞(μ), (iii) ‖z‖_φ < 1, (iv) I_φ(z) = 1, (v) c(φ) < +∞, φ(c(φ)) < +∞ and ‖zχ_{An} ‖_φ < 1 for every n = 2, 3, . . . , where A_n := � ω ∈ Ω : |z(ω)| < � 1 − 1 n � c(φ) � .

Proof: (⇐) Let z ∈ B^+(L^φ(μ)) and let at least one of the conditions (i)–(v) be satisfied. From Theorem 3 from [22] it follows that B(L^φ(μ)) is stable at z, and by our Proposition 3 it follows that B^+(L^φ(μ)) is stable at z.

(⇒) (Sketch according to [22]). Suppose that none of the conditions (i)–(v) is satisfied. By Lemma 2 with its notation we can find ε > 0, x, y ∈ B^+(L^φ(μ)) with (x + y)/2 = z and a set E ⊂ A_n of positive measure such that ‖zχ_E‖_φ < 1 and 2I_φ(zχ_E ) < I_φ(uχ_E ) + I_φ(vχ_E )

for every u, v ∈ B^+(L^φ(μ)) with ‖u − x‖_φ < ε and ‖v − y‖_φ < ε.

Let 0 < δ < 2/n and fix k ∈ N with k > 2/δ > n. We have I_φ(λzχ_{An\E} ) = ∞ for every λ > 1. Let us take, if c(φ) < ∞ and φ(c(φ)) < ∞, any countable covering (E_i)^∞_{i=1} of the set A_n \ E consisting of pairwise disjoint sets E_i ⊂ A_n \ E of positive and finite measure and put a_i = φ^{−1}(i),

E_i = { ω ∈ Ω \ E : a_{i−1} ≤ |z(ω)| < a_i }, i = 1, 2, . . . ,

in the other cases. Define

h(m) = m� i=1 I_φ � 1 + 1 k � zχ_{Ei} � + I_φ(zχ_{Ω\}^⋃m_{i=1 Ei} ), m = 0, 1, 2, . . . .

Thus h(m) < ∞ for every m ∈ N, and moreover lim_m h(m) = ∞.

Let p = max{m ≥ 0 : h(m) < 1} and let 0 < s ≤ 1/k be such a number that I_φ(w) = 1, where

w(ω) = � � �

� 1 +^1_k � z(ω) for ω ∈

�_p

i=1 E_i,

(1 + s)z(ω) for ω ∈ E_{p+1}, z(ω) otherwise.

Suppose that there are u, v ∈ B^+(L^φ(μ)) such that ‖u − x‖_φ < ε, ‖v − y‖_φ < ε and (u + v)/2 = w. Then, by the convexity of φ, we have

φ(α + η) ≥ φ^′_+(α)η + φ(α)

for every η ∈ R and |α| < c(φ), where φ^′_+ denotes the right hand side derivative of φ. Because there is a minor spelling mistake in Wisła’s original paper, we at present precisely give a sequence of inequalities which leads to a contradiction and ends the proof. Namely

2 ≥ I_φ(u) + I_φ(v)

= I_φ(uχ_E) + I_φ(vχ_E ) + Iφ((w + u − w)χ_{Ω\E} ) + I_φ((w + v − w)χ_{Ω\E} )

> 2I_φ(zχ_E) + 2I_φ(wχ_{Ω\E} ) + � Ω\E φ^′_+(w(ω))(u(ω) + v(ω) − 2w(ω)) dμ

= 2I_φ(w) = 2. □ By Proposition 2 and the Wisła’s Theorem we have at once:

Corollary 1. In Orlicz spaces L^φ(μ), for z ∈ B^+(L^φ(μ)) the following conditions are equivalent:

(i) B(L^φ(μ)) is stable at z;

(ii) B^+(L^φ(μ)) is stable at z. □

We connect the main theorem with Wisła’s Theorem:

Theorem 1. The following conditions are equivalent.

(a) B(L^φ(μ)) is stable. (b) B^+(L^φ(μ)) is stable.

(c) At least one of the following conditions is satisfied:

(i) dim L^φ(μ) < +∞, (ii) L^φ(μ) ∼= L^∞(μ), (iii) φ ∈ Δ_r(μ) for some r > 1, (iv) φ ∈ Δ^0_r (μ) for some r > 1 provided c(φ) < +∞ and φ(c(φ)) < ∞, (v) φ ∈ Δ^0_r(μ) for some r > 1 on the purely atomic part of Ω provided c(φ) < +∞, φ(c(φ)) < +∞ and the measure of the atomless part of Ω is finite, (vi) c(φ) < +∞, φ(c(φ)) < +∞ and μ(Ω) < +∞.

Proof: The equivalence (a)⇔(c) is the content of Theorem 5 from [22].

(a)⇒(b) follows from Proposition 3 (or [6]).

(b)⇒(a) Let B^+(L^φ(μ)) be stable. Let z ∈ B(L^φ(μ)). Hence |z| ∈ B^+(L^φ(μ)) and, by assumption, B^+(L^φ(μ)) is stable at z, so B(L^φ(μ)) is stable at z by Corollary 1. By Proposition 2 it follows that B(L^φ(μ)) is stable at z. Because z has been arbitrary, B(L^φ(μ)) is stable. □

A. Suarez Granero in [4] has proved that B(E^φ(μ)) is stable (in general). Therefore by Proposition 3 (or [6]) it is true:

Corollary 2. B^+(E^φ(μ)) is stable. □

Acknowledgment. The authors wish to thank the referee for careful reading and several valuable suggestions.

References

[1] Chen Shutao, Geometry of Orlicz spaces, Dissertationes Math. 356 (1996), 204 pp. [2] Clausing A., Papadopoulou S., Stable convex sets and extremal operators, Math. Ann. 231 (1978), 193–203.

[3] Granero A.S., A full characterization of stable unit balls in Orlicz spaces, Proc. Amer.

Math. Soc. 116 (1992), 675–681.

[4] Granero A.S., Stable unit balls in Orlicz spaces, Proc. Amer. Math. Soc. 109 (1990), 97– 104.

[5] Granero A.S., Wisła M., Closedness of the set of extreme points in Orlicz spaces, Math.

Nachr. 157 (1992), 319–394.

[6] Grząślewicz R., Extreme continuous function property, Acta Math. Hungar. 74 (1997), 93–99.

[7] Grza̧ślewicz R., Finite dimensional Orlicz spaces, Bull. Polish Acad. Sci. Math. 33 (1985), no. 5–6, 277–283.

[8] Krasnosel’skii M.A., Rutickii Ya.B., Convex Functions and Orlicz Spaces, Noordhoff, Grooningen, 1961.

[9] Lazar A.J., Affine functions on simplexes and extreme operators, Israel J. Math. 5 (1967), 31–43.

[10] Lima Å., On continuous convex functions and split faces, Proc. London Math. Soc. 25 (1972), 27–40.

[11] Luxemburg W.A.J., Banach function spaces, Thesis, Delft, 1955. [12] Michael E., Continuous selections I, Ann. of Math. (2) 63 (1956), 361–382. [13] Musielak J., Orlicz Spaces and Modular Spaces, Lecture Notes in Math. 1034, Springer, Berlin, 1983.

[14] O’Brien R.C., On the openness of the barycentre map, Math. Ann. 223 (1976), 207–212. [15] Orlicz W., Über eine gewisse Klasse von Räumen vom Types B, Bull. Intern. Acad. Pol., série A, Kraków, 1932, pp. 207–220.

[16] Papadopoulou S., On the geometry of stable compact convex sets, Math. Ann. 229 (1977), 193–200.

[17] Rao M.M., Ren Z.D., Theory of Orlicz Spaces, Marcel Dekker, New York, 1991. [18] Schaefer H.H., Banach Lattices and Positive Operators, Springer, Berlin-Heidelberg-New York, 1974.

[19] Vesterstrøm J., On open maps, compact convex sets and operator algebras, J. London Math. Soc. 6 (1973), 289–297.

[20] Wisła M., Continuity of the identity embedding of Musielak-Orlicz sequence spaces, Proc.

of the 14th Winter School on Abstract Analysis, Srní, 1986, Rend. Circ. Mat. Palermo Suppl. 14 (1987), 427–437.

424 R. Grząślewicz, W. Seredyński

[21] Wisła M., Extreme points and stable unit balls in Orlicz sequence spaces, Arch. Math.

Univ.(Basel) 56 (1991), 482–490.

[22] Wisła M., Stable points of unit ball in Orlicz spaces, Comment. Math. Univ. Carolinae 32 (1991), 501–515.

Institute of Mathematics, Wrocław University of Technology, Wybrzeże Wyspiańskiego 27, 50-370 Wrocław, Poland E-mail: grzaslew@im.pwr.wroc.pl

seredyn@im.pwr.wroc.pl

(Received October 16, 2004, revised March 23, 2005)