Comment.Math.Univ.Carolin. 46,4 (2005)589–600 589

Some results on the recognizability of the linear groups over the binary field

M.R. Darafsheh, Y. Farjami, M. Khademi, A.R. Moghaddamfar

Abstract. In this paper, we first find the set of orders of all elements in some special linear groups over the binary field. Then, we will prove the characterizability of the special linear group PSL(13, 2) using only the set of its element orders.

Keywords: element order, prime graph, projective special linear group Classification: 20D05

1. Introduction

Let G be a finite group and π_e(G) be the set of orders of all elements in G. Clearly, π_e(G) is a subset of the set of natural numbers, also π_e(G) is closed and partially ordered by the divisibility relation. Hence, π_e(G) is uniquely determined by μ(G), the set of elements that are maximal under the divisibility relation. If Ω is a subset of natural numbers, then h(Ω) denotes the number of non-isomorphic finite groups G such that π_e(G) = Ω. It is clear that h(π_e(G)) ≥ 1, for any group G. Following W.J. Shi, we say that a finite group G is non-distinguishable if h(π_e(G)) = ∞; and distinguishable if h(π_e(G)) < ∞. Moreover, a distinguishable group G is called k-distinguishable if h(π_e(G)) = k (k < ∞). Usually, a 1- distinguishable group G is called a recognizable (or characterizable) group.

To every finite group G we associate a graph known as its prime graph denoted by Γ(G) = (V (G), E(G)). For this graph we have V (G) = π(G), the set of all prime divisors of the order of G, and for two vertices p, q ∈ V (G) we have {p, q} ∈ E(G) if and only if pq ∈ π_e(G). Denote the connected components of Γ(G) by π_i(G) = π_i, i = 1, 2, . . . , t(G), where t(G) is the number of connected components. If 2 ∈ π(G) we set 2 ∈ π_1.

By [8] we have

t(PSL(n, 2)) = { 1 if n ≠ p, p + 1;

2 if n = p or p + 1,

where p is an odd prime number. When n = p or p + 1, PSL(n, 2) has two components, one of them is

π_1 = π(2

∏_{p−1} i=1 (2^i − 1)), (resp. π_1 = π(2(2^{p+1} − 1)

∏_{p−1} i=1 (2^i − 1))) and the other in any case is π_2 = π(2^p − 1).

Characterization of finite groups through their element orders is one of the most interesting problems in finite group theory. This problem was first introduced by W.J. Shi in [15]. There are some results in the literature showing that certain groups are characterizable (see references and Table 1 in [12]). In particular, it was proved that the following simple groups are characterizable: PSL(n, 2) for n = 3, 4, 5, 6, 7, 8 (see [17], [13], [3], [16], [4], [5]). About simple groups PSL(9, 2) and PSL(10, 2), the problem is still open. In fact, since the prime graphs of these groups are connected, the problem is more difficult. Moreover, in [3], Darafsheh and Moghaddamfar put forward the following conjecture:

Conjecture. For all positive integers n ≥ 3, the simple groups PSL(n, 2) are characterizable.

In this paper, we will prove that the conjecture is correct for the special linear group PSL(13, 2). Finally we will prove that:

Main Theorem. Let G be a finite group. Then G ∼= PSL(13, 2) if and only if π_e(G) = π_e(PSL(13, 2)).

In the following, groups considered are finite and simple groups are non-abelian. We also use the notation PSL(n, q) or L_n(q) for the projective special linear group. It is clear that PSL(n, 2) = GL(n, 2).

2. On set of orders of elements in PSL(n, 2)

In this section, we first introduce some notation which are taken from [7]. Then we continue to find some properties of the set π_e(PSL(n, 2)), whose proof is based on examining the structure of PSL(n, 2) and on several arithmetic arguments. Finally, we calculate the set of orders of elements of the projective special linear groups PSL(n, 2) where n = 9, 10, 11, 12, 13.

Notation. Let f(x) = x^m − a_{m−1}x^{m−1} − . . . − a_0 be a polynomial over GF(q) of degree m. Using Green’s notation ([7]), let

U(f) = U_1(f) :=

0 1 0 0 . . . 0 0 0 1 0 . . . 0 0 0 0 1 . . . 0 . . . . . . . . · · · . . 0 0 0 0 . . . 1 a_0 a_1 a_2 a_3 . . . a_{m−1} denote its companion matrix. We also set

U_l(f) :=

U(f) 1_m 0 0 . . . 0 0 U(f) 1_m 0 . . . 0 0 0 U(f) 1_m . . . 0 . . . . . . . . · · · . . 0 0 0 0 . . . U(f) ,

with l diagonal blocks U(f), where 1_m is the identity matrix.

If λ = {l_1, l_2, . . . , l_p} is a partition of a positive integer k whose p parts are written in descending order i.e.

l_1 ≥ l_2 ≥ . . . ≥ l_p > 0,

then we set U_λ(f) := diag{U_{l1} (f), U_{l2} (f), . . . , U_{lp} (f)}.

We denote by c(n, q) the number of conjugacy classes of GL(n, q). In general, there is a generating function for c(n, q) as follows:

(1) ∞∑ n=0 c(n, q)x^n = ∞∏ m=1 p(x^m)^{w(m,q)},

where

(2) w(m, q) = 1 m ∑ k|m μ(k)q^{m/k}

is the number of irreducible polynomials f(x) of degree m over GF(q). We recall that in equations (1) and (2)

(3) p(x) = 1 (1 − x)(1 − x^2) . . . = ∞∑ d=0 p_dx^d

is the partition function (in this power series the coefficient p_d is the number of partitions of d), and μ is the Möbius function.

By definition the order of f(x) ∈ GF(q)[x], f(0) ≠ 0, is the smallest natural number e such that f(x) | |xe −1, denoted by ord(f). If A is an element of GL(n, q) with minimal polynomial f(x), then it is known that the order of A in GL(n, q) is equal to the order of f(x). Therefore finding the orders of polynomials over

GF(q) is important for finding the orders of elements in the general linear groups. Since we are interested in GL(n, 2), in what follows we turn to the field GF(2).

Suppose that A ∈ GL(n, 2) has characteristic polynomial f^{k1}_{m1} f^{k2}_{m2} . . . f^{ks}_{ms} , where f_{mi} , 1 ≤ i ≤ s, is an irreducible polynomial over GF(2) of degree m_i, and k_1, k_2, . . . , k_s are positive integers. Evidently

∑_n i=1 m_ik_i = n, and moreover A is conjugate to one of the matrices of the form

diag{U_{ν1} (f_{m1} ), U_{ν2} (f_{m2} ), . . . , U_{νs} (f_{ms} )}

in GL(n, 2), where ν_1, ν_2, . . . , ν_s are certain partitions of k_1, k_2, . . . , k_s respectively. In this case, we denote the conjugacy class c of A by the symbol

c = (f^{ν1}_{m1} f^{ν2}_{m2} . . . f^{νs}_{ms} ).

Furthermore, if B is conjugate to diag{U_{k1} (f_{m1} ), U_{k2} (f_{m2} ), . . . , U_{ks} (f_{ms} )}, then we have

(4) o(B) = l.c.m. {o(U_{k1} (f_{m1} )), o(U_{k2} (f_{m2} )), . . . , o(U_{ks} (f_{ms} ))}.

Hence, among all elements of GL(n, 2) having the same characteristic polynomial f^{k1}_{m1} f^{k2}_{m2} . . . f^{ks}_{ms} , o(B) is maximal.

If w(d, 2) = k, then it means that there are k irreducible polynomials of degree d over GF(2), say, g_1, g_2, . . . , g_k. Certainly o(U_1(g_i)) = ord(g_i) divides 2^d − 1, and also there exist g_j, 1 ≤ j ≤ k, such that o(U_1(g_j)) = ord(g_j) = 2^d − 1.

We are now ready for the first result.

Lemma 1. Let n = k_1m_1 +k_2m_2 +· · ·+k_sm_s, where k_1, k_2, . . . , k_s, m_1, m_2, . . . , m_s are positive integers and n ≥ 3. Let e = l.c.m. (2^{m1} − 1, 2^{m2} − 1, . . . , 2^{ms} − 1) and t be the smallest integer with 2^t ≥ max(k_1, k_2, . . . , k_s). Then 2^te ∈ π_e(PSL(n, 2)).

Proof: Let A ∈ PSL(n, 2) ∼= GL(n, 2) have characteristic polynomial f = f^{k1}_{m1} f^{k2}_{m2} . . . f^{ks}_{ms} , where f_{mi} is an irreducible polynomial over GF(2) of degree m_i and o(U_1(f_{mi} )) = ord(f_{mi} ) = 2^{mi} − 1. Now, if A is conjugate to

diag{U_{k1} (f_{m1} ), U_{k2} (f_{m2} ), . . . , U_{ks} (f_{ms} )},

then by (4) and Theorem 3.8 in [10], we obtain that

o(A) = l.c.m. {o(U_{k1} (f_{m1} )), o(U_{k2} (f_{m2} )), . . . , o(U_{ks} (f_{ms} ))}

= l.c.m. {2^{t1} ord(f_{m1} ), 2^{t2} ord(f_{m2} ), . . . , 2^{ts} ord(f_{ms} )}

= 2^t × l.c.m. {ord(f_{m1} ), ord(f_{m2} ), . . . , ord(f_{ms} )}

= 2^t × l.c.m. {2^{m1} − 1, 2^{m2} − 1, . . . , 2^{ms} − 1},

where t_i is the smallest integer with 2^{ti} ≥ k_i, and t = max(t_1, t_2, . . . , t_s). □

Corollary 1. The following statements hold.

(a) For i ≥ 1 we have π_e(PSL(i, 2)) ⊂ π_e(PSL(i + 1, 2)). In particular, for every 1 ≤ i ≤ n, 2^i − 1 belong to π_e(PSL(n, 2)).

(b) (q^n −1)/d(q−1) and (q^{n−1} −1)/d belong to μ(L_n(q)), where d = (n, q−1).

In particular, 2^{n−1} − 1 and 2^n − 1 belong to μ(L_n(2)). (c) 2^s ∈ μ(PSL(n, 2)), where s is the smallest integer with 2^s ≥ n. (d) 2^n − 1 is the maximal number in μ(PSL(n, 2)).

(e) k(2^{n−2} − 1) ∈ π_e(PSL(n, 2)) if and only if k = 1, 2 or 3. Moreover 2(2^{n−2} − 1) is the maximal even number in μ(PSL(n, 2)).

(f) Let n =

∑_s i=1 m_i, where m_1, m_2, . . . , m_s are positive integers and for every i, j = 1, 2, . . . , s, (m_i, m_j ) = 1. Then

∏_s i=1(2^{mi} −1) ∈ μ(PSL(n, 2)).

Proof: (a) Evidently, PSL(i, 2) → PSL(i + 1, 2) for every i ≥ 1, and so π_e(PSL(i, 2)) ⊆ π_e(PSL(i + 1, 2)). Moreover, PSL(i, 2) contains a Singer cycle of order 2^i − 1. This proves part (a).

(b) These facts are quite well-known, see for instance [9].

(c) Take A ∈ c = (f^n_1 ), where f_1 is irreducible polynomial over GF(2) of degree 1. Then the result follows from Lemma 1.

(d) Let A ∈ PSL(n, 2) have characteristic polynomial f = f^{k1}_{m1} f^{k2}_{m2} . . . f^{ks}_{ms} , where f_{mi} is an irreducible polynomial over GF(2) of degree m_i. Assume that t and e are as in Lemma 1. Clearly o(A) divides 2^te, and by noticing that ∑_n

i=1 m_ik_i = n, we conclude that

o(A) ≤ 2^te ≤ 2^t(2^{m1} − 1)(2^{m2} − 1) . . . (2^{ms} − 1) ≤ 2^{(t+}

∑_s i=1 m_i) − 1 ≤ 2n − 1,

completing the part (d).

(e) Assume that A ∈ PSL(n, 2). Evidently A ∈ c = (f_{n−2}f^k_i ) if and only if (i, k) = (1, 2) or (2, 1). Using (4), in the first case we have o(A) = 2(2^{n−2} − 1), and in the latter case we have

o(A) = { 2^{n−2} − 1 if n is even, 3(2^{n−2} − 1) if n is odd.

Hence k(2^{n−2} − 1) ∈ π_e(PSL(n, 2)) if and only if k = 1, 2 or 3. Now, with the same argument as in (d) we may prove that 2(2^{n−2} − 1) is the maximal even number in π_e(PSL(n, 2)), which implies that 2(2^{n−2} − 1) ∈ μ(PSL(n, 2)).

(f) Assume that A ∈ c = (f_{m1} , f_{m2} , . . . , f_{ms} ), where f_{mi} is an irreducible polynomial over GF(2) of degree m_i, and o(U_1(f_{mi} )) = 2^{mi} −1. Now by Lemma 1, it is easy to see that

o(A) = l.c.m. (2^{m1} − 1, 2^{m2} − 1, . . . , 2^{ms} − 1) = s∏ i=1 (2^{mi} − 1), since (2^{mi} − 1, 2^{mj} − 1) = 2^{(mi,mj )} − 1 = 1.

Now, we show that o(A) ∈ μ(PSL(n, 2)). Assume that PSL(n, 2) contains an element, say, B, such that o(A) divides o(B). Suppose that B ∈ (f^{k1}_{d1} f^{k2}_{d2} . . . f^{kz}_{dz} ), where f_{dj} , 1 ≤ j ≤ z, is an irreducible polynomial over GF(2) of degree d_j, ∑_z

j=1 k_j d_j = n and o(U_1(f_{dj} )) = 2^{dj} − 1. From Lemma 1, we have o(B) = 2^te, where t is the least positive integer such that 2^t ≥ max(k_1, k_2, . . . , k_z) and e = l.c.m. (2^{d1} −1, 2^{d2} −1, . . . , 2^{dz} −1). Since o(A) divides o(B), for each i there is a j_{(i)} such that m_i | d_{j(i)} , 1 ≤ i ≤ s. Hence m_i ≤ d_{j(i)} implying

∑_s i=1 m_1 ≤

∑_s i=1 d_{j(i)} .

On the other hand, since k_i ≥ 1, we obtain z∑ j=1 d_j ≤ z∑ i=1 k_j d_j = s∑ i=1 m_1 ≤ s∑ i=1 d_{j(i)} .

Therefore equality holds, which implies s = z, k_i = 1 and d_{j(i)} = m_i, for all i, 1 ≤ i ≤ s. Hence A = B, and the result follows. □

Lemma 2. Let G = PSL(n, 2), where n = 9, 10, 11, 12, 13. Then μ(G) is given as in Table 4.

Proof: First of all, using (2) and (3) we calculate the values of w(n, 2) and p_n where 1 ≤ n ≤ 13, and list them in Table 1.

Table 1. The number of irreducible polynomials of degree n over Z_2, and the number of partitions of n.

n 1 2 3 4 5 6 7 8 9 10 11 12 13 w(n, 2) 2 1 2 3 6 9 18 30 56 99 186 335 630 p_n 1 2 3 5 7 11 15 22 30 42 56 77 101

Next, we calculate the values of c(n, 2), where 1 ≤ n ≤ 13. In fact, using (1) we obtain

(5) ∞∑ n=0 c(n, 2)x^n = ∞∏ m=1 p(x^m)^{w(m,2)} = 1 + x + 3x^2 + 6x^3 + 14x^4 + 27x^5 + 60x^6

+117x^7 + 246x^8 + 490x^9 + 1002x^{10} + 1998x^{11} + 4031x^{12} + 8066x^{13} + · · · .

Finally, we calculate o(U_k(f_i)) with k ≥ 2 and ki ≤ 13, which is given in Table 2.

Table 2. The order of A ∈ GL(ki, 2) having characteristic polynomial f^k_i , where k > 1 and ki ≤ 13.

k f_1 f_2 f_3 f_4 f_5 f_6 2 2 6 14 30 62 126 3 4 12 28 60 4 4 12 28 5 ≤ k ≤ 6 8 24 7 ≤ k ≤ 8 8 9 ≤ k ≤ 13 16

First suppose G = PSL(9, 2). By (5), G contains 490 conjugacy classes. Now, by the previous explanations and using Lemma 1 and Table 2, we can easily list these conjugacy classes and find the maximum order for all elements in the conjugacy classes having the same characteristic polynomial, which is denoted by m in the last column of Table 3. Therefore, we derive the set μ(G) from this column, as required. Note that, in Table 3, Par(k) denotes the set of partitions of k. We can find μ(PSL(n, 2)) for n = 10, 11, 12 and 13, in a similar manner. The final result is tabulated in Table 4. □

Table 3. The order of elements of the simple group PSL(9, 2).

Type of c Conditions Number m (f^r_1 ) r ∈ Par(9) 30 16 = 2^4 (f^r_2 f_1) r ∈ Par(4) 5 12 = 2^2.3 (f^r_2 f^s_1 ) r, s ∈ Par(3) 9 12 = 2^2.3 (f^r_2 f^s_1 ) r ∈ Par(2), s ∈ Par(5) 14 24 = 2^3.3 (f_2f^r_1 ) r ∈ Par(7) 15 24 = 2^3.3 (f^r_3 ) r ∈ Par(3) 10 28 = 2^2.7 (f^r_3 f_2f_1) r ∈ Par(2) 5 42 = 2.3.7 (f^r_3 f^s_1 ) r ∈ Par(2), s ∈ Par(3) 15 28 = 2^2.7 (f_3f^r_2 ) r ∈ Par(3) 6 84 = 2^2.3.7 (f_3f^r_2 f^s_1 ) r, s ∈ Par(2) 8 42 = 2.3.7 (f_3f_2f^r_1 ) r ∈ Par(4) 10 84 = 2^2.3.7 (f_3f^r_1 ) r ∈ Par(6) 22 56 = 2^3.7 (f^r_4 f_1) r ∈ Par(2) 9 30 = 2.3.5 (f_4f_3f_2) 6 105 = 3.5.7 (f_4f_3f^r_1 ) r ∈ Par(2) 12 210 = 2.3.5.7 (f_4f^r_2 f_1) r ∈ Par(2) 6 30 = 2.3.5 (f_4f_2f^r_1 ) r ∈ Par(3) 9 60 = 2^2.3.5 (f_4f^r_1 ) r ∈ Par(5) 21 120 = 2^3.3.5

Type of c Conditions Number m (f_5f_4) 18 465 = 3.5.31 (f_5f_3f_1) 12 217=7.31 (f_5f^r_2 ) r ∈ Par(2) 12 186 = 2.3.31 (f_5f_2f^r_1 ) r ∈ Par(2) 12 186 = 2.3.31 (f_5f^r_1 ) r ∈ Par(4) 30 124 = 2^2.31 (f_6f_3) 18 63 = 3^2.7 (f_6f_2f_1) 9 63 = 3^2.7 (f_6f^r_1 ) r ∈ Par(3) 27 252 = 2^2.3^2.7 (f_7f_2) 18 381 = 3.127 (f_7f^r_1 ) r ∈ Par(2) 36 254 = 2.127 (f_8f_1) 30 255 = 3.5.17 (f_9) 56 511 = 7.73 Total 490

Table 4. The set of orders of elements of some projective special linear groups.

G μ(G) PSL(9, 2) 16, 56, 120, 124, 186, 210, 217, 252, 254, 255, 381, 465, 511 PSL(10, 2) 16, 120, 168, 248, 252, 315, 372, 381, 420, 434, 465, 508, 510, 511, 651, 889, 930, 1023 PSL(11, 2) 48, 120, 248, 315, 372, 420, 504, 508, 762, 868, 889, 930, 1020, 1022, 1023, 1533, 1785, 1905, 1953, 2047 PSL(12, 2) 48, 112, 504, 630, 744, 840, 868, 1016, 1020, 1302, 1524, 1533, 1785, 1778, 1860, 1905, 1953, 2044, 2046, 2047, 2667, 3255, 3937, 4095 PSL(13, 2) 112, 240, 504, 744, 840, 1016, 1260, 1524, 1736, 1860, 2040, 2044, 2604, 3066, 3255, 3556, 3570, 3810, 3906, 3937, 4092, 4094, 4095, 6141, 7161, 7665, 7905, 8001, 8191

3. Recognizing PSL(13, 2) by its order elements

Our main result of this section is the characterization of PSL(13, 2) by its order elements, in fact we prove the statement of the Main Theorem.

We begin with a well-known theorem due to Gruenberg and Kegel.

Gruenberg-Kegel Theorem (see [18, Theorem A]). If G is a finite group with disconnected prime graph Γ(G) then one of the following holds.

(1) t(G) = 2 and G is either a Frobenius or a 2-Frobenius group. (2) G is an extension of a π_1(G)-group N by a group G_1, where P ⊴ G_1 ⊴ Aut(P ), P is a non-abelian simple group and G_1/P is a π_1(G)-group. Moreover t(P ) ≥ t(G) and for every i, 2 ≤ i ≤ t(G), there exists j, 2 ≤ j ≤ t(P ), such that π_j (P ) = π_i(G).

By Lemma 2, we know that 26 /∈ μ(PSL(13, 2)). Now, in the following lemma we prove that there is an outer automorphism of PSL(13, 2) of order 26, which certainly proves that π_e(PSL(13, 2)) � π_e(Aut(PSL(13, 2))).

Lemma 3. The group Aut(PSL(13, 2)) contains an element of order 26.

Proof: Let θ be an involuntary graph automorphism of G = PSL(13, 2). Using the notation in [2] we have G^+ = Aut(G) = G · ⟨θ⟩ = G ∪ θG. The conjugacy classes of G^+ which lie in θG are called negative classes and by Theorem 1 in [2], G^+ has only one negative conjugacy class of involutions with representative θI and we have

|C_G+ (θI)| = 2^{37}(2^2 − 1)(2^4 − 1) · · · (2^{12} − 1) = 2^{37} · 3^8 · 5^3 · 7^2 · 11 · 13 · 17 · 31,

where I is the identity matrix. Now, we deduce that 2 · 13 ∈ π_e(G^+). □

Lemma 4. If G is a simple group of Lie type such that

8191 ∈ π(G) ⊆ π(PSL(13, 2)),

then G is isomorphic to PSL(13, 2) or PSL(2, 8191).

Proof: Suppose G is a finite simple group of Lie type over a finite field of order q = p^n, where p is a prime and n is a natural number. Evidently p ∈ π(G), hence p may be equal to 2, 3, 5, 7, 11, 13, 17, 23, 31, 73, 89, 127 or 8191. If p = 2, then it is clear that the order of 2 modulo 8191 is 13, and there is no natural number m such that 2^m + 1 ≡ 0(mod 8191). Thus if 2^k − 1 divides |G| and 8191 ∈ π(2^k − 1), for some k, then k must be a multiple of 13. Therefore, from Table 6 in [1], the only candidate for G under our assumptions is A_{12}(2) ∼= PSL(13, 2). Suppose p = 3. In this case the calculations show that the order of 3 modulo 8191 is greater than 100. Now, if G is a simple group of Lie type in characteristic 3, the order of which is divisible by 8191, from Table 6 in [1], no candidates for G will arise. Similarly for p = 5, 7, 11, 13, 17, 23, 31, 73, 89, 127, there is no group with the above property. If p = 8191, then q must be a power of 8191 and the only possible group is G = A_1(8191) ∼= PSL(2, 8191). The lemma is proved. □

Lemma 5. The special linear group PSL(13, 2) has a Frobenius subgroup of shape 3^3 : 13.

Proof: Let F be the finite field with 3^3 elements. Let H be the cyclic subgroup of F^× with order 13. Then it is easy to verify that

G = {f_{a,b} : F → F | f_{a,b}(x) = ax + b, a ∈ H, b ∈ F, ∀ x ∈ F }

is a Frobenius group with complement H and kernel the additive group of F which is an elementary abelian group of order 3^3. Therefore the existence of the Frobenius group G of the shape 3^3 : 13 is established.

But from [6, p. 68] the complex character table of the group G can be constructed. In particular, G has 13 irreducible complex characters of degree 1 and two with degree 13, apparently the characters of degree 13 are faithful. But it is well-known that the degrees of the irreducible characters of any finite group G over a field whose characteristic does not divide the order of G are the same as the degrees of ordinary irreducible characters of G. Therefore the Frobenius group G = 3^3 : 13 has an irreducible character of degree 13 over a field with characteristic 2 which is denoted by K. Therefore we have the faithful representation G → GL(13, K) affording the character of degree 13. But the above representation can be realized over a field with two elements. Therefore we have a monomorphism G → GL(13, 2) proving the lemma. □

Now we are able to prove the Main Theorem of this section.

Proof of Main Theorem: We only need to prove the sufficiency part. Let G be a finite group for which π_e(G) = π_e(PSL(13, 2)). Then t(G) = 2 and the connected components of the prime graph of Γ(G) are:

π_1(G) = {2, 3, 5, 7, 11, 13, 17, 23, 31, 73, 89, 127} and π_2(G) = {8191}

(see [8]). We will prove that G is isomorphic to PSL(13, 2). First of all, from [11] G is non-soluble and so G is not a 2-Frobenius group. On the other hand, since 2 · 13 /∈ π_e(G), by Lemma 2.7 in [3] it follows that G cannot be a Frobenius group.

Now, we adhere to the notation of item (2) of the Gruenberg-Kegel theorem. We invoke the Classification of Finite Simple Groups to eliminate all possibilities for P (see [1]). Note that π_2(G) = π_j (P ) = {8191} for some j ≥ 2. We claim that P ∼= PSL(13, 2). If P is an alternating group A_n, n ≥ 5, then since 8191 ∈ π(P ), we deduce n ≥ 8191. But then 19 ∈ π(G), which is a contradiction. Also, P cannot be a sporadic simple group, because otherwise the maximum prime in P would be 71, whereas 8191 ∈ π(P ), which is a contradiction. Finally, we assume that P is a simple group of Lie type. In this case, by Lemma 4, we obtain P ∼= PSL(13, 2) or PSL(2, 8191). If P ∼= PSL(2, 8191), then we get 4096 ∈ π_e(P )\π_e(G), which is a contradiction. Therefore, P ∼= PSL(13, 2), as claimed.

Now, we show that N = 1. Assume the contrary. Without loss of generality we may assume that N = O_r(G) for some prime r ∈ π_1(G). Moreover, we may assume that N is an elementary abelian subgroup and C_{G1} (N) = N. Let K = ⟨A⟩ where A ∈ GL(12, 2) and o(A) = 2^{12} − 1. Then L = {[ 1 a_1 a_2 . . . a_{12} 0 X ] | | X ∈ K, a_i ∈ GF (2), 1 ≤ i ≤ 12 } ≤ PSL(13, 2).

We put S = {[ 1 a_1 a_2 . . . a_{12} 0 I ] | | a_i ∈ GF (2), 1 ≤ i ≤ 12 } , and T = {[ 1 0 0 X ] | | X ∈ K } . Then we form the semi-direct product L = T ⋊S = 2^{12} : (2^{12} −1) ≤ PSL(13, 2) ≤ G_1 ≤ G/N. Now, if r ≠ 2, then by Lemma 6 in [14], we get r · (2^{12} − 1) ∈ π_e(G), which contradicts Lemma 2. Thus, N is a non-trivial 2-subgroup. In this case, we have 3^3 : 13 < PSL(13, 2) by Lemma 5, and again by Lemma 6 in [14], we obtain 26 ∈ π_e(G), which contradicts Lemma 2. Therefore N = 1.

Finally, we claim that G ∼= PSL(13, 2). Because N = 1, we obtain

PSL(13, 2) ≤ G ≤ Aut(PSL(13, 2)).

Moreover, since | Out(PSL(13, 2))| = 2, it follows that G ∼= PSL(13, 2) or G ∼= Aut(PSL(13, 2)). However, by Lemma 3 we have π_e(G) � π_e(Aut(PSL(13, 2))), which implies that G ∼= PSL(13, 2), as claimed. □

References

[1] Conway J.H., Curtis R.T., Norton S.P., Parker R.A., Wilson R.A., Atlas of Finite Groups, Clarendon Press, Oxford, 1985.

[2] Darafsheh M.R., Some conjugacy classes in groups associated with the general linear groups, Algebras Groups Geom. 15 (1998), 183–199.

[3] Darafsheh M.R., Moghaddamfar A.R., Characterization of the groups P SL_5(2), P SL_6(2) and P SL_7(2), Comm. Algebra 29 (2001), no. 1, 465–475.

[4] Darafsheh M.R., Moghaddamfar A.R., Corrigendum to: “Characterization of the groups P SL_5(2), P SL_6(2) and P SL_7(2)”, Comm. Algebra 32 (2003), no. 9, 4651–4653.

[5] Darafsheh M.R., Moghaddamfar A.R., A characterization of groups related to the linear groups P SL(n, 2), n = 5, 6, 7, 8, Pure Math. Appl. 11 (2000), no. 4, 629–637.

[6] Dornhoff L., Group Representation Theory. Part A: Ordinary Representation Theory, Marcel Dekker, New York, 1971.

[7] Green J.A., The characters of the finite general linear groups, Trans. Amer. Math. Soc. 80 (1955), 402–447.

[8] Kondratév A.S., On prime graph components of finite simple groups, Mat. Sb. 180 (1989), no. 6, 787–797.

[9] Kleidman P., Liebeck M., The subgroup structure of the finite classical groups, London Math. Soc. Lecture Note Series 129, 1990.

[10] Lidl R., Niederreiter H., Finite Fields, Addison-Wesley, 1983.

[11] Lucido M.S., Moghaddamfar A.R., Groups with complete prime graph connected components, J. Group Theory 7 (2004), no. 3, 373–384.

[12] Mazurov V.D., Characterization of groups by arithmetic properties, Algebra Colloq. 11 (2004), no. 1, 129–140.

[13] Shi W.J., A characteristic property of A_8, Acta Math. Sinica (N.S.) 3 (1987), 92–96. [14] Shi W.J., The characterization of the sporadic simple groups by their elements orders, Algebra Colloq. 1 (1994), no. 2, 156–166.

[15] Shi W.J., A characteristic property of A_5 (Chinese), J. Southwest-China Teachers University 11 (3) (1986), 11–14.

[16] Shi W.J., Wang L.H., Wang S.H., The pure quantitative characterization of linear groups over the binary field (Chinese), Chinese Ann. Math. Ser. A 24 (2003), no. 6, 675–682.

600 M.R. Darafsheh, Y. Farjami, M. Khademi, A.R. Moghaddamfar

[17] Shi W.J., A characterization property of P SL_2(7), J. Austral. Math. Soc. 36 (1984), 354– 356.

[18] Williams J.S., Prime graph components of finite groups, J. Algebra 69 (1981), 487–513.

M.R. Darafsheh, Y. Farjami:

Department of Mathematics and Computer Sciences, University of Tehran, Tehran, Iran E-mail: daraf@khayam.ut.ac.ir

M. Khademi:

Islamic Azad University, Tehran South Branch, Tehran, Iran

A.R. Moghaddamfar:

Department of Mathematics, K.N.T. University of Technology, P.O. Box 16315-1618, Tehran, Iran

(Received February 11, 2005, revised June 10, 2005)