Comment.Math.Univ.Carolin. 46,4 (2005)747–749 747

Fréchet property in compact spaces is not preserved by M-equivalence

Oleg Okunev

Abstract. An example of two M-equivalent (hence l-equivalent) compact spaces is presented, one of which is Fréchet and the other is not.

Keywords: l-equivalence, M-equivalence, Fréchet property

Classification: 54C35, 54H11, 54D99

All spaces below are assumed to be Tychonoff (that is, completely regular Hausdorff). We use terminology and notation as in [Eng].

Two spaces X and Y are called M-equivalent if their free topological groups F (X) and F (Y ) in the sense of Markov [Mar] are topologically isomorphic. The spaces X and Y are l-equivalent if the spaces C_p(X) and C_p(Y ) of real-valued continuous functions equipped with the topology of pointwise convergence are linearly homeomorphic, and t-equivalent if C_p(X) and C_p(Y ) are homeomorphic (see [Arh3]); Arhangel’skii showed in [Arh1] that M-equivalence of two spaces implies their l-equivalence. We say that a topological property is preserved by an equivalence relation if whenever two spaces are in the relation, one of them has the property if and only if the other one does. Similarly, we say that a cardinal invariant is preserved by a relation if its values on two spaces are the same whenever the spaces are in the relation.

The article [Oku1] contains an example that shows that the Fréchet property, sequentiality and tightness are not preserved by the relation of M-equivalence. However, Tkachuk proved in [Tka] that the tightness is preserved by l-equivalence in the class of compact spaces, that is, if X and Y are l-equivalent compact spaces (this was later extended in [Oku2] by showing that the tightness is preserved by tequivalence in the class of compact spaces, and the same holds for sequentiality if 2^t > c.) In [Arh2, Problem 33 (1058)] Arhangel’skii asked if the Fréchet property is preserved by the relation of l-equivalence in the class of compact spaces. In this article we give an example of two M-equivalent compact spaces, one of which is Fréchet and the other is not, thus giving a negative answer to this question. The natural questions whether the tightness and sequentiality are preserved by the relations of M-equivalence, l-equivalence or t-equivalence in the classes of all σ-compact spaces, Lindelöf spaces, or normal spaces apparently remain open.

748 O. Okunev

Peter Simon in [Sim] constructed two Fréchet compact spaces whose product is not Fréchet. Recall that Simon’s spaces are one-point compactifications of Ψspaces, that is, the spaces of the form ω∪A_i where A_i, i = 1, 2, are almost disjoint families on ω, all points of the set ω are isolated, and basic neighborhoods of a point A ∈ A_i are of the form {A} ∪ A \ F where F is finite. The Fréchet property in each of the one-point compactifications and its absence in their product are achieved by a special choice of the almost disjoint families A_1, A_2.

Thus, we have compact spaces Z_1 and Z_2 which have the following properties: 1. Z_1 and Z_2 are Fréchet spaces, 2. there are points ∞_1 ∈ Z_1 and ∞_2 ∈ Z_2 such that the subspaces Z_1 \ {∞_1}, Z_2 \ {∞_2} are first-countable, 3. The product Z_1 × Z_2 is not Fréchet.

Let X = Z_1 × Z_2. Then X is a compact space which is not Fréchet. Let K_1 = Z_1 × {∞_2}, K_2 = {∞_1} × Z_2 and K = K_1 ∪ K_2. We now use the following statement (Corollary 2.8 in [Oku1]):

Proposition. If X = A × B, then X is M-equivalent to the space (X/K, x_0) ∨ (A, a_0) ∨ (B, b_0) where K = ( A × {b_0} ) ∪ ( {a_0} × B ) and the points x_0 ∈ X/K, a_0 ∈ A and b_0 ∈ B are arbitrary.

Here X/K means the partition space {K, {x} : x ∈ X \ K } equipped with the real-quotient topology, that is, the finest completely regular topology that makes the natural projection p: X → X/K (which assigns to every element of X the element of the partition it belongs to) continuous. Note that the set K is always closed in X, and if the space X is compact as in our example, then the quotient topology on X/K is Tychonoff, so the real-quotient topology in fact coincides with the quotient topology.

The space (X/K, x_0) ∨ (A, a_0) ∨ (B, b_0) in the formulation of the Proposition is the quotient space ( (X/K) ⊕ A ⊕ B ) /{x_0, a_0, b_0}.

Thus, the space X in our example is M-equivalent to the space Y^′ = (X/K, x_0) ∨ (Z_1, ∞_1) ∨ (Z_2, ∞_2) where x_0 is a point of X/K.

Note that the spaces Z_1 and Z_2 have clopen subspaces homeomorphic to the convergent sequence, so there are points z_1 ∈ Z_1 and z_2 ∈ Z_2 such that Z_1 \ {z_1} is homeomorphic to Z_1 and Z_2 \ {z_2} to Z_2. Hence, the space Y^′ is M-equivalent to the space Y = (X/K, x_0)∨(Z_1, z_1)∨(Z_2, z_2) = X/K ⊕Z_1 ⊕Z_2 by the following statement (Proposition 2.6 in [Oku1]):

Proposition. Let X_1, . . . , X_n be spaces, x_i and y_i arbitrary points of X_i, i = 1, . . . , n. Then the spaces (X_1, x_1) ∨ · · · ∨ (X_n, x_n) and (X_1, y_1) ∨ · · · ∨ (X_n, y_n) are M-equivalent.

By the transitivity of M-equivalence, the spaces X = Z_1 × Z_2 and Y = X/K ⊕ Z_1 ⊕ Z_2 are M-equivalent.

Fréchet property and M-equivalence 749

Let us verify that the space Y is Fréchet. Since Z_1 and Z_2 are Fréchet, we only need to verify that the space Y_0 = X/(K_1 ∪ K_2) is Fréchet. Recall that a space Y_0 is Fréchet at a point y ∈ Y_0 if for every set B ⊂ Y_0 such that y ∈ B̄, there is a sequence in B that converges to y. Obviously, a space is Fréchet if and only if it is Fréchet at its every point.

Let p: X → Y_0 = X_0/(K_1 ∪ K_2) be the natural projection. Denote by y_0 the point of Y_0 such that {y_0} = p(K_1 ∪ K_2).

Since X is compact, p is perfect, and the restriction of p to X \ (K_1 ∪ K_2) = p^{−1}(Y \ {y_0}) is a perfect bijection of X \ (K_1 ∪ K_2) onto Y \ {y_0}, the spaces Y \ {y_0} and X_0 \ (K_1 ∪ K_2) = (Z_1 \ {∞_1}) × (Z_2 \ {∞_2}) are homeomorphic. Thus, Y_0 \ {y_0} has countable character, and since it is open in Y_0, the space Y_0 is Fréchet at every point of Y_0 \ {y_0}. To complete the proof, we are left to verify that Y_0 is Fréchet at y_0.

Let B be a set in Y_0 \ {y_0} for which y_0 is a limit point. Let A = p^{−1}(B). Since p is closed, the closure of A in X meets K_1 ∪ K_2. Suppose Ā ∩ K_1 ≠ ∅. Let π_2 : X = Z_1 ×Z_2 → Z_2 be the projection. Then ∞_2 is a limit point for π_2(A), and since Z_2 is Fréchet, there is a convergent sequence S in π_2(A) with the limit ∞_2. For every s ∈ S pick a point a_s ∈ A so that π_2(a_s) = s and put A^′ = { a_s : s ∈ S }. Since the projection π_2 is closed, every neighborhood of K_1 in X contains all but finitely many points of the set A^′. Hence, every neighborhood of y_0 in Y_0 contains all but finitely many points of the set p(A^′), and p(A^′) is a sequence in B that converges to y_0. The proof in the case Ā ∩ K_2 ≠ ∅ is symmetric.

References

[Arh1] Arhangel’skii A.V., On linear homeomorphisms of function spaces, Soviet Math. Doklady 25 (1982), 852–855.

[Arh2] Arhangel’skii A.V., Problems in C_p-theory, Open Problems in Topology (J. van Mill and G.M. Reed, eds.), North-Holland, Amsterdam, 1990, pp. 601–615.

[Arh3] Arhangel’skii A.V., Topological Function Spaces, Kluwer Acad. Publ., Dordrecht, 1992. [Eng] Engelking R., General Topology, PWN, Warszawa, 1976.

[Mar] Markov A.A., On free topological groups, Izv. Akad. Nauk SSSR Ser. Mat (1) (1945) (Russian); English transl.: Amer. Math. Soc. Transl. (1) 8 (1962).

[Oku1] Okunev O., A method for constructing examples of M-equivalent spaces, Topology Appl.

36 (1990), 157–171; Correction, Topology Appl. 49 (1993), 191–192.

[Oku2] Okunev O., Tightness of compact spaces is preserved by the t-equivalence relation, Comment. Mat. Univ. Carolinae 43 (2002), no. 2, 335–342.

[Sim] Simon P., A compact Fréchet space whose square is not Fréchet, Comment. Math. Univ.

Carolinae 21 (1980), 749–753.

[Tka] Tkachuk V.V., Duality with respect to the functor C_p and cardinal invariants of the type of the Souslin number, Math. Notes 37 (1985), no. 3–4, 247–252.

Av. San Claudio y Rio Verde s/n, col. San Manuel, Ciudad Universitaria, CP 72570 Puebla, Puebla, México E-mail: oleg@servidor.unam.mx

(Received March 10, 2005, revised May 27, 2005)