Comment.Math.Univ.Carolin. 47,2 (2006)213–232 213

Strict minimizers of order m in nonsmooth optimization problems

Tadeusz Antczak, Krzysztof Kisiel

Abstract. In the paper, some sufficient optimality conditions for strict minima of order m in constrained nonlinear mathematical programming problems involving (locally Lipschitz) (F, ρ)-convex functions of order m are presented. Furthermore, the concept of strict local minimizer of order m is also used to state various duality results in the sense of Mond-Weir and in the sense of Wolfe for such nondifferentiable optimization problems.

Keywords: nonsmooth programming, strict local minimizer of order m, Clarke’s generalized gradient, (F, ρ)-convex function of order m with respect to θ Classification: 90C29, 90C26, 90C46, 49J52

1. Introduction

The notion of a strict local minimizer of order m plays an important role in the convergence analysis of iterative numerical methods (see, for example, [6]) and in stability results (see, for example, [14], [20]). Some results and optimality conditions concerning characterizations of such minimizers for nonlinear constrained mathematical programming problems have been derived by Auslender [1], Studniarski [19] and [21], Ward [22]. These results, in general, suggest that these minimizers are often exactly those satisfying an “m-th derivative test”.

In this paper, we present a different approach for identifying such minimizers. In the past few years, many methods have been proposed for solving the constrained mathematical programming problem, especially in the case where all functions involved are convex. Recently, some generalizations of convexity have been proposed in optimization theory. One such generalization is a class of differentiable functions introduced to optimization theory by Hanson [9] and later called invex by Craven [5]. In the recent years, the concept of invexity, previously introduced for differentiable functions, was generalized to the case of nonsmooth functions. Kaul et al. [13] proved sufficient optimality conditions and duality results in nonsmooth programming problems involving nonsmooth invex functions. Jeyakumar [12] defined the class of locally Lipschitz ρ-convex functions and proved saddle point and duality theorems for nonsmooth problems involving this type of functions. Hanson and Mond [10] introduced the concept of F -convexity (without naming it so) for differentiable functions. They proved optimality and duality results for mathematical programming problems involving such functions. The name “F -convex function” was given by Egudo and Mond [7]. Later, Preda [17] introduced generalized (F, ρ)-convexity, an extension of F -convexity and generalized ρ-convexity defined in [12].

In this paper, we use a class of nondifferentiable (locally Lipschitz) nonconvex functions, that is, a class of (F, ρ)-convex functions of order m with respect to the same function θ to characterize a strict minimizer of order m in standard mathematical programming problems. This class of nondifferentiable generalized convex functions generalizes the class of differentiable (F, ρ)-convex functions earlier introduced by Preda [17]. To describe a class of nonsmooth (F, ρ)-convex functions, we use Clarke’s generalized gradient [4]. The purpose of this paper is to use the introduced notion of (F, ρ)-convex functions of order m with respect to the same function θ to establish sufficient optimality conditions for strict minimizer of order m in nonsmooth optimization problems involving this type of functions. Furthermore, duality results in the sense of Mond-Weir and in the sense of Wolfe for such class of nonsmooth programming problems are also obtained. The concept of strict minimizer of order m is also used to state various duality results.

2. Preliminaries

In this section, we provide some definitions and results that we shall use in the sequel.

Definition 1. Let X be an open subset of R^n. The function f : X → R is said to be locally Lipschitz (of rank K) at x ∈ X if there exist a positive constant K and a neighborhood N of x such that, for any y, z ∈ N,

|f(y) − f(z)| ≤ K ‖y − z‖ .

If the inequality above is satisfied for any x ∈ X then f is said to be locally Lipschitz (of rank K) on X.

Definition 2 ([4]). If f : X → R is locally Lipschitz at x ∈ X, the generalized derivative (in the sense of Clarke) of f at x ∈ X in the direction v ∈ R^n, denoted f^0 (x; v), is given by

f^0(x; v) = lim sup_{y→x} λ↓0 f (y + λv) − f(y) λ .

Definition 3 ([4]). The generalized gradient of f at x ∈ X, denoted ∂f(x), is defined as follows:

∂f(x) = � ξ ∈ R^n : f^0(x; v) ≥ ⟨ξ; v⟩ for all v ∈ R^n � . The following proposition collects some properties which can be found in [4].

Proposition 4.

(a) ∂f(x) is a nonempty compact subset of R^n, (b) f^0(x; v) = max {⟨ξ; v⟩ : ξ ∈ ∂f(x)}, (c) if x is a local minimum of f, then 0 ∈ ∂f(x), (d) if g : R^n → R is a locally Lipschitz function, then ∂(f + g)(x) ⊂ ∂f(x) + ∂g(x).

Definition 5. A function F : X × X × R^n → R is sublinear (with respect to the third component) if for any x, u ∈ X, the following inequalities

F (x, u, q_1 + q_2) ≤ F (x, u, q_1) + F (x, u, q_2) , (1) F (x, u, αq) ≤ αF (x, u, q) (2) hold for any α ≥ 0 and q, q_1, q_2 ∈ R^n.

Remark 6. Note that from (1) and (2) it follows that F (x, u, 0) = 0.

On the basis of the definition of invexity for differentiable invex functions ([9]) and the notions of strong and weak invexity introduced by Jeyakumar [11], Jeyakumar [12] defined the concept of ρ-invexity for locally Lipschitz functions.

For the benefit of the reader, we recall the definition of ρ-invex functions introduced by Jeyakumar in [12].

Definition 7. Let f : X → R be a locally Lipschitz function on a nonempty set X ⊂ R^n. If there exist functions η : X × X → R^n and θ : X × X → R^n, θ(x, u) ≠ 0, whenever x ≠ u, and a real number ρ such that the inequality

(3) f(x) − f(u) ≥ ⟨ξ, η(x, u)⟩ + ρ ‖θ(x, u)‖

holds for any ξ ∈ ∂f(u) and for all x ∈ X, then f is said to be (locally Lipschitz ) ρ-invex with respect to η and θ at u on X.

If the relation (4) is satisfied at any point u ∈ X, then f is said to be ρ-invex with respect to η on X.

If ρ > 0, then f is said to be strongly invex . If ρ = 0, then f is said to be invex . If ρ < 0, then f is said to be weakly invex . It is clear that strongly invex =⇒ weakly invex.

Now, we generalize the definition of ρ-invex functions with respect to η and θ introduced by Jeyakumar in [12]. We introduce the (locally Lipschitz) (F, ρ)- convexity of order m with respect to θ.

Definition 8. Let f : X → R be a locally Lipschitz function on a nonempty set X ⊂ R^n. If there exist some sublinear functional F : X × X × R^n → R with respect to the third component, a function θ : X × X → R^n, θ(x, u) ≠ 0 whenever x ≠ u, a real number ρ and a positive integer number m such that the inequality

(4) f(x) − f(u) ≥ F (x, u, ξ) + ρ ‖θ(x, u)‖^m holds for any ξ ∈ ∂f(u) and for all x ∈ X, then f is said to be (locally Lipschitz ) (F, ρ)-convex of order m with respect to θ at u on X.

If the relation (4) is satisfied at any point u ∈ X, then f is said to be (F, ρ)-convex of order m with respect to θ on X.

If ρ > 0, then f is said to be F -strongly convex of order m. If ρ = 0, then f is said to be F -convex of order m. If ρ < 0, then f is said to be weakly F -convex of order m.

It is clear that F -strongly convex of order m =⇒ F -weakly convex of order m.

Remark 9. Note that if F (x, u, ξ) = ⟨ξ, η(x, u)⟩ and m = 1 then f is (locally Lipschitz) ρ-invex with respect to η and θ in the sense of the Jeyakumar’s definition (see Definition 7).

Remark 10. In order to define an analogous class of (strictly) locally Lipschitz F -concave functions of order m with respect to θ, the direction of the inequalities in (4) should be reversed.

In the following example, we give an example of a (locally Lipschitz) (F, ρ)- convex function of order 2 with respect to some function θ.

Example 11. We consider the following Lipschitz function f : (−1, 1) → R defined as

f(x) = � x if − 1 < x ≤ 0 1 2 x if 0 ≤ x < 1.

We show that f is (locally Lipschitz) (F, ρ)-convex of order 2 with respect to some function θ (x, u) = x − u at u = 0 on the set X = (−1, 1). We set

F (x, u, ξ) = � 2 � x − x^2 � ξ if − 1 < x ≤ 0 −xξ if 0 ≤ x < 1

for any ξ ∈ ∂f(u) =

�_1 2 , 1 � , and, moreover,

θ (x, u) = x − u and ρ = 1.

Thus, by Definition 8, f is (locally Lipschitz) (F, ρ)-convex of order 2 with respect to the function θ at u = 0 on X. Moreover, it is not difficult to prove that f is not ρ-invex in the sense of Jeyakumar [12] (see also Definition 7), where ρ = 1, with respect to θ and with respect to the function η : X × X → R satisfying F (x, u, ξ) = ⟨ξ, η(x, u)⟩ for any ξ ∈ ∂f(u).

For the class of (F, ρ)-convex of order m functions with respect to θ, we generalize the results given by Ben-Israel and Mond in [3, Theorem 1]. To do this, we prove the following theorem:

Theorem 12. Let f be a locally Lipschitz function defined on a nonempty open set X ⊂ R^n. Then f is (F, ρ)-convex of order m with respect to θ on X if and only if 0 ∈ ∂f(u) implies f(x) − f(u) ≥ ρ ‖θ(x, u)‖^m for all x ∈ X and some real number ρ.

Proof: “=⇒” Assume that f is (F, ρ)-convex with respect to θ on X. Hence, by Definition 8, it follows that there exists a real number ρ, a function θ : X × X → R^n, and some sublinear functional F (x, u, ·) such that, the inequality f(x) − f(u) ≥ F (x, u, ξ) + ρ ‖θ(x, u)‖^m holds for all x ∈ X. From the assumption we have 0 ∈ ∂f(u). Then, by Remark 6, we get that the following inequality (5) f(x) ≥ f(u) + ρ ‖θ(x, u)‖^m holds for all x ∈ X and some real number ρ.

“⇐=” We assume that 0 ∈ ∂f(u) implies (5). Then it is sufficient to take (6) F (x, u, ξ) = 0 for all x ∈ X and all ξ ∈ ∂f(u). Now we suppose that 0 /∈ ∂f(u). We set

(7) F (x, u, ξ) =

� � � � � � �

(f(x) − f(u) − ρ‖θ(x, u)‖^m)^{‖ξ‖}_{maxζ∈∂f (u) ‖ζ‖} if f(x) − f(u) − ρ‖θ(x, u)‖^m ≥ 0, (f(x) − f(u) − ρ‖θ(x, u)‖^m)^{⟨ξmin,ξ⟩}_{‖ξmin‖2} if f(x) − f(u) − ρ‖θ(x, u)‖^m < 0, where ξ_{min} = min_{ζ∈∂f(u)} ‖ζ‖. Taking into account (6) and (7), we conclude by Definition 8 that f is (F, ρ)-convex of order m with respect to θ on X. □ 3. Optimality

We consider the following mathematical programming problem: (P) f(x) → min, subject to g_j(x) ≤ 0, j ∈ J = {1, . . . , p}, where f : R^n → R, g_j : R^n → R, j ∈ J, are locally Lipschitz functions defined on R^n. The set of all feasible solutions D in (P) is the set D := � x ∈ R^n : g_j(x) ≤ 0, ∀ j ∈ J � . Further, the Lagrange function or the Lagrangian for problem (P) is defined as follows (8) L (x, λ, μ) := λf(x) + μg(x).

Definition 13. The point x is an isolated local minimizer for (P) if there is an open neighborhood U of x such that

f(x) ≥ f(x), ∀ x ∈ D ∩ U.

If this inequality is strictly satisfied for x ≠ x, then x is said to be a strict local minimizer.

Definition 14. We say that x is a strict local minimizer of order m for problem (P) if there exist an open neighborhood U of x and a positive real number β such that

(9) f(x) ≥ f(x) + β ‖x − x‖^m , ∀ x ∈ D ∩ U.

If there is a neighborhood U such that x is the only local minimizer in U, then x is called an isolated local minimizer.

Remark 15. Observe that if x is a strict local minimizer of order m, it is also a strict local minimizer of order p for all p > m. If (9) holds for all x ∈ D then x is a strict global minimizer of order m, or shortly, a strict minimizer of order m.

It is known that the following Karush-Kuhn-Tucker necessary optimality conditions are fulfilled for x to be a (strict) local minimizer in problem (P) (see, for example, [8] and also [21] for the case when x is a strict local minimizer of order one):

Theorem 16. Let x be a (local) minimizer of order m in the considered optimization problem (P) and some suitable constraint qualification [2] be satisfied at x. Then there exists numbers μ_j, j = 1, . . . , p, such that

0 ∈ ∂ � f(x) + p� j=1 μ_j g_j(x) � , (10)

μ_jg_j(x) = 0, j = 1, . . . , p,

(11) μ_j ≥ 0, j = 1, . . . , p.

(12)

Now, we give the sufficient optimality conditions for x to be a strict minimizer of order m in the considered optimization problem (P).

Theorem 17. Let x be a feasible solution in problem (P) and let the Karush- Kuhn-Tucker optimality conditions be fulfilled at x. Moreover, we assume that f is strongly (F, ρ)-convex of order m with respect to θ at x on D and g_j, j = 1, . . . , p, are strongly � F, ρ_j � -convex with respect to θ at x on D. If θ (x, x) = x − x then x is a strict minimizer of order m in (P).

Proof: Let x be a feasible solution in problem (P) and the Karush-Kuhn-Tucker necessary optimality conditions (10)–(12) be satisfied at x. By assumption, f is strongly (F, ρ)-convex of order m with respect to θ at x on D and g_j, j = 1, . . . , p, are strongly � F, ρ_j � -convex of order m with respect to θ at x on D. Then by Definition 8 we have that, for each x ∈ D, the following inequalities

(13) f(x) − f (x) ≥ F (x, x, ξ) + ρ ‖θ (x, x)‖^m ,

g_j(x) − g_j(x) ≥ F � x, x, ζ_j � + ρ_j ‖θ (x, x)‖^m , j = 1, . . . , p,

are satisfied for any ξ ∈ ∂f(x), ζ_j ∈ ∂g_j(x), respectively. Since F is a sublinear function with respect to the third component, using the Karush-Kuhn-Tucker condition optimality (12), we get

μ_jg_j (x) − μ_j g_j(x) ≥ F � x, x, μ_jζ_j � + μ_jρ_j ‖θ (x, x)‖^m , j = 1, . . . , p.

From x ∈ D and by the Karush-Kuhn-Tucker optimality conditions (11) and (12),

(14) 0 ≥ F � x, x, μ_j ζ_j � + μ_j ρ_j ‖θ (x, x)‖^m , j = 1, . . . , p,

and, moreover, since F is sublinear with respect to the third component, (14) gives

(15) 0 ≥ F � x, x, p� j=1 μ_jζ_j � + �^p� j=1 μ_j ρ_j � ‖θ (x, x)‖^m .

Adding both sides of (13) and (14) we get

f(x) − f (x) ≥ F (x, x, ξ) + F � x, x, p� j=1 μ_jζ_j � + � ρ + p� j=1 μ_jρ_j � ‖θ (x, x)‖^m ,

thus

(16) f(x) − f (x) ≥ F � x, x, ξ + p� j=1 μ_jζ_j � + � ρ + p� j=1 μ_jρ_j � ‖θ (x, x)‖^m .

By assumption, the Karush-Kuhn-Tucker optimality condition (10) is fulfilled at x. Then there exist ξ ∈ ∂f (x) and ζ_j ∈ ∂g_j (x), j = 1, . . . , p, such that 0 = ξ +

�_p j=1 μ_j ζ_j . Thus, (16) implies

f(x) ≥ f (x) + � ρ + p� j=1 μ_jρ_j � ‖θ (x, x)‖^m .

By assumption, θ (x, x) = x − x. Hence, the inequality

(17) f(x) ≥ f (x) + ρ ‖x − x‖^m

holds for all x ∈ D, where

ρ = ρ + p� j=1 μ_j ρ_j > 0.

Then, using Definition 14 together with (17), it follows that x is a strict global minimizer of order m. □

Remark 18. As follows from the proof of Theorem 17, we do not need to assume that all functions involving in problem (P) are strongly (F, ρ)-convex with respect to θ at x on D. It is sufficient to assume one of the following hypotheses:

(i) f is strongly (F, ρ)-convex of order m with respect to η and θ at x on D and g_j, j ∈ J(x), are (F, ρ_j )-convex of order m with respect to η and θ at x on D with ρ_j ≥ 0, (ii) f is (F, ρ)-convex (ρ ≥ 0) of order m with respect to η and θ at x on D and g_j , j ∈ J(x), are (F, ρ_j )-convex of order m with respect to θ at x on D with ρ_j ≥ 0, but at least one of the constraint function g_s, s ∈ J(x), is strongly (F, ρ_s)-convex of order m with respect to θ at x on D.

Example 19. To illustrate the results proved in Theorem 17, we consider the following nonsmooth optimization problem

f(x) = � (x_1 + x_2)^2 + 3 � x^2_1 + x^2 � + 2x_2 if x_2 > 0 4x^2_1 + x_2 if x_2 ≤ 0

→ min

g(x) = −x_2 ≤ 0.

Note that by Definition 14 x = (0, 0) is a strict local minimizer of order 2 in the considered nonsmooth optimization problem. To prove this results we use the sufficient optimality conditions from Theorem 17. We have D = � (x_1, x_2) ∈ R^2 : −x_2 ≤ 0 � , and by Definition 3, ∂f(x) = � (ξ_1, ξ_2) ∈ R^2 : ξ_1 = 0, 1 ≤ ξ_2 ≤ 2 � , ∂g(x) = ∇g(x) = [0, −1]. Moreover, it is not difficult to show by Definition 8 that both the objective function f and the constraint function g are (locally Lipschitz) strongly (F, ρ)-convex of order 2 with respect to θ at x on D, where

F (x, u, ξ) = ξ_2 � x_2 + x^2_1 + x^2 � , θ (x, x) = x − x, and ρ is some real number such that 0 < ρ ≤ 1. Since x = (0, 0) satisfies the Karush-Kuhn-Tucker necessary optimality conditions (10)–(12) and, moreover, all functions involved are (locally Lipschitz) strongly (F, ρ)-convex of order 2 with respect to θ at x on D, then by Theorem 17, x = (0, 0) is a strict local minimizer of order 2 in the considered nonsmooth optimization problem.

Now, we give a sufficient condition for x to be a strict global minimizer of order m under Lagrangian type assumption.

Theorem 20. Let x be a feasible solution in problem (P) and let the Karush- Kuhn-Tucker optimality conditions be fulfilled at x. Moreover, we assume that the Lagrangian is strongly (F, ρ)-convex of order m with respect to θ at x on D. Then x is a strict global minimizer of order m in problem (P).

Proof: Let x be a feasible solution in problem (P) and let the Karush-Kuhn- Tucker necessary optimality conditions be fulfilled at x. Since the Lagrangian is strongly (F, ρ)-convex of order m with respect to θ at x on D, we have by Definition 8 that, for any feasible solution x of (P),

f(x) + p� j=1 μ_j g_j (x) ≥ f (x) + p� j=1 μ_jg_j(x) + F (x, x, ζ) + ρ ‖θ (x, x)‖^m

for any ζ ∈ ∂ � f(x) +

�_p

j=1 μ_j g_j(x) � , where ρ is a positive real number. Using the Karush-Kuhn-Tucker necessary optimality conditions together with the feasibility of x in (P) we obtain f(x) − f (x) ≥ ρ ‖θ (x, x)‖^m .

By assumption, θ (x, x) = x − x. Thus, the inequality

f(x) ≥ f (x) + ρ ‖x − x‖^m

holds for all x ∈ D. This means, by Definition 14, that x is a strict global minimizer of order m in problem (P). □

4. Mond-Weir duality

We consider the following Mond-Weir type dual problem (MWD) [16] for the optimization problem (P):

(MWD) f(y) → max

such that 0 ∈ λ∂f (y) + p� j=1 μ_j∂g_j(y), p� j=1 μ_j g_j(y) ≥ 0

λ > 0, μ ≥ 0.

Let W denote the set of all feasible solutions to the dual problem (MWD). Further, we denote by Y the set Y = {y ∈ X : (y, λ, μ) ∈ W }.

By the help of the concept of strict local minimizer of order m, we establish weak, strong, converse, and strict converse duality theorems in the sense of Mond- Weir between problems (MWD) and (P) under assumption that the functions constituting these problems satisfy some suitable (F, ρ)-convex condition. Before we prove various duality theorems, we give a useful lemma whose simple proof is omitted.

Lemma 21. Let (y, λ, μ) be a feasible solution for (MWD). Assume that g_j, j ∈ J(y), are � F, ρ_j � -convex of order m with respect to the same function ϑ at y on D ∪ Y , where � j∈J(y) ρj μj ≥ 0. Then, the following inequality

(18) p� j=1 F � x, y, μ_j ζ_j � ≤ 0 holds for each ζ_j ∈ ∂g_j(y) and for all x ∈ D.

Theorem 22 (Weak duality). Let x and (y, λ, μ) be feasible solutions for (P) and (MWD), respectively. Moreover, we assume that f is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y with ρ ≥ 0, and g_j, j ∈ J, are � F, ρ_j � -convex of order m at y on D ∪ Y with respect to the same function ϑ, not necessarily equal to θ, where � j∈J(y) ρjμj ≥ 0. Then f(x) ≥ f(y).

Proof: Let x and (y, λ, μ) be feasible solutions for (P) and (MWD), respectively. By assumption, f is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , and g_j, j ∈ J, are � F, ρ_j � -convex of order m with respect to the same function θ at y on D ∪ Y . Then, by Definition 8, we have f(x) − f(y) ≥ F (x, y, ξ) + ρ‖θ(x, y)‖^m.

Since g_j , j ∈ J, are � F, ρ_j � -convex of order m with respect to ϑ at y on D ∪ Y , then by Lemma 21, the inequality p� j=1 F � x, y, μ_j ζ_j � ≤ 0 holds for each ζ_j ∈ ∂g_j(y). Thus, by λ > 0

λ(f(x) − f(y)) ≥ F (x, y, λξ) + p� j=1 F � x, y, μ_j ζ_j � + λρ‖θ(x, y)‖^m.

From the first constraint of (MWD) it follows that f(x) − f(y) ≥ ρ‖θ(x, y)‖^m, and, so by ρ ≥ 0, we get the conclusion of the theorem. □ Now, we give an example of a nondifferentiable optimization problem to illustrate the proved weak duality theorem.

Example 23. We consider the following nondifferentiable optimization problem

(P) f(x) = e^{−|x|} − e^{ln |x|} → min

g(x) = x^2 − |x| ≤ 0.

We construct for the considered optimization problem (P) its dual problem in the sense of Mond-Weir

(MWD) e^{−|y|} − e^{ln |y|} → max such that 0 ∈ λ∂f(y) + μ∂g(y)

μ(y^2 − |y|) ≥ 0 λ > 0, μ ≥ 0.

Note that D = {x ∈ R : −1 ≤ x < 0 ∧ 0 < x ≤ 1} and Y = {y ∈ R : y ≤ −1 ∧ y ≥ 1}. Further, it is not difficult to show that f and g are (F, ρ)-convex of order 2 with respect to some function θ at any y ∈ Y on D ∪ Y and g is (F, ρ)-convex of order 2 with respect to some function ϑ at any y ∈ Y on D ∪ Y . Indeed, if we set

F (x, y, ξ) = � (−y − |x|)ξ if y ≤ −1 (−y + |x|)ξ if y ≥ 1

∀ ξ ∈ ∂f(y) or ∀ ξ ∈ ∂g(y), respectively,

θ(u, y) = ||u| − y| for all u ∈ D ∪ Y,

ϑ(u, y) = � e^{−|u|} + e^{−|y|}(|u| − |y| − 1) for all u ∈ D ∪ Y,

ρ is any an arbitrary real number such that ρ ∈ [0, 1],

then, by Definition 8, f and g are (F, ρ)-convex of order 2 with respect to θ and ϑ, respectively, at any y ∈ Y on D ∪ Y . Since all hypotheses of Theorem 22 are fulfilled, the weak duality in the sense of Mond-Weir holds between (P) and (MWD).

It turns out that Mond-Weir weak duality is also valid under the (F, ρ)-convex Lagrangian type assumption.

Theorem 24 (Weak duality). Let x and (y, λ, μ) be feasible solutions for (P) and (MWD), respectively. If the Lagrangian is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , where ρ ≥ 0, then weak duality also holds between problems (P) and (MWD).

Theorem 25 (Strong duality). Let x be a strict minimizer of order m in (P) and some suitable constraint qualification ([2]) be satisfied at x. Then there exist λ ∈ R, λ > 0, μ ∈ R^p_+, μ ≥ 0, such that � x, λ, μ � is feasible in (MWD). If, also weak duality holds between problems (P) and (MWD), then � x, λ, μ � is a strict maximizer of order m in (MWD) and the optimal values in both problems are the same.

Proof: Let x be a strict local minimizer of order m in (P) and some suitable constraint qualification ([2]) be satisfied at x. Then there exist λ ∈ R, λ > 0, μ ∈ R^p, μ ≥ 0, such that the Karush-Kuhn-Tucker optimality conditions (10)– (12) are fulfilled at x. Thus, by the Karush-Kuhn-Tucker optimality conditions (10)–(12), we conclude that � x, λ, μ � is feasible in dual problem (MWD). Suppose that � x, λ, μ � is not a strict maximizer of order m in (MWD). Then there exists ~y ∈ Y such that f(~y) > f(x) + ρ ‖~y − x‖^m .

By assumption, ρ ≥ 0. Hence,

f(~y) > f(x).

But the inequality above contradicts weak duality. Thus, � x, λ, μ � is a strict maximizer of order m in problem (MWD), and hence the optimal values in both problems are the same. □

Theorem 26 (Converse duality). Let � y, λ, μ � be a strict maximizer of order m in (MWD) such that y ∈ D. Moreover, we assume that f is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , and g_j, j ∈ J, are � F, ρ_j � -convex of order m at y on D ∪ Y with respect to the same function ϑ (not necessarily equal to θ), where λρ + � j∈J(y) ρj μj ≥ 0. Then y is a strict minimizer of order m in (P).

Proof: We proceed by contradiction. Suppose that y is not a strict minimizer of order m in (P). Then by Definition 14 there exists ~x ∈ D such that the inequality

(19) f (~x) < f (y) + β ‖~x − y‖^m

holds for all β > 0. Since f is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , by Definition 8 the following inequality

(20) f(x) − f (y) ≥ F (x, y, ξ) + ρ ‖θ (x, y)‖^m

holds for any ξ ∈ ∂f(y) and for all x ∈ D, hence also for x = ~x. Since � y, λ, μ � is feasible in (MWD) and θ (x, y) = x − y, (20) gives

(21) λ (f (~x) − f (y)) ≥ λF (~x, y, ξ) + λρ ‖~x − y‖^m .

By assumption, g_j, j ∈ J(y), are � F, ρ_j � -convex of order m with respect to the same function ϑ at y on D ∪ Y . Then, by Lemma 21, it follows that the inequality

(22) F � x, y, p� j=1 μ_j ζ_j � ≤ 0 holds for each ζ_j ∈ ∂g_j(y) and for all x ∈ D. Hence, also for x = ~x. Adding both sides of (21) and (22) and using the sublinearity of F with respect to the third component, we obtain that the inequality

λ (f (~x) − f (y)) ≥ F � ~x, y, λξ + p� j=1 μ_j ζ_j � + ρ ‖~x − y‖^m

holds for all ξ ∈ ∂f(y) and ζ_j ∈ ∂g_j(y). Thus, using the first constraint of problem (MWD) we get λ (f (~x) − f (y)) ≥ λρ ‖~x − y‖^m ,

and, so the inequality f (~x) ≥ f (y) + ρ ‖~x − y‖^m

which contradicts (19). □

The Mond-Weir converse duality theorem can also be proved when the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪Y , where ρ ≥ 0.

Theorem 27 (Converse duality). Let � y, λ, μ � be a strict maximizer of order m in (MWD) such that y ∈ D. Moreover, we assume that the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , where ρ ≥ 0. Then y is a strict maximizer of order m in (P).

A restricted version of converse duality for (P) and (MWD) is the following:

Theorem 28 (Restricted converse duality). Let � y, λ, μ � be feasible for problem (MWD). Further, we assume that there exists x ∈ D such that f(x) = f(y). If f is (F, ρ)-convex of order m with respect to θ at x on D ∪ Y , and g_j, j ∈ J, are � F, ρ_j � -convex of order m at x on D ∪ Y with respect to the same function ϑ (not necessarily equal to θ), where λρ + � j∈J(x) ρjμj ≥ 0, then x is a strict minimizer

of order m in problem (P).

Proof: By assumption, f is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , and g_j, j ∈ J, are � F, ρ_j � -convex of order m with respect to the same function ϑ at y on D ∪ Y . Then, by Definition 8, we have that the inequality

(23) f(x) − f (y) ≥ F (x, y, ξ) + ρ ‖θ (x, y)‖^m

holds for all ξ ∈ ∂f(y). Since g_j , j ∈ J, are � F, ρ_j � -convex with respect to the same function ϑ at y on D ∪ Y , we have by Lemma 21 that the inequality p� j=1 F � x, y, μ_j ζ_j � ≤ 0 holds for each ζ_j ∈ ∂g_j(y) and for all x ∈ D. Thus,

f(x) − f (y) ≥ F (x, y, ξ) + p� j=1 F � x, y, μ_jζ_j � + ρ ‖θ (x, y)‖^m .

From the first constraint of (MWD) it follows that the inequality

(24) f(x) − f (y) ≥ ρ ‖x − y‖^m

holds for all x ∈ D.

Now we show that x is a strict minimizer of order m in (MWD). We proceed by contradiction. Suppose that x is not a strict minimizer of order m in (MWD). Then by Definition 14 there exists ~x ∈ D such that the inequality

f (~x) < f (x) + β ‖~x − x‖^m

holds for any β ≥ 0. By assumption, f (x) = f(y). Therefore,

(25) f (~x) − f(y) < β ‖~x − x‖^m .

Since (24) is satisfied for all x ∈ D, it holds also for x = ~x. Hence,

(26) −f (~x) + f (y) ≤ ρ ‖~x − y‖^m .

Adding both sides of (25) and (26) we get a contradiction to the definition of β. □ Now, we establish a Mangasarian-type strict converse duality theorem for (P) and (MWD).

Theorem 29 (Strict converse duality). Let x and � y, λ, μ � be feasible for (P) and (MWD), respectively, such that

(27) λf(x) < λf(y) + p� j=1 μ_j g_j(y).

Moreover, we assume that the Lagrangian is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , where ρ ≥ 0 and θ(x, y) = x − y. Then x = y, and also y is a strict minimizer of order m in (P).

Proof: We proceed by contradiction. Suppose that x ≠ y. Since x is feasible in (P) and μ ≥ 0, we have

�_p

j=1 μ_j g_j(x) ≤ 0. Hence, by (27),

(28) λf(x) + p� j=1 μ_j g_j(x) < λf(y) + p� j=1 μ_jg_j(y).

By assumption, the Lagrangian is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y . Therefore, by Definition 8 there exists θ : (D ∪ Y ) × (D ∪ Y ) → R^n, where θ(x, y) ≠ 0 whenever x ≠ y, a nonnegative real number ρ and a positive integer m such that the inequality

λf(x) + p� j=1 μ_jg_j(x) − λf(y) − p� j=1 μ_j g_j(y) ≥ F � x, y, λξ + p� j=1 μ_j ζ_j � + ρ ‖θ(x, y)‖^m

holds for each ξ ∈ ∂f(y) and ζ_j ∈ ∂g_j(y). Then by (28), we get that the inequality F � x, y, λξ + p� j=1 μ_j ζ_j � + ρ ‖θ(x, y)‖^m < 0

holds for each ξ ∈ ∂f(y) and ζ_j ∈ ∂g_j(y). From the first constraint of (MWD), we have that there exist ξ ∈ ∂f(y) and ζ_j ∈ ∂g_j(y) such that λξ +

�_p

j=1 μ_j ζ_j = 0.

Thus, by Remark 6, it follows that ρ ‖θ(x, y)‖^m < 0. But this inequality is a contradiction to the assumption ρ ≥ 0. This completes the proof of the theorem. □ 5. Wolfe duality

Now, we consider the following dual problem (WD) in the sense of Wolfe [23] for the primal optimization problem (P):

(WD) f(y) + μg(y) → max

such that 0 ∈ λ∂f(y) + p� j=1 μ_j ∂g_j(y), j = 1, . . . , p

λ > 0, μ ≥ 0.

Let ~W denote the set of all feasible solutions to the dual problem (WD). Further, we denote by ~Y the set ~Y = � y ∈ X : (y, λ, μ) ∈ ~W � . With the help of the concept of strict local minimizer of order m and using the (F, ρ)-convexity Lagrangian type assumption, we establish weak, strong, converse, and strict converse duality theorems in the sense of Wolfe [23] between problems (WD) and (P).

Theorem 30 (Weak duality). Let x and (y, λ, μ) be feasible solutions for (P) and (WD), respectively. Moreover, assume that the Lagrangian is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y with ρ ≥ 0. Then f(x) ≥ f(y) + μg(y).

Proof: Let x and (y, λ, μ) be feasible solutions for (P) and (WD), respectively. By assumption, the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪ ~Y with ρ ≥ 0. Then, using Definition 8 together with the definition of the Lagrange function (8), we have

λf(x) + μg(x) − (λf(y) + μg(y)) ≥ F (x, y, ξ) + ρ‖θ(x, y)‖^m

for each ξ ∈ λ∂f(y) +

�_p j=1 μ_j ∂g_j(y). Since x ∈ D, the inequality above gives

λf(x) − (λf(y) + μg(y)) ≥ F (x, y, ξ) + ρ ‖θ (x, y)‖^m .

Thus, by the constraint of the Wolfe dual problem we get

f(x) − (λf(y) + μg(y)) ≥ ρ ‖θ(x, y)‖^m ,

and, so by ρ ≥ 0, we get the conclusion of the theorem. □

Theorem 31 (Strong duality). Let x be a strict minimizer of order m in (P) and let some suitable constraint qualification [2] be satisfied at x. Then there exist λ ∈ R, λ > 0, μ ∈ R^p, μ ≥ 0 such that � x, λ, μ � is feasible in (WD). If, also weak duality holds between problems (P) and (WD), then � x, λ, μ � is a strict maximizer of order m in (WD) and the optimal values in both problems are the same.

Proof: Along the lines of the proof of Theorem 25. □

Theorem 32 (Converse duality). Let � y, λ, μ � be a strict maximizer of order m in (WD) such that g(y) = 0. Moreover, assume that the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪ ~Y with ρ ≥ 0. Then y is a strict minimizer of order m in (P).

Proof: Since � y, λ, μ � is a strict minimizer of order m in (WD), it is feasible in (WD). By assumption, g(y) = 0. Then, by μ ≥ 0,

(29) p� j=1 μ_jg_j (y) = 0.

We proceed by contradiction. Suppose that y is not a strict minimizer of order m in (P). Then by Definition 14 there exists ~x ∈ D such that the inequality

(30) f (~x) < f (y) + β ‖~x − y‖^m

holds for all β > 0. By assumption, the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪ ~Y . Hence, using Definition 8 together with the definition of the Lagrange function (8), we obtain

(31) f (~x) + p� j=1 μ_j g_j(~x) − � f (y) + p� j=1 μ_j g_j(y) � ≥ F (~x, y, ξ) + ρ ‖θ (~x, y)‖^m for any ξ ∈ � λ∂f(y) + μ∂g(y) � . Since ~x ∈ D and μ ≥ 0, we have

(32) p� j=1 μ_j g_j(~x) ≤ 0.

By assumption, ρ ≥ 0. Thus, by (29), (31) and (32), the inequality

F (~x, y, ξ) < 0

holds for any ξ ∈ � λ∂f(y) + μ∂g(y) � . This is a contradiction to the feasibility of � y, λ, μ � in (WD). □

A restricted version of converse duality for (P) and (WD) is the following:

Theorem 33 (Restricted converse duality). Let � y, λ, μ � be feasible for problem (WD). Further, assume that there exists x ∈ D such that f(x) = f(y) + μg(y). If the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y with ρ ≥ 0 then x is a strict minimizer of order m in problem (P).

Proof: Let � y, λ, μ � be a feasible solution for problem (WD). We also assume that there exists x ∈ D such that f(x) = f(y) + μg(y). We proceed by contradiction. Suppose that x is not a strict minimizer of order m in (WD). Then by Definition 14 there exists ~x ∈ D such that the inequality

f (~x) < f (x) + β ‖~x − x‖^m

holds for any β > 0. By assumption, f (x) = f(y) + μg(y). Therefore,

f (~x) < f(y) + μg(y) + β ‖~x − x‖^m

and by ~x ∈ D,

(33) f (~x) + μg(~x) < f(y) + μg(y) + β ‖~x − x‖^m .

By assumption, the Lagrange function is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y with ρ ≥ 0. Then, using Definition 8 together with the Lagrange definition (8) we have that the inequality

(34) f(x) + p� j=1 μ_j g_j(x) − � �f (y) + p� j=1 μ_j g_j(y) � � ≥ F (x, y, ξ) + ρ ‖θ (x, y)‖^m

holds for any ξ ∈ (λ∂f(y) + μ∂g(y)) and for all x ∈ D. Thus, also for x = x. By assumption, f (x) = f(y) + μg(y). Therefore, using ~x ∈ D, we get

F (x, y, ξ) + ρ ‖θ (x, y)‖^m ≤ 0.

From the constraint of (WD) it follows that (35) ρ ‖θ (x, y)‖^m ≤ 0. Using (33) and (34) we get (36) F (~x, y, ξ) + β ‖~x − x‖^m < 0 and so by the constraint of (WD), β ‖~x − x‖^m < 0.

By (35) and (36) we get the inequality ρ ‖θ (x, y)‖^m + β ‖~x − x‖^m < 0, which contradicts ρ ≥ 0 and β > 0. □ Now, we establish a Mangasarian-type strict converse duality theorem for (P) and (WD).

Theorem 34 (Strict converse duality). Let x and � y, λ, μ � be feasible for (P) and (WD), respectively, such that

(37) λf(x) < λf(y) + p� j=1 μ_j g_j(y).

Moreover, we assume that the Lagrangian is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y , where ρ ≥ 0. Then x = y, and y is a strict minimizer of order m in (P).

Proof: We proceed by contradiction. Suppose that x ≠ y. Since x is feasible in (P) and μ ≥ 0,

�_p j=1 μ_jg_j(x) ≤ 0. Hence, by (37),

(38) λf(x) + p� j=1 μ_j g_j(x) < λf(y) + p� j=1 μ_jg_j(y).

By assumption, the Lagrangian is (F, ρ)-convex of order m with respect to θ at y on D ∪ Y . Then, by Definition 8, the inequality

λf(x) + p� j=1 μ_jg_j(x) − λf(y) − p� j=1 μ_j g_j(y) ≥ F � x, y, λξ + p� j=1 μ_j ζ_j � + ρ ‖θ(x, y)‖^m holds for any ξ ∈ � λ∂f(y) +

�_p

j=1 μ_j g_j(x) � . Then by (38), we get that the inequality F � x, y, λξ + p� j=1 μ_j ζ_j � + ρ ‖θ(x, y)‖^m < 0

holds for any ξ ∈ � λ∂f(y) +

�_p j=1 μ_j g_j(x) � . From the first constraint of (WD), we have that λξ +

�_p

j=1 μ_jζ_j = 0. Thus, by Remark 6,

ρ ‖θ(x, y)‖^m < 0.

But this inequality is a contradiction to the assumption ρ ≥ 0. This completes the proof of the theorem. □

Remark 35. Note that to prove duality results in the sense of Wolfe, in opposition to the duality results in the sense of Mond-Weir, we do not need that the functional F is sublinear with respect to the third component. Also, we do not assume that each function constituting the considered mathematical programming problem is (F, ρ)-convex of order m with respect to θ at some suitable feasible point on D ∪ Y . To prove duality results in the sense of Wolfe it is sufficient to assume only that the Lagrange function is (F, ρ)-convex of order m with respect to θ at some suitable feasible point on D ∪ Y , but the functional F is not required to be sublinear with the third component in this case.

References

[1] Auslender A., Stability in mathematical programming with nondifferentiable data, SIAM J. Control Optim. 22 (1984), 239–254.

[2] Bazaraa M.S., Sherali H.D., Shetty C.M., Nonlinear Programming: Theory and Algorithms, John Wiley and Sons, New York, 1991.

[3] Ben-Israel A., Mond B., What is invexity?, J. Austral. Math. Soc. Ser. B 28 (1986), 1–9. [4] Clarke F.H., Optimization and Nonsmooth Analysis, John Wiley and Sons, New York, 1983. [5] Craven B.D., Nonsmooth multiobjective programming, Numer. Funct. Anal. Optim. 10 (1989), no. 1–2, 49–64.

[6] Cromme L., Strong uniqueness: a far-reaching criterion for the convergence of iterative procedures, Numer. Math. 29 (1978), 179–193.

[7] Egudo R.R., Mond B., Duality with generalized convexity, J. Austral. Math. Soc. Ser. B 28 (1986), 10–21.

[8] Hiriart-Urruty J.-B., Refinements of necessary optimality conditions in nondifferentiable programming I, Appl. Math. Optim. 5 (1979), 63–82.

[9] Hanson M.A., On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl. 80 (1981), 545–550.

[10] Hanson M.A., Mond B., Further generalizations of convexity in mathematical programming, J. Inform. Optim. Sci. 3 (1982), 25–32.

[11] Jeyakumar V., Strong and weak invexity in mathematical programming, Math. Oper. Res.

55 (1985), 109–125.

232 T. Antczak, K. Kisiel

[12] Jeyakumar V., Equivalence of a saddle-points and optima, and duality for a class of nonsmooth non-convex problems, J. Math. Anal. Appl. 130 (1988), 334–343.

[13] Kaul R.N., Suneja S.K., Lalitha C.S., Generalized nonsmooth invexity, J. Inform. Optim.

Sci. 15 (1994), 1–17.

[14] Klatte D., Stable local minimizers in semi-infinite optimization: regularity and secondorder conditions, J. Comput. Appl. Math. 56 (1994), 137–157.

[15] Mangasarian O.L., Nonlinear Programming, McGraw-Hill, New York, 1969. [16] Mond B., Weir T., Generalized concavity and duality, in: Generalized Concavity in Optimization and Economics, edited by S. Schaible and W.T. Ziemba, Academic Press, New York, 1981, pp. 263–279.

[17] Preda V., On efficiency and duality for multiobjective programs, J. Math. Anal. Appl. 166 (1992), 365–377.

[18] Singer I., Abstract Convex Analysis, John Wiley and Sons, New York, 1997. [19] Studniarski M., Necessary and sufficient conditions for isolated local minima of nonsmooth functions, SIAM J. Control Optim. 24 (1986), 1044–1049.

[20] Studniarski M., Sufficient conditions for the stability of local minimum points in nonsmooth optimization, Optimization 20 (1989), 27–35.

[21] Studniarski M., Characterizations of strict local minima for some nonlinear programming problems, Nonlinear Anal. 30 (1997), 5363–5367 (Proc. 2nd World Congress of Nonlinear Analysts).

[22] Ward D.E., Characterizations of strict local minima and necessary conditions for weak sharp minima, J. Optim. Theory Appl. 80 (1994), 551-571.

[23] Wolfe P., A duality theorem for nonlinear programming, Quart. Appl. Math. 19 (1961), 239–244.

Faculty of Mathematics, University of Łódź, Banacha 22, 90-238 Łódź, Poland E-mail: antczak@math.uni.lodz.pl

Center of Mathematics and Physics, Technical University of Łódź, Al. Politechniki 11, 90-924 Łódź, Poland E-mail: kkisiel@im0.p.lodz.pl

(Received October 10, 2005, revised March 11, 2006)