Comment.Math.Univ.Carolin. 47,4 (2006)549–560 549

On large selforthogonal modules

Gabriella D’Este

Dedicated to Claus Michael Ringel on the occasion of his 60 th birthday.

Abstract. We construct non faithful direct summands of tilting (resp. cotilting) modules large enough to inherit a functorial tilting (resp. cotilting) behaviour.

Keywords: partial tilting and partial cotilting modules, sincere and selforthogonal modules Classification: 16E10, 16G70

Introduction

The aim of this note is to describe and explain the presence, in some sense the omnipresence, of very special large selforthogonal modules. Roughly speaking, the modules considered in the sequel are quite close to tilting and cotilting modules from the functorial point of view, but not necessarily faithful. More precisely, they satisfy a word-for-word generalization of one of the equivalent definitions of tilting (resp. cotilting) modules of projective (resp. injective) dimension ≤ 1. As in many definitions of tilting/cotilting objects, local and global conditions seem to be quite different. First of all, the local properties satisfied by our modules are inherited by their direct summands. Secondly, the only property of our modules which seems to be of global type is a functorial Hom − Ext property, concerning the kernels of certain functors, namely their intersection. However, we may obtain the same intersection by dealing with the Hom and Ext functors associated to a big faithful module (for instance an injective cogenerator, or a projective generator) and one of its sincere summands of the smallest possible “size” (Examples 4 and 7).

This paper is organized as follows. In Section 1 we fix the notation and the conventions used in the sequel. In Section 2 we collect some lemmas on “superfluous” summands with respect to our functorial Hom − Ext property. Finally, in Section 3, we show that any natural number n ≥ 2 occurs as the projective (resp. injective) dimension of an injective (resp. projective) A-module M, where A is a finite dimensional K-algebra, and the following conditions hold:

• M is a sincere and selforthogonal module of minimal dimension over K, but M is not faithful;

This work was partially supported by G.N.S.A.G.A., Istituto Nazionale di Alta Matematica “Francesco Severi”, Italy.

• the intersection of the kernels of all Hom and Ext covariant (resp. contravariant) functors associated to M is equal to 0.

1. Preliminaries

Throughout the paper, given any ring R, we denote by R– Mod the class of all left R-modules. Next for every M ∈ R– Mod, we denote by Add M (resp. Prod M) the class of all modules isomorphic to summands of direct sums (resp. products) of copies of M.

In particular, for every cardinal λ, we denote by M^{(λ)} (resp. M^λ) the direct sum (resp. product) of λ copies of M. Finally, as in [B1] and [B2], we denote by M^{⊥∞} and^{⊥∞} M the following classes:

M^{⊥∞} := { X ∈ R– Mod / Ext^i_R(M, X) = 0 for all i ≥ 1 } , ⊥_∞ M := { X ∈ R– Mod / Ext^i_R(X, M) = 0 for all i ≥ 1 } . In the following we say that an R-module T is an n-tilting module if the following conditions hold:

(T1) the projective dimension of T is at most n; (T2) Ext^i_R(T, T^{(λ)}) = 0 for every i ≥ 1 and every cardinal λ; (T3) there is a long exact sequence of the form:

0 → R → T_0 → T_1 → · · · → T_n → 0,

where T_i ∈ Add T for every i = 0, 1, . . . , n.

Dually, we say that an R-module C is an n-cotilting module, if the following conditions hold:

(C1) the injective dimension of C is at most n; (C2) Ext^i(C^λ, C) = 0 for every i ≥ 1 and every cardinal λ; (C3) there is a long exact sequence of the form:

0 → C_n → · · · → C_1 → C_0 → E → 0,

where E is an injective cogenerator of R– Mod and C_i ∈ Prod C for every i = 0, 1, . . . , n.

We also say that a module T (resp. C) is a partial n-tilting (resp. n-cotilting) module, if T (resp. C) satisfies conditions (T1) and (T2) (resp. (C1) and (C2)). Finally, we denote by (T3^′) and (C3^′) the following functorial properties of two modules T and C:

(T3^′) Ker Hom(T, −) ∩ T^{⊥∞} = 0, (C3^′) Ker Hom(−, C) ∩^{⊥∞} C = 0.

Keeping the above notation, we recall some Hom − Ext conditions, which are strong enough to characterize “global” tilting/cotilting objects in the larger worlds of “local” tilting/cotilting objects.

• A finitely presented module T is a 1-tilting module iff T satisfies conditions (T1), (T2) and (T3^′) [C, Theorem 1] (also see [CbF, Theorem 3.2.1 and Section 3.1]).

• A module C is a 1-cotilting module iff C satisfies conditions (C1), (C2) and (C3^′) ([AnTT, Proposition 2.3], [CDT1, Theorem 1.7], [CDT2]) and [CbF, Section 2.5].

• A tilting complex (over a ring R) in the sense of Rickard [Rk] is a right bounded complex, say T^•, of finitely generated projective R-modules, which satisfies some selforthogonal conditions, involving the i-th translates T^•[i]’s, together with the following global condition (i.e. condition (iii)^′ in [Mi, p. 184]):

For each non-zero right bounded complex X^•, of projective R-modules, there is some i ∈ Z such that Hom_{KR– Mod}(T^•, X^•[i]) ≠ 0, i.e. some complex morphism T^• → X^•[i] is not homotopic to zero.

• A tilting object, say T , in an abelian category A, in the sense of Happel- Reiten-Smalø [HReS] satisfies several conditions of local type, together with the following condition:

Ext^i_A(T, X) = 0 for all i ≥ 0 implies X = 0.

• For every n ≥ 2, every n-tilting (resp. n-cotilting) module satisfies condition (T3^′) (resp. (C3^′)) [B1, p. 371].

However, we know from [D1] that a partial 2-tilting (resp. 2-cotilting) module satisfying condition (T3^′) (resp. (C3^′)) is not necessarily a 2-tilting (resp. 2-cotilting) module. As we shall see, the examples constructed in [D1] do not describe “sporadic” or “pathological” modules. Indeed a similar result holds, by replacing 2 with every natural number n > 2. From now on, we shall say, for brevity, that a module T (resp. C) is a large partial n-tilting (resp. n-cotilting) module, if T (resp. C) satisfies conditions (T1), (T2), (T3^′) (resp. (C1), (C2), (C3^′)).

In the following, K always denotes an algebraically closed field, and we always identify indecomposable modules with their isomorphism classes. In particular, we often replace indecomposable finite dimensional modules, defined over a Kalgebra A given by a quiver Q, according to [R], by some pictures describing their composition factors in an obvious way. Over a representation-finite algebra given by a quiver Q, we often denote by S(x) the simple module corresponding to the vertex x, and by P (x) and I(x) the projective cover and the injective envelope of S(x). If there exist only finitely many simple modules, we say that a module

M of finite length is sincere ([AuReS, p. 317]), if every simple module appears as a composition factor of M. Next, we say that a module M is selforthogonal ([H2]), if Ext^i(M, M) = 0 for every i ≥ 1. Finally, if M is a module of finite length of the form

⨁_m i=1 M^{di}_i , where d_i > 0 for every i and M_1, . . . , M_m are indecomposable and pairwise non isomorphic, then we denote m by δ(M). Under the same hypotheses, we say that M is multiplicity-free ([HR] and [H2]) if d_i = 1 for every i.

For unexplained representation-theoretic terminology, we refer to [AuReS] and [R].

2. Proofs

In the next statement we collect some results often used in the sequel.

Lemma 0. Let A be a representation-finite algebra of finite global dimension m. The following facts hold.

(i) The regular module_AA is an n-cotilting module for some n ≤ m. (ii) The injective cogenerator_AD = Hom_K (A_A, K) is an n-tilting module for some n ≤ m.

(iii) Let M be a module of finite length satisfying either (T3^′) or (C3^′). Then M is sincere.

Proof: See [D1, Lemmas 1 and 2]. □

Under suitable hypotheses (for instance, the hypotheses of Lemma 0), every indecomposable projective-injective module occurs as a direct summand of every ntilting or n-cotilting module for every n. However, an indecomposable projectiveinjective module is not necessarily a direct summand of a large partial 2-tilting (resp. 2-cotilting) module ([D1, Example 3]), defined over a representation-finite algebra of global dimension 2. More generally, the following lemmas indicate that condition (T3^′) (resp. (C3^′)) does not depend on indecomposable projective (resp. injective) summands with a very special structure.

Lemma 1. Let P be an indecomposable projective module with the following properties:

(1) soc P is a simple and essential submodule of P ; (2) Hom(P/ soc P, P ) ≠ 0.

Suppose P/ soc P is a summand of a module M, and let L denote the module M ⊕ P . Then the following conditions are equivalent:

(i) Ker Hom(M, −) ∩ M^{⊥∞} = 0; (ii) Ker Hom(L, −) ∩ L^{⊥∞} = 0.

Proof: (i)⇒(ii) This immediately follows from the remark that L^{⊥∞} = M^{⊥∞} and Ker Hom(L, −) ⊆ Ker Hom(M, −).

(ii)⇒(i) Let X be a non-zero module such that X ∈ M^{⊥∞} . We claim that Hom(M, X) ≠ 0. Indeed, since (ii) holds and L^{⊥∞} = M^{⊥∞} , there is a non-zero morphism f : L = M ⊕ P → X. If f(M) ≠ 0, then we have Hom(M, X) ≠ 0, as claimed. Next assume f(P ) ≠ 0. If Ker f ∩ P = 0, then X has a submodule isomorphic to P . Since Hom(P/ soc P, P ) ≠ 0 by (2), it follows that Hom(P/ soc P, X) ≠ 0. If Ker f ∩ P ≠ 0, then we deduce from (1) that soc P ⊆ Ker f. Thus, also in this case, we have Hom(P/ soc P, X) ≠ 0. Since P/ soc P is a summand of M, we conclude that Hom(M, X) = 0. Hence (i) holds. □

Note that any uniserial projective module of finite length ≥ 2 with isomorphic socle and top obviously satisfies conditions (1) and (2) of Lemma 1. Dually, any uniserial injective module with the same properties satisfies conditions (1) and (2) of the following lemma.

Lemma 2. Let I be an indecomposable injective module with the following properties:

(1) I has a unique maximal submodule, say rad I; (2) Hom(I, rad I) ≠ 0.

Suppose rad I is a summand of a module M, and let L denote the module M ⊕ I. Then the following conditions are equivalent:

(i) Ker Hom(−, M) ∩^{⊥∞} M = 0; (ii) Ker Hom(−, L) ∩^{⊥∞} L = 0.

Proof: (i)⇒(ii) This is an obvious consequence of the fact that^{⊥∞} L =^{⊥∞} M and Ker Hom(−, L) ⊆ Ker Hom(−, M).

(ii)⇒(i) Let X be a non-zero module such that X ∈^{⊥∞} M. We claim that Hom(X, M) ≠ 0. Indeed, since (ii) holds and^{⊥∞} L =^{⊥∞} M, there is a non zero morphism f : X → L = M ⊕ I. If either f(X) ≠ I or f(X) ⊆ rad I then we have Hom(X, M) ≠ 0, as desired. Finally, suppose f(X) = I. This assumption and (2) imply that Hom(X, rad I) ≠ 0. Since rad I is a summand of M, also in this case we have Hom(X, M) ≠ 0, as claimed. □

The proof of Lemmas 1 and 2 suggests the following result.

Theorem 3. Let L and M be modules, and let P (resp. I) be an indecomposable projective (resp. injective) module. The following facts hold.

(i) Suppose L = M ⊕ P and Hom(M, X) ≠ 0 for every module X such that X ∈ M^{⊥∞} and Hom(P, X) ≠ 0. Then we have Ker Hom(M, −)∩M^{⊥∞} = 0 if and only if Ker Hom(L, −) ∩ L^{⊥∞} = 0.

(ii) Suppose L = M ⊕ I and Hom(X, M) ≠ 0 for every module X such that X ∈^{⊥∞} M and Hom(X, I) ≠ 0. Then we have Ker Hom(−, M)∩^{⊥∞} M = 0 if and only if Ker Hom(−, L) ∩^{⊥∞} L = 0.

Proof: (i) The first part of the proof is similar to the proof of Lemma 1. To end the proof, we proceed as follows. Let g : P → X be a non-zero morphism with X ∈ M^{⊥∞} . Then our assumptions imply that Hom(M, X) ≠ 0.

(ii) To see this, we proceed as in the first part of the proof of Lemma 2. To complete the proof, we continue as follows. Let g : X → I be a non-zero morphism with X ∈^{⊥∞} M. Then our hypotheses guarantee that Hom(X, M) ≠ 0. □

In view of condition (2), the modules P in Lemma 1 and I in Lemma 2 admit non-zero endomorphisms which are not isomorphisms. However this restriction does not hold for the modules P and I in Theorem 3. Indeed, we shall prove Example 4 by means of a Nakayama [AuReS] algebra with the following property:

Some indecomposable projective-injective modules U satisfy the hypotheses of P or I in Theorem 3, and the endomorphism ring of U is isomorphic to K.

3. Applications

The proof of the next result makes use of modules with an easy structure. Indeed, their Loewy length ([AF] or [AuReS]) is equal to two.

Example 4. Let n be a natural number ≥ 2. Then there exist a K-algebra A and two A-modules T and C with the following properties:

(i) A is a representation-finite algebra of finite global dimension, such that δ(A) = n + 1;

(ii) T and C are non faithful modules, such that δ(T ) = δ(C) ≤ (n + 3)/2 and dim_K (T ) = dim_K (C) ≤ n + 2;

(iii) T (resp. C) is a large partial n-tilting (resp. n-cotilting) module of projective (resp. injective) dimension n;

(iv) if M is a multiplicity-free sincere and selforthogonal module of projective (resp. injective) dimension n, then we have δ(M) ≥ δ(T ) and dim_K (M) ≥ dim_K (T ).

Construction. Let A denote the K-algebra given by the quiver

•_1^{α1} � •_2^{α2} � •_3 •_n^{αn} � •_{n+1}

with relations α_{i+1}α_i = 0 for i = 1, . . . , n − 1. Then condition (i) clearly holds. Next, let T denote the following injective module:

T =^⧸_⧹ n n+1 ⊕^{n−2}_{n−1} ⊕ · · · ⊕^2_3 ⊕ 1 if n is even n n+1 ⊕^{n−1}_n ⊕ · · · ⊕^2_3 ⊕ 1 if n is odd .

Finally, let C denote the following projective module:

C =^⧸_⧹ n+1 ⊕^{n−1}_n ⊕ · · · ⊕^3_4 ⊕^1_2 if n is even

n+1 ⊕^n_{n+1} ⊕ · · · ⊕^3_4 ⊕^1_2 if n is odd .

Then condition (ii) holds, and n is the projective (resp. injective) dimension of T (resp. C). Moreover, by Lemma 0, T (resp. C) is a partial n-tilting (resp. ncotilting) module. The definition of T and C also implies that T^{⊥∞} (resp.^{⊥∞} C) is the class of all injective (resp. projective) modules. Consequently, it is easy to check (or to deduce from Theorem 3) that Ker Hom(T, −) ∩ T^{⊥∞} = 0 and Ker Hom(−, C) ∩^{⊥∞} C = 0. Hence T (resp. C) is a large partial n-tilting (resp. n-cotilting) module. This remark completes the proof of (iii).

Let M be as in the hypotheses of (iv). Then M has a decomposition of the form S ⊕ L, where S is a simple module and L is a projective-injective module. We also note that 2δ(L) = dim_K (L) ≥ n. Thus the following facts hold:

(1) δ(M) = 1 + δ(L) ≥ 1 + n 2 ; (2) dim_K (M) is an odd natural number ≥ n + 1.

On the other hand, T has the following properties:

(3) δ(T ) ≤ n + 3 2 and dim_K (T ) is the largest odd natural number ≤ n + 2.

Putting (1), (2) and (3) together, we obtain δ(M) ≥ δ(T ) and dim_K (M) ≥ dim_K (T ). Hence (iv) holds, and the proof is complete. □

Remark 5. Let A be the algebra constructed in Example 4. If n is even, then conditions (ii) and (iii) uniquely determine the modules T and C. On the other hand, if n is odd, then also the following modules T^′ and C^′ satisfy conditions (ii) and (iii):

T^′ =^n_{n+1} ⊕^{n−2}_{n−1} ⊕ · · · ⊕^1_2 ⊕ 1 ,

C^′ = n+1 ⊕^{n−1}_n ⊕ · · · ⊕^2_3 ⊕^1_2 .

Consequently, the indecomposable summands of both T and T^′ (resp. C and C^′), that is the modules^n_{n+1} and 1 (resp. n+1 and^1_2 ), are also direct summands of any sincere and selforthogonal module M of projective (resp. injective) dimension n. Hence T and T^′ (resp. C and C^′) are as different as possible. Moreover, T ⊕ T^′ is a cogenerator (resp. C ⊕ C^′ is a generator) of A-Mod.

In the next corollary we compare large partial n-tilting modules and maximal summands of multiplicity free n-tilting modules, that is almost complete tilting modules (see, for instance, [H1], [Mt], [HU], [CoHU] and [BS]).

Corollary 6. Any natural number n ≥ 2 is the projective dimension of a module M, such that M is a large partial n-tilting module, but M is not an almost complete tilting module.

Proof: Assume first n ≥ 4. Next, let A and T be as in Example 4. Since n ≥ 4 and condition (ii) holds, we have

δ(A) − δ(T ) ≥ n + 1 − n + 3 2 > 1.

This means that T is not an almost complete tilting module. On the other hand, by Example 4(iii), T is a large partial n-tilting A-module of projective dimension n. Hence we may choose M = T . To complete the proof, let S and R be the K-algebras given by the following quivers: 1 • � � � � � � � � 2 • � � � � � •^3 , � � � � • 4

1 • � � � � � � � �

2 • � � � � •^3 , � � � � • 4 � • 5 with relations α_iα_j = 0 for all arrows α_i and α_j. Then the R-module M =^{2 3}_4 ⊕1 satisfies the hypotheses of the corollary with n = 2 ([D1, Corollary 7]). Finally, it is easy to check ([D1, Proposition 8]) that the S-module M =^4_5 ⊕^{2 3}_4 ⊕ 1 satisfies the hypotheses of the corollary with n = 3. The proof is complete. □

The next result shows that many large partial m-tilting and m-cotilting modules (with m ≥ 2 and m even) are indecomposable. As we shall see, they are actually uniserial modules with a very rigid structure. Indeed, they are bricks ([R, p. 52]), that is their endomorphism ring is isomorphic to K.

Example 7. Let n be a natural number ≥ 2, and let m = 2(n − 1). Then there exist a K-algebra Λ and two Λ-modules T and C with the following properties:

(i) Λ is a representation-finite algebra of finite global dimension such that δ(Λ) = n;

(ii) T and C are indecomposable non faithful Λ-modules such that dim_K (T ) = dim_K (C) = n;

(iii) T (resp. C) is a large partial m-tilting (resp. m-cotilting) module of projective (resp. injective) dimension m.

Construction. Let Λ denote the Nakayama algebra, considered in [M, Example 3.2], given by the quiver

• 1 α_1 � • 2 • n−1 α_{n−1} � • n α_n �

with relation α_n · · · α_1 = 0. Next, let T and C denote the modules I(1) and P (1) respectively. Then conditions (i) and (ii) obviously hold. Suppose first n = 2. Then also condition (iii) holds ([D1, Example 3]). Assume now n > 2. Then the indecomposable projective modules P (1), P (2), . . . , P (n) are of the form 1 2 . . n , 2 3 . . 1 2 , . . . , n − 1 n . . n − 2 n − 1 , n 1 2 . . n − 1 n

.

As observed in [M, Example 3.2], there is a long exact sequence (i.e. the sequence of complements of a projective-injective almost complete tilting module) of the form

(1) 0 → C = P (1) → P (n) → P (n) → · · · → P (2) → P (2) → T = I(1) → 0.

Since the modules P(2), . . . , P(n) are injective, we deduce from (1) that T (resp. C) is a partial m-tilting (resp. m-cotilting) module of projective (resp. injective) dimension m. To complete the proof of (iii), it remains to check that T (resp. C) satisfies condition (T3^′) (resp. (C3^′)). To this end, we first note that

(2) A module M of finite length belongs to Ker Hom_Λ(T,−) (resp. Ker Hom_Λ(−, C)) if and only if the simple module S(2) (resp. S(n)) is not a composition factor of M.

Hence the following triangle, contained in the Auslander-Reiten quiver of Λ, describes the indecomposable modules X such that Hom_Λ(T, X) = 0.

By looking at the top of these modules (or by looking at the slices depicted in the picture), we observe that (3) If X is an indecomposable module such that Hom_A(T, X) = 0, then Ext^1_A(S(i), X) ≠ 0 for some i = 2, . . . , n.

On the other hand, by dimension shifting, we deduce from (1) that (4) Ext^2_Λ(T, −) ≃ Ext^1_Λ(S(2), −), Ext^4_Λ(T, −) ≃ Ext^1_Λ(S(3), −), . . . . . . , Ext^m_Λ (T, −) ≃ Ext^1_Λ(S(n), −).

Putting (3) and (4) together, we obtain (5) Ker Hom_Λ(T, −) ∩ T^{⊥∞} = 0. Dually, a triangle of the form

describes the indecomposable modules Y such that Hom_Λ(Y, C) = 0. In this case, by looking at the socle of these modules (or by looking at the slices depicted in the above picture), we note that (6) If Y is an indecomposable module such that Hom_Λ(Y, C) = 0, then Ext^1_Λ(Y, S(i)) ≠ 0 for some i = 2, . . . , n.

Finally, we deduce from (1) that (7) Ext^2_Λ(−, C) ≃ Ext^1_Λ(−, S(n)), Ext^4_Λ(−, C) ≃ Ext^1_Λ(−, S(n − 1)), . . . . . . , Ext^m_Λ (−, C) ≃ Ext^1_Λ(−, S(2)).

Comparing (6) and (7), we obtain (8) Ker Hom_Λ(−, C) ∩^{⊥∞} C = 0.

By the previous remarks, (5) and (8) complete the proof of condition (iii). □

The big gap between n-tilting modules and large partial n-tilting modules (with n ≥ 2) also appears by comparing tilting complexes in the sense of Rickard [Rk] and bounded complexes (of finitely generated projective modules) obtained as projective resolutions of large partial n-tilting modules. For instance, all the modules T , used in Example 4, correspond to complexes T^• which behave quite differently form Rickard’s tilting complexes, also in the world of complexes (of finitely generated modules) bounded on both sides ([D2]).

References

[AF] Anderson F.W., Fuller K.R., Rings and categories of modules, Graduate Texts in Math. 13, Springer, New York, 1992.

[AnTT] Angeleri Hügel L., Tonolo A., Trlifaj J., Tilting preenvelopes and cotilting precovers, Algebr. Represent. Theory 4 (2001), 155–170.

[AuReS] Auslander M., Reiten I., Smalø S.O., Representation Theory of Artin Algebras, Cambridge University Press, Cambridge, 1995.

[B1] Bazzoni S., A characterization of n-cotilting and n-tilting modules, J. Algebra 273 (2004), 359–372.

[B2] Bazzoni S., n-cotilting modules and pure-injectivity, Bull. London Math. Soc. 36 (2004), no. 5, 599–612.

[BS] Buan A.B., Solberg Ø., Relative cotilting theory and almost complete cotilting modules, CMS Conf. Proc. 24, Amer. Math. Soc., Providence, 1998, pp. 77–92.

[C] Colpi R., Tilting modules and ∗-modules, Comm. Algebra 21 (1993), no. 4, 1095–1102. [CbF] Colby R.R., Fuller K.R., Equivalence and Duality for Module Categories, Cambridge University Press, Cambridge, 2004.

[CDT1] Colpi R., D’Este G., Tonolo A., Quasi-tilting modules and counter equivalences, J.

Algebra 191 (1997), 461–494.

[CDT2] Colpi R., D’Este G., Tonolo A., Corrigendum, J. Algebra 206 (1998), 370–370. [CoHU] Coelho F.U., Happel D., Unger L., Complements to partial tilting modules, J. Algebra 170 (1994), 184–205.

[D1] D’Este G., On tilting and cotilting-type modules, Comment. Math. Univ. Carolin.

46.2 (2005), 281–291.

[D2] D’Este G., On partial tilting modules and bounded complexes, manuscript. [H1] Happel D., Triangulated Categories in the Representation Theory of Finite Dimensional Algebras, Cambridge University Press, Cambridge, 1988.

[H2] Happel D., Selforthogonal modules, Abelian groups and modules (Padova, 1994), Math. Appl. 343, Kluwer Acad. Publ., Dordrecht, 1995, pp. 257–276.

[HReS] Happel D., Reiten I., Smalø S.O., Tilting in abelian categories and quasitilted algebras, Mem. Amer. Math. Soc. 120 (1996), no. 575.

[HR] Happel D., Ringel C.M., Construction of tilted algebras, Lecture Notes in Math. 903, Springer, Berlin-New York, 1981, pp. 125-144.

[HU] Happel D., Unger L., Complements and the generalized Nakayama conjecture, CMS Conf. Proc. 24, Amer. Math. Soc., Providence, 1998, pp. 293–310.

[M] Mantese F., Complements of projective almost complete tilting modules, Comm. Algebra 33 (2005), no. 9, 2921–2940.

[Mi] Miyachi J., Extensions of ring and tilting complexes, J. Pure Appl. Algebra 105 (1995), 183–194.

[Mt] Miyashita Y., Tilting modules of finite projective dimension, Math. Z. 193 (1986), 113–146.

560 G. D’Este

[R] Ringel C.M., Tame algebras and integral quadratic forms, Lecture Notes in Math.

1099, Springer, Berlin, 1984.

[Rk] Rickard J., Morita theory for derived categories, J. London Math. Soc. (2) 39 (1989), 436–456.

Dipartimento di Matematica, Università di Milano, Via Saldini 50, 20133 Milano, Italy E-mail: gabriella.deste@mat.unimi.it

(Received November 19, 2005)