Comment.Math.Univ.Carolin. 48,3 (2007)389–394 389

Delannoy and tetrahedral numbers

Joachim Schröder

Abstract. We establish an identity between Delannoy numbers and tetrahedral numbers of arbitrary dimension.

Keywords: Delannoy numbers, tetrahedral numbers, king’s walk, coordination number, crystal ball

Classification: Primary 05A10; Secondary 05A15, 05A19

The numbers D(n, m) of Henri Auguste Delannoy (1833–1915), [4], count the lattice paths in Z × Z from (0, 0) to (m, n) with set of permitted steps {(0, 1), (1, 0), (1, 1)}, i.e. north, east and north-east steps. They can conveniently be described as minimal king walks from the bottom left corner to the upper right corner on a m × n chess board (see Figure 3 for m = n = 2). It is known since the times of Delannoy that

(1) D(n, m) = m∑ ν=0 ( m ν )( n + ν m ) = min{m,n} ∑ ν=0 2^ν ( m ν )( n ν ) .

Tetrahedral numbers have, by definition, a simple geometric meaning, too. In two dimensions they are the number of lattice points in an equilateral triangle, correspondingly in three dimension they count the number of points in a regular tetrahedron, see Figure 1. Generalization to higher dimensions is apparent and involves the d-dimensional simplex (hypertetrahedron). Their determination is even easier than the determination of Delannoy numbers, because they are built up inductively. If T_d(n) denotes the number of points with integer coordinates in the d-dimensional hypertetrahedron of edge length^1 n − 1, then T_1(n) = n and T_{d+1}(n) =

∑_n v=1 T_d(v). It happens that T_1(n) =

(_n 1 ) and the triangular number

I wish to thank Prof Preuß and the Mathematics Department of the Free University for their hospitality during my stay in Berlin.

web: www16.brinkster.com/jodis 1The edge length is the number of intervals created by n equidistant points, where start and end point of the edge carries a point. It is naturally 1 less than the number of points.

Figure 1: An example of the simplest 3-dimensional polytop, a discrete tetrahedron or 3-simplex, of edge length 3.

T_2(n) equals^{n(n+1)}_2 =

(_{n+1} 2 ) . The discrete antiderivative of

(_x v ) is (_x v+1 ) , i.e. Δ (_x v+1 ) = (_x v ) . Hence discrete integration can be used to show

(2) T_d(n) = ( n + d − 1 d ) . In order to establish a link between Delannoy and tetrahedral numbers, we will need a result about crystal balls, which was first discovered by Vassilev & Atanassov [10].

Definition 1. (1) Let x = (x_1, x_2, ..., x_d) ∈ Z^d, d ∈ N. The L^1-norm |x|_1 of x is defined by |x|_1 := ∑ |x_i|.

(2) S_d(n) := {x | x ∈ Z^d and |x|_1 = n} is called d − 1-dimensional crystal sphere of radius n. We set S_d(n) := | S_d(n)|. The sequence (S_d(n))_{n∈N} is called coordination-sequence (or -numbers). The union

⋃_n ν=0 S_d(ν) =:

G_d(n) is called d-dimensional crystal ball of radius n, see Figure 2. We put | G_d(n)| =: G_d(n) =

∑_n

ν=0 S_d(ν).

(3) If f : D → Z, D ⊆ Z, is a function then the (forward) difference operator Δ is defined by Δf(n) = f(n + 1) − f(n). Δ^m is defined by Δ^1 = Δ and Δ^m = Δ ∘ Δ^{m−1}.

Theorem 2 ([10], [8]).

D(n, m) = m∑ μ=0 S_n(μ) = G_n(m),

see Figure 3.

Proof: We will follow the proof in Schröder [8], because it is considerably shorter. The GF of the Delannoy numbers D(n, m) is known to be (cf. [9]) ∑ n,m≥0

D(n, m)x^ny^m = 1 1 − x − y − xy .

Figure 2: The shape of a crystal ball in 3 dimensions, also called regular octahedron (the discrete points are not drawn).

We have 1 1 − x − y − xy = 1 1 − y 1 1 − x^{1+y}_{1−y} = 1 1 − y ∑ n≥0 ( 1 + y 1 − y

)_n x^n

= 1 1 − y ∑ n,m≥0

S_n(m)y^mx^n = ∑ n,m≥0 m∑ μ=0 S_n(μ)y^mx^n = ∑ n,m≥0

G_n(m)y^mx^n.

Indeed, Conway & Sloane show in [3, p. 9, Equation (16)], that

S_d(n) = d∑ k=0 ( d k )( n + d − k − 1 d − 1 ) (= d∑ k=0 ( d k )( n + k − 1 d − 1 ) )

is the coordination number of distance n in Z^d and their generating function is ∑ n≥0 S_d(n)y^n = ( 1 + y 1 − y

)_d .

Figure 3: D(2, 2) = 13 and G_2(2) = 13.

See also [6, p. 4, Aufg. 29]. □

We are ready to state and prove the main theorem. The idea is to decompose a crystal ball into a number of hypertetrahedra. For instance, if we look at Figure 2, we can see that the top pyramid consists of 4 tetrahedra of type as depicted in Figure 1. Overall G_3(n) is composed out of 8 tetrahedra. Unfortunately these tetrahedra overlap. They have some faces and edges in common. Therefore, to get the correct number of points, we have to apply the principle of inclusion-exclusion. For instance, if we stay with Figure 1 and Figure 2, the first approximation to G_3(3) is obtained by taking 8 times the number of lattice points in Figure 1. Then we have to subtract 12 times the number of points of a tetrahedral face, because 12 faces are common to 2 tetrahedra, add 6 times the number of points of a tetrahedral edge, because 6 edges in the coordinate axes’ are contained in 4 tetrahedra and finally subtract 1 for the point in the center, which is common to all tetrahedra. We have shown D(3, 4−1) = G_3(4−1) = 8

(_{4+2} 3 ) −12 (_{4+1} 2 ) +6 (_4 1 ) −1 = 8 × 20 − 12 × 10 + 6 × 4 − 1 = 63 and more generally

D(3, n − 1) = G_3(n − 1) = 8 ( n + 2 3 ) − 12 ( n + 1 2 ) + 6 ( n 1 ) − 1,

see Equation 2.

Theorem 3.

D(n, m) = m∑ v=0 (−1)^{m−v}2^v ( m v ) T_v(n + 1) = m∑ v=0 (−1)^{m−v}2^v ( m v )( n + v v ) (3) D(n, m) = Δ^m 2^x ( n + x x )| | |_{x=0} = Δ^m 2^xT^x(n + 1) | | |_{x=0} (4) 2^mT_m(n + 1) = 2^m ( n + m m ) = m∑ v=0 ( m v ) D(n, v) (5)

2^m ( n m ) = m∑ v=0 (−1)^{m−v} ( m v ) D(n, v) = Δ^mD(n, x) | | | | x=0 (6)

Proof: Equations 3, 4 and 5 are equivalent via binomial inversion and difference formula. Binomial inversion again shows the (known) equivalence of Equation 1 and Equation 6, which was added for completeness. In order to prove Equation 3, we have to determine the number of simplices with a given, common sub-simplex. The easiest method might be to use a linear scheme in which we record the quadrant of the point and the varying coordinates, as in Schröder [7]. Given a d-dimensional crystal ball G_d, let e = e_1e_2e_3 . . . e_d be a finite sequence, where e_i ∈ {+, 0, −}. To every point p = (x_1, x_2, . . . , x_d) ∈ G_d we assign a sequence e by e_i :=

+ if x_i > 0 − if x_i < 0 0 if x_i = 0

Vice versa, every e defines a sub-simplex of G_d, modulo size. An entry 0 in e has a special meaning, because it indicates a set of points which are common to more than 1 sub-simplex. For instance, in 3 dimensions, e = + − + stands for the 3- simplex which lies in the octant with positive x- and z- coordinates and negative y- coordinate. e = +0+ describes the sub-simplex (triangle) with positive xand z- coordinates and vanishing y- coordinate. It is the common face of + + + and + − +, see Figure 2. In d dimensions, the first approximation to G_d(n) is 2^dT_d(n + 1), because there are 2^d different +, − sequences of length d, i.e. G_d is composed out of 2^d d-simplices. We have to subtract points in the common faces to get the second approximation. There are

(_d 1 ) possibilities to insert 0 in a sequence of length d and 2^{d−1} possibilities to fill the remaining places with + and −. Each case accounts for T_{d−1}(n + 1) points. In the next step we have to add 2^{d−2}

(_d 2 ) T_{d−2}(n + 1) points, etc. Eventually we arrive at

D(n, d) = d∑ v=0 (−1)^v2^{d−v} ( d v ) T_{d−v}(n + 1) = d∑ v=0 (−1)^v2^{d−v} ( d v )( n + d − v d − v ) . Substitution d − v → v produces Equation 3. □

References

[1] Aigner M., Diskrete Mathematik, Vieweg, Braunschweig, 1993.

[2] Banderier C., Schwer S.R., Why Delannoy numbers?, J. Statist. Plann. Inference 135 (2005), no. 1, 40–54; CoRR math.CO/0411128: (2004).

[3] Conway J.H., Sloane N.J.A., Low dimensional lattices VII: Coordination sequences, Proc.

Royal Soc. London Ser. A 453 (1997), no. 1966, 2369–2389; citeseer.ist.psu.edu/article/conway96lowdimensional.html.

[4] Delannoy H., Emploi de l’échiquier pour la résolution de certains problèmes de probabilités, Association Francaise pour l’Avancement des Sciences, Bordeaux XXIV (1895), 70–90.

[5] Handbook of Discrete and Combinatorial Mathematics, Eds. K.H. Rosen et al., CRC Press, Boca Raton etc., 2000.

394 J. Schröder

[6] Pólya G., Szegö G., Aufgaben und Lehrsätze aus der Analysis, I, Springer, Berlin, 1970. [7] Schröder J., Filling boxes densely and disjointly, Comment. Math. Univ. Carolin. 44 (2003), no. 1, 187–196.

[8] Schröder J., Generalized Schröder numbers and the rotation principle, preprint, 2007. [9] Stanley R.P., Enumerative Combinatorics, Vol. 2, Cambridge University Press, Cambridge, 1999.

[10] Vassilev M., Atanassov K., On Delan[n]oy numbers, Annuaire Univ. Sofia Fac. Math. Inform. 81 (1987), 153–162.

Departement van Wiskunde, Universiteit van die Vrystaat, Posbus 339, Bloemfontein 9300, Suid Afrika E-mail: schroderjd@qwa.uovs.ac.za

(Received February 8, 2007, revised May 21, 2007)