Comment.Math.Univ.Carolin. 48,3 (2007)529–540 529

Tanaka spaces and products of sequential spaces

Yoshio Tanaka

Abstract. We consider properties of Tanaka spaces (introduced in Mynard F., More on strongly sequential spaces, Comment. Math. Univ. Carolin. 43 (2002), 525–530), strongly sequential spaces, and weakly sequential spaces. Applications include product theorems for these types of spaces.

Keywords: Tanaka space, strongly sequential space, weakly sequential space, sequential space, k-space, inner-closed A-space

Classification: 54D50, 54D55, 54B10, 54B15

Introduction

We assume that all spaces are regular and T_1, and that all maps are continuous surjections.

In 1976, the author [23] investigated a characterization for the product of a sequential space with a first countable space to be sequential, introducing the following key condition:

(C) For every decreasing sequence (A_n) in X with x ∈ cl A_n for any n ∈ N, there exist x_n ∈ A_n such that {x_n : n ∈ N} converges to some point p ∈ X.

When p = x, such a space X is a strongly Fréchet space [21] (or, countably bi-sequential space [10]). Strongly Fréchet spaces have played an important role in studying products of Fréchet spaces.

The following question was essentially raised in [23]: For a sequential space X with property (C), is X × Y sequential for any first countable space Y ?

F. Mynard proved in [13] that a space X is strongly sequential if and only if X × Y is sequential for any first countable space Y , introducing “strongly sequential spaces”, and then he showed in [14] that a strongly sequential space is exactly a sequential space with condition (C), which gives an affirmative answer to the above question.

A space is a Tanaka space [14] if it satisfies condition (C). A space X is strongly sequential [13] if, whenever (A_n) is a decreasing sequence in X with x ∈ cl A_n for any n ∈ N, then the point x belongs to the (idempotent) sequential closure of the set A of limit points of convergent sequences {x_n : n ∈ N} with x_n ∈ A_n (equivalently, X is a sequential space such that if {A_n : n ∈ N} is a decreasing sequence in X with x ∈ cl A_n for any n ∈ N, then the point x belongs to the (usual) closure of the set A).

A strongly sequential space, or a locally sequentially compact space is a Tanaka space, but a Tanaka space need not be (strongly) sequential.

In this paper, we consider properties of Tanaka spaces, strongly sequential spaces, and weakly sequential spaces. As applications, we consider products of these types of spaces and sequential spaces. Also, we will pose some questions on these spaces and their product spaces.

For a cover P of a space X, P is a determining cover [29] (or, P determines X [5]), if U ⊂ X is open in X if and only if U ∩ P is relatively open in P for every P ∈ P. Here, we can replace “open” by “closed”. Obviously, every open cover is a determining cover. Recall that a space X is a sequential space (resp. a k-space, a quasi-k-space) if X has a determining cover by all compact metric sets (resp. compact sets, countably compact sets) in X. We note that we can replace “all” by “some”, and also “compact metric sets” by “convergent sequences (containing its limit point) ”. A space is weakly sequential [24] if it has a determining cover by sequentially compact sets. A strongly sequential space is sequential, and a sequential space is weakly sequential.

A map f : X → Y is bi-quotient [9] (resp. countably bi-quotient [21]) if, whenever y ∈ Y and U is a cover (resp. a countable cover) of f^{−1}(y) by open sets, then finitely many f(U) with U ∈ U cover a neighborhood of y in Y . Then, open maps are bi-quotient, bi-quotient maps are countably bi-quotient, and countably bi-quotient maps are quotient maps. A (finite or infinite) product of bi-quotient maps is a bi-quotient map ([9]).

Many (local) topological properties (P ) relevant to our purpose can be characterized as follows: A space Y has property (P ) if and only if there exists a space X with property (Q) and a quotient map f : X → Y of the type p, where (Q) is a (nice) property stronger than (P ) and p determines how good the quotient map is. We gather below such results from [10]. Recall that an M-space is exactly a space admitting a quasi-perfect map (i.e., closed with countably compact fibers) onto a metric space.

Characterizations: (A) A space X is respectively bi-sequential, bi-k, bi-quasi-k if and only if it is a bi-quotient image of a metric space, a paracompact M-space, an M-space. Here, the latter two domains can be chosen to be a subset of X × M for some metric space M (the same holds in (B) and (C) below).

(B) A space X is respectively countably bi-sequential, countably bi-k, countably bi-quasi-k if and only if it is a countably bi-quotient image of a metric space, a paracompact M-space, an M-space.

(C) A space X is respectively sequential, k, quasi-k if and only if it is a quotient image of a metric space, a paracompact M-space, an M-space.

Results

Proposition 1. (1) Let X be a weakly sequential or Tanaka space. Then a subset S of X is sequentially compact (resp. weakly sequential) if and only if S is countably compact (resp. quasi-k). (2) The following are equivalent:

(a) X is weakly sequential;

(b) X is a quasi-k-space whose countably compact sets are sequentially compact;

(c) X is a quotient image of a Tanaka M-space. (3) The following are equivalent:

(a) X is sequential;

(b) X is a weakly sequential space whose countably compact sets are closed in X;

(c) X is a quotient image of a metric space.

Proof: (1). The “only if” part is obvious. For the “if” part, any infinite sequence in a countably compact set in X can be assumed to be not closed in X. Then, since X is a weakly sequential or Tanaka space, we see that a subset S of X is sequentially compact if S is countably compact. Thus, the parenthetic part also holds.

(2). (a)⇔(b) holds by (1). For (b)⇒(c), let T be the topological sum of all countably compact (hence, sequentially compact) sets in X. Then T is a Tanaka M-space, and X is the quotient image of T . For (c)⇒(a), an M-space is quasik by Characterization (C), thus a Tanaka M-space is weakly sequential by (1). Then X is weakly sequential, for the weak sequentiality is obviously preserved by quotient maps.

(3). (a)⇔(c) holds by Characterization (C). For (a)⇒(b), a countably compact set K in X is closed in X, because K ∩ L is closed in X for every convergent sequence L in X. For (b)⇒(a), let F ⊂ X, and assume that F ∩ L is closed in X for every convergent sequence L in X. To show that F is closed in X, let C be a countably compact set in X. Then C is sequentially compact by (1), thus F ∩ C is sequentially compact by the assumption, hence, F ∩ C is closed in X by (b). This implies that F is closed in X since X is a quasi-k-space. □

Recall that a space X is a GO-space if X is a subspace of a LOTS, that is, a linearly ordered space. In a GO-space X, every countably compact set K is sequentially compact, because any sequence in K has a monotone, hence convergent, subsequence in K. Thus, the following holds by Proposition 1(2).

Corollary 2. A GO-space is weakly sequential if and only if it is a quasi-k-space.

Recall that a space X has countable tightness, denoted t(X) ≤ ω, if whenever x ∈ cl A, then x ∈ cl C for some countable C ⊂ A (equivalently, X has a determining cover by countable sets (cf. [10])). As is well-known, a sequential space or a hereditarily separable space has countable tightness.

A space X is an A-space [11] if, whenever (A_n) is a decreasing sequence in X with x ∈ cl(A_n − {x}), then there exist B_n ⊂ A_n such that ⋃ {cl B_n : n ∈ N} is not closed in X. Also, X is an inner-closed A-space (resp. an inner-one A-space) when the B_n are closed sets (resp. singletons). For the decreasing sequence (A_n), if we assume ⋂ {A_n : n ∈ N} = ∅, then such a space X is respectively A^′-space, inner-closed A^′-space, inner-one A^′-space. For a space X with non-measurable cardinality or t(X) ≤ ω, X is an A-space if and only if X is an A^′-space. We can add prefixes “inner-closed”, and “inner-one” ([11]).

In the following proposition, (1) and (2) are routinely shown, using Proposition 1(1), and (3) is due to [14].

Proposition 3. (1) A Tanaka space is inner-one A^′. Thus, a Tanaka space of non-measurable cardinality or of countable tightness is inner-one A. (2) (i) A space is weakly sequential and inner-closed A^′ if and only if it is weakly sequential and inner-one A^′ if and only if it is Tanaka and quasi-k.

(ii) A space X is weakly sequential and inner-closed A if and only if it is weakly sequential and inner-one A. Such a space is a Tanaka and quasik-space. The converse is true under the assumption that the cardinality of X is non-measurable or that t(X) ≤ ω.

(3) The following are equivalent:

(a) X is a sequential inner-closed A-space; (b) X is a sequential inner-one A-space; (c) X is a sequential Tanaka space; (d) X is a strongly sequential space.

Remark 4. (1) A compact space (hence inner-one A-space) need not be a weakly sequential or Tanaka space in view of Proposition 1(1). Also, a countable innerone A-space need not be a Tanaka or quasi-k-space. Indeed, the compact sequential space Ψ^∗ in [3, Example 7.1] contains a subset S = N ∪ {∞}. Since Ψ^∗ is sequential inner-closed A, any subset of Ψ^∗ is inner-one A by [11, Proposition 5.4], hence so is S. But, S is not a Tanaka or quasi-k-space, for any compact set in S is finite.

(2) Under (MC) (i.e., the existence of a measurable cardinal), the space X^∗ (with the only non-isolated point x^∗) in [10, Example 10.16] is a (hereditarily) Tanaka space, but it is not an inner-one A-space with t(X^∗) > ω, not a quasi-k-space. Indeed, if x^∗ ∈ cl A_n (A_n ⊃ A_{n+1}), ⋂ {A_n : n ∈ N} ≠ ∅, and no countable subset in X^∗ has an accumulation point in X^∗, as is shown in [10]. Also, a Tanaka space or even a sequentially compact space need not be a k-space by [2, 3.10.I]. Without (MC), the author does not know whether a Tanaka space is a quasi-k-space. In other words, he has the following question in view of Proposition 1: Is a weakly sequential space exactly a quotient image of a Tanaka space ?

The following follows from Propositions 1(1) & 3(2), and Corollary 2.

Corollary 5. Let X be an inner-closed A and quasi-k-space, in particular, a countably bi-quasi-k-space ([10]). (1) The following are equivalent:

(a) X is a Tanaka space; (b) X is weakly sequential;

(c) Any countably compact set in X is sequentially compact. (2) If X is a sequential space or a GO-space, then X is a Tanaka space.

In the following lemma, (i) in (1) follows from [11, Theorem 6.3 and Proposition 2.4], and (ii) follows from [11, Theorem 6.7 and Proposition 3.1] (cf. [10, Theorem 9.9]). (2) follows from [10, Theorem 9.5 and Lemma 9.6].

Lemma 6. (1) Let f : X → Y be a closed map. Then the following hold.

(i) f is countably bi-quotient if Y is an A^′-space.

(ii) Each boundary ∂f^{−1}(y) is countably compact if X is normal or countably paracompact, and Y is inner-closed A.

(2) A quotient map f : X → Y is bi-quotient if f is Lindelöf and X is paracompact (resp. f is an s-map and X is meta-Lindelöf ), and Y is an inner-closed A-space with t(Y ) ≤ ω. Here, a map is Lindelöf (resp. an s-map) if each fibers is Lindelöf (resp. separable).

Recall that a cover P of a space X is a k-network if, for any compact set K of X and any open set V ⊃ K, K ⊂ ∪ P^′ ⊂ V for some finite P^′ ⊂ P. When K is any convergent sequence (containing its limit point), some P ∈ P with P ⊂ U contains a subsequence of K (not necessarily containing the limit point), then such a cover P is a wcs^∗-network [7] which is a useful generalization of k-networks. For a survey on k-networks, see [28].

A space X is a q-space [8] if each x ∈ X has a q-sequence {V_n : n ∈ N} of neighborhoods of x (i.e., if x_n ∈ V_n, {x_n : n ∈ N} has an accumulation point). A q-space is characterized as an open image of an M-space; see [10].

The Arens’ space S_2 is a quotient space obtained from the topological sum of {L_n : n ∈ N}, where L_n are the convergent sequence {1/n : n ∈ N} ∪ {0}, by identifying each 1/n ∈ L_1 with 0 ∈ L_n (n ≥ 2). The quotient space S_2/L_1 is the sequential fan S_ω.

Proposition 7. (1) Let X be a Fréchet space, a sequential hereditarily normal space, or a space with G_δ-points (i.e., a space whose points are G_δ-sets). Then X is a Tanaka space if and only if it is strongly Fréchet.

(2) Let X be a space with a point-countable wcs^∗-network. If X is a k-space or t(X) ≤ ω, then X is a Tanaka space if and only if it is first countable (actually, X has a point-countable base).

(3) Let X be a closed image of a countably bi-quasi-k-space (resp. a closed image of an M-space). Then X is a Tanaka space if and only if it is a weakly sequential and countably bi-quasi-k-space (resp. a weakly sequential and q-space).

(4) Let X be a quotient Lindelöf image of a paracompact bi-quasi-k-space (resp. a quotient s-image of a meta-Lindelöf bi-quasi-k-space). If t(X) ≤ ω, then X is a Tanaka space if and only if it is a weakly sequential and bi-k-space (resp. a weakly sequential and bi-quasi-k-space).

Proof: The “if” parts of (1)∼(4) hold by Corollary 5, so let X be a Tanaka space for (1)∼(4).

(1). For X being a Fréchet space or a space with G_δ -points, X is strongly Fréchet by [23, Lemma 2.1]. For X being a sequential hereditarily normal space, since X contains no closed copy of S_2, X is Fréchet by [6, Corollary 2.3], hence strongly Fréchet.

(2). Let P be a point-countable wcs^∗-network for X. Then P is a k-network by [26, Proposition 1.2(1)] and Proposition 1(1). Thus X has a point-countable k-network. Since X is a k-space or t(X) ≤ ω, X has a point-countable base in view of the proofs of [5, Corollaries 3.5 and 3.6], replacing “countably bi-k-space” by “Tanaka space of countable tightness” there.

(3). Since X is Tanaka and quasi-k, X is weakly sequential by Proposition 1(1). Since X is an A^′-space by Proposition 3(1), any closed map onto X is countably biquotient by Lemma 6(1). Thus, X is countably bi-quasi-k in view of [10]. For the parenthetic part, let f : S → X be a closed map with S an M-space. Since the Mspace S is countably bi-quasi-k, X is countably bi-quasi-k, hence inner-closed A. While, S is countably paracompact, for every M-space is countably paracompact. Thus, each boundary ∂f^{−1}(x) is countably compact by Lemma 6(1). Since f is a closed map, for some closed set F in S, g = f|F is a quasi-perfect map onto X. Thus, since F is an M-space, X is a q-space by [12, Theorem 4.2].

(4). X is weakly sequential, for X is Tanaka and quasi-k. Since X is innerclosed A by Proposition 3(1), X is a bi-quotient image of a bi-k-space (resp. a bi-quasi-k-space) by Lemma 6(2), here a paracompact bi-quasi-k-space is bi-k ([10, p. 94]). Thus X is bi-k (resp. bi-quasi-k) in view of [10]. □

Theorem 8. (1) Let t(X) ≤ ω. Then X is a hereditarily Tanaka space if and only if it is strongly Fréchet.

(2) Let X be a Tanaka space. A subset S of X is a Tanaka space if S is a closed or open set in X, or S is a quasi-k-space such that S is inner-closed A or t(X) ≤ ω.

(3) A countably bi-quotient image of a Tanaka space is a Tanaka space. (4) Let X be a Tanaka space, and Y be a Tanaka bi-quasi-k-space. Then X ×Y is a Tanaka space.

Proof: (1). The “if” part is obvious. For the “only if” part, any countable set in X is a Tanaka space, hence strongly Fréchet by Proposition 7(1). Thus, since t(X) ≤ ω, X is strongly Fréchet by [10, Proposition 8.7].

(2). For S being open in X, S is obviously a Tanaka space (for, X is regular). So, let S be quasi-k. Then S is weakly sequential by Proposition 1(1). Thus, when S is inner-closed A, S is a Tanaka space by Proposition 3(2). When t(X) ≤ ω, since X is inner-one A by Proposition 3(1), S is inner-closed A by [11, Proposition 5.3]. Thus S is also a Tanaka space.

(3). This holds, because for a countably bi-quotient map f : X → Y , if (A_n) is a decreasing sequence in Y with y ∈ cl(A_n − {y}), then (f^{−1}(A_n)) is a decreasing sequence in X with x ∈ cl((f^{−1}(A_n)) − {x}) for some x ∈ f^{−1}(y) ([21]).

(4). First, let Y be a q-space. To see that X × Y is a Tanaka space, let (A_n) be a decreasing sequence in X × Y with (x, y) ∈ cl A_n. Since Y is a q-space, there exists a q-sequence {V_n : n ∈ N} of neighborhoods of y. Let B_n = A_n ∩ (X × V_n) and let p : X × Y → X denote the projection. Then (p(B_n)) is a decreasing sequence of subsets of X such that x ∈ cl p(B_n). But, Y is a Tanaka and q-space, so that Y is weakly sequential by Proposition 1(1). Thus, if y_n ∈ V_n, the sequence {y_n : n ∈ N} has a convergent subsequence. Hence, since X is a Tanaka space, there exist p_n ∈ B_n such that {p_n : n ∈ N} converges to a point in X × Y . Then X × Y is a Tanaka space. Next, let Y be a bi-quasi-k-space. Then Y is a bi-quotient image of a q-space T , where T is a subspace of Y × M for some metric space M by Characterization (A). Thus Y × M is a Tanaka space by the above. But, T is a q-space, hence an inner-one A and quasi-k-space. Thus T is a Tanaka space by (2). Since X and T are Tanaka spaces, and T is a q-space, X × T is a Tanaka space by the above. Since X × Y is a bi-quotient image of X × T , X × Y is a Tanaka space by (3). □

Remark 9. (1) Let X be a Tanaka space. A subset S of X which is inner-one A need not be a Tanaka space by Remark 4(1). While, every sequential and inner-one A-space is a Tanaka space by Proposition 3(3). But, the author has the following question: Is any sequential subset of a Tanaka space a Tanaka space ?

(2) A quotient finite-to-one image X of a countable metric space need not be a Tanaka space (by taking X as the space S_2).

(3) A product of countable strongly Fréchet spaces need not be a Tanaka space. Indeed, there exists a countable strongly Fréchet space whose square is not Fréchet (cf. [16]), hence the square is not a Tanaka space by Proposition 7(1). Moreover, under (CH), there exist countable strongly Fréchet spaces X and Y such that X × Y is Fréchet, but X × Y is not strongly Fréchet ([20]), hence it is not a Tanaka space.

The following corollary is a consequence of Propositions 3(3) and 7, and Theorem 8. For (3), note that a subset of a sequential space is sequential if it is quasi-k (by Proposition 1(1) and (3)). (4) can be also obtained by means of [13, Theorem 3.3].

Corollary 10. (1) (i) Let X be a Fréchet space, a hereditarily normal space, or a space with G_δ-points. Then X is strongly sequential if and only if it is strongly Fréchet.

(ii) Let X be a space with a point-countable wcs^∗-network. Then X is strongly sequential if and only if it is first countable.

(iii) Let X be a closed image of a countably bi-quasi-k-space (resp. a closed image of an M-space). If X is sequential, then X is strongly sequential if and only if it is countably bi-quasi-k (resp. q).

(iv) Let X be a quotient Lindelöf image of a paracompact bi-quasi-k-space (resp. a quotient s-image of a meta-Lindelöf bi-quasi-k-space). If X is sequential, then X is strongly sequential if and only if it is bi-k (resp. bi-quasi-k).

(2) A hereditarily strongly sequential space is exactly strongly Fréchet. (3) A subset of a strongly sequential space is strongly sequential if and only if it is quasi-k.

(4) A countably bi-quotient image of a strongly sequential space is strongly sequential.

(5) A countable product of spaces with G_δ -points is a Tanaka space if and only if it is strongly Fréchet (equivalently, strongly sequential).

Remark 11. A square X^2 can be sequential but not strongly sequential (even not a Tanaka space). For instance, if X = S_ω or S_2, then X^2 is known to be sequential by [9, (7.5)] but not a Tanaka space. Also, X × Y can be sequential but not a Tanaka space, even if X and Y are both strongly sequential (by Remark 9(3)). However, under these circumstances, the author has the following question: Let X and Y be both (strongly) sequential. If X × Y is a Tanaka space, is X × Y sequential ?

The square of a compact Fréchet space (hence, strongly Fréchet space) need not be Fréchet ([19]). But for a strongly Fréchet space X and a countably compact space Y , if X × Y is Fréchet, it is a strongly Fréchet ([16]). Also, the square of a countable strongly Fréchet space need not be quasi-k under (2^{ℵ0} < 2^{ℵ1} ) ([18]). While, a product of a strongly Fréchet space with a sequential bi-quasi-k-space is sequential ([14]). More generally, the following theorem holds ((2)(i) should be compared to the above result in [14]).

Theorem 12. (1) (i) If X is strongly Fréchet and Y is bi-sequential, then X × Y is (strongly) Fréchet. Conversely, if X × Y is Fréchet, then X is strongly Fréchet or Y is discrete.

(ii) Let X be Fréchet, and Y be bi-quasi-k. Then X × Y is Fréchet if and only if X × Y is strongly Fréchet, or Y is discrete.

(2) (i) Let X be strongly sequential, and let Y be sequential bi-quasi-k. Then

X × Y is strongly sequential.

(ii) Let X be sequential, and Y be a sequential bi-k-space (resp. a bi-k-space).

Then X × Y is a sequential space (resp. a k-space) if and only if X is a Tanaka space, or Y is locally countably compact.

Proof: (1). (i) is due to [10], here the latter part holds by the proof of [10, Proposition 4.D.5]. For (ii), let X × Y be Fréchet with Y non-discrete. Then X is strongly Fréchet by (a). Thus X × Y is a Tanaka space by Theorem 8(4) and Corollary 5. Then X × Y is strongly Fréchet by Proposition 7(1).

(2). For (i), X ×Y is sequential by [27, Corollary 9], and it is a Tanaka space by means of Theorem 8(4). Then X × Y is strongly sequential by Proposition 3(3). Part (ii) holds by means of [27, Corollary 9 and Lemma 16]. □

Remark 13. In (1) in Theorem 12, we cannot replace “bi-sequential (or biquasi-k)” with “strongly Fréchet” by Remark 9(3). For (2), the author has the following question: Let X be sequential, and Y be sequential bi-quasi-k. Does the conclusion in (2)(ii) remain true ?

Theorem 14. (1) Let X be weakly sequential. If X^ω is a quasi-k-space, then it is weakly sequential.

(2) Let X be weakly sequential and t(X) ≤ ω. If X^ω is a k-space (resp. a quasi-k-space), then X^ω (resp. X) is a Tanaka space.

(3) Let X be sequential. If X^ω is a quasi-k-space, then it is strongly sequential.

Proof: (1). Since X^ω is quasi-k, it has a determining cover {K; K is countably compact in X^ω}. But, for each countably compact set K in X^ω, K ⊂ ΠK_i for some countably compact sets K_i in X. Thus X^ω has a determining cover C = {ΠK_i : K_i is countably compact in X}. But, the countably compact sets K_i in X are sequentially compact by Proposition 1(1), then so is ΠK_i by [2, 3.10.35]. Hence, X^ω is weakly sequential.

(2). Since X^ω is quasi-k and t(X) ≤ ω, X is inner-one A by refering to [25, Theorem 4.13]. Thus, X is a Tanaka space by Proposition 3(2). Let Y = X^ω. Then Y^ω(∼= X^ω) is a k-space and Y is weakly sequential by (1). Then, it suffices to show that t(Y ) ≤ ω, hence we show that any compact set K of Y has countable tightness by [25, Corollary 1.13(2)], for Y is a k-space. But, K ⊂ ΠK_i and the compact set ΠK_i has countable tightness in view of [2, 3.12.8], then K has countable tightness.

(3). Since X is sequential, by Proposition 1(3), any countably compact set in X is closed, hence sequential. Thus, by [15, Theorem 4.5], the elements ΠK_i of the determining cover C of X^ω in (1) are sequential since each K_i is countably compact sequential. Then X^ω is sequential, and thus X^ω is a Tanaka space by (2). Hence X^ω is strongly sequential by Proposition 3(3). □

Remark 15. In Theorem 14(2), “t(X) ≤ ω” is essential. Indeed, under (CH), there exists a (weakly sequential) space X which is an image of a locally compact Lindelöf space under a closed map f, and X^ω is a k-space, but X is not locally compact ([1]). Since X is not locally compact, the closed map f is not bi-quotient, hence not countably bi-quotient. Then X is not an A^′-space by Lemma 6(1), hence not a Tanaka space.

The square of a countably compact space need not be a quasi-k-space ([10, Example 10.7]), nor an inner-one A-space by the proof there, using [11, Example 11.17]. But, the following holds.

Corollary 16. Let X be a bi-quasi-k-space. Then the following hold.

(1) If X is a Tanaka space (equivalently, a weakly sequential space), then X^ω is a Tanaka (weakly sequential) bi-quasi-k-space.

(2) If X is sequential, then X^ω is a strongly sequential bi-quasi-k-space.

Proof: (1). By Characterization (A), X is a bi-quotient image of an M-space S, where S ⊂ X × M for some metric space M. Since X is a Tanaka space, any countably compact set in X is sequentially compact by Proposition 1(1), hence so is any countably compact set in X × M, hence in S. Thus, S^ω is an M-space by [22, Corollary 1]. While, X^ω is a bi-quotient image of S^ω. Therefore X^ω is bi-quasi-k, thus quasi-k. Then, by Theorem 14(1) X^ω is weakly sequential (equivalently, a Tanaka space by Corollary 5).

(2). This holds by Theorem 14(3), for X^ω is quasi-k by (1). □

Corollary 17. Let X be sequential. Concerning equivalent relations among the following (a)∼(g), (1), (2), and (3) below hold:

(a) X^ω is quasi-k; (b) X^ω is sequential;

(c) X^ω is strongly sequential; (d) X^ω is Fréchet;

(e) X^ω is strongly Fréchet; (f) X^ω is countably bi-quasi-k; (g) X is bi-quasi-k.

(1) (a), (b), and (c) are equivalent, and so are (d) and (e). (2) (i) If X is a space with G_δ-points, then (a)∼(f) are equivalent.

(ii) If X is a space with a point-countable wcs^∗-network, then (a)∼(g) are equivalent.

(iii) Suppose that X is a closed image of an M-space, a quotient Lindelöf image of a paracompact bi-quasi-k-space, or a quotient s-image of a meta- Lindelöf bi-quasi-k-space. Then (a), (b), (c), (f) and (g) are equivalent.

In (ii) and (iii), for (g), X is respectively first countable, q, bi-k if X is a space with a point-countable wcs^∗-network, a closed image of an M-space, a quotient Lindelöf image of a paracompact bi-quasi-k-space.

(3) If X is a closed image of a normal bi-k-space, then (a), (b), (c), and (f) are equivalent.

Proof: (1). (a)⇔(b)⇔(c) holds by Theorem 14(3). (d)⇒(e) holds by Corollary 10(1), for X^ω is strongly sequential and Fréchet.

(2). This holds by Corollaries 10 and 16(2).

(3). Let f : S → X be a closed map with S normal bi-k. Let X^ω be sequential (hence, X is strongly sequential). Since S is normal and X is inner-closed A, each ∂f^{−1}(x) is countably compact by Lemma 6(1). Thus, we can assume that the map f is quasi-perfect (by the proof of Proposition 7(3)). Since S is a k-space and X^ω is sequential, by [22, Theorem 2], f^ω is quasi-perfect, hence countably bi-quotient. Then X^ω is a countably bi-quotient image of S^ω. Since S^ω is bi-k ([10]), X^ω is countably bi-k. □

Remark 18. (1) Related to Corollary 17, it is also given in [13] that (b) implies X is strongly sequential. For a closed image X of a countably bi-quasi-k-space, (b) implies X is countably bi-quasi-k by Corollary 10(1), but the author has the following question: Let X be a closed image of a countably bi-quasi-k-space. If X^ω is sequential, is X^ω (or X) bi-quasi-k ?

(2) In Corollary 17, (c) need not imply (d). Indeed, there exists a compact Fréchet space X such that X^2 is not Fréchet ([19]), but X^ω is strongly sequential by Corollary 16(2). Also, (e) need not imply (g). Indeed, under (CH) there exists a countable space X such that X^ω is strongly Fréchet, but X is not bi-sequential ([17]), hence not bi-quasi-k by [10, Theorem 7.3].

(3) A product X^ω need not be a Tanaka or quasi-k-space even if any finite product X^n is strongly Fréchet. Indeed, under (MA) there exists a countable space X such that any X^n is strongly Fréchet, but X^ω is not Fréchet ([4]), hence not a Tanaka or quasi-k-space by Corollaries 10(5) and 17.

Finally, we give the following questions on products. (1), (2), (3), and (4) relate respectively to Theorem 12(2), Theorem 14 with Remark 15, Corollary 16 with Remark 18(1), and Remark 18(3).

Question 19. (1) Let X be a Tanaka k-space, and Y be a metric or bi-k-space. Is X × Y a k-space ?

(2) Let X^ω be a k-space with X a Tanaka space. Is X^ω a Tanaka or A^′-space ? (3) Let X^ω be sequential. Is X^ω (or X) countably bi-quasi-k ? (4) Let X^ω be sequential with any X^n (n ∈ N) Fréchet. Is X^ω Fréchet ?

References

[1] Chen H., An answer to a conjecture on the countable products of k-spaces, Proc. Amer.

Math. Soc. 123 (1995), 583–587.

[2] Engelking R., General Topology, Heldermann Verlag, Berlin, 1988. [3] Franklin S.P., Spaces in which sequences suffice II, Fund. Math. 61 (1967), 51–56. [4] Gruenhage G., A note on the product of Fréchet spaces, Topology Proc. 3 (1978), 109–115.

540 Y. Tanaka

[5] Gruenhage G., Michael E., Tanaka Y., Spaces determined by point-countable covers, Pacific J. Math. 113 (1984), 303–332.

[6] Kannan V., Every compact T_5 sequential space is Fréchet, Fund. Math. 107 (1988), 85–90. [7] Lin S., Tanaka Y., Point-countable k-networks, closed maps, and related results, Topology Appl. 59 (1994), 79–86.

[8] Michael E.A., A note on closed maps and compact sets, Israel J. Math. 2 (1964), 173–176. [9] Michael E.A., Bi-quotient maps and cartesian products of quotient maps, Ann. Inst. Fourier, Grenoble 18 (1968), 287–302.

[10] Michael E.A., A quintuple quotient quest, General Topology Appl. 2 (1972), 91–138. [11] Michael E., Olson R.C., Siwiec F., A-spaces and countably bi-quotient maps, Dissertationes Math. 133 (1976), 4–43.

[12] Morita K., Some results on M-spaces, Colloquia Math. Soc. János Bolyai 8 (1972), 489–503. [13] Mynard F., Strongly sequential spaces, Comment. Math. Univ. Carolin. 41 (2000), 143–153. [14] Mynard F., More on strongly sequential spaces, Comment. Math. Univ. Carolin. 43 (2002), 525–530.

[15] Noble N., Products with closed projections, II, Trans. Amer. Math. Soc. 160 (1971), 169– 183.

[16] Nogura T., The product of ⟨α_i ⟩-spaces, Topology Appl. 21 (1985), 251–259. [17] Nogura T., Products of Fréchet spaces, General Topology and its Relations to Modern Analysis and Algebra VI, Proc. Sixth Prague Top. Symposium 1986, Heldermann Verlag, Berlin, 1988, pp. 371–378.

[18] Olson R.C., Bi-quotient maps, countably bi-sequential spaces, and related topics, General Topology Appl. 4 (1974), 1–28.

[19] Simon P., A compact Fréchet space whose square is not Fréchet, Comment. Math. Univ.

Carolin. 21 (1980), 749–753.

[20] Simon P., A hedgehog in the product, Acta Univ. Carolin. Math. Phys. 39 (1998), 147–153. [21] Siwiec F., Sequence-covering and countably bi-quotient mappings, General Topology Appl.

1 (1971), 143–154.

[22] Tanaka Y., On products of quasi-perfect maps, Proc. Japan Acad. 46 (1970), 1070–1073. [23] Tanaka Y., Products of sequential spaces, Proc. Amer. Math. Soc. 54 (1976), 371–375. [24] Tanaka Y., On closedness of C- and C^∗-embeddings, Pacific J. Math. 68 (1977), 283–292. [25] Tanaka Y., Some necessary conditions for products of k-spaces, Bull. Tokyo Gakugei Univ.

Ser. IV, 30 (1978), 1–16.

[26] Tanaka Y., Point-countable covers and k-networks, Topology Proc. 12 (1987), 327–349. [27] Tanaka Y., Products of k-spaces, and questions, Comment. Math. Univ. Carolin. 41 (2000), 143–153.

[28] Tanaka Y., Theory of k-networks II, Questions Answers Gen. Topology 19 (2001), 27–46. [29] Tanaka Y., Determining covers and dominating covers, Questions Answers Gen. Topology 24 (2006), 123–141.

Department of Mathematics, Tokyo Gakugei University, Koganei, Tokyo, 184-8501, Japan E-mail: ytanaka@u-gakugei.ac.jp

(Received October 4, 2006, revised December 20, 2006)