Comment.Math.Univ.Carolin. 49,1 (2008)127–140 127

More on ordinals in topological groups

Alexander V. Arhangel’skii, Raushan Z. Buzyakova

Abstract. Let τ be an uncountable regular cardinal and G a T_1 topological group. We prove the following statements: (1) If τ is homeomorphic to a closed subspace of G, G is Abelian, and the order of every non-neutral element of G is greater than 5 then τ × τ embeds in G as a closed subspace. (2) If G is Abelian, algebraically generated by τ ⊂ G, and the order of every element does not exceed 3 then τ × τ is not embeddable in G. (3) There exists an Abelian topological group H such that ω_1 is homeomorphic to a closed subspace of H and {t^2 : t ∈ T } is not closed in H whenever T ⊂ H is homeomorphic to ω_1. Some other results are obtained.

Keywords: topological group, space of ordinals, C_p(X)

Classification: 54H12, 54F05

1. Introduction

We continue to study topological groups that contain a topological copy of an ordinal. In [BUZ] it is proved that if a torsion free Abelian topological group G contains a copy of an uncountable regular cardinal τ then G contains topological copies of ∏ i∈N τ for every N. Here and throughout the paper we reserve the letter N to denote a positive integer. It is natural to ask if one can embed ∏ i∈N τ in G as a closed subspace given that τ is closed in G. In this paper we answer this question in affirmative for N = 2 (Theorem 2.7). Technical difficulties in constructing such an embedding are justified by Example 4.1 of a topological group with pathologies described in the abstract. In [BUZ] it is shown that if an Abelian group G is algebraically generated by τ + 1, where τ is an uncountable regular cardinal and the order of every element of G does not exceed 2^N − 1, then ∏ i∈N (τ + 1) is not embeddable in G. It is natural to expect that this statement holds if we replace τ + 1 by τ. In Theorem 3.3 we show that it is so for N = 2. To achieve this goal we give an algebraic description of subsets homeomorphic to τ × τ in a topological group G algebraically generated by τ (Lemma 3.1).

We will use ⋆ sign for the binary operation in an abstract topological group G. For classical groups we use generally accepted signs. The neutral element of G is denoted by e_G. The order of g ∈ G is denoted by o(g). If the order of every element of G does not exceed N we write o(G) ≤ N. The equality o(G) = N means that o(G) ≤ N and the order of at least one element equals N. A group G is torsion free if the order of every non-neutral element of G is infinite.

An ordinal τ, when treated as a topological space, is endowed with the topology of linear order. We agree that α^n denotes α ⋆ α ⋆ . . . ⋆ α, where α is an element of a group G. The topological second power of the space τ will be denoted by τ × τ. The topological N-th power of the space τ will be denoted by ∏ i∈N τ.

In notation and terminology we will follow [ENG] and [PON]. All spaces are assumed to satisfy T_1. It is a classical theorem of Kolmogorov and Pontryagin that a T_1 topological group is Tychonov (see, for example, [PON]).

Let G be a topological group and ⟨x_α : α < τ⟩ a sequence of elements of G, where τ is an infinite regular cardinal. We say that ⟨x_α : α < τ⟩ converges to x ∈ G if for any open neighborhood U of x there exists an ordinal α_U < τ such that x_α ∈ U whenever α > α_U . For short, any sequence of type ⟨x_α : x_α = λ, α < τ⟩ will be written as ⟨λ : α < τ⟩. We will use the following facts quite often.

Fact 1. Let G be a topological group and τ an infinite regular cardinal. If ⟨x_α : α < τ⟩, ⟨y_α : α < τ⟩ converge in G to x and y, respectively, then ⟨x_α ⋆ y_α : α < τ⟩ converges to x ⋆ y and ⟨x^{−1}_α : α < τ⟩ to x^{−1}.

In the next statement and throughout the paper we will use the fact that if cofinality of τ is uncountable then β( ∏ i∈N τ) is naturally homeomorphic to ∏ i∈N (τ + 1).

Fact 2. Let G be a topological group that contains an uncountable regular cardinal τ as a subspace. If ⟨α^n : α < τ⟩ does not converge in G then {α^n : α < τ} is closed in G.

Proof: Observe that {α^n : α < τ} is a continuous image of the subset S = {⟨α : i ∈ n⟩ : α < τ} of ∏ i∈n τ under f defined by f(⟨α_i : i ∈ n⟩) = α_0 ⋆ . . . ⋆ α_{n−1}.

If f(S) is not closed in G then f̃(⟨τ : i ∈ n⟩) ∈ G, where f̃ is the continuous extension of f over ∏ i∈n(τ + 1). Since ⟨⟨α : i ∈ n⟩ : α < τ⟩ converges to ⟨τ : i ∈ n⟩ and f̃ is continuous, ⟨α^n : α < τ⟩ converges to f̃(⟨τ : i ∈ n⟩). □

2. Topological square of an ordinal in a topological group

Suppose G is an Abelian torsion free group and ω_1 ⊂ G. It is proved in [BUZ] that ω_1 × ω_1 embeds in G. Namely, it is shown that there exists an unbounded closed subset T of ω_1 such that S = {α^2 ⋆ β : α, β ∈ T } is homeomorphic to T × T under the correspondence α^2 ⋆ β ↔ ⟨α, β⟩. It is natural to ask whether ω_1 × ω_1 embeds in G as a closed subspace provided ω_1 is closed in G. It turns out that the set S need not be closed in G even if T is. More precisely, the diagonal subset D = {α^2 ⋆ α : α ∈ T } or a horizontal H_β = {α^2 ⋆ β : α ∈ T } may not be closed. That is, it may happen that ω_1 is closed in G while {α^2 : α < ω_1} or {α^3 : α < ω_1} is not. This pathology is represented in Example 4.1.

In this section we overcome the described difficulties. The main result of this section (Theorem 2.7) implies that if G is an Abelian torsion free topological group and an uncountable regular cardinal τ is a closed subspace of G then τ × τ is homeomorphic to a closed subspace of G. To achieve this goal we find a set S = {s_{⟨α,β⟩} : ⟨α, β⟩ ∈ τ × τ} that is closed in G and homeomorphic to τ × τ under the correspondence s_{⟨α,β⟩} ↔ ⟨α, β⟩. Lemma 3.1 of the next section shows that if such an S exists then the elements of the upper triangle S_U = {s_{⟨α,β⟩} : β ≥ α} of S must be described by a well-defined simple formula f_U (α, β) such that s_{⟨α,β⟩} = f_U (α, β). The same is true for the elements of the lower triangle. Thus, the desired correspondence must be given by a pair of formulas. Luckily, we do not have to consider all the pairs. A winner is always among the following three:

f(α, β) = { β^2 ⋆ α if α ≥ β α ⋆ β^2 if β ≥ α

g(α, β) = { β^2 ⋆ α^3 if α ≥ β α^4 ⋆ β if β ≥ α

h(α, β) = { β^2 ⋆ α^2 if α ≥ β α^3 ⋆ β if β ≥ α

However, none of these formulas (nor any other formula) is universal.

Lemma 2.1. Suppose G is an Abelian topological group, the order of every nonneutral element of G is greater than N, and τ ⊂ G is an uncountable regular cardinal. Let A, B be distinct natural numbers less than N. Then for any λ ∈ τ there exists λ^∗ ∈ (λ, τ) such that the following hold:

1. λ^A ⋆ y^{N−A} ≠ z^B ⋆ w^{N−B} , 2. λ^A ⋆ y^{N−A} ≠ λ^B ⋆ w^{N−B} , 3. λ^A ⋆ λ^{N−A} ≠ z^B ⋆ w^{N−B} for any y, z, w ∈ [λ^∗, τ).

Proof: Assume that no such λ^∗ exists. Assume that the requirement 1 is unattainable. Then there exist strictly increasing sequences ⟨y_n⟩_n, ⟨z_n⟩_n, and ⟨w_n⟩_n of elements of (λ, τ) such that

P1. lim_{n→∞} y_n = lim_{n→∞} z_n = lim_{n→∞} w_n = p;

P2. λ^A ⋆ y^{N−A}_n = z^B_n ⋆ w^{N−B}_n .

By P1, P2, and the continuity of ⋆, we have λ^A ⋆ p^{N−A} = p^B ⋆ p^{N−B}. Therefore, λ^A = p^A. By commutativity, (λ ⋆ p^{−1})^A = e_G. This contradicts the facts that λ < p and the order of every non-neutral element is greater than N, which is greater than A.

Assume now that the requirement 2 is not attainable. By the same argument we arrive at the equality λ^{A−B} = p^{A−B}. Since A, B are distinct we may assume that A > B. Then 0 < A−B < N. Since o(g) > N > A−B for every non-neutral element g ∈ G, we conclude that p = λ, contradicting p > λ.

The case when 3 fails is similar to the first case. □

Lemma 2.2. Suppose G is an Abelian topological group, the order of every nonneutral element of G is greater than N, and τ ⊂ G is an uncountable regular cardinal. Let A, B be distinct natural numbers less than N. Then there exists a τ-sized closed subset T of τ such that

{α^A ⋆ β^{N−A} : α < β and α, β ∈ T } ∩ {β^B ⋆ α^{N−B} : α > β and α, β ∈ T } = ∅.

Proof: We will construct T = {λ_α : α < τ} inductively.

Assume that for all β < α < τ, we have defined λ_β and λ^∗_β that meet the following conditions:

1. λ^∗_γ < λ^∗_β < τ for γ < β;

2. λ_β = sup{λ^∗_γ : γ < β} for β > 0; 3. λ_β < λ^∗_β ;

4. λ^A_β ⋆ y^{N−A} ≠ z^B ⋆ w^{N−B} for any y, z, w ∈ [λ^∗_β , τ); 5. x^A ⋆ y^{N−A} ≠ λ^B_β ⋆ w^{N−B} for any x, y, w ∈ [λ^∗_β, τ); 6. λ^A_β ⋆ y^{N−A} ≠ λ^B_β ⋆ w^{N−B} for any y, w ∈ [λ^∗_β , τ).

If α = 0 put λ_α = 0. If α > 0 put λ_α = sup{λ^∗_β : β < α}. Let λ^∗_α be an ordinal strictly between λ_α and τ that meets requirements 4–6. Such an ordinal exists by 1 and 2 of Lemma 2.1. By 2, T is closed in τ. By 3 and regularity of τ, T is τ-sized. To finish the proof we need to show that x^A ⋆ y^{N−A} ≠ z^B ⋆ w^{N−B} whenever x, y, z, w ∈ T , x < y and z < w.

Case [x < z]. Then y, z, w ≥ x^∗. Now apply 4.

Case [x > z]. Apply 5.

Case [x = z]. Apply 6. □ Lemma 2.3. Suppose G is an Abelian topological group, the order of every nonneutral element of G is greater than N, and τ ⊂ G is an uncountable regular cardinal. Let A be a natural number less than N. Then there exists a τ-sized closed subset T of τ such that ⋆ is one-to-one on {⟨α^A, β^{N−A}⟩ : α ≤ β and α, β ∈ T }.

Proof: We will construct T = {λ_α : α < τ} inductively.

Assume that for all β < α < τ, we have defined λ_β and λ^∗_β that meet the following conditions:

1. λ^∗_γ < λ^∗_β < τ for γ < β;

2. λ_β = sup{λ^∗_γ : γ < β} for β > 0; 3. λ_β < λ^∗_β ;

4. λ^A_β ⋆ y^{N−A} ≠ z^A ⋆ w^{N−A} for any y, z, w ∈ [λ^∗_β , τ); 5. λ^A_β ⋆ λ^{N−A}_β ≠ z^A ⋆ w^{N−A} for any z, w ∈ [λ^∗_β , τ).

If α = 0 put λ_α = 0. If α > 0 put λ_α = sup{λ^∗_β : β < α}. Let λ^∗_α be an ordinal strictly between λ_α and τ that meets requirements 4 and 5. Such an ordinal exists by 1 and 3 of Lemma 2.1. By 2, T is closed in τ. By 3 and regularity of τ, T is τ-sized. To finish the proof we need to show that x^A ⋆ y^{N−A} ≠ z^A ⋆ w^{N−A} for any distinct ⟨x, y⟩ and ⟨z, w⟩ in T × T , where x ≤ y and z ≤ w.

Case [x < z and x ≠ y]. Then y, z, w ≥ x^∗. Now apply 4.

Case [x < z and x = y]. Apply 5.

Case [z < x and z ≠ w]. Apply 4.

Case [z < x and z = w]. Apply 5.

Case [x = z]. Apply the fact that multiplication by a scalar is a homeomorphism. □ Lemma 2.4. Suppose G is an Abelian topological group, the order of every nonneutral element of G is greater than N, τ ⊂ G is an uncountable regular cardinal, and A, B are distinct natural numbers less than N. Then there exists a τ-sized closed subset T of τ such that ⋆ is one-to-one on the following sets 1. {⟨α^A, β^{N−A}⟩ : α < β; α, β ∈ T } ∪ {⟨α^{N−B} , β^B ⟩ : α > β; α, β ∈ T }; 2. {⟨α^A, β^{N−A}⟩ : α ≤ β, and α, β ∈ T }; 3. {⟨α^{N−B} , β^B ⟩ : α ≥ β, and α, β ∈ T }.

Proof: By Lemma 2.3 there exists a τ-sized T_1 closed in τ such that ⋆ is one-to-one on set 2. By Lemma 2.3 there exists a τ-sized T_2 ⊂ T_1 closed in τ such that ⋆ is one-to-one on set 3. By Lemma 2.2, there exists a τ-sized T ⊂ T_2 closed in τ such that ⋆ is one-to-one on the set 1. Clearly T is as desired. □

Lemma 2.5. Let G be an Abelian topological group and τ ⊂ G an uncountable regular cardinal. Suppose τ is closed in G and {α^2 : α < τ} is not. Then ⟨α^{2n+1} : α < τ⟩ is not convergent in G for any n ∈ ω.

Proof: Assume the contrary and let n be the smallest number for which the conclusion does not hold. Let p be the limit of the transfinite sequence ⟨α^{2n+1} : α < τ⟩. Since τ is closed in G, we conclude that n > 0. Since {α^2 : α < τ} is not closed, the sequence ⟨α^2 : α < τ⟩ converges to some element q ∈ G. Therefore, ⟨(α^{−1})^2 : α < τ⟩ converges to q^{−1}. Then the sequence ⟨α^{2n+1} ⋆ (α^{−1})^2 : α < τ⟩ must converge to p ⋆ q^{−1}. Every term of the sequence is simplified to α^{2(n−1)+1}. Therefore ⟨α^{2(n−1)+1} : α < τ⟩ converges in G, contradicting the choice of n. □

Lemma 2.6. Let G be an Abelian topological group and τ ⊂ G an uncountable regular cardinal. Suppose τ is closed in G and {α^3 : α < τ} is not. Then neither ⟨α^2 : α < τ⟩ nor ⟨α^4 : α < τ⟩ is convergent in G.

Proof: Since {α^3 : α < τ} is not closed, the sequence ⟨α^3 : α < τ⟩ converges to some p ∈ G (see Fact 2). Assume ⟨α^2 : α < τ⟩ converges to q ∈ G. Then ⟨α^2 ⋆ α^{−3} : α < τ⟩ converges to q ⋆ p^{−1}. Therefore, {α^{−1} : α < τ} is not closed in G, a contradiction.

The proof that the sequence of powers of 4 is not convergent is similar. □

Theorem 2.7. Let G be an Abelian topological group with the order of every non-neutral element greater than 5. If a regular cardinal τ embeds in G as a closed subspace, then so does τ × τ.

Proof: Since the topological square of ω is homeomorphic to ω, the conclusion is clear for ω. Thus, we may assume that τ is uncountable. We may assume that τ is a closed subspace of G. Let N be a natural number less than or equal to 5 and greater than 2. Let A, B be distinct natural numbers less than N. Put L = {⟨α, β⟩ : β ≤ α < τ} and U = {⟨α, β⟩ : α ≤ β < τ}. Define f : τ × τ → G as follows:

f(α, β) = { β^B ⋆ α^{N−B} if α ≥ β α^A ⋆ β^{N−A} if β ≥ α

Since both formulas of f give the same value when α = β, f is well-defined.

Let us show that f is continuous. It suffices to show that f|_U and f|_L are continuous. Let ϕ be the restriction of ⋆ to S_{N−B} ×S_B, where S_B = {β^B : β < τ} and S_{N−B} = {α^{N−B} : α < τ}. Define μ : τ × τ → S_{N−B} × S_B by letting μ(α, β) = ⟨α^{N−B} , β^B ⟩. Then f|_L = ϕ ∘ μ|_L. Similarly, f|_U is the composition of two continuous functions, and is, therefore, continuous.

By Lemma 2.4, we may assume that f is one-to-one on L, U, and the codiagonal {⟨α, β⟩ : α ≠ β and α, β ∈ τ}. Since any two elements of τ × τ lie both in the co-diagonal, or both in L, or both in U, we may assume that f is one-to-one. We only need to show that under a correct choice of A,B, and N, f is a homeomorphism and f(τ × τ) is closed in G.

Case I. Assume that {α^2 : α < τ} is not closed. Put B = 2, A = 4, and N = 5.

Suppose that either f is not a homeomorphism or f(τ × τ) is not closed in G. Since f is one-to-one there exists λ ≤ τ such that f̃(λ, τ) (or f̃(τ, λ)) is in G, where f̃ is the continuous extension of f over (τ + 1) × (τ + 1) (recall that β(τ × τ) ∼= (τ + 1) × (τ + 1)). This means that one of the following sets has a complete accumulation point in G:

1. horizontal sets: H_β = β^2 ⋆ {α^3 : β < α < τ}, where β is fixed; 2. vertical sets: V_α = α^4 ⋆ {β : α < β < τ}, where α is fixed; 3. diagonal set: D = {α^5 : α < τ}.

Horizontal and diagonal sets are closed by Lemma 2.5 and Fact 2. The vertical sets are closed since τ is closed in G.

Case II. Assume that {α^3 : α < τ} is not closed. Put B = 2, A = 3, and N = 4.

As in Case I, we need to show that the following sets are closed:

1. horizontal sets: H_β = β^2 ⋆ {α^2 : β < α < τ}, where β is fixed; 2. vertical sets: V_α = α^3 ⋆ {β : α < β < τ}, where α is fixed; 3. diagonal set: D = {α^4 : α < τ}.

Horizontal and diagonal sets are closed by Lemma 2.6 and Fact 2. The vertical sets are closed since τ is closed in G.

Case III. Assume that {α^2 : α < τ} and {α^3 : α < τ} are closed. Put B = 2, A = 1, and N = 3. As in Case I, we need to show that the following sets are closed:

1. horizontal sets: H_β = β^2 ⋆ {α : β < α < τ}, where β is fixed; 2. vertical sets: V_α = α ⋆ {β^2 : α < β < τ}, where α is fixed; 3. diagonal set: D = {α^3 : α < τ}.

The sets are closed by this case’s assumptions.

Since one of these cases takes place and each case leads to the required conclusion, we are done. □

In [BUZ] it is proved that if G is an Abelian topological group, the order of every non-neutral element of G is greater than 3, and a regular cardinal τ embeds in G, then τ × τ embeds in G as well. Therefore, it is natural to ask if “5” can be replaced by “3” in the hypothesis of Theorem 2.7. Another motivation for this replacement is given by Theorem 3.2 of the next section. It is easy to see that the requirement “o(g) > 3 for every g ∈ G \ {e_G}” implies that the order of every non-neutral element of G is greater than or equal to 5. Indeed, if G had an element of order 4, then it would have had an element of order 2, contradicting the assumption. Thus, we need to show that the conclusion of Theorem 2.7 holds if the order of every non-neutral element is greater than or equal to 5. This goal is partly achieved by Theorem 2.9.

Lemma 2.8. Let G be a topological group and τ ⊂ G an uncountable regular cardinal. If τ is closed in G and o(G) = 5 then {α^2 : α < τ} and {α^3 : α < τ} are closed in G.

Proof: Since the order of every element must divide the maximum order, which is 5, o(g) = 5 for every non-neutral element. Now apply a known fact that in an Abelian group with o(G) = 5, taking a square of each element or taking a cube of each element defines a topological isomorphism of G onto itself. □

Theorem 2.9. Let G be an Abelian topological group, o(G) = 5, and τ an uncountable regular cardinal. If τ embeds in G as a closed subspace, then so does τ × τ.

Proof: Define f : τ × τ → G as follows:

f(α, β) = { β^2 ⋆ α if α ≥ β α ⋆ β^2 if β ≥ α

By Lemma 2.4, where N = 3, A = 1, and B = 2, we may assume that f is oneto-one. By the argument of Theorem 2.7, f is continuous. We need to show that f is homeomorphism and f(τ × τ) is closed in G. As in Case III of Theorem 2.7, we need to show that the following sets are closed:

1. horizontal sets: H_β = β^2 ⋆ {α : β < α < τ}, where β is fixed; 2. vertical sets: V_α = α ⋆ {β^2 : α < β < τ}, where α is fixed; 3. diagonal set: D = {α^3 : α < τ}.

The sets are closed by Lemma 2.8. □

Remark. Note that the order requirements in Theorems 2.7 and 2.9 need not be placed on all elements of the group. It is enough to require that there exists a closed unbounded subset T of τ such that the order of every non-neutral element of Env(T ) is greater than 5 or o(Env(T )) = 5.

3. Topological groups of order 3 algebraically generated by τ

The main result of this section (Theorem 3.3) will partly justify the order requirement in the hypothesis of Theorem 2.7. For our discussion we need the following result from [BUZ].

Lemma ([Lemma 3.2, BUZ]). Let G be an Abelian topological group algebraically generated by (τ + 1) ⊂ G (or by τ ⊂ G), where τ is an uncountable regular cardinal. Suppose X = {x_α : α < τ} ⊂ G is homeomorphic to τ. Then there exist a natural number K_X , an unbounded closed subset I_X of τ, and g_X ∈ G such that x_α = g_X ⋆ α^{KX} for every α ∈ I_X .

If, additionally, o(G) = N, then K_X can be chosen strictly between 0 and N.

The next lemma describes an algebraic structure of subspaces of an Abelian group G that are homeomorphic to τ × τ if G is algebraically generated by τ. In words, the lemma states that if S is a subset of such a group G and is homeomorphic to τ × τ, then there exists R ⊂ S homeomorphic to τ × τ such that the elements of the lower (or upper) triangle of R are the values of a fixed power function defined on τ × τ.

Lemma 3.1. Let G be an Abelian topological group algebraically generated by an uncountable regular cardinal τ. Let {s_{⟨α,β⟩} : ⟨α, β⟩ ∈ τ × τ} be homeomorphic to τ × τ under s_{⟨α,β⟩} ↔ ⟨α, β⟩. Then there exist an unbounded closed subset T of τ, natural numbers N and K, an element t^∗ ∈ G, and an unbounded closed subset T_β of τ for every β ∈ T such that s_{⟨α,β⟩} = t^∗ ⋆ β^K ⋆ α^N for every β ∈ T and α ∈ T_β.

If, in addition, o(G) = M, then K and N can be chosen strictly between 0 and M.

Proof: Fix β ∈ τ. By Lemma 3.2 of [BUZ], there exist a natural number N_β, a constant p_β ∈ G, and a τ-sized P_β closed in τ such that s_{⟨α,β⟩} = p_β ⋆ α^{Nβ} for all α ∈ P_β .

For every β ∈ τ select non-negative integers A_β and B_β and sequences ⟨x_β (i) : i < A_β⟩ and ⟨y_β(j) : j < B_β⟩ such that

P1. p_β = x_β (0) ⋆ . . . ⋆ x_β (A_β − 1) ⋆ y_β(0) ⋆ . . . ⋆ y_β(B_β − 1);

P2. x_β (i) < β for all i < A_β;

P3. y_β(j) ≥ β for all j < B_β.

Such sequences exist because τ generates algebraically G. There exist non-nega-tive integers A and B, a natural number N, and a stationary S_1 ⊂ τ such that ⟨A_β , B_β, N_β⟩ = ⟨A, B, N⟩ for all β ∈ S_1.

Property P2 defines A-many regressive functions on stationary S_1. Applying the Pressing Down Lemma (see, for example, [KUN]), we can find stationary S_2 ⊂ S_1 such that x_β (i) = x_γ (i) for all β, γ ∈ S_2 and i < A. In other words, there exists a constant t^∗ ∈ G such that

P4. s_{⟨α,β⟩} = t^∗ ⋆ y_β(0) ⋆ . . . ⋆ y_β(B − 1) ⋆ α^N for any β ∈ S_2 and α ∈ P_β.

Claim. For every γ < τ there exist β > γ and an unbounded closed subset T_β of τ such that s_{⟨α,β⟩} = t^∗ ⋆ β^B ⋆ α^N for all α ∈ T_β.

To prove the claim select ⟨β_n⟩_n a strictly increasing sequence of elements of S_2 greater than γ such that

P5. β_{n+1} > max{y_{βn} (i) : i < B}.

Such a sequence exists because S_2 is unbounded in τ. Put β = lim_{n→∞} β_n and T_β = ⋂ n P_{βn} . Clearly, T_β is closed and unbounded in τ. Pick any α ∈ T_β. Since s_{⟨α,β⟩} ↔ ⟨α, β⟩ is a homeomorphism, s_{⟨α,β⟩} = lim_{n→∞} s_{⟨α,βn⟩}. By P4, s_{⟨α,β⟩} = lim_{n→∞} t^∗ ⋆ y_{βn} (0) ⋆ . . . ⋆ y_{βn} (B − 1) ⋆ α^N . By P5 and P3, s_{⟨α,β⟩} = t^∗ ⋆ β^B ⋆ α^N . The claim is proved.

Observe that in the proof of the claim, instead of ⟨β_n⟩_{n∈ω} we could use a transfinite sequence ⟨β_i⟩_{i∈λ}, where λ < τ is a regular cardinal. By Claim, there exists an unbounded subset S_3 of τ such that for any β ∈ S_3 there exists an unbounded closed subset T_β of τ such that s_{⟨α,β⟩} = t^∗ ⋆ β^B ⋆ α^N for all α ∈ T_β. Put T to be the closure of S_3 in τ. By the same argument as in Claim, for any β ∈ T there exists an unbounded closed subset T_β of τ such that s_{⟨α,β⟩} = t^∗ ⋆ β^B ⋆ α^N for all α ∈ T_β.

Put K = B. To show that K ≠ 0, assume the contrary. Pick any distinct β, γ ∈ T . Since T_β and T_γ are closed in τ and unbounded, there exists α ∈ T_β ∩T_γ . Then s_{⟨α,β⟩} = t^∗ ⋆ α^N and s_{⟨α,γ⟩} = t^∗ ⋆ α^N , contradicting to the facts that β ≠ γ and N ≠ 0.

Finally, if o(G) = M, then o(g) divides M for all g ∈ G. Therefore, by [Lemma 3.2, BUZ], N can be chosen strictly between 0 and M. Also, when B is introduced for the first time it can be chosen less than M and at the end of the proof put K = B. □

Lemma 3.2. Let G be a topological group algebraically generated by an uncountable regular cardinal τ. If o(G) = 2 then τ × τ is not embeddable in G.

Proof: First note that o(G) = 2 implies that G is Abelian. Assume the conclusion of the lemma is false and let S = {s_{⟨α,β⟩} : ⟨α, β⟩ ∈ τ × τ} ⊂ G be homeomorphic to τ × τ under ⟨α, β⟩ ↔ s_{⟨α,β⟩}.

By Lemma 3.1, there exist an unbounded closed subset T of τ, an element t^∗ ∈ G, natural numbers K, N < 2 (that is, K = N = 1), and an unbounded closed subset T_β of τ for every β ∈ T such that s_{⟨α,β⟩} = t^∗ ⋆ β^1 ⋆ α^1 for all β ∈ T and α ∈ T_β.

Select sequences ⟨α_n⟩_n and ⟨β_n⟩_n with the following properties:

1. α_n > β_n, β_n ∈ T , α_n ∈ T_{βn} ; 2. β_{n+1} > α_n.

Such sequences exist because T and T_β are unbounded in τ. By 2, lim_{n→∞} α_n = lim_{n→∞} β_n = λ < τ. By 1, we have s_{⟨αn,βn⟩} = t^∗ ⋆ β_n ⋆ α_n. By continuity of ⋆, we have lim_{n→∞} s_{⟨αn,βn⟩} = t^∗ ⋆ λ^2 = s_{⟨λ,λ⟩}. Since o(G) = 2, we have s_{⟨λ,λ⟩} = t^∗. Since λ can be as large as we wish, we conclude that almost all diagonal elements s_{⟨λ,λ⟩} are equal to each other, a contradiction. □

Theorem 3.3. Let G be an Abelian topological group algebraically generated by an uncountable regular cardinal τ. If o(G) ≤ 3 then τ × τ is not embeddable in G.

Proof: By Lemma 3.2, we may assume that o(G) = 3. Assume the conclusion of the theorem is not true and let S = {s_{⟨α,β⟩} : ⟨α, β⟩ ∈ τ × τ} be homeomorphic to τ × τ under ⟨α, β⟩ ↔ s_{⟨α,β⟩}.

By Lemma 3.1, there exist an unbounded closed subset T of τ, an element t^∗ ∈ G, natural numbers K, N < 3, and an unbounded closed subset T_β of τ for every β ∈ T such that s_{⟨α,β⟩} = t^∗ ⋆ β^K ⋆ α^N for any β ∈ T and α ∈ T_β.

By Lemma 3.1, there exist an unbounded closed subset P of τ, an element p^∗ ∈ G, natural numbers L, M < 3, and an unbounded closed subset P_α of τ for every α ∈ P such that s_{⟨α,β⟩} = p^∗ ⋆ α^L ⋆ β^M for any α ∈ P and β ∈ P_α.

Claim 1. p^∗ = t^∗ and K + N ≡ L + M (mod 3).

To prove the claim select sequences ⟨α_{2n}, β_{2n}⟩ and ⟨α_{2n+1}, β_{2n+1}⟩ such that

1. α_{2n} > β_{2n}, β_{2n} ∈ T , α_{2n} ∈ T_{β2n} ;

2. β_{2n+1} > α_{2n+1}, α_{2n+1} ∈ P , β_{2n+1} ∈ P_{α2n+1} ; 3. max{α_n, β_n} < min{α_{n+1}, β_{n+1}}.

By 3, lim_{n→∞} α_{2n} = lim_{n→∞} β_{2n} = lim_{n→∞} α_{2n+1} = lim_{n→∞} β_{2n+1} = λ < τ. By 1 and 2, we have s_{⟨α2n ,β2n⟩} = t^∗ ⋆β^K_{2n} ⋆α^N_{2n} and s_{⟨α2n+1 ,β2n+1⟩} = p^∗ ⋆ α^L_{2n+1} ⋆ β^M_{2n+1}. By continuity of ⋆, we have lim_{n→∞} s_{⟨α2n,β2n⟩} = t^∗ ⋆ λ^{K+N} = s_{⟨λ,λ⟩} and lim_{n→∞} s_{⟨α2n+1,β2n+1⟩} = p^∗ ⋆ λ^{L+M} = s_{⟨λ,λ⟩}. Put D = K + N − L − M. Then λ^D = p^∗ ⋆ (t^∗)^{−1}. By the same argument, we can find μ > λ such that μ^D = p^∗ ⋆ (t^∗)^{−1}. Since μ^D = λ^D, we conclude that D ≡ 0 (mod 3).

To show that p^∗ = t^∗, plug in 0 for D in μ^D = p^∗ ⋆ (t^∗)^{−1} and get p^∗ = t^∗. The claim is proved.

Claim 2. N ≢ M (mod 3).

To prove the claim, assume the contrary. Put c = p^∗ = t^∗. Pick λ in T ∩ P and μ ∈ T_λ ∩ P_λ such that μ > λ. Such λ and μ exist because T, P, T_λ, P_λ are unbounded closed subsets of τ. Then s_{⟨μ,λ⟩} = c ⋆ λ^K ⋆ μ^N and s_{⟨λ,μ⟩} = c ⋆ λ^L ⋆ μ^M . If N ≡ M (mod 3), then, by Claim 1, K ≡ L (mod 3). Therefore, s_{⟨μ,λ⟩} = s_{⟨λ,μ⟩}, a contradiction. The claim is proved.

Since N ≠ M, 0 < N < 3, and 0 < M < 3, we may assume that N = 1 and M = 2. Since K + N ≡ L + M (mod 3), 0 < K < 3, and 0 < L < 3, we have L = 1 and K = 2. Using the same argument as in Claim 1, we can find distinct λ, μ < τ such that s_{⟨λ,λ⟩} = c ⋆ λ^{K+N} = c ⋆ λ^3 and s_{⟨μ,μ⟩} = c ⋆ μ^{K+N} = c ⋆ μ^3.

Since the order of every non-neutral element is 3, s_{⟨λ,λ⟩} = s_{⟨μ,μ⟩}, a contradiction. □ 4. Other results on groups algebraically generated by an ordinal

In the beginning of Section 2 we discussed difficulties that occur in finding a closed copy of ω_1 × ω_1 in an Abelian topological group G containing a closed copy of ω_1. The mentioned difficulties lie in the fact that {α^2 : α < ω_1} or {α^3 : α < ω_1} need not be closed in G even if ω_1 is. The following example and its obvious modifications show that each of the three formulas discussed at the beginning of Section 2 is not universal.

Example 4.1. There exists a torsion free Abelian topological group G such that 1. ω_1 is homeomorphic to a closed subspace of G;

2. if X is closed in G and homeomorphic to ω_1 then {g^2 : g ∈ X} is not closed in G.

Proof: For every α ∈ ω_1 + 1, let ϕ_α ∈ C_p(C_p(ω_1 + 1)) be the evaluation map, that is, ϕ_α(f) = f(α) for all f ∈ C_p(ω_1 + 1). Put H = {ϕ_α : α < ω_1 + 1}. Here are facts we need:

A: H and ω_1 + 1 are homeomorphic under the correspondence ϕ_α ↔ α ([ARH]);

B: ϕ_{ω1} /∈ Env({ϕ_α : α < ω_1}). To prove this exclusion, fix any α_1, . . . , α_n < ω_1.

There exists f ∈ C_p(ω_1 + 1) such that f(ω_1) = 1 and f(α_i) = 0 for all i = 1, . . . , n. Then for any constants c_1, . . . , c_n, we have (c_1ϕ_{α1} + . . . + c_nϕ_{αn} )(f) = 0 while ϕ_{ω1} (f) = 1.

C: C_p(C_p(ω_1 + 1)) is Abelian with respect to the pointwise function addition.

Let G consist of all words of Env(H) that contain ϕ_{ω1} with even coefficients only (coefficients are computed after collecting like terms).

By Fact B, G is a group. Since ϕ_{ω1} /∈ G, the set H \ {ϕ_{ω1} } is a closed subspace of G homeomorphic to ω_1 (see Fact A).

Since 2ϕ_{ω1} ∈ G, the set {2ϕ_α : α < ω_1} is not closed in G. This is a particular case of the second property of our example.

To prove the second property, fix F = {f_α : α < ω_1} a closed subspace of G homeomorphic to ω_1 under f_α ↔ α. Recall that G ⊂ Env(H). Applying Lemma 3.2 of [BUZ], we find an unbounded closed subset T of ω_1, a natural number N, and a function c ∈ Env(H) such that f_α = c + Nϕ_α for all α ∈ T . Then {2f_α : α ∈ T } = {2c + 2Nϕ_α : α < ω_1} has 2c + 2Nϕ_{ω1} as the complete accumulation point in G which is not in {2f_α : α ∈ T }. □

In the rest of this work we show what degree of compactness can exist in groups algebraically generated by countably compact ordinals. For our next theorem we need the following folklore lemma about continuous images of scattered (= “every subspace has an isolated point”) compacta.

Lemma 4.2 (folklore). Let X and Y be Hausdorff topological spaces. If X is a scattered compactum and f : X → Y is a continuous surjection, then Y has an isolated point.

Proof: Let C be a closed subspace of X such that f|_C is irreducible and f(C) = Y . Such a C exists because X is compact. Since C is scattered, there exists x ∈ C isolated in C. Since f|_C is irreducible and C is compact, f(x) is isolated in Z = f(C). □

Theorem 4.3. Let G be a topological group algebraically generated by an ordinal τ of uncountable cofinality. Then G is not pseudocompact.

Proof: Assume G is pseudocompact. By Comfort-Ross ([C&R]) theorem, βG is a topological group and G is its subgroup. We may assume that τ + 1 is the closure of τ in βG. Let H = Env(τ + 1) and let H_n be the set of all elements of βG that can be represented as a combination of n elements of (τ + 1). It is clear that H_n is a continuous image of ∏ i∈n(τ + 1). Since G is algebraically generated by τ, we have G ⊂ ⋃ n H_n = H. We have two cases to consider.

First, assume that ⋃ n H_n is compact (that is, equal to βG). Then by the Baire category theorem one of the summands (say H_5) has a non-empty interior in βG. Let U be a non-empty subset of βG such that Cl_{βG}(U) ⊂ H_5. Since H_5 is a continuous image of ∏ i∈5(τ + 1) and finite powers of ordinal spaces are scattered, by Lemma 4.2, there exists a point x ∈ Cl_{βG}(U) that is isolated in Cl_{βG}(U). Then x belongs to U. Therefore, x is isolated in βG. Since βG is a compact group with an isolated point, βG is finite, which contradicts the inclusion τ ⊂ G.

Now assume that H is not compact. Since H = ⋃ n H_n is σ-compact and not compact, βG \ H ⊂ βG \ G is a non-empty G_δ-set in βG that lies in βG \ G, contradicting pseudocompactness of G.

Since the only two possible cases lead to contradictions, we conclude that G is not pseudocompact. □

Example 4.4. There exists a σ-compact topological group G algebraically generated by ω_1.

Proof: For every α ≤ ω_1, let x_α ∈ 2^{ω1} be defined as follows: x_α(β) = 0 for all β < α and x_α(β) = 1 for all α ≤ β < ω_1. It is clear that H = {x_α : α < ω_1} is a topological copy of ω_1. The space H^∗ = {x_α : α ≤ ω_1} is a topological copy of ω_1 +1. Let G = Env(H). Thus, G is algebraically generated by a topological copy of ω_1. Since 2x_0 = x_{ω1} , G = Env(H^∗). Since H^∗ is compact, G is σ-compact. □ In conclusion, let us state several problems that are naturally suggested by the results of the paper.

Question 4.5. Is commutativity important in Theorem 2.7 or/and Theorem 3.3?

140 A.V. Arhangel’skii, R.Z. Buzyakova

Question 4.6. Let G be an Abelian topological group that contains a closed copy of an uncountable regular cardinal τ. Suppose G is torsion free. Does ∏ i∈N τ embed in G as a closed subspace for every natural number N?

In [BUZ] it is proved that if a topological group G contains closed copies of τ and τ + 1, where τ is an uncountable regular cardinal then τ × (τ + 1) embeds in G as a closed subspace. This result prompts the following question.

Question 4.7. Let X and βX embed in a topological group G as closed subspaces. Suppose that X is not paracompact. Is it true that G is not normal?

Acknowledgment. The authors would like to thank the referee for many important suggestions and corrections.

References

[ARH] Arhangelskii A., Topological function spaces, Math. Appl., vol. 78, Kluwer Academic Publisher, Dordrecht, 1992.

[BUZ] Buzyakova R.Z., Ordinals in topological groups, Fund. Math. 196 (2007), 127–138. [C&R] Comfort W.W., Ross K.A., Pseudocompactness and uniform continuity in topological groups, Pacific J. Math. 16 (1966), 483–496.

[ENG] Engelking R., General Topology, Sigma Series in Pure Mathematics, 6, Heldermann, Berlin, revised ed., 1989.

[KUN] Kunen K., Set Theory, Elsevier, 1980.

[PON] Pontryagin L.S., Continuous Groups, Moscow; English translation: Topological Groups, Princeton University Press, Princeton, 1939.

Department of Mathematics, Ohio University, Athens, OH 45701, U.S.A. E-mail: arhangel@math.ohiou.edu

Department of Mathematics, University of North Carolina - Greensboro, Greensboro, NC 27402, U.S.A. E-mail: Raushan Buzyakova@yahoo.com

(Received May 16, 2007, revised October 12, 2007)