Comment.Math.Univ.Carolin. 49,1 (2008)155–161 155

On monotone Lindelöfness of countable spaces

Ronnie Levy, Mikhail Matveev

Abstract. A space is monotonically Lindelöf (mL) if one can assign to every open cover U a countable open refinement r(U) so that r(U) refines r(V) whenever U refines V. We show that some countable spaces are not mL, and that, assuming CH, there are countable mL spaces that are not second countable.

Keywords: Lindelöf, monotonically Lindelöf, tower, the countable fan space, Pixley-Roy space

Classification: 54D20

1. Introduction

When saying that a family of sets A refines a family of sets B (or that B is coarser than A) we only mean that every element of A is a subset of an element of B; we do not assume that ⋃ A = ⋃ B. If A refines a family of sets B, we write A ≺ B. A space is monotonically Lindelöf (or mL for short) [2], [9], [10] if there is a function r, henceforth called a mL operator, that assigns to every open cover U a countable open cover r(U) which refines U in such a way that r(U) is coarser than r(V) whenever U is coarser than V. There are two properties, countability and second countability, that trivially imply Lindelöfness. That all second countable spaces are monotonically Lindelöf is straightforward: given a countable base B, put r(U) = {O : O ∈ B and there is a U ∈ U such that O ⊂ U}. With countability, this is not so trivial. One can present examples of countable spaces which are easily seen not to be monotonically Lindelöf. (We do so in Section 2.) Then we discuss consistent examples of monotonically Lindelöf countable spaces that are not second countable. (The existence of ZFC examples remains an open question.) Then we show that having one such example one can get some others. But first, we discuss a reduction.

Let (X, T ) be a space, and p ∈ X. Denote by T_p the topology on X generated by T ∪ {{q} : q ≠ p}.

Proposition 1. A countable T_1 space (X, T ) is monotonically Lindelöf iff (X, T_p) is monotonically Lindelöf for every p ∈ X.

Proof: Let r be a mL operator for (X, T ), and let p ∈ X. For an open cover U of (X, T_p), put s(U) = {U ∈ U : p ∈ U}∪{X \{p}}. Then s(U) is an open cover of

(X, T ), and s is monotonic. Put r_p(U) = {V ∈ s(U) : p ∈ V }∪{{q} : q ∈ X \{p}}. Then r_p is a mL operator for (X, T_p).

On the other hand, for every p ∈ X, let r_p be a mL operator for (X, T_p), and let U be an open cover of (X, T ). Put r(U) = ⋃ {{V ∈ r_p(U) : p ∈ V } : p ∈ X}.

Then r is a mL operator for (X, T ). □

Say that X is mL at p ∈ X if there is an operator r_p assigning to every non empty family F of neighborhoods of p a non empty countable family r_p(F) of neighborhoods of p so that r_p(F) refines F and r_p(F) refines r_p(G) whenever F refines G. It is clear that a T_1 mL space is mL at every point. Proposition 1 can now be restated as follows:

Proposition 2. A countable T_1 space is mL iff it is mL at every point.

The referee has observed that the axiom T_1 (omitted in the original version of the paper) is essential in Propositions 1 and 2. The counterexample suggested by the referee is the following: let X be a countable space which is not mL, and let y /∈ X. Topologize Y = X ∪ {y} declaring X (with its original topology) open while the only neighborhood of y is Y . Then Y is mL while for some p ∈ X, X is not mL at p, and hence Y is not mL at p.

Propositions 1 and 2 show that the problem we consider can be reduced to spaces with unique non isolated point.

2. ZFC counterexamples

Here we show that some countable spaces are not monotonically Lindelöf. By a subbase of neighborhoods of a point p we mean a family B of neighborhoods of p such that finite intersections of B form a base of neighborhoods of p. The proof of the next proposition is similar to an argument from [8].

Proposition 3. Let B be a subbase of neighborhoods of a point p in a space X. Suppose there is a cardinal κ such that the following two conditions hold:

(1) for every neighborhood U of p, |{B ∈ B : U ⊂ B}| < κ; (2) every subfamily of B which is still a subbase at p has cardinality > κ.

Then X is not mL at p.

Proof: Let r be a mL operator for X at p. We construct a sequence of covers U_α = C_α ∪ {X \ {p}} (where C_α is a family of neighborhoods of p) and subfamilies B_α ⊂ B for α < κ^+. Put B_0 = B and C_0 = {U : U is an open neighborhood of p and there is B ∈ B_0 such that U ⊂ B}. If B_β, C_β have been constructed for all β < α, put B_α = B \ {B ∈ B : there are β < α and U ∈ r(U_β ) such that U ⊂ B} and C_α = {U : U is an open neighborhood of p and there is B ∈ B_α such that U ⊂ B}. By condition (2), B_α and C_α are well defined for all α < κ^+, however, at step α = k we get a contradiction with (1). □

Example 1. Let A be an uncountable almost disjoint family of subsets of ω, ⋃ A = ω. Topologize X = ω ∪ {p}, where p /∈ ω, as follows: the points of ω are isolated while a set U ⊂ X that contains p is open if and only if X \U is contained in the union of a finite subfamily of A.

X is not mL at p: to apply Proposition 3, take κ = ω, and B = {X \A : A ∈ A}.

Example 2. Let ω_1 ≤ κ ≤ c, and let X be a dense countable subspace in 2^κ.

To observe that X is not mL at any p ∈ X, put κ = ω and B = {{x ∈ X : x(i) = p(i)} : i ∈ κ}, and apply Proposition 3.

Remark. Proposition 3 can be applied to uncountable spaces as well. Thus, it is easy to see, for example, that the one point compactification of an uncountable discrete space is not mL, and neither is the one point Lindelöfication of a discrete space of cardinality ≥ ω_2.

3. A consistent example from (↑)

Henceforward by an example we mean a non metrizable countable mL space. We use the notation from [3] for small uncountable cardinals, ⊃^∗, and so on.

Let κ > 0 be a cardinal. Say that a sequence {T_α : α < κ} of infinite subsets of ω is a pretower if T_α ⊇^∗ T_β and T_α ≠^∗ T_β whenever α < β < κ. A pretower is a tower [3] when it does not have infinite pseudointersection. Naturally, κ is called the height of the pretower. Let p /∈ ω and let T = {T_α : α < k} be a pretower. Denote by X_T the set ω ∪ {p} with the topology T_T generated by the base {{n} : n ∈ ω} ∪ {{p} ∪ (T_α \ A) : α < κ and |A| < ω}.

For an open cover U of X_T and α < κ, put s_α(U) = {{p} ∪ (T_α \ A) : |A| < ω, {{p} ∪ (T_α \ A)} ≺ U and {{p} ∪ (T_α \ A)} ⊀ ⋃ {s_β(U) : β < α}}. Set

r(U) = ⋃ {s_α(U) : α < κ} ∪ {{n} : n ∈ ω}.

Say that a pretower T = {T_α : α < κ} is good if every cofinal subsequence of T contains a pair of elements related with respect to “real” inclusion (i.e. for every cofinal subsequence of T , there are α < β < κ such that T_α and T_β are in this subsequence, and T_α ⊃ T_β).

Proposition 4. (0) For every pretower T , r is a monotonic operator, that is, r(U) is coarser than r(V) whenever U is coarser than V.

(1) If cf(κ) > ω, and T is a good pretower, then for every open cover U the families s_α(U) are eventually empty.

(2) If κ ≤ ω_1 and T is a good pretower, then r is a mL operator on X.

Proof: (0) Let U and V be two open covers of X_T , U being coarser than V, and let V ∈ r(V). We have to find an U ∈ r(U) such that U ⊃ V . If V = {n} for n ∈ ω, then U = V = {n} ∈ r(U), so let V = {p} ∪ (T_α \ A) for some α < k and some finite A ⊂ ω. If V ∈ s_α(U), put U = V . If V /∈ s_α(U), then by definition of s_α, there are β < α and an U ∈ s_β(U) such that V ⊂ U.

(1) Assume the contrary. Then there is a U such that the set B = {α < κ : s_α(U) ≠ ∅} is cofinal in k. For each α ∈ B, pick O_α = T_α \ A_α ∈ s_α(U) where A_α is a finite subset of ω. Since cf(κ) > ω, there are a finite A ⊂ ω and a cofinal subset C ⊂ B such that A_α = A for all α ∈ C. Since T is good, there are α, β ∈ C, α < β such that T_α ⊃ T_β. Then we have O_α ⊃ O_β which contradicts the definition of the operators s_α.

(3) If k is countable, then X_T is second countable, hence mL. If κ = ω_1, then it follows from (1) that r(U) is countable for every U. So it follows from (0) that r is a mL operator. □

It is shown in [5] that the following combinatorial principle follows from CH:

(↑) : There is a good pretower of height ω_1.

Together with the trivial observation that χ(X_T , p) = cf(κ), this implies the following:

Corollary 1. (↑) There is a non metrizable countable mL space.

4. The countable fan as an example

Recall that the countable fan is the space V_ω = (ω × ω) ∪ {p} in which the points of ω × ω are isolated while a basic neighborhood of p is of the form U_f = {p} ∪ {(m, n) : m ∈ ω and n > f(m)} where f ∈ ω^ω.

Lemma 1 ([11]). Let P denote the collection of non-decreasing elements of^ωω. Suppose F is cofinal in P the <^∗ ordering of P . Then there exist d, f ∈ F such that d < f.

Then identification of ω × ω and ω provides

Corollary 2. (CH) V_ω is mL.

5. Getting more examples from existing examples

First of all, it is clear that the discrete sum of countably many examples is again an example. The next step is to consider the simplest possible quotient spaces.

Question 1. Let Z_1 and Z_2 be countable mL spaces with unique non isolated points p_1 and p_2 respectively, and Z the quotient space obtain by identifying p_1 and p_2. Must Z be mL?

Question 2. Must the product of two countable mL spaces be mL?

We give only partial answers.

Proposition 5. If X is countable and mL, and Y is countable and second countable, then X × Y is mL.

Proof: Following Proposition 1, it is enough to consider X ×(ω +1) with unique non isolated point ⟨p, ω⟩ where p is the unique non isolated point of X. Let r be a mL operator for (X, T_p), and let U be an open cover of X × (ω + 1). For n ∈ ω, let V_n = {V ⊂ X : V ∋ p, V is open in X, and there is U ∈ U such that V × [n, ω] ⊂ U} ∪ {{q} : q ∈ X \ {p}}. Put s(U) = {W × [n, ω] : p ∈ W ∈ r(V_n), n ∈ ω} ∪ {⟨x, y⟩ ∈ X × (ω + 1) : x ≠ p or y ≠ ω}. Then s is a mL operator for X × (ω + 1). □

Remark. It follows from Proposition 5 that, consistently, a countable mL space need not be monotonically normal. Indeed, if X ×(ω+1) is monotonically normal, then X is stratifiable [G].

Proposition 6. Let Z = ω ∪{p} be a mL space with unique non isolated point p. Then all finite powers of X are mL.

Proof: We give the proof for Z^2. Let r be a mL operator for Z. Let U be an open cover of Z^2. Let s_{p,p}(U) = {U : U is open in Z, p ∈ U and U ×U ≺ U}∪{{n} : n ∈ ω}. Then s_{p,p}(U) is an open cover of Z and s_{p,p} is a monotonic operation. Put R_{p,p}(U) = {V × V : V ∈ r(s_{p,p}(U)) and p ∈ V }. For n ∈ ω, let s_{p,n}(U) = {U : U is open in Z, U ∋ p and {p} × U ≺ U} ∪ {{n} : n ∈ ω} and s_{n,p}(U) = {U : U is open in Z, U ∋ p and U × {p} ≺ U} ∪ {{n} : n ∈ ω}. Put R_{p,n}(U) = {{p} × V : V ∈ r(s_{p,n}(U)) and V ∋ p} and R_{n,p}(U) = {V ×{p} : V ∈ r(s_{n,p}(U)) and V ∋ p}. Finally, put R(U) = R_{p,p}(U) ∪ ⋃ {R_{n,p}(U) ∪ R_{p,n}(U) : n ∈ ω} ∪ {{(n, n)} : n ∈ ω}. □ Proposition 7. Suppose {X_a : a ∈ A} where |A| = ω, be a family of countable spaces, and all finite subproducts in the product P = ∏ {X_a : a ∈ A} are mL.

Then a σ-product in P is mL.

Proof: Let S be a σ-product in P with base point x = (x_a : a ∈ A). It is enough to show that S is mL at x. Moreover, it is enough to show that P is mL at x.

For B ⊂ A, we denote X_B = ∏ {X_a : a ∈ B} and x_B = (x_a : a ∈ B) = π_B (x).

For finite B, let r_B be operators witnessing that X_B is mL at x_B . Let us say that a subset U ⊂ P is B-standard, where B ⊂ A, if U = π^{−1}_B (π_B (U)). Let U be a nonempty family of neighborhoods of x in P . For finite B ⊂ A, let s_B (U) = {U : U is B-standard and x ∈ U ≺ U} and t_B (U) = {π_B (O) : O ∈ s_B (U)}. Put B(U) = {B ⊂ A : |B| < ω and s_B (U) ≠ ∅} and r(U) = {π^{−1}_B (V ) : V ∈ r_B (t_B (s_B (U))), B ∈ B(U)}. Then r witness that P is mL at x. □

Corollary 3. Let Z = ω ∪ {p} be a mL space with unique non isolated point p. Then a σ-product in Z^ω is mL.

Consistently, Corollary 3 gives an example without isolated points. Alternatively, one can get such an example using the Pixley-Roy exponent. Recall that the Pixley-Roy space PR(X) over a topological space (X, T ) is the set of all nonempty finite subsets of X with basic open sets of the form [F, V ] = {G ∈ PR(X) : F ⊆ G ⊆ V } where F ∈ PR(X) and F ⊂ V ∈ T (see [3]).

Proposition 8. If X is a countable mL space, then PR(X) is mL. Proof: Let r be a mL operator for X. We construct a mL operator R for PR(X) in the form R(U) = ⋃ {R_F (U) : F ∈ PR(X)} where U is an open cover of PR(X). Let F ∈ PR(X). Put

U_F = {[F, V ] : V ∈ T , F ⊂ V, [F, V ] ≺ U}, V_F = {V : [F, V ] ∈ U_F }, O_F = V_F ∪ {X \ F } (the latter is an open cover of X),

W_F = {W ∈ r(O_F ) : W ∩ F ≠ ∅}, ~W_F = { ⋂ A : A ∈ [W_F ]^{<ω}}, ~W_F = {⋃B : B ∈ [ ~W_F ]_{<ω} and ⋃B ⊃ F and (∃V ∈ V_F )(⋃B ⊂ V )},

R_F (U) = {[F, O] : O ∈ ~W_F }. □

6. Final questions Question 3. Is it consistent that every countable mL space is metrizable? Question 4. Does the existence of a non-metrizable countable mL space imply the existence of a good tower (of uncountable height)?

Question 5. How many pairwise non homeomorphic countable mL spaces with unique non isolated point are there?

Question 6. Let X be a countable mL space with unique non isolated point p. Consider X embedded into 2^{w(X)} so that p = 0. Denote G the subgroup of 2^{w(X)} generated by X. Is G mL?

Question 7. Let X be a countable mL space with unique non isolated point. Are the free topological group F (X) and free Abelian topological group A(X) mL? Acknowledgment. The authors express their gratitude to Alan Dow, Bill Fleissner, Viacheslav Malykhin, and Peter Nyikos for useful discussions, and to the referee for careful reading and valuable comments.

References

[1] Baumgartner J.E., Chains and antichains in P(ω), J. Symbolic Logic 45 (1980), no. 1, 85–92.

[2] Bennett H., Lutzer D., Matveev M., The monotone Lindelöf property and separability in ordered spaces, Topology Appl. 151 (2005), 180–186.

[3] van Douwen E.K., Integers in topology, Handbook of Set-theoretic Topology, K. Kunen and J. E. Vaughan, eds., Elsevier Sci. Pub. B.V., 1984, pp. 111–168.

[4] van Douwen E.K., The Pixley-Roy topology on spaces of subsets, Set-theoretic topology (Papers, Inst. Medicine and Math., Ohio Univ., Athens, Ohio, 1975-1976), 113–134, Academic Press, New York, 1977.

[5] van Douwen E.K., Kunen K., L-spaces and S-spaces in P(ω), Topology Appl. 14 (1982), no. 2, 143–149.

[6] Engelking R., General Topology, Heldermann Verlag, Berlin, Sigma Series in Pure Mathematics, 6, 1989.

[7] Gruenhage G., Generalized metric spaces, in: Handbook of Set-theoretic Topology, K. Kunen and J. E. Vaughan, eds., Elsevier Sci. Pub. B.V., 1984, pp. 423–501.

[8] Junnila H.J.K., Künzi H.-P.A., Ortho-bases and monotonic properties, Proc. Amer. Math.

Soc. 119 (1993), no. 4, 1335–1345.

[9] Levy R., Matveev M., Some examples of monotonically Lindelöf and not monotonically Lindelöf spaces, Topology Appl. 154 (2007), 2333–2343.

[10] Matveev M., A monotonically Lindelöf space need not be monotonically normal, preprint, 1994.

[11] Todorčević S., Partition Problems in Topology, Contemporary Mathematics, 84, American Mathematical Society, Providence, Rhode Island, 1989.

Department of Mathematical Sciences, George Mason University, 4400 University Drive, Fairfax, Virginia 22030, USA E-mail: rlevy@gmu.edu

misha matveev@hotmail.com, mmatveev@gmu.edu

(Received April 6, 2007, revised August 27, 2007)