Comment.Math.Univ.Carolin. 50,1 (2009)37–60 37

Functional calculus for a class of unbounded linear operators on some non-archimedean Banach spaces

Dodzi Attimu, Toka Diagana

Abstract. This paper is mainly concerned with extensions of the so-called Vishik functional calculus for analytic bounded linear operators to a class of unbounded linear operators on c_0. For that, our first task consists of introducing a new class of linear operators denoted W (c_0(J, ω, K)) and next we make extensive use of such a new class along with the concept of convergence in the sense of resolvents to construct a functional calculus for a large class of unbounded linear operators.

Keywords: non-archimedean Banach space, Shnirelman integral, spectrum, unbounded linear operator, functional calculus

Classification: Primary 47S10, 46S10; Secondary 12G25, 26E30

1. Introduction

Many applications arising in mathematics can be described explicitly or implicitly through bounded or unbounded linear operators on Banach or Hilbert spaces. It is also well-known that the best way to analyze those linear operators is either through their spectral theory or through their functional calculus. In particular, the spectral theory of linear operators in the classical (archimedean) setting plays an important role in several fields such as quantum mechanics, mathematical physics, pure and applied mathematics, and has its roots not only in matrix theory but also in the theory of integral equations.

Let A be a linear operator on a Banach space X and let I stand for the identity operator of X. The spectrum of A denoted σ_A, is the set of all scalars λ such that the linear operator λI − A fails to be invertible. Consequently, if f is an analytic function defined in a neighborhood of σ_A, one then defines the linear operator f(A) through the Cauchy integral of the operator-valued function f(λ)(λI −A)^{−1} on a chosen contour, which encloses σ_A. It is then clear that the mapping f → f(A) is an homomorphism that maps 1 to I and maps λ to A. Such a mapping, in the literature, is called the Riesz functional calculus or the Riesz-Dunford functional calculus of the linear operator A. For more on these and related topics, we refer the reader to Conway [4], Davies [5], and Kato [14].

In the non-archimedean world, things are far from being settled. In particular, there are a few papers on the spectral theory as well as the functional calculus of linear operators. Moreover, to the best of our knowledge there are no papers on either the spectral theory or the functional calculus of unbounded linear operators in the non-archimedean setting. This in fact is the main motivation of this paper, that is, constructing a functional calculus for a class of unbounded operators.

Recall the pioneer work of Vishik [23] who developed a spectral theory together with a functional calculus for the class of the so-called analytic bounded linear operators with compact spectrum on c_0. Moreover, some interesting perturbation results on those analytic bounded linear operators were established. A function defined over a quasiconnected set Ω [17] is said to be ‘Krasner analytic’ if it can be uniformly approximated by a sequence of rational functions whose poles do belong to the complement of Ω. To deal with these spectral theory and functional calculus issues, Vishik showed that Krasner analyticity in the sense of Krasner was more appropriate than the classical analycity. Consequently, instead of the use of the Cauchy integral as in the classical context, Vishik made extensive use of a ‘line’ integral in the non-archimedean context known as the Shnirelman’s integral [21] to construct both a spectral theory and a functional calculus for those analytic bounded linear operators with compact support. Indeed, the Shnirelman’s integral is compatible with the above-mentioned notion of local analyticity. In this paper, the above-mentioned work of Vishik will be our starting point.

In Diarra-Ludkovsky [10], a spectral integration for some non-archimedean Banach algebras was also initiated and studied. In particular, a spectral measure is constructed. Moreover, a non-archimedean counterpart of Stone theorem is obtained. Finally, a spectral theory for commuting bounded linear operators on a non-archimedean Banach space is constructed.

In Baker [3], an extension of Vishik spectral theory to a certain Banach algebra is also studied.

In this paper, it goes back to studying a functional calculus for a class of unbounded linear operators on c_0 paralleling that constructed for the class of analytic bounded linear operators with compact support. For that, our first task consists of introducing a new class of linear operators denoted W (c_0(J, ω, K)). Next, we make extensive use of W (c_0(J, ω, K)) along with the concept of convergence in the sense of resolvents to construct a functional calculus for a large class of unbounded linear operators.

This paper is organized as follows. In Section 2, we review some of the basic results on unbounded linear operators on c_0, Shnirelman’s integral, and distributions with compact supports. Section 3 is devoted to the so-called Cauchy-Stieltjes and Vishik transforms. Section 4 studies analytic bounded linear operators on c_0. Sections 5 contain our main results as well as a few examples.

2. Preliminaries

2.1 Unbounded linear operators on c_0(J, ω, K). Let (K, | · |) be a complete non-archimedean valued field, which is also algebraically closed. Basic examples of such a field include C_p, the field of complex p-adic numbers equipped with its p-adic valuation [19], and C, the so-called Levi-Civita field equipped with its absolute value [22].

Let J be a set. Fix once and for all a family ω = (ω_j)_{j∈J} ⊂ K of nonzero terms. The space c_0(J, ω, K) is defined as the set of all families u = (u_j )_{j∈J} , u_j ∈ K for all j ∈ J such that ω_ju^2_j tends to 0 with respect to the filter of complements of finite subsets. This is will be denoted by lim_{j∈J} ω_j u^2_j = 0. In other words,

c_0(J, ω, K) = � u = (u_j )_{j∈J} : u_j ∈ K, ∀ j ∈ J, lim_{j∈J} |u_j ||ω_j|^{1/2} = 0 � . The space c_0(J, ω, K) equipped with the norm defined for each u = (u_j)_{i∈J} by

‖u‖ = sup_{j∈J} |u_j||ω_j|^{1/2}

is a non-archimedean Banach space.

Similarly, an inner product (symmetric, non-degenerate, bilinear form) is also defined on c_0(J, ω, K) for all u = (u_j)_{j∈J} , v = (v_j )_{j∈J} ∈ c_0(J, ω, K) by

⟨u, v⟩ := ∞� j∈J ω_j u_j v_j .

It is then easy to check that this series converges for all u, v ∈ c_0(J, ω, K) and that the Cauchy-Schwartz inequality is satisfied, that is, |⟨u, v⟩| ≤ ‖u‖ · ‖v‖ for all u, v ∈ c_0(J, ω, K). The non-archimedean Banach space c_0(J, ω, K) has a special base, denoted (e_i)_{i∈j} where e_i is the sequence whose j-th term is 0 if i ≠ j, and the i-th term is 1.

Define e^′_i ∈ c_0(J, ω, K)^∗ by u = � i∈J u_ie_i, e^′_i(u) = u_i. It turns out that

‖e^′_i‖ = 1 ‖e_i‖ = 1 |ω_i|^{1/2}

for all i ∈ J. Furthermore, every u^′ ∈ c_0(J, ω, K)^∗ can be expressed as a pointwise convergent series: u^′ = � i∈J ⟨u^′, e_i⟩e^′_i. Moreover,

‖u^′‖ := sup_{i∈J}

|⟨u^′, e_i⟩| ‖e_i‖ . In view of the above, the space c_0(J, ω, K) equipped with its above-mentioned norm and inner product is a free Banach space according to the terminology of

Diarra [11], [12] and it is also called a non-archimedean Hilbert space [8], [9], [11], [12].

Following the work of Diarra [8], [9], [11], [12], it is well-known that a linear operator A on c_0(J, ω, K) can be expressed as a pointwise convergent series, that is, there exists an infinite matrix (a_{ij} )_{(i,j)∈J×J} with coefficients in K such that: A = � i,j∈J

a_{ij}(e^′_j ⊗ e_i), and for any j ∈ J, lim_{i∈J} |a_{ij} ||ω_i|^{1/2} = 0,

where for all i, j ∈ J, e^′_j ⊗ e_i is the bounded linear operator defined by

(e^′_j ⊗ e_i)u = ⟨e^′_j, u⟩ · e_i = u_je_i

for each u = (u_j )_{j∈J} ∈ c_0(J, ω, K).

Throughout this paper we will be using the so-called stable unbounded linear operators on c_0(J, ω, K) due to Diagana [8], [9] and whose definition is given as follows:

Definition 2.1. A stable unbounded linear operator A from c_0(J, ω, K) into itself is a pair (D(A), A) consisting of a subspace D(A) ⊂ c_0(J, ω, K) (the domain of A) and a (possibly not continuous) linear transformation A such that (e_i)_{i∈J} ⊂ D(A), that is, Ae_j is well-defined in c_0(J, ω, K) with lim_{j∈J} ‖Ae_j‖ = 0, and

(2.1) � � � � � D(A) := � u = (u_j)_{j∈J} ∈ c_0(J, ω, K) : lim_{j∈J} |u_j|‖Ae_j‖ = 0 � , Au = � i,j∈J

a_{ij}e^′_j(u)e_i for all u ∈ D(A).

The collection of all stable unbounded linear operators on c_0(J, ω, K) will be denoted by S(c_0(J, ω, K)).

In this paper, only stable unbounded linear operators will be considered. It can be easily shown that if the norm ‖A‖ of A defined by

‖A‖ := sup_{u≠0}

‖Au‖ ‖u‖ = sup_{i,j∈J}

|a_{ij}|‖e_i‖ ‖e_j‖

is finite, then D(A) = c_0(J, ω, K). In that case, the linear operator is said to be bounded. In what follows, the collection of all bounded linear operators on c_0(J, ω, K) will be denoted by B(c_0(J, ω, K)). Let us note that from Definition 2.1, B(c_0(J, ω, K)) ⊂ S(c_0(J, ω, K)).

2.2 Properties of Shnirelman integral. This subsection is devoted to an important tool for the construction of Vishik spectral theory and functional calculus, that is, the so-called Shnirelman integral [3], [16], [23]. Important applications of such an integral are in transcendental number theory [23]. Moreover, it can be utilized to prove a non-archimedean version of the Cauchy integral theorem, the residue theorem and the maximum principle. The proofs of all these important results will be given throughout the paper, as they are not familiar results or cannot be easily found in the literature.

In this paper, we will make extensive use of Shnirelman integral to study functional calculus of unbounded linear operators as Vishik did in [23]. For that, we require that the non-archimedean valued field (K, | · |) be complete and algebraically closed (and hence its valuation is dense in R_+).

Definition 2.2. Let σ ⊂ K be a subset and let r > 0. The sets D(σ, r) and D(σ, r^−) are defined respectively as follows:

D(σ, r) := � x ∈ K : dist(x, σ) ≤ r � and D(σ, r^−) := � x ∈ K : dist(x, σ) < r � , where dist(x, σ) = inf_{y∈σ} |x − y|.

Additionally, for a ∈ K, we define D(a, r^−) and D(a, r) respectively by

D(a, r^−) := � x ∈ K : |x − a| < r � and D(a, r) := � x ∈ K : |x − a| ≤ r � . Lemma 2.3 ([3]). Let σ ⊂ K be a nonempty compact subset. Then for every s > 0, there exist 0 < r ∈ |K| and a_1, · · · , a_N ∈ σ such that r < s and

D(σ, r) = N� i=1 D(a_i, r) and σ ⊂ N� i=1 D(a_i, r^−),

where the symbol � denotes disjoint unions.

One can generalize Lemma 1.3 from Baker [3] as follows:

Lemma 2.4. Let ∅ ≠ σ ⊂ K and let r > 0. Then if I is a nonempty set and if {b_i : i ∈ I} ⊂ K is a subset such that σ ⊂ � i∈I D(b_i, r^−), then there exist subsets J ⊂ I and {a_j : j ∈ J} ⊂ σ such that

D(σ, r^−) = � j∈J D(a_j , r^−) = � j∈L D(b_j, r^−), and

D(σ, r) = � j∈L D(a_j , r) = � j∈J D(b_j, r).

Proof: Set J = {j ∈ I : D(b_j, r^−) ∩ σ ≠ ∅} and rewrite J as J = {i_j : j ∈ J}. For all j ∈ J, choose a_j ∈ D(b_{ij} , r^−). Then, D(b_{ij} , r^−) = D(a_j, r^−) and thus, σ ⊂ � j∈J D(a_j, r^−) = � j∈J D(b_{ij} , r^−) = � j∈J D(b_j, r^−).

Obviously, (i) � j∈J D(a_j, r^−) ⊂ D(σ, r^−);

(ii) � j∈J D(a_j, r) ⊂ D(σ, r).

Now we show the reverse inclusions. Let x ∈ D(σ, r^−). Then dist(x, σ) < r and hence, there exists a ∈ σ such that |x−a| < r. Since a ∈ σ = � j∈J D(a_j, r^−), there exists a_{j0} ∈ σ with j_0 ∈ J such that |a − a_{j0} | < r. Now |x − a_{j0} | ≤ max{|x − a|, |a − a_{j0} |} < r,

and hence x ∈ � j∈J D(a_j, r^−). Therefore, D(σ, r^−) ⊂ � j∈J D(a_j , r^−).

Finally, let x ∈ D(σ, r), that is, dist(x, σ) ≤ r and there exists a ∈ σ such that |x − a| ≤ r. Again, since a ∈ σ, there exists a_{j1} ∈ σ such that |a − a_{j1} | < r. Now |x − a_{j1} | ≤ max{|x − a|, |a − a_{j1} |} ≤ r,

and hence x ∈ � j∈J D(a_j, r) and therefore, D(σ, r) ⊂ � j∈J D(a_j , r). □

The following corollary is then immediate and hence its proof is omitted.

Corollary 2.5. Let ∅ ≠ σ ⊂ K and let r > 0. Let b_1, · · · , b_M be in K with

σ ⊂ M� i=1 D(b_i, r^−).

Then there exist a_1, · · · , a_N in σ and ∅ ≠ J ⊂ {1, · · · , M} such that the D(a_i, r) are disjoint,

D(σ, r^−) = N� i=1 D(a_i, r^−) = � i∈J D(b_i, r^−) and D(σ, r) = N� i=1 D(a_i, r) = � i∈J D(b_i, r).

The notion of (local) analyticity in the next definition plays a crucial role throughout the paper.

Definition 2.6. Let a ∈ K and let r > 0. A function f : D(a, r) → K is said to be analytic if f can be represented by a power series on D(a, r), that is,

f(x) = ∞� k=0 c_k(x − a)^k with lim_{k→∞} r^k|c_k| = 0.

Remark 2.7. Let a ∈ K and let r > 0. A function f : D(a, r) → K is said to be ‘Krasner analytic’ if it is a uniform limit of rational functions with poles belong to the complement of D(a, r). In fact if r ∈ |K|, it can be shown that a function analytic over D(a, r) in the sense of Krasner is also analytic in the sense of Definition 2.6, see, e.g., [16].

Definition 2.8. Let ∅ ≠ σ ⊂ K and let r > 0. Let B_r(σ) be the collection of all functions f : D(σ, r) → K such that f is analytic on D(a, r) whenever a ∈ K and D(a, r) ⊂ D(σ, r). If f is bounded on D(σ, r), we then set

‖f‖_r = max

x∈D(σ,r)

|f(x)|.

One should point out that the notion of local analyticity appearing in Definition 2.9 is new and due to Baker [3]. Additional comments on this new notion can be found in Remark 2.11.

Definition 2.9 (L(σ)). Let ∅ ≠ σ ⊂ K. Define L(σ) to be the collection of all K-valued functions f for which there exist a_1, · · · , a_N in K and 0 < r ∈ |K| such that σ ⊂ N� i=1 D(a_i, r^−),

where the D(a_i, r) are disjoint and f is analytic on each D(a_i, r).

The class of functions L(σ) will be called the set of locally analytic functions on σ. Note that in view of Definition 2.9, Dom(f), the domain of f ∈ L(σ) is

Dom(f) ⊂ N� i=1 D(a_i, r).

Moreover, L(σ) ≠ ∅, as polynomials belong to it.

Theorem 2.10 ([3]). Let ∅ ≠ σ ⊂ K be a compact subset. Then

(2.2) L(σ) = � r>0 B_r(σ).

Remark 2.11. It is worth mentioning that the concept of local analyticity given in Definition 2.9 generalizes that of Koblitz [16, p. 136], in which the local analyticity on compact ∅ ≠ σ ⊂ K was defined as L(σ) = � r>0 B_r(σ).

Definition 2.12 (Shnirelman integral). Let κ be the residue field of K and let f(x) be a K-valued function defined for all x ∈ K such that |x − a| = r where a ∈ K and r > 0 with r ∈ |K|. Let Γ ∈ K be such that |Γ| = r. Then the Shnirelman integral of f is defined as the following limit, if it exists,

(2.3) � a,Γ f(x) dx := lim_{n→∞}^′ 1 n � η^n =1

f(a + ηΓ),

where lim^′ indicates that the limit is taken over n such that gcd(char(κ), n) = 1.

Lemma 2.13. (i) Suppose that f is bounded on the circle |x − a| = r. If � a,Γ f(x) dx exists, then | � a,Γ f(x) dx| ≤ max_{|x−a|=r} |f(x)|.

(ii) The integral � a,Γ commutes with limits of functions which are uniform limits on {x ∈ K : |x − a| = r}.

(iii) If r_1 ≤ r ≤ r_2 and f(x) is given by a convergent Laurent series � k∈Z c_k(x − a)^k in the annulus r_1 ≤ |x − a| ≤ r_2, then � a,Γ f(x) dx = c_0

and is independent of the choice of Γ with |Γ| = r, as long as r_1 ≤ r ≤ r_2. More generally, � a,Γ f(x) (x − a)^k dx = c_k.

Proof: The proof of statements (i) and (ii) follow directly from the definition of the Shnirelman integral. To prove (iii), note that for k ≠ 0 and n > |k|,

(2.4) � η^n=1

η^k = 0,

and hence f(a + Γη) = c_0 + � k∈Z\{0}

c_kΓ^kη^k.

The result is now a consequence of (2.4), (2.3) and the fact that lim_{k→∞} c_kΓ^k = 0. □

Lemma 2.14. Fix x_0 ∈ K and m > 0. Then, the following holds: � a,Γ dx (x − x_0)^m = � 0 if |a − x_0| < r; (a − x_0)^{−m} if |a − x_0| > r.

Corollary 2.15. Fix x_0 ∈ K and m > 1. Then, � a,Γ x − a (x − x_0) dx = � 1 if |a − x_0| < r; 0 if |a − x_0| > r.

and � a,Γ x − a (x − x_0)^m dx = � 0 if |a − x_0| < r; 0 if |a − x_0| > r.

Lemma 2.16 (Non-archimedean Cauchy integral formula [23]). If f is analytic on D(a, r) and if |Γ| = r ∈ |K|, then

(2.5) � a,Γ f(x)(x − a) (x − x_0) dx = � f(x_0) if |a − x_0| < r, 0 if |a − x_0| > r.

In particular, this integral does not depend on the choice of a, Γ or r as long as |x_0 − x| is either less than or greater than r.

Theorem 2.17 (Non-archimedean residue theorem [23]). Let f be a rational function over K and suppose none of the poles x_0 of f satisfy |x_0 − a| = |Γ|, where Γ ∈ K − {0}. Then

(2.6) � a,Γ f(x)(x − a) dx = � |x_0−a|<|Γ|

res_{x=x0} f(x),

where res_{x=x0} f(x) is the coefficient of (x − x_0)^{−1} in the Laurent expansion of f about x_0.

We next state some interesting results on the Shnirelman integral. 2.3 Distributions with compact support. Let σ ⊂ K be a compact subset and let r > 0. It follows that there is a finite set I with a_i ∈ K for i ∈ I with

(2.7) σ ⊂ � i∈I D(a_i, r^−), and D(σ, r^−) = � i∈I D(a_i, r^−).

Let f ∈ B_r(σ). Then f : D(σ, r^−) → K is clearly analytic and hence satisfies: (i) f(x) = � j∈N f_{ij} (x − a_i)^j for x ∈ D(a_i, r^−);

(ii) for all i ∈ I, |f_{ij}|r^j → 0 as j → ∞;

(iii) the norm of f is defined as ‖f‖_r = sup_{i∈I,j∈N} |f_{ij} |r^j .

It is not hard to check that (B_r(σ), ‖.‖_r) is a non-archimedean Banach space. Moreover, the following embedding is continuous

B_r(σ) → B_{r1} (σ)

with 0 < r_1 < r.

Recall that (from Theorem 2.10) the following holds

L(σ) = � r>0 B_r(σ).

Definition 2.18. The space L^∗(σ) := L(σ)^∗ (topological dual of L(σ)) is called the space of distributions with support σ.

For all μ ∈ L^∗(σ) and f ∈ L(σ), we represent the canonical pairing between μ and f as (μ, f) = (μ(x), f(x)) = μ(f).

Moreover, it is easy to see that for μ ∈ L^∗(σ), μ_{|Br(σ)} is a continuous linear functional whose norm is denoted by

|||μ|||_r := sup

f∈B_r (σ),f≠0

|μ(f)| ‖f‖_r . In particular, if 0 < r_1 < r, then

|||μ|||_{r1} ≥ |||μ|||_r.

For r > 0, i ∈ I, j ∈ N and x ∈ K, we define

χ(r, i, j; x) = � (x − a_i)^j |x − a_i| < r, 0 |x − a_i| ≥ 0.

Obviously, χ(r, i, j; ·) ∈ B_r(σ).

It can also be shown (see [16]) that the weak topology on L^∗(σ) whose basis is the neighborhoods of zero given by

U_{f,ε} := � μ ∈ L^∗(σ) : |μ(f)| < ε � and the stronger topology on L^∗(σ) whose basis is the neighborhoods of zero given by U(r, ε) := � μ ∈ L^∗(σ) : ‖μ‖_r < ε � have the same convergent sequences.

Throughout, we set σ := K − σ and

D(σ, r) = K − D(σ, r^−) = � x ∈ K : dist(x, σ) ≥ r � .

Definition 2.19. The collection of all functions φ : σ → K which are Krasner analytic and vanish at infinity, that is:

(i) φ is a limit of rational functions whose poles are contained in σ, the limit being uniform in any set of the form D(σ, r);

(ii) lim_{|z|→∞} φ(z) = 0; is denoted H_0(σ).

For φ ∈ H_0(σ), we define

‖ϕ‖_r := max

z∈D(σ,r)

|ϕ(z)| = max

dist(z,σ)=r

|ϕ(z)|.

In particular, if 0 < r_1 < r then

‖ϕ‖_r ≤ ‖ϕ‖_{r1} .

As a topology on H_0(σ), we take as a basis the open neighborhoods of zero given by U_0(r, ε) = � ϕ : ‖ϕ‖_r < ε � . 3. Cauchy-Stieltjes and Vishik transforms Definition 3.1 (Cauchy-Stieltjes transform). Let σ ⊂ K be a compact subset and let μ ∈ L^∗(σ). The Cauchy-Stieltjes transform of μ is the function

φ = Sμ : σ → K z → � μ(x), 1 z − x � .

Let f ∈ B_r(σ) and suppose σ ⊂ � i∈I D(a_i, r^−) where I is a finite index set.

Fix Γ ∈ K such that for all i ∈ I,

(3.1) sup_{b∈D(a}

i ,r^−) ⋂ σ |a_i − b| < |Γ| < r.

Definition 3.2. We define the Vishik transform V (under the assumptions leading to (3.1)) by

V φ : B_r(σ) → K f → � i∈I � a_i,Γ

(z − a_i)φ(z)f(z) dz.

Lemma 3.3 ([23]). Let μ ∈ L^∗(σ) be a distribution with compact support. Then Sμ ∈ H_0(σ) and S : L^∗(σ) → H_0(σ) is continuous.

Lemma 3.4 ([23]). Let φ ∈ H_0(σ). Then,

V φ(f) := � i∈I � a_i,Γ

(z − a_i)φ(z)f(z) dz, f ∈ B_r(σ),

does not depend on the choice of a_i and Γ satisfying (3.1). Furthermore, it is compatible with the inclusion

B_r(σ) → B_{r1} (σ) for r_1 < r.

In addition, both V φ : B_r(σ) → K and V : H_0(σ) → L^∗(σ) are continuous.

Lemma 3.5. We have V S = SV = Id.

4. Analytic bounded linear operators on c_0(J, ω, K)

Recall that for a linear operator A on c_0(J, ω, K) or more generally on a Banach space over a non-archimedean valued field K, one defines its resolvent set ρ(A) to be the set of all λ ∈ K such that the operator R_A(λ) := (λI − A)^{−1} is one-to-one and bounded. We then define the spectrum of A, σ_A as the complement of ρ(A) in K, that is σ_A = K − ρ(A).

Definition 4.1. An operator A ∈ B(c_0(J, ω, K)) is said to be analytic with compact spectrum if

(i) σ_A ⊂ K is compact, and (ii) for all h ∈ c_0(J, ω, K)^∗ and u ∈ c_0(J, ω, K), the function defined by

z → ⟨h, R_A(z)u⟩

belongs to H_0(σ_A).

Classical examples of analytic linear operators with compact support include among others those completely continuous linear operators on a Banach space due to Serre [20] as well as non-archimedean analogues of normal operators on Hilbert spaces. (A bounded linear operator N on a Hilbert space H is said to be normal if NN^∗ = N^∗N, where N^∗ is the adjoint of N.) An example of an analytic linear operator with compact support on a Banach space other than c_0(J, ω, K) is given below.

Example 4.2 (Position operator). Let K = Q_p equipped with its p-adic topology and let C(Z_p, Q_p) be the Banach space of all continuous functions from

Z_p = � z ∈ Q_p : |z| ≤ 1 � into Q_p equipped with the sup norm defined by

‖φ‖_∞ = sup_{z∈Z} p |φ(z)|

for each φ ∈ C(Z_p, Q_p).

Consider the (bounded) position operator, A : C(Z_p, Q_p) → C(Z_p, Q_p) defined by Aφ(x) = xφ(x)

for all φ ∈ C(Z_p, Q_p).

It can be shown that the spectrum σ_A = Z_p and that for all ξ ∈ C(Z_p, Q_p)^∗ and u ∈ C(Z_p, Q_p), the function z → ⟨ξ, R_A(z)u⟩ belongs to H_0(Z_p) = H_0(Q_p − Z_p). Therefore, A is an analytic linear operator on C(Z_p, Q_p) with compact support.

Define for 0 < r_1 < r_2, the set D(a; r_1, r_2) as follows:

D(a; r_1, r_2) = � b ∈ K : r_1 ≤ |a − b| ≤ r_2 � . Definition 4.3 ([23]). A function F : D(a; r_1, r_2) → B(c_0(J, ω, K)) is called an analytic operator valued function if for all h ∈ c_0(J, ω, K)^∗ and u ∈ c_0(J, ω, K), the function z → ⟨h, F (z)u⟩ = � j∈Z F_j · (z − a)^j ,

with lim_{j→−∞} |F_j |r^j_1 = 0 and lim_{j→∞} |F_j |r^j_2 = 0.

Lemma 4.4 ([23]). Let F : D(a; r_1, r_2) → B(c_0(J, ω, K)) be an analytic operator valued function. Then the sequence (S_n)_n ⊂ B(c_0(J, ω, K)) defined by

S_n := 1 n � η^n=1

F (a + Γη)

converges strongly as n → ∞ (the limit is taken assuming that (n, char(K)) = 1 when char(K) ≠ 0) to a bounded linear operator. More precisely,

lim_{n→∞} S_n := � a,Γ F (z) dz.

Corollary 4.5 ([23]). We have � h, � � a,Γ F (z) dz � u � = � a,Γ ⟨h, F (z)u⟩ dz.

4.1 Vishik spectral theorem. Let σ ⊂ K be a compact subset. An operator valued distribution is a K-linear continuous mapping L(σ) → B(c_0(J, ω, K)).

Theorem 4.6 ([23]). Let A ∈ B(c_0(J, ω, K)) be an analytic linear operator with compact spectrum. Then the following operator valued distribution μ_A := V R_A (μ_A(f) := f(A) for all f ∈ B_r(σ)) with support σ is well-defined for all f ∈ B_r(σ) by μ_A(f) = � i∈J � a_i,Γ

(z − a_i)R_A(z)f(z) dz = � i∈J � a_i,Γ

(z − a_i)(zI − A)^{−1}f(z) dz.

Lemma 4.7 ([23]). The mapping μ_A : L(σ_A) → B(c_0(J, ω, K)) is continuous. In addition,

R_A(z) = � μ_A, 1 z − x � , z ∈ σ_A, and A^j = (μ_A(x), x^j ).

5. Main results and examples 5.1 Resolvent approximating sequences.

Definition 5.1. Let A be an unbounded linear operator on c_0(J, ω, K) such that ρ(A) ≠ ∅. A sequence of bounded linear operators (A_n)_{n∈N} on c_0(J, ω, K) is said to converge to an operator A in the sense of resolvent if whenever λ ∈ ρ(A), then λ ∈ ρ(A_n) for n sufficiently large, and

(5.1) lim_{n→∞} ‖R_{An} (λ) − R_A(λ)‖ = 0, for all λ ∈ ρ(A).

The sequence (A_n)_{n∈N} will then be called a resolvent approximating sequence (r.a.s. for short) for the (unbounded) linear operator A.

Lemma 5.2. If (5.1) holds for some λ_0 ∈ ρ(A), then it is true for all λ ∈ ρ(A).

Proof: Suppose (5.1) holds for some λ_0 ∈ ρ(A). Proceeding as in the classical case (see Davies [5, Lemma 2.6.1]), one can show that for all λ ∈ ρ(A),

(λI − A)^{−1} − (λI − A_n)^{−1} = Δ_1 � (λ_0I − A)^{−1} − (λ_0I − A_n)^{−1} � Δ_2,

where Δ_1 = (A_n − λ_0I)(A_n − λI)^{−1} and Δ_2 = (A − λ_0I)(A − λI)^{−1}.

Now ‖Δ_1‖ = ‖1 + (λ − λ_0)(A_n − λI)^{−1}‖ ≤ max � 1, max(|λ|, |λ_0|)‖(A_n − λI)^{−1}‖ � ≤ max � 1, max(|λ|, |λ_0|) sup_{n∈N} ‖(A_n − λI)^{−1}‖ � = A_1.

Similarly, ‖Δ_2‖ = ‖1 + (λ − λ_0)(A − λI)^{−1}‖ ≤ max � 1, max(|λ|, |λ_0|)‖(A − λI)^{−1}‖ � ≤ max � 1, max(|λ|, |λ_0|)‖(A − λ)^{−1}‖ � = A_2, and hence

‖(λI − A_n)^{−1} − (λI − A)^{−1}‖ ≤ A_1A_2‖(λ_0I − A_n)^{−1} − (λ_0I − A)^{−1}‖. Therefore, letting n → ∞ in the previous inequality, we obtain the desired result. □ Example 5.3. Take J = N and let (λ_i)_{i∈N} ⊂ K be a sequence satisfying λ_0 = 0 and lim_{i→∞} |λ_i| = ∞.

Let A be the diagonal operator associated with the sequence (λ_i)_{i∈N} and defined on c_0(N, ω, K) by Au = � i,j∈N

(λ_iδ^i_j e^′_j ⊗ e_i)(u), u ∈ D(A),

where

D(A) = � u = (u_i)_{i∈N} ∈ c_0(N, ω, K) : lim_{i→∞} |λ_i||u_i||ω_i|^{1/2} = 0 � . It is easy to see that A is a well defined unbounded linear operator whose spectrum and resolvent are respectively given by σ_A = {0} ∪ {λ_i}_{i≥1} and ρ(A) = K − {0} ∪ {λ_i}_{i≥1}.

Indeed, solving the equation

(A − zI)u = v for v = (v_i)_{i∈N} ∈ c_0(N, ω, K)

for u = (u_i)_{i∈N}, we obtain

⟨(A − zI)u, e_i⟩ = ⟨v, e_i⟩ (λ_i − z)u_i = v_i u_i = v_i λ_i − z

, z ≠ 0, z ≠ λ_i, i ≥ 1,

and hence

(zI − A)^{−1}v = � i∈N v_i z − λ_i e_i for z ∈ K − {0} ∪ {λ_i}_{i≥1}.

Using the assumption that |λ_i| → ∞ as i → ∞, it is easy to see that (zI −A)^{−1} is a bounded linear operator for all z ∈ K − {0} ∪ {λ_i}_{i≥1}.

Define the sequence of linear operators (A_n)_{n∈N} by setting A_n = � i,j∈N a (n) ij e^′_j ⊗ e_i, where

a^{(n)}_{ij} = � λ_i if i = j ≤ n, 0 otherwise.

Obviously, ‖A_n‖ = max_{0≤i≤n} |λ_i| < ∞. Moreover, the spectrum and resolvent of A_n, respectively, are

σ_{An} = � 0, λ_1, · · · , λ_n � and ρ(A_n) = K − � 0, λ_1, · · · , λ_n � . Note that

(zI − A_n)^{−1}v = n� i=0 v_i z − λ_i e_i for z ∈ K − � 0, λ_1, · · · , λ_n � . In addition, for z /∈ σ_{An} and h ∈ c_0(J, ω, K)^∗,

z → ⟨h, R_{An} (z)u⟩ = � i∈N u_i z − λ_i h(e_i)

and hence the function z → ⟨h, R_{An} (z)u⟩ belongs to H_0(σ_{An} ) showing that A_n are analytic. Furthermore,

‖(zI − A)^{−1} − (zI − A_n)^{−1}‖ → 0

as n → ∞ for all λ ∈ ρ(A), and hence (A_n)_{n∈N} is a r.a.s. for A.

5.2 Extension of Vishik functional calculus. This setting requires the introduction of the relation ▷◁, which we define as follows:

Definition 5.4. Let σ_1 ⊂ σ_2 ⊂ K be two compact subsets. If f ∈ B_r(σ_2), then it is easy to see that f^{(1)} := fχ_{D(σ1,r}−_) ∈ B_r(σ_1), where χ_S is the characteristic function of the set S. Similarly, if g ∈ B_r(σ_1) then g̃ : D(σ_2, r^−) → K is an element of B_r(σ_2) where g̃ is defined by:

g̃(x) = � g(x) if x ∈ D(σ_1, r^−), 0 if x ∈ D(σ_2, r^−) − D(σ_1, r^−).

Throughout the rest of the paper, we will express the above-mentioned relationship between B_r(σ_1) and B_r(σ_2) by B_r(σ_1) ▷◁ B_r(σ_2).

The following is immediate.

Proposition 5.5. Given a sequence of compact sets (σ_n)_n whose union σ is also compact, then for r > 0,

B_r(σ_n) ▷◁ B_r(σ) for all n ∈ N.

We also introduce the set (space) ^B_r(σ) in the next definition, which in fact is a natural generalization of B_r(σ).

Now, let σ be an arbitrary subset of K such that for all r > 0,

(5.2) σ ⊂ � i∈I D(a_i, r^−)

where the index set I is not necessarily finite and

(5.3) sup_{b∈σ ⋂ D(a}

i,r^−)

|b − a_i| < r.

In view of Lemma 2.4, we assume that for all i ∈ I, a_i ∈ σ.

Definition 5.6. Let σ satisfy (5.2) and (5.3). Define ^B_r(σ) as the collection of all functions f : D(σ, r) = � i∈I D(a_i, r) → K

satisfying

(i) f_{|D(ai,r}−_)(x) = � j∈N f_{ij} · (x − a)^j with |f_{ij}|r^j → 0 as j → ∞, for all i ∈ I;

(ii) ‖f‖_r := sup_{i∈I,j∈N} |f_{ij} |r^j < ∞.

Definition 5.7. If σ̃_1 ⊂ σ̃_2, both satisfy (5.2) and (5.3), we then define the relation ▷◁ between ^B_r(σ_1) and ^B_r(σ_2), in a similar way as in Definition 5.4.

The following proposition is immediate.

Proposition 5.8. If σ is compact, then B_r(σ) = ^B_r(σ). In addition, if σ ⊂ σ̃ and both, σ and σ̃ satisfy (5.2) and (5.3), then ^B_r(σ) ▷◁ ^B_r(σ̃).

Given that σ̃ satisfies (5.2) and (5.3), then for φ ∈ H_0(σ̃), and f ∈ ^B_r(σ̃), we extend the Vishik’s transform to � r>0 ^B_r(σ̃) as follows:

(5.4) V φ(f) = � i∈I � a_i,Γ

(z − a_i)φ(z)f(z) dz,

if it exists.

If the right hand side of equation (5.4) exists, it is then well-defined and does not depend on all Γ ∈ K satisfying sup b∈σ ⋂ D(a_i ,r^−)

|b − a_i| < |Γ| < r.

This follows directly from the proof of Lemma 3.4. Sufficient conditions for the existence of V φ(f) above include:

(i) f ∈ B_r(σ) ▷◁ B_r(σ̃) where σ is compact, (ii) if in general, f ∈ B_r(σ̃), then � ρ∈D(σ̃,|Γ|^−) | resz=ρ(φ(z)f(z))| < ∞.

Definition 5.9. Let (A_n)_n be a sequence of bounded linear operators on the space c_0(J, ω, K). We say that the sequence of operators (A_n)_{n∈N} belongs to the class W (c_0(J, ω, K)) if lim_{n→∞} μ_{An} (f)

exists for any f ∈ � n∈N B_r(σ_{An} ).

Theorem 5.10. Let (A_n)_{n∈N} be a sequence of analytic bounded linear operators on c_0(J, ω, K) with compact spectrum. Suppose that (A_n)_{n∈N} is also a r.a.s. for an unbounded linear operator A : D(A) ⊂ c_0(J, ω, K) → c_0(J, ω, K) whose resolvent is not empty. Then (A_n)_{n∈N} belongs to the class W (c_0(J, ω, K)).

The proof of Theorem 5.10 requires the next lemma whose proof is straightforward and hence omitted.

Lemma 5.11. Let F : S_{a,Γ} = {z ∈ K : |z − a| = |Γ| = r} → B(c_0(J, ω, K)) be an analytic operator-valued function such that � a,Γ F (z) dz exists. Then � � � � a,Γ F (z) dz � � � ≤ max

|z−a|=r

‖F (z)‖.

Proof: Let f ∈ ^B_r(σ_A) ▷◁ � n∈N B_r(σ_{An} ). From Vishik spectral theorem, that is, Theorem 4.6, μ_{An} (f) exists for each n ∈ N. Moreover, the integral defined by

μ_{An} (f) − ^μ_A(f) = � i∈I � a_i,Γ

(z − a_i)f(z)[R_{An} (z) − R_A(z)] dz

is well-defined. Set M := sup_{i∈I} ( max

|z−a_i|=|Γ|

|(z − a_i)f(z)|) ≤ |Γ| sup_{i∈I} ( max_{|z−ai|=|Γ|} |f(z)|) < ∞.

Since (A_n)_{n∈N} is a r.a.s. for A, it follows that for each ε > 0 there exists N_0 ∈ N such that (see Lemma 5.2) if λ ∈ ρ(A), then λ ∈ ρ(A_n) and

‖R_{An} (λ) − R_A(λ)‖ ≤ ε M whenever n ≥ N_0.

Now, using Lemma 5.11, it follows that

‖μ_{An} (f) − ^μ_A(f)‖ ≤ sup_{i∈I} � � � a_i,Γ

(z − a_i)f(z)[R_{An} (z) − R_A(z)] dz � � ≤ sup_{i∈I} � max |z−a_i|=|Γ|

|(z − a_i)f(z)| · ‖R_{An} (z) − R_A(z)‖ �

≤ ε M · sup_{i∈I} � max |z−a_i|=|Γ|

|(z − a_i)f(z)| � = ε whenever n ≥ N_0, and therefore, (A_n)_{n∈N} belongs to W (c_0(J, ω, K)). Moreover, we have lim_{n→∞} μ_{An} (f) = ^μ_A(f). □ The next corollary is an immediate consequence of Theorem 5.10.

Corollary 5.12. Using the notation and assumptions of Theorem 5.10 and assuming that σ_A satisfies (5.2) and (5.3), we have for any f ∈ ^B_r(σ_A) ▷◁ � n∈N B_r(σ_{An} ),

D(^μ_A(f)) := � u = (u_i)_{i∈J} ∈ c_0(J, ω, K) :

lim_{n→∞} � i∈I � a_i,Γ

(z − a_i)f(z)R_{An} u dz exists �

= � u = (u_i)_{i∈J} ∈ c_0(J, ω, K) : � i∈I � a_i,Γ

(z − a_i)f(z)R_Au dz exists � and ^μ_A(f)u = � i∈I � a_i,Γ

(z − a_i)f(z)R_A(z)u dz

:= lim_{n→∞} � i∈I � a_i,Γ

(z − a_i)f(z)R_{An} (z)u dz = � i∈I � a_i,Γ

(z − a_i)f(z)R_A(z)u dz

for all u ∈ D(^μ_A(f)).

Remark 5.13. Note that ^μ_A(f) is also denoted by f(A). In other words,

f(A)u = � i∈I � a_i,Γ

(z − a_i)f(z)R_A(z)u dz

for all u ∈ D(f(A)) = {u = (u_i)_{i∈J} ∈ c_0(J, ω, K) : � i∈I � a_i,Γ(z − ai)f(z)RAu dz

exists}.

Corollary 5.14. Using the notation and assumptions of Theorem 5.10 and assuming that σ_A satisfies (5.2) and (5.3), then for f, g ∈ ^B_r(σ_A) and λ ∈ K, the following hold:

(i) (λf)(A) = λf(A);

(ii) (f + g)(A) = f(A) + g(A); (iii) ⟨f(A)u, v⟩ = � i∈I � a_i,Γ(z − ai)f(z)⟨RAu, v⟩ dz for u ∈ D(f(A)) and v ∈

c_0(J, ω, K); and (iv) [f(A)]^∗ = f(A^∗).

5.3 Examples.

Example 5.15. Consider the linear operators (A_n)_{n∈N} and A appearing in Example 5.3. We have already seen that (A_n)_{n∈N} is a sequence of analytic bounded linear operators with compact spectrum that is also r.a.s. for A. In addition, we have seen that ρ(A) = K − {0} ∪ {λ_i}_{i≥1} and σ_A = {0} ∪ {λ_i}_{i≥1}.

We now compute the values of f(A) = ^μ_A(f) for each function f ∈ ^B_r(σ_A).

Proposition 5.16. If f ∈ ^B_r(σ_A), then for each n ∈ N,

μ_{An} (f)e_s = � f(λ_s)e_s if λ_s ∈ D(σ_{An} , |Γ|^−), 0 otherwise.

Proof: For each n ∈ N, we write σ_{An} ⊂ � i∈I_n D(ai, r

−). Then for any Γ ∈ K with sup b∈σ_{An} ⋂ D(a_i,r^−)

|b − a_i| < |Γ| < r,

we have, by using Theorem 2.17,

μ_{An} (f)e_s = � i∈I_n � a_i,Γ

(z − a_i) f(z)e_s z − λ_s dz

= � � i∈I_n � a_i,Γ

(z − a_i) f(z) z − λ_s dz � e_s

= � � λ_s∈D(σ_{An} ,|Γ|^−)

res_{z=λs} f(z) z − λ_s � e_s.

Now, res_{z=λs}^{f(z)}_{z−λs} = f(λ_s), and hence

μ_{An} (f)e_s = � f(λ_s)e_s if λ_s ∈ D(σ_{An} , � �Γ � �^−), 0 otherwise. □ Corollary 5.17. Suppose that the function f belongs to ^B_r(σ_A). If u = (u_s)_{s∈N} ∈ c_0(N, ω, K), then

f(A)u = μ_{An} (f)u = � λ_s∈D(σ_{An} ,|Γ|^−)

u_sf(λ_s)e_s = � λ_s∈σ_{An}

u_sf(λ_s)e_s.

Proposition 5.18. Suppose that the function f belongs to ^B_r(σ_A). If u ∈ D(f(A)), then

f(A)u = ^μ_A(f)u = lim_{n→∞} μ_{An} (f|_{D(σAn ,r}−_))u.

Proof: First of all, let σ_{An} ⊂ � i∈I_n D(ai, r

−). Now, for each Γ ∈ K satisfying the condition: sup b∈σ ⋂ D(a_i ,r^−)

|b − a_i| < |Γ| < r,

we have that ^μ_A(f)e_s = f(λ_s)e_s for each s ∈ N. Consequently, for each u ∈ ^μ_A(f) = f(A), we have that

f(A)u = ^μ_A(f)u = � λ_s∈D(σ_A,|Γ|^−)

u_sf(λ_s)e_s = � λ_s∈σ_A

u_sf(λ_s)e_s.

Now, using Corollary 5.17 it follows that

^μ_A(f)u = � λ_s∈D(σ_A, � �_Γ � �^−_) u_sf(λ_s)e_s

= � λ_s∈σ_A

u_sf(λ_s)e_s

= lim_{n→∞} � λ_s∈σ_{An}

u_sf(λ_s)e_s

= lim_{n→∞} μ_{An} (f_{|D(σAn ,r−)} )u. □ Corollary 5.19. The sequence (A_n)_{n∈N} is a r.a.s. for the unbounded operator linear operator A and belongs to the class W (c_0(J, ω, K)).

The next example is a generalization of the previous one.

Example 5.20. Let A be the linear operator on c_0(J, ω, K) associated with the block diagonal matrix defined by � � � � � � � �

A_{i0} 0 . . . 0 0 Ai_1 0 0 . . . 0 . . . 0 A_{i2} 0 0 . . . 0 . . . 0 A_{i3} 0 0 . . .

. . . 0 . . . . . . . . . . . .

. . . 0 A_{in} 0 . . .

. . . 0 . . .

� � � � � � � � ,

where A_{ik} for each k ∈ N, is an i_k × i_k square matrix that is chosen so that A is well-defined on c_0(J, ω, K). Moreover, we suppose that there exists at least an index i_{k0} such that 0 ∈ σ_{Aik0} .

Now, solving (zI − A)u = v for u ∈ D(A), v ∈ c_0(N, ω, K), one can easily see that the following lemma holds:

Lemma 5.21. For the operator A defined above, its resolvent ρ(A) and spectrum σ_A are respectively given by

ρ(A) = K − ∞� k=0 σ_{Aik} and σ_A = ∞� k=0 σ_{Aik} ,

where σ_{Aik} is the spectrum of the i_k × i_k square matrix A_{ik} .

Note that the spectrum σ_{Aik} coincides with the set of eigenvalues of the square matrix A_{ik} . Moreover, from the algebraic closedness of the field K, we know that σ_{Aik} has exactly i_k elements. From that one can easily see that there exists an orthogonal basis (^e_n)_{n∈N} for c_0(J, ω, K) in which, A is a diagonal operator, say, A is represented in the orthogonal basis (^e_n)_{n∈N} by the diagonal matrix � � � � � � � � γ_0 0 . . . 0 0 γ_1 0 0 . . . 0 . . . 0 γ_2 0 0 . . . 0 . . . 0 γ_3 0 0 . . .

. . . 0 . . . . . . . . . . . .

. . . 0 γ_n 0 . . .

. . . 0 . . .

� � � � � � � � ,

where σ_A =

�_∞

k=0 σ_{Aik} = {γ_i}_{i∈N} with one of these γ_i being 0, by assumption. In addition to the above, we assume that the eigenvalues γ_i are given so that lim_{i→∞} |γ_i| = ∞. From the previous assumption, one can easily see that A is an unbounded linear operator on c_0(J, ω, K).

Let A_n be the linear operator on c_0(J, ω, K) associated with the block diagonal matrix defined by

A_n =

� � � � � � � �

A_{i0} 0 . . . 0 0 Ai_1 0 0 . . . 0 . . . 0 . 0 0 . . . 0 . . . 0 A_{in} 0 0 . . .

. . . 0 0 . . . . . . . . .

. . . 0 . 0 . . .

0 0 0 0

� � � � � � � � .

For the sequence of operators A_n defined above, its spectrum σ_{An} is given by

σ(A_n) = {0} ∪ n� k=0 σ(A_{ik} ),

where σ(A_{ik} ) is the (compact) spectrum of the i_k × i_k matrix square matrix A_{ik} .

It is now clear that ‖(zI − A)^{−1} − (zI − A_n)^{−1}‖ → 0 as n → ∞ for all z ∈ ρ(A), and hence (A_n)_{n∈N} is a r.a.s. for A. Moreover, it is also easy to see that the sequence (A_n)_{n∈N} belongs to the class of W (c_0(J, ω, K)) with

f(A)u = ^μ_A(f)u = � λ_s∈D(σ_A,|Γ|^−)

u_sf(λ_s)^e_s = � λ_s∈σ_A

u_sf(λ_s)^e_s = ∞� s=0 u_sf(γ_s)^e_s

for all u =

�_∞ s=0 u_s^e_s ∈ D(f(A)) and f ∈ ^B_r(σ_A) ▷◁ � n∈N B_r(σ_{An} ).

60 D. Attimu, T. Diagana

References

[1] Attimu D., Linear operators on some non-archimedean Hilbert spaces and their spectral theory, PhD Thesis, Howard University, Washington DC, 2008.

[2] Attimu D., Diagana T., Representation of bilinear forms in non-Archimedean Hilbert space by linear operators II, Comment. Math. Univ. Carolin. 48 (2007), no. 3, 431–442.

[3] Baker R., A certain p-adic spectral theorem, arXiv.math /070353901 [MATH.FA] (2007). [4] Conway J.B., A Course in Functional Analysis, Graduate Texts in Mathematics 96, Springer, New York, 1985.

[5] Davies E.B., Spectral Theory and Differential Operators, Cambridge University Press, Cambridge, 1995.

[6] Diagana T., Towards a theory of some unbounded linear operators on p-adic Hilbert spaces and applications, Ann. Math. Blaise Pascal 12 (2005), no. 1, 205–222.

[7] Diagana T., Erratum to: “Towards a theory of some unbounded linear operators on p-adic Hilbert spaces and Applications”, Ann. Math. Blaise Pascal 13 (2006), 105–106.

[8] Diagana T., Representation of bilinear forms in non-archimedean Hilbert space by linear operators, Comment. Math. Univ. Carolin. 47 (2006), no. 4, 695–705.

[9] Diagana T., An Introduction to Classical and p-adic Theory of Linear Operators and Applications, Nova Science Publishers, New York, 2006.

[10] Diarra B., Ludkovsky S., Spectral integration and spectral theory for non-Archimedean Banach spaces, Int. J. Math. Math. Sci. 31 (2002), no. 7, 421–442.

[11] Diarra B., An Operator on Some Ultrametric Hilbert spaces, J. Anal. 6 (1998), 55–74. [12] Diarra B., Geometry of the p-adic Hilbert spaces, preprint, 1999. [13] Kalish G., On p-adic Hilbert spaces, Ann. of Math. 48 (1947), no. 2, 180–192. [14] Kato T., Perturbation Theory for Linear Operators, Die Grundlehren der mathematischen Wissenschaften, Band 132, Springer, New York, 1966.

[15] Khrennikov A.Y., p-Adic Valued Distributions in Mathematical Physics, Mathematics and Its Applications, Vol. 309, Kluwer Academic, Dordrecht, 1994.

[16] Koblitz N., p-adic Analysis: a Short Course on Recent Work, Cambridge University Press, Cambridge, 1980.

[17] Krasner M., Prolongement analytique uniforme et multiforme dans les corps valués complets, Colloque. Int. CNRS 143, Paris, 1966, pp. 97–142.

[18] Ochsenius H., Schikhof W.H., Banach Spaces Over Fields with an Infinite Rank Valuation, p-adic Functional Analysis (Poznan, 1998), Marcel Dekker, New York, 1999, pp. 233–293.

[19] van Rooij A.C.M., Non-Archimedean Functional Analysis, Marcel Dekker Inc, New York, 1978.

[20] Serre J.-P., Endomorphismes complétement continus des espaces de Banach p-adiques, Inst. Hautes Études Sci. Publ. Math. 12 (1962), 69–85.

[21] Shnirel’man L.G., On Functions in Normed, Algebraically Closed Fields, Izv. Akad. Nauk SSSR, Ser. Mat. 2 (1938), no. 5–6, 487–498.

[22] Shamseddine K., Berz M., Analytical properties of power series on Levi-Civita fields, Ann.

Math. Blaise Pascal 12 (2005), no. 2, 309–329.

[23] Vishik M., Non-Archimedean spectral theory, J. Soviet Math. 30 (1985), 2513–2554.

Department of Mathematics, Howard University, 2441 Sixth Street N.W., Washington, DC 20059, USA E-mail: dkattimu@gmail.com

tdiagana@howard.edu

(Received August 31, 2008, revised November 17, 2008)