Comment.Math.Univ.Carolin. 50,4 (2009) 549–562 549

Holomorphic Bloch spaces on the unit ball in C^n

A.V. Harutyunyan, W. Lusky

Abstract. This work is an introduction to anisotropic spaces of holomorphic functions, which have ω-weight and are generalizations of Bloch spaces on a unit ball. We describe the holomorphic Bloch space in terms of the corresponding L^∞_ω space. We establish a description of (A^p(ω))^∗ via the Bloch classes for all 0 < p ≤ 1.

Keywords: weighted Bloch spaces, projection, inverse mapping, dual space

Classification: 32A18, 46E15

1. Introduction and basic constructions

Let C^n be the n-dimensional complex Euclidean space. For z = (z_1, . . . , z_n), ζ = (ζ_1, . . . , ζ_n) in C^n we define the inner product as follows:

⟨z, ζ⟩ = z_1ζ_1 + · · · + z_nζ_n.

We write also: |z| = � |z_1|^2 + · · · + |z_n|^2.

Let B^n = {z ∈ C^n, |z| < 1} be the unit ball in C^n and let S^n = {z ∈ C^n, |z| = 1} be the boundary of B^n. We denote by H(B^n) the set of holomorphic functions on B^n and by H^∞(B^n) the set of bounded holomorphic functions on B^n.

Let f ∈ H(B^n), then f(z) = � m a_mz^m (z ∈ B^n), where the summation is over all multi-indices m = (m_1, . . . , m_n), each m_k is a nonnegative integer and z^m = z^{m1}_1 . . . z^{mn}_n . Putting f_k(z) = � |m|=k amz

m for each k ≥ 0, |m| = m_1 + · · · + m_n, then the Taylor series of f has the following form

(1) f(z) = ∞� k=0 f_k(z)

which is called the homogeneous expansion of f. It is clear that each f_k is a homogeneous polynomial of degree k.

An important notion in the study of holomorphic function spaces is the notion of fractional differential operators. In this paper we consider one type of them. For a holomorphic function f with homogeneous expansion (1) and for α > −1

The first author supported by the Heinrich Hertz Stiftung.

we define the fractional differential as follows:

D^αf(z) = ∞� k=0 (k + 1)^αf_k(z), z ∈ B^n,

and the inverse operator D^{−α} is defined in the standard sense:

D^{−α}D^αf(z) = f(z).

It is not difficult to show that

(2) f(z) =

�_1 0 Df(rz) dr.

The Bloch space plays a very important role in classical geometric function theory. The one-dimensional case of the holomorphic Bloch space is well investigated (see [2], [3]). The aim of this paper is the study of the Bloch space on the unit ball in C^n. There are several possible ways for a generalization of the holomorphic Bloch space to higher dimensions (see [11], [12]). We give a new generalization of them and consider the weighted case which is new also in the one-dimensional case. Note that the polydisc case has already been investigated (see for example [7], [13]).

Let S be the class of all non-negative measurable functions ω on (0, 1) for which there exist positive numbers M_ω, q_ω, m_ω, (m_ω, q_ω ∈ (0, 1)) such that

m_ω ≤ ω(λr) ω(r)

≤ M_ω,

for all r ∈ (0, 1) and λ ∈ [q_ω, 1]. For properties of functions from S, see [10]. Using the results of [10], one can prove the following lemma.

Lemma 1.1. Let ω ∈ S. Then there exist bounded measurable functions η and ε so that

ω(x) = exp � η(x) +

�_1 x ε(u) u du � , t ∈ (0, 1), and −α_ω = log m_ω log q^{−1}ω

≤ ε(t) ≤ log M_ω log q^{−1}ω

≤ β_ω, t ∈ (0, 1).

Next we assume that η(x) = 0 for x ∈ (0, 1).

Besides, for any functions f and g, the notation f ⪯ g (f ⪰ g) will mean that |f(z)| ≤ C|g(z)| (|g(z)| ≤ C|f(z)|) and the notation f ≍ g will mean that C_1|f(z)| ≤ |g(z)| ≤ C_2|f(z)| for some positive constants C, C_1, C_2 independent of z.

Remark 1.2. Note that it is not difficult to show that if 1 − |z| ≍ 1 − |w| then ω(1 − |z|) ≍ ω(1 − |w|).

One of the applications is the description of the (A^p(ω))^∗ in case 0 < p ≤ 1 via Bloch spaces. Here A^p(ω) is the ω-generalization of A^p(α) space in the case of unit ball in C^n and is defined as the class of holomorphic functions f for which

‖f‖^p_{Ap(ω)} = � B^n

|f(z)|^pω(1 − |z|) dν(z) < +∞,

where dν(z) is volume measure on B^n, normalized so that ν(B^n) = 1 and 0 < β_ω < 1.

In particular, if ω(t) = t^α, then we have A^p(ω) = A^p(α) (see [6], [5]). In this case we have a generalization of the Djrbashian’s formula:

(3) f(z) =

Γ(n + α + 1) Γ(n + 1)Γ(α + 1) � B^n

(1 − |ζ|^2)^αf(ζ) (1 − ⟨z, ζ⟩)^{n+1+α} dν(ζ)

(for proof see [5, Theorem 6.1]).

The corresponding space of measurable functions will be denoted by L^p(ω). It is known that A^p(ω) is a Banach space if p ≥ 1 and a complete metric space with distance ρ(f, g) = ‖f − g‖^p_{Ap(ω)} if 0 < p < 1.

Definition 1.3. Let f ∈ H(B^n), ω ∈ S and 0 < α_ω < 1. A function f belongs to the Bloch space B^n_ω ≡ B_ω if

(4) M_f = sup_{z∈Bn} � (1 − |z|^2) ω(1 − |z|)

|Df(z)| � < +∞.

Notice that, in view of our definition of Df, ‖f‖_{Bω} = M_f is indeed a norm. (We do not have to add |f(0)|.) This follows from the fact that here Df = 0 implies f = 0 for holomorphic f. It is easy to see that B_ω is a Banach space with respect to the norm ‖ · ‖.

As in the case of a polydisc, one can see that if n = 1 and ω(t) = t^{1−s}, then we have the Bloch space of one variable (for details see [7, Proposition 1.5]).

We need the following lemmas to prove the main results.

Lemma 1.4. The following properties of D^m are evident:

1. DD^αf(z) = D^{α+1}f(z);

2. D^m(1 − ⟨z, ζ⟩)^{−α} ⪯ (1 − ⟨z, ζ⟩)^{−α−m}; 3. Df = Rf(z) + f(z), where Rf(z) =

�_n

k=1 z_k^{∂f (z)}_{∂zk} .

It is clear that R(1 − ⟨z, ζ⟩)^{−α} = α⟨z, ζ⟩(1 − ⟨z, ζ⟩)^{−α−1}.

Lemma 1.5. Let ω ∈ S, α + 1 − β_ω > 0, and β − α > α_ω. Then � B^n

(1 − |ζ|^2)^αω(1 − |ζ|) |1 − ⟨z, w⟩|^{β+n+1} dν(ζ) ⪯ ω(1 − |z|^2) (1 − |z|^2)^{β−α} .

Proof: Let σ be the surface measure on S^n normalized so that σ(S^n) = 1. The formula (5) � B^n

f(z) dν(z) = 2n

�_1 0 r^{2n−1} dr � S^n

f(rζ) dσ(ζ)

shows the relation of both measures (for the proof see [12, p. 9] or [9, p. 13]).

By (5) for β > 0 we get � B^n

(1 − |ζ|^2)^αω(1 − |ζ|) |1 − ⟨z, ζ⟩|^{β+n+1} dν(ζ)

= 2n

�_1 0 r^{2n−1}(1 − r^2)^αω(1 − r) dr � S^n

dσ(ζ) |1 − ⟨z, ζ⟩|^{β+n+1}

≤ 2n

�_1 0 r^{2n−1}

(1 − r^2)^αω(1 − r) (1 − r|z|)^{β+1} dr. In the last inequality we have used Theorem 1.12 from [12].

The problem is to estimate the last one-dimensional integral. Using the proof of Lemma 1.6 [7] and putting a = α, b − 1 = β + 1, we get �_1 0 (1 − r^2)^αω(1 − r)

(1 − r|z|)^{β+1} ≤ C (1 − |z|)^αω(1 − |z|) (1 − |z|)^β if α + 1 − β_ω > 0, β − α > α_ω, which proves our lemma. □

2. Description theorems in B_ω Lemma 2.1. Let β > −1 and f ∈ H(B^n), f ∈ A^1(β). Then (1 − |z|^2)Df(z) ∈ L^1(β).

Proof: Let f ∈ A^1(β). By Theorem 2.16 from [12] we have (1 − |z|^2)Rf(z) ∈ L^1(β). It is clear, that the function (1 − |z|^2)f(z) also belongs to the space L^1(β). Then by Lemma 1.4 we get (1 − |z|^2)Df(z) ∈ L^1(β). □ Corollary 2.2. Let f ∈ B_ω and β > β_ω. Then Df ∈ A^1(β). Lemma 2.3. Let f ∈ B_ω, β > β_ω, then

(6) |f(z)| ⪯ � B^n

(1 − |ζ|^2)^β |Df(ζ)| |1 − ⟨z, ζ⟩|^{β+n} dν(ζ).

Proof: If β > β_ω, then Df ∈ A^1(β) hence the integral in (6) is convergent. Using (2) and (3) we get

f(z) = C(β, n)

�_1 0 � B^n

(1 − |ζ|^2)^β (1 − r⟨z, ζ⟩)^{β+1+n}

Df(ζ) dν(z) dr

= C(β, n) � B^n

(1 − |ζ|^2)^β Df(ζ)

�_1 0 dr (1 − r⟨z, ζ⟩)^{β+1+n} dν(z) and the proof is finished. □

Lemma 2.4. Let f ∈ B_ω and β > β_ω. Then f ∈ A^1(β − 1).

Proof: Using Lemma 2.3 for γ > β_ω and γ − β > 0 we get � B^n

|f(z)|(1 − |z|^2)^{β−1} dν(z) ⪯ � B^n

|Df(ζ)|(1 − |ζ|^2)^γ � B^n

(1 − |z|^2)^{β−1} |1 − ⟨z, ζ⟩|^{γ+n} dν(z) dν(ζ) ⪯ � B^n

|Df(ζ)|(1 − |ζ|^2)^β dν(ζ) < ∞,

by Corollary 2.2. □

Let L^∞_ω = L^∞_ω (B^n) be the class of measurable functions on B^n, for which

‖f‖_L∞_ω = sup_{z∈Bn}{|f(z)|ω^{−1}(1 − |z|^2)} < +∞.

Proposition 2.5. A holomorphic function f belongs to B_ω if and only if the function (1 − |z|)Df(z) belongs to L^∞_ω .

The next theorem gives a description of the analytic part of L^∞_ω .

Theorem 2.6. Let f ∈ H(B^n), α > α_ω +1, k ∈ N. Then (1−|z|^2)^αD^kf(z) ∈ L^∞_ω if and only if (1 − |z|^2)^{α−1}D^{k−1}f(z) ∈ L^∞_ω .

Proof: Let g(z) = (1 − |z|^2)^αD^kf(z) and g ∈ L^∞_ω . Taking β sufficiently large, using Lemmas 2.3 and 1.5, we get

|D^{k−1}f(z)| ⪯ � B^n

(1 − |ζ|^2)^β |1 − ⟨z, ζ⟩|^{n+β}

|D^kf(ζ)| dν(ζ)

≤ sup_{z∈Bn} � |D^kf(z)|

(1 − |ζ|^2)^α ω(1 − |ζ|^2) � � B^n

(1 − |ζ|^2)^{β−α} |1 − ⟨z, ζ⟩|^{n+β} ω(1 − |ζ|)| dν(ζ)

⪯ ‖g‖_L∞_ω ω(1 − |z|) (1 − |z|)^{α−1}

and, hence,

sup_{z∈Bn} � |D^{k−1}f(z)|

(1 − |ζ|^2)^{α−1} ω(1 − |ζ|^2) � < ∞,

which proves that the function h(z) = (1 − |z|^2)^{k−1}D^{α−1}f(z) belongs to the space L^∞_ω .

Conversely, let h ∈ L^∞_ω . Then, using Lemma 1.4 we get

|D^kf(z)| ⪯ � B^n

(1 − |ζ|^2)^β |1 − ⟨z, ζ⟩|^{n+β+2}

D^{k−1}f(ζ) dν(ζ).

Repeating the argument of the first part of the proof, we finish the proof of the theorem. □

Using Theorem 2.6 one can give an another characterization of B_ω.

Theorem 2.7. A function f belongs to B_ω if and only if

sup_{z∈Bn} � (1 − |ζ|^2)^k ω(1 − |ζ|)

|D^kf(z)| � < ∞,

for α > α_ω .

3. Bounded projections and inverse operators

Let us consider the following operator

Q_αf(z) =

Γ(n + α + 1) Γ(n + 1)Γ(α + 1) � B^n

f(ζ) dν(ζ) (1 − ⟨z, ζ⟩)^{α+n}

(α > 0).

Theorem 3.1. Let α > β_ω. Then the map Q_α is bounded from L^∞_{~ω} to B_ω, where ~ω(t) = t^{α−1}ω(t). Moreover Q_α is surjective.

Proof: Let f ∈ L^∞_{~ω} . We show that the function F (z) = Q_αf(z) belongs to the space B_ω. Using Lemma 1.5 we get

|DF (z)| ⪯ ‖f‖_L∞_{~ω} � B^n

(1 − |ζ|^2)^{α−1}ω(1 − |ζ|) |1 − ⟨z, ζ⟩|^{α+n+1} dν(ζ) ⪯ ‖f‖_L∞_{~ω} ω(1 − |z|) (1 − |z|^2)

which shows that F ∈ B_ω and Q_α is a bounded operator from L^∞_{~ω} to B_ω. Next we show that Q_α is onto: for any f ∈ B_ω there exists a function ϕ ∈ L^∞_{~ω} such that f(z) = Q_αϕ(z) (z ∈ B^n).

To this end we consider first the function h(z) = (1−|z|^2)^αDf(z) which belongs to L^∞_{~ω} . Then by Theorem 2.6 the function ϕ(z) = α^{−1}(1 − |z|^2)^{α−1}f(z) belongs to L^∞_{~ω} , too. We have

Q_αϕ(z) =

Γ(n + α + 1) Γ(n + 1)Γ(α + 1) � B^n

(1 − |ζ|^2)^{α−1}f(ζ) (1 − ⟨z, ζ⟩)^{α+n} dν(ζ).

Further, by Lemma 2.4 we get f ∈ A^1(α − 1) if α > β_ω and therefore f(z) = Q_αh(z), z ∈ B^n. □

If we consider the integral operator

P_αf(z) =

Γ(n + α + 1) Γ(n + 1)Γ(α + 1) � B^n

(1 − |ζ|^2)^{α−1}f(ζ) (1 − ⟨z, ζ⟩)^{α+n} dν(ζ) (α > 0),

then we have the following analogue of Theorem 3.1.

Theorem 3.2. Let α > β_ω. Then P_α is a bounded operator from L^∞_ω to B_ω and if α > β_ω then P_α is onto.

Proof: The first part of the proof is similar to that of Theorem 3.1. To prove that the map is onto we take the function

ϕ(z) = (1 − |z|^2) � B^n

(1 − |ζ|^2)^{α−1}f(ζ) (1 − ⟨z, ζ⟩)^{α+n+1} dν(ζ), f ∈ B_ω

and show first that ϕ ∈ L^∞_ω . To this end we use Lemma 2.3 and 1.4. Then � B^n

(1 − |ζ|^2)^{α−1}d ν(ζ) (1 − ⟨ζ, w⟩)^{m+n}(1 − ⟨z, ζ⟩)^{α+n+1} ⪯ 1 (1 − ⟨z, w⟩)^{m+n+1} . Next for sufficient large m ∈ N we get

ϕ(z) (1 − |z|^2)^α ⪯ � � � � � B^n

(1 − |ζ|^2)^{α−1} (1 − ⟨z, ζ⟩)^{α+n+1} � B^n

(1 − |w|^2)^mDf(w) (1 − ⟨ζ, w⟩)^{m+n} dν(w) dν(ζ) � � � � ≤ � B^n

(1 − |w|^2)^m|Df(w)| � � � � B^n

(1 − |ζ|^2)^{α−1} dν(ζ) dν(w) (1 − ⟨ζ, w⟩)^{m+n}(1 − ⟨z, ζ⟩)^{α+n+1} � � � ⪯ � B^n

(1 − |w|^2)^m|Df(w)| |1 − ⟨z, w⟩|^{m+n+1} dν(w).

By Lemma 1.5 we have

|ϕ(z)| ≤ ‖f‖_{Bω} (1 − |z|^2) � B^n

(1 − |w|^2)^{m−1}ω(1 − |w|) |1 − ⟨z, w⟩|^{m+n+1} dν(w) ⪯ ‖f‖_{Bω} ω(1 − |z|).

Therefore ϕ ∈ L^∞_ω . Next we show that P_α(ϕ(z)) ≡ f(z). We have

P_α(ϕ(z)) = C(α, n) � B^n

(1 − |w|^2)^α (1 − ⟨z, w⟩)^{n+α} � B^n

(1 − |ζ|^2)^{α−1}f(ζ) dν(ζ) (1 − ⟨w, ζ⟩)^{n+α+1} dν(w)

= C(α, n) � B^n

(1 − |ζ|^2)^{α−1}f(ζ) � B^n

(1 − |w|^2)^α dν(w) (1 − ⟨ζ, w⟩)^{n+α+1}(1 − ⟨w, z⟩)^{n+α} dν(ζ)

= C(α, n) � B^n

(1 − |ζ|^2)^{α−1}f(ζ) (1 − ⟨z, ζ⟩)^{n+α} dν(ζ) = f(z),

where C(α, n) =^{Γ(n+α+1)}

Γ(n+1)Γ(α+1) .

For the last equality we have used (3). □

The next problem in which we are interested is the following: our aim is to find the inverse operator of P_α which maps B_ω to L^∞_ω . Furthermore, if this is the case, whether P_α(P^−_α (f))(z) = f(z) (z ∈ B^n) for all f ∈ B_ω. The solution of this problem is positive. We consider the general operator

R_{α,β} f(z) = (1 − |z|^2)^β � B^n

(1 − |w|^2)^{α−1}f(ζ) (1 − ⟨z, ζ⟩)^{α+β+n} dν(ζ), α + β > −1.

The following theorem holds.

Theorem 3.3. Let α > β_ω and β > α_ω. Then

(a) P_αR_{α,β}(f)(z) ≡ f(z) (z ∈ B^n) for all f ∈ B_ω;

(b) the operator R_{α,β} is bounded from B_ω to L^∞_ω , and there exist constants C_1(ω), C_2(ω) such that

(7) C_1(ω)‖f‖_{Bω} ≤ ‖R_{α,β} f‖_L∞_ω ≤ C_2(ω)‖f‖_{Bω} ;

(c) f ∈ B_ω if and only if R_{α,β} f ∈ L^∞_ω .

Proof: (a) We show that P_αR_{α,β}f(z) = f(z), z ∈ B^n. To this end let us calculate P_αR_{α,β}f(z) using the Fubini theorem:

P_αR_{α,β}f(z) = C(α, n) � B^n

(1 − |ζ|^2)^{α+β−1} (1 − ⟨z, ζ⟩)^{α+n} � B^n

(1 − |w|^2)^{α−1}f(w) (1 − ⟨ζ, w)^{α+β+n+1} dν(w) dν(ζ)

= C(α, n) � B^n

(1 − |w|^2)^{α−1}f(w) � B^n

(1 − |ζ|^2)^{α+β−1}dν(ζ) (1 − ⟨w, ζ⟩)^{β+α+n}(1 − ⟨ζ, z⟩)^{α+n} dν(w) = � B^n

(1 − |w|^2)^{α−1}f(w (1 − ⟨z, w⟩)^{α+n}

)dν(w) = f(z), α > β_ω.

(We have used Lemma 2.4 and (3)).

(b) Let f ∈ B_ω. Theorem 3.1 implies that there exists a function ϕ ∈ L^∞_{~ω} such that Q_αϕ(z) = f(z) (z ∈ U^n). Then by Fubini theorem, we get

R_{α,β} f(z) = C(α, n)(1 − |z|^2)^β � B^n

ϕ(w) � B^n

(1 − |ζ|^2)^{α−1}dν(ζ) dν(w) (1 − ⟨z, ζ⟩)^{α+β+n}(1 − ⟨ζ, w⟩)^{α+n}

= (1 − |z|^2)^β � B^n

ϕ(w)dν(w) (1 − ⟨z, w⟩)^{α+β+n} . Therefore

|R_{α,β} f(z)| ω(1 − |z|)

⪯ ‖ϕ‖_L∞_{~ω} (1 − |z|^2)^β � B^n

(1 − |w|^2)^{α−1}ω(1 − |w|) |1 − ⟨z, w⟩|^{α+β+n} dν(w) ⪯ ‖ϕ‖_L∞_{~ω} ;

in the last inequality we have used also Lemma 1.5.

So there exists a constant C_2(ω), such that (8) |R_{α,β} f(z)| ω(1 − |z|)

≤ C_2(ω)‖ϕ‖_L∞_ω ω(1 − |z|)

which shows that R_{α,β} ∈ L^∞_ω .

Further, by Theorem 3.2 there exists C_0(ω) > 0 such that ‖f‖_{Bω} = ‖P_αR_{α,β} f‖_{Bω} ≤ C_0(ω)‖R_{α,β}f‖_{L∞} .

Taking C_1(ω) = C^{−1}_0 (ω) we get (9) ‖R_{α,β} f‖_{L∞} ≥ C_1(ω)‖f‖_{Bω} . By (8) and (9) we get the proof of (7).

(c) The proof follows from (7). □ Remark 3.4. Notice that the Bloch space B_ω is not separable. If we consider the subspace of B_ω of all functions f ∈ B_ω for which lim |z|→1−0

(1 − |z|) ω(1 − |z|)

|Df(z)| = 0,

then we get a new separable space of holomorphic functions, called little Bloch space B^0_ω.

The little Bloch space is of independent interest (see [1], [4], [12]). Using standard arguments one can prove that Proposition 3.5. The following statements are true:

(a) B^0_ω is closed subspace of B_ω; (b) the set of polynomials is dense in B^0_ω.

In this paper we do not discuss other properties of this space. Based on the results of this paper we intend to write a separate paper about holomorphic weighted little Bloch spaces.

4. Linear continuous functionals on A^p(ω)

In this section we describe the duals of A^p(ω) in terms of holomorphic Bloch space in the case if 0 < p ≤ 1. We need to establish the following lemmas before proving the duality result.

Lemma 4.1. Let ω ∈ S, f ∈ A^p(ω), 0 < p < ∞. Then

|f(z)| ⪯

‖f‖_Ap_{(ω)} ω^{1/p}(1 − |z|)(1 − |z|)^{(n+1)/p}

, z ∈ B^n.

Proof: Let z ∈ B^n and let B^n_z (r) be the ball with the center z and radius r = (1 − |z|)/2. If w ∈ B^n_z (r), then

|w| ≤ |w − z| + |z| ≤

1 − |z| 2 + |z| =

1 + |z| 2 < 1 which shows that B^n_z (r) ⊂ B^n. The function |f|^p is subharmonic and we have

|f(z)|^p ≤ 1 |B^n_z (r)| � B^n_z (r)

|f(w)|^p dν(w).

On the other hand it is not difficult to show that 1 − |z| ≍ 1 − |w|. Then by Remark 1.2 we get also ω(1 − |z|) ≍ ω(1 − |w|). Using the last fact we get

|f(z)|^pω(1 − |z|) ⪯ 1 |B^n_z (r)| � B^n_z (r)

|f(w)|^pω(1 − |z|) dν(w) ≤

‖f‖^p_{Ap(ω)} |B^n_z (r)| . We have |B^n_z (r)| ≍ (1 − |z|)^{n+1}. Then we get

|f(z)| ≤

‖f‖_Ap_{(ω)} (1 − |z|)^{(n+1)/p}ω^{1/p}(1 − |z|) . □ Lemma 4.2. Let ω ∈ S, f ∈ A^p(ω), 0 < p ≤ 1. Then � B^n

|f(z)| ω^{1/p}(1 − |z|) (1 − |z|^2)^{(n+1)(1−1/p)} dν(z) �p ≤ � B^n

|f(z)|^pω(1 − |z|) dν(z).

Proof: We have |f(z)| = |f(z)|^p|f(z)|^{1−p}. Then using Lemma 4.1, we get

|f(z)| ⪯

‖f‖^{1−p}_{Ap(ω)}|f(z)|^p ω^{(1−p)/p}(1 − |z|)(1 − |z|)^{(1−p)(n+1)/p} . Therefore

|f(z)| ω^{1/p}(1 − |z|) (1 − |z|)^{(n+1)(1−1/p)}

⪯ |f(z)|^p‖f‖^{1−p}_{Ap(ω)}ω(1 − |z|),

and the integration gives us the proof of Lemma 4.2. □ The following theorem describes the continuous linear functionals on A^p(ω) in the case 0 < p ≤ 1.

Theorem 4.3. Let 0 < p ≤ 1, ω ∈ S. Then the dual of A^p(ω) under the pairing

(10) ⟨f, g⟩ = � B^n

f(z)g(z)(1 − |z|^2)^α dν(z) is isomorphic to B_ω∗ , where ω^∗(t) = ω^{1/p}(t)t^{(n+1)(1/p−1)−α} and α > α_ω/p + (n + 1)(1/p − 1).

Proof: Let Φ be a bounded linear functional on A^p(ω). Then using Lemma 4.2 we have � B^n

|f(z)|Ω(1 − |z|) dν(z)

�_p ≤ � B^n

|f(z)|^pω(1 − |z|) dν(z),

where Ω(t) = ω^{1/p}(t)t^{(n+1)(1/p−1)} and hence we get that Φ is also a bounded linear functional on A^1(Ω). As before we can regard A^1(Ω) as a subspace of L^1(Ω). Then by the Hahn-Banach theorem Φ can be regarded as element of (L^1(Ω))^∗. Next, we use the Riesz theorem: there exists a function G ∈ L_∞(B^n) such that

Φ(f) = � B^n

f(ζ)G(ζ)Ω(1 − |ζ|) dν(ζ)

with ‖Φ‖ = ‖G‖_{L∞(B}n_).

By Lemma 2.4 we have: if α > max{α_ω/p + (n + 1)/(1/p − 1), β_ω − 1} then f ∈ A^1(α). Therefore writing (3) for f and using also Fubini theorem, we get

Φ(f) = � B^n

(1 − |t|^2)^αf(t) � B^n

G(ζ)

Ω(1 − |ζ|) dν(ζ) (1 − ⟨ζ, t⟩)^{α+n+1} dν(t). Let g(t) = � B^n

G(ζ)

Ω(1 − |ζ|) dν(ζ) (1 − ⟨ζ, t⟩)^{α+n+1} ; we show that g ∈ B_ω∗ . Using Lemmas 1.5, 4.2 we get

|D^mg(t)| ≤ � B^n

|G(ζ)| ω^{1/p}(1 − |ζ|)(1 − |ζ|)^{(n+1)(1/p−1)} |1 − ⟨ζ, t⟩|^{α+n+m+1} dν(ζ)

≤ ‖G‖_{L∞(B}n_) � B^n

ω^{1/p}(1 − |ζ|)(1 − |ζ|)^{(n+1)(1/p−1)} |1 − ⟨ζ, t⟩|^{α+n+m+1} dν(ζ)

≤ ‖G‖_{L∞(B}n_) � B^n

ω(1 − |ζ|)dν(ζ) |1 − ⟨ζ, t⟩|^{(α+n+m+1)p}

�_{1/p}

⪯ ‖G‖_{L∞(B}n_) ω^{1/p}(1 − |t|) (1 − |t|)^{α+m−(n+1)(1/p−1)} . So we get

|D^mg(t)|

(1 − |t|)^m ω^∗(1 − |t|)

⪯ ‖G‖_{L∞(B}n_), where ω^∗(t) = ω^{1/p}(t)t^{(n+1)(1/p−1)−α}, which shows that g ∈ B_ω∗ and the functional Φ has the form Φ(f) = � B^n

f(t)g(t)(1 − |t|^2)^α dν(t).

Furthermore, there exists a constant C_1 > 0 such that (11) C_1‖g‖_{Bω∗} ≤ ‖Φ‖.

Conversely, let Φ(f) be defined by (10). We will show that Φ is a bounded functional on A^p(ω) and g ∈ B_ω∗ . By Theorem 3.1 there exists a function h ∈ L^∞_{~ω} where ~ω(t) = ω^∗(t)t^{β−1} (β > β_ω + 1) such that Q_β (h)(z) = g(z). Then we get I ≡ � B^n

(1 − |ζ|^2)^αf(ζ) � B^n

h(t)dν(t) (1 − ⟨ζ, t⟩)^{n+β} dν(ζ) = � B^n

h(t) � B^n

(1 − |ζ|^2)^αf(ζ) (1 − ⟨t, ζ⟩)^{n+β} dν(ζ) dν(t).

Therefore

|I| ≤ ‖h‖_L∞_{~ω} � B^n

(1 − |ζ|^2)^α|f(ζ)| � B^n

ω^∗(1 − |t|)(1 − |t|^2)^{β−1} |1 − ⟨t, ζ⟩|^{n+β} dν(t) dν(ζ).

Without loss of generality, we can take

β > max{α_ω/p − α + (n + 1)(1/p − 1) + 1, β_ω/p + α − (n + 1)(1/p − 1)}. Then by Lemma 1.5 we have

|I| ≤ ‖h‖_L∞_{~ω} � B^n

(1 − |ζ|^2)^{(n+1)(1/p−1)}ω^{1/p}(1 − |ζ|)|f(ζ)| dν(ζ)

≤ ‖h‖_L∞_{~ω} � B^n

|f(ζ)|^pω(1 − |ζ|) dν(ζ)

�_{1/p}

= ‖h‖_L∞_{~ω} ‖f‖_Ap_{(ω)}.

Using the fact that ‖h‖_L∞_{~ω} ≤ ‖g‖_B∗_ω we get (12) |Φ(f)| ≤ C‖g‖_B∗_ω ‖f‖_Ap_{(ω)}.

Further, it is easy to show that the linear functional Φ is continuous on A^p(ω) if and only if ‖Φ‖ = sup

‖f ‖_Ap_{(ω)} ≤1

|Φ(f)‖ < +∞.

Then by (12) we get that Φ(f) is continuous on A^p(ω) and hence bounded. Furthermore there exists a constant C_2 > 0 such that (13) ‖Φ‖ ≤ C_2‖g‖_B∗_ω .

Using the inequalities (11) and (13) we finish the proof of our theorem. □ Proposition 4.4. Let ~ω(t) = t^{−α}ω(t), α > max{α_ω − 1, β_{~ω} − 1}, g ∈ B_{~ω}. Then there exists a function G ∈ B_ω such that

(14) g(z) = � B^n

G(ζ) dν(ζ) (1 − ⟨z, ζ⟩)^{α+n+1} . Proof: Let g ∈ B_{~ω}. Then the function g_1(z) = (1−|z|^2)^{α+1}Dg(z) belongs to the space L^∞_ω and, by Theorem 2.6, the function g_2(z) = (1 − |z|^2)^αg(z) also belongs to L^∞_ω and ‖g_2‖_L∞_ω ⪯ ‖g_1‖_L∞_ω . Taking

G(ζ) = � B^n

(1 − |t|^2)^αg(t) (1 − ⟨ζ, t⟩)^{n+1} dν(t)

we get � B^n

G(ζ)dν(ζ) (1 − ⟨z, ζ⟩)^{α+n+1} = � B^n

(1 − |t|^2)^αg(t) � B^n

dν(ζ) dν(t) (1 − ⟨ζ, t⟩)^{n+1}(1 − ⟨z, ζ⟩)^{α+n+1} = � B^n

(1 − |t|^2)^αg(t) (1 − ⟨ζ, t⟩)^{α+n+1} dν(t) = g(z),

if α > β_{~ω} − 1. It remains to prove that G ∈ B_{~ω}. We have

|DG(ζ)| ⪯ ‖g_2‖_L∞_ω � B^n

ω(1 − |t|) dν(t) |1 − ⟨ζ, t⟩|^{n+2}

≤ C‖g‖_L∞_ω ω(1 − |ζ|) (1 − |ζ|^2) . Hence G ∈ B_ω. □ Using Proposition 4.4 we have a new description of the space A^p(ω):

Theorem 4.5. Let 0 < p ≤ 1, ω ∈ S. Then the dual of space A^p(ω) under the pairing ⟨f, g⟩ = � B^n

f(t)G(t) dν(t) is isomorphic to B_ω∗ , where ω^∗(t) = ω^{1/p}(t)t^{(n+1)(1/p−1)}. Proof: Using Theorem 4.3 it is sufficient to prove that � B^n

f(t)g(t)(1 − |t|^2)^α dν(t) = � B^n

f(t)G(t) dν(t).

562 A.V. Harutyunyan, W. Lusky

To this end we use Proposition 4.4. We have with (3) � B^n

f(t)(1 − |t|^2)^α � B^n

G(ζ) dν(ζ) (1 − ⟨t, ζ⟩)^{α+n+1} dν(t) = � B^n

G(ζ) � B^n

(1 − |t|^2)^αf(t) dν(t) (1 − ⟨ζ, t⟩)^{α+n+1} dν(ζ) = � B^n

f(t)G(t) dν(t). □ References

[1] Attele R., Bounded analytic functions and the little Bloch space, Internat. J. Math. Math.

Sci. 13 (1990), no. 1, 193–198.

[2] Anderson J.M., Bloch function: The basic theory, Operators and Function Theory (Lancaster, 1984), Reidel, Dordrecht, 1985, pp. 1–17.

[3] Arazy J., Multipliers of Bloch functions, University of Haifa, Mathematics Publication Series 54, 1982.

[4] Bishop C.J., Bounded functions in the little Bloch space, Pacific J. Math. 142 (1990), no. 2, 209–225.

[5] Djrbashian A.E., Shamoian F.A., Topics in the theory of A^p_α spaces, Teubner Texts in Math., 105, Teubner, Leipzig, 1988.

[6] Djrbashian M.M., On the representation problem of analytic functions, Soobsh. Inst.

Matem. Mekh. Akad. Nauk Armyan. SSR 2 (1948), 3–40.

[7] Harutyunyan A.V., Bloch spaces of holomorphic functions in the polydisc, J. Funct. Spaces Appl. 5 (2007), no. 3, 213–230.

[8] Nowak M., Bloch space on the unit ball of C^n, Ann. Acad. Sci. Fenn. Math. 23 (1998), no. 2, 461–473.

[9] Rudin W., Function Theory in the Unit Ball of C^n, Springer, New York, Heidelberg, Berlin, 1980.

[10] Seneta E., Functions of Regular Variation (in Russian), Nauka, Moscow, 1985. [11] Yang W., Some characterizations of α-Bloch spaces on the unit ball of C^n, Acta Math.

Sci. (English Ed.) 17 (1997), no. 4, 471–477.

[12] Zhu K., Spaces of Holomorphic Functions in the Unit Ball, Graduate Texts in Mathematics, 226, Springer, New York, 2005.

[13] Zhou Z., The essential norms of composition operators between generalized Bloch spaces in the polydisc and their applications, 2005, arXiv: math.Fa/0503723v3.

Faculty of Informatics and Applied Mathematics, University of Yerevan, Alek Manukian 1, Yerevan 25, Armenia Email: anahit@ysu.am

Department of Mathematics, Faculty of Electrical Engineering, Computer Science and Mathematics, University of Paderborn, Warburger Str. 100, D-33098 Paderborn, Germany Email: lusky@uni-paderborn.de

(Received May 23, 2009)