Comment.Math.Univ.Carolin. 50,4 (2009) 563–568 563

Strict topologies and Banach-Steinhaus type theorems

Marian Nowak

Abstract. Let X be a completely regular Hausdorff space, E a real Banach space, and let C_b(X, E) be the space of all E-valued bounded continuous functions on X. We study linear operators from C_b(X, E) endowed with the strict topologies β_z (z = σ, τ, ∞, g) to a real Banach space (Y, ‖ · ‖_Y ). In particular, we derive Banach-Steinhaus type theorems for (β_z , ‖·‖_Y ) continuous linear operators from C_b(X, E) to Y . Moreover, we study σ-additive and τ -additive operators from C_b(X, E) to Y .

Keywords: vector-valued continuous functions, strict topologies, locally solid topologies, Dini-topologies, strong Mackey space, σ-additive operators, τ -additive operators

Classification: 47A70, 47B38, 46E10

1. Introduction

We denote by σ(L, K) and τ(L, K) the weak topology and the Mackey topology on L with respect to a dual pair ⟨L, K⟩. Given a Hausdorff locally convex space (L, ξ) by L^′_ξ we will denote its topological dual. Recall that (L, ξ) is said to be a strong Mackey space if every relatively countably σ(L^′_ξ , L)-compact subset of L^′_ξ is ξ-equicontinuous (see [K, p. 196], [KO_2, p. 482]). Clearly, if (L, ξ) is a strong Mackey space, then ξ = τ(L, L^′_ξ).

Let X be a completely regular Hausdorff space and (E, ‖ · ‖_E ) a real Banach space. Let C_b(X, E) be the Banach space of all E-valued bounded continuous functions on X provided with supremum norm ‖·‖_∞. We will write C_b(X) instead of C_b(X, R), where R is the field of real numbers. For a function f ∈ C_b(X, E) we will write ‖f‖(x) = ‖f(x)‖_E for all x ∈ X. Then ‖f‖ ∈ C_b(X).

A subset H of C_b(X, E) is said to be solid whenever ‖f_1‖ ≤ ‖f_2‖ (i.e., ‖f_1(x)‖_E ≤ ‖f_2(x)‖_E for all x ∈ X) and f_1 ∈ C_b(X, E), f_2 ∈ H implies f_1 ∈ H. A linear topology ξ on C_b(X, E) is said to be locally solid if it has a local base at 0 consisting of solid sets (see [K], [KO_2], [NR]).

In the topological measure theory a number of locally convex topologies β_z on C_b(X, E), called strict topologies have been studied. Definitions of strict topologies β_z base in some natural way on the topology of X, or perhaps its Stone-Čech compactification βX. Then (C_b(X, E), β_z)^′ can be identified with some natural spaces M_z(X, E^′) of E^′-valued measures (see [F], [K], [KO_1], [KO_2], [KO_3], [KV], [NR]). In this paper we consider the strict topologies β_σ , β_τ , β_g and β_∞ on

C_b(X, E). Note that in [F] and [K] the topologies β_σ and β_τ are denoted by β_1 and β respectively. It is well known that the strict topologies β_z (z = σ, τ, g and ∞) are locally solid (see [K, Theorem 8.1] for z = σ, τ, ∞ and [KO_2, Theorem 6] for z = g). Moreover, (C_b(X, E), β_z) is a strong Mackey space for z = σ (see [KO_1, Corollary 6]); z = τ and X paracompact (see [K, Theorem 6.1]); z = ∞ (see [K, Theorem 3.7]) and z = g (see [KO_2, Theorem 7]).

From now on (Y, ‖ · ‖_Y ) is a real Banach space, and let Y^′ stand for its Banach dual. Let L(C_b(X, E), Y ) stand for the space of all bounded (= (‖ · ‖_∞, ‖ · ‖_Y )- continuous) linear operators from C_b(X, E) to Y . The strong operator topology (briefly SOT) is the locally convex topology on L(C_b(X, E), Y ) defined by the family of seminorms {p_f : f ∈ C_b(X, E)}, where p_f (T ) = ‖T (f)‖_Y for all T ∈ L(C_b(X, E), Y ). The weak operator topology (briefly WOT) is the locally convex topology on L(C_b(X, E), Y ) defined by the family of seminorms {p_{f,y}′ : f ∈ C_b(X, E), y^′ ∈ Y^′}, where p_{f,y}′ (T ) = |⟨T (f), y^′⟩| for all T ∈ L(C_b(X, E), Y ). In view of the Banach-Steinhaus theorem the space L(C_b(X, E), Y ) provided with SOT is sequentially complete. By L_{βz} (C_b(X, E), Y ) (for z = σ, τ, g and ∞) we will denote the subspace of L(C_b(X, E), Y ) consisting of all those T ∈ L(C_b(X, E), Y ) which are (β_z , ‖ · ‖_Y )-continuous.

In Section 2 we study topological properties of the spaces L_{βz} (C_b(X, E), Y ), where z = σ, τ, g and ∞. In particular, we derive Banach-Steinhaus type theorems for (β_z , ‖ · ‖_Y )-continuous linear operators from C_b(X, E) to Y (see Theorem 2.5 and Corollary 2.6 below). In Section 3 we consider σ-additive and τ-additive operators from C_b(X, E) to Y .

2. Linear operators on C_b(X, E) with strict topologies

For a bounded linear operator T : C_b(X, E) −→ Y let T^′ : Y^′ −→ C_b(X, E)^′ denote its conjugate, i.e., ⟨f, T^′(y^′)⟩ = ⟨T (f), y^′⟩ for f ∈ C_b(X, E) and y^′ ∈ Y^′.

Proposition 2.1. Let T : C_b(X, E) −→ Y be a bounded linear operator and let z = σ, g, ∞ (z = τ and X is paracompact). Then the following statements are equivalent:

(i) T^′(Y^′) ⊂ C_b(X, E)^′_{βz} , i.e., y^′ ∘ T ∈ C_b(X, E)^′_{βz} for each y^′ ∈ Y^′; (ii) T is (σ(C_b(X, E), C_b(X, E)^′_{βz} ), σ(Y, Y^′))-continuous; (iii) T is (β_z , ‖ · ‖_Y )-continuous.

Proof: (i)⇐⇒(ii) General fact; see [AB, Proposition 9.26].

(ii)⇐⇒(iii) It is known that T is (σ(C_b(X, E), C_b(X, E)^′_{βz} ), σ(Y, Y^′))-continuous if and only if T is (τ(C_b(X, E), C_b(X, E)^′_{βz} ), τ(Y, Y^′))-continuous (see [AB; Ex. 11, p. 149]). Since β_z = τ(C_b(X, E), C_b(X, E)^′_{βz} ) and τ(Y, Y^′) coincides with the ‖ · ‖_Y -topology, the proof is complete.

(iii)=⇒(i) It is obvious. □

Proposition 2.2. L_{βz} (C_b(X, E), Y ) is a sequentially closed subspace of L(C_b(X, E), Y ) for WOT, where z = σ, g, ∞ (resp. z = τ and X is paracompact).

Proof: Let (T_n) be a sequence in L_{βz} (C_b(X, E), Y ) such that T_n −→ T for WOT, where T ∈ L(C_b(X, E), Y ). Given y^′_o ∈ Y^′, for each f ∈ C_b(X, E) we get (y^′_o ∘ T )(f) = lim (y^′_o ∘ T_n)(f), where y^′_o ∘ T_n ∈ C_b(X, E)^′_{βz} for n ∈ N, and y^′_o ∘ T ∈ C_b(X, E)^′. It follows that (y^′_o ∘ T_n) is a σ(C_b(X, E)^′_{βz} , C_b(X, E))-Cauchy sequence in C_b(X, E)^′_{βz} . Since the space (C_b(X, E)^′_{βz} , σ(C_b(X, E)^′_{βz} , C_b(X, E))) is sequentially complete (see [KO_3, Theorem 3]), there exists Φ_o ∈ C_b(X, Y )^′_{βz} such that Φ_o(f) = lim (y^′_o ∘ T_n)(f) for each f ∈ C_b(X, E). Hence y^′_o ∘ T = Φ_o ∈ C_b(X, E)^′_{βz} , and by Proposition 2.1 we get T ∈ L_{βz} (C_b(X, E), Y ). □

Corollary 2.3. Let z = σ, g, ∞ (z = τ and X is paracompact). Then (i) L_{βz} (C_b(X, E), Y ) is a sequentially closed subspace of L(C_b(X, E), Y ) for SOT;

(ii) the space (L_{βz} (C_b(X, E), Y ), SOT) is sequentially complete.

Proof: (i) It follows from Proposition 2.2 because WOT ⊂ SOT.

(ii) It follows from (i) because the space (L(C_b(X, E), Y ), SOT ) is sequentially complete. □

The following general result will be of importance (see [SZ, Theorem 2]).

Proposition 2.4. Let K be a SOT-compact subset of L_{βz} (C_b(X, E), Y ), where z = σ, g, ∞ (resp. z = τ and X is paracompact). If H is a σ(Y^′, Y )-closed and ‖ · ‖_Y -equicontinuous subset of Y^′, then the set ⋃ {T^′(H) : T ∈ K} is a σ(C_b(X, E)^′_{βz} , C_b(X, E))-compact subset of C_b(X, E)^′_{βz} .

Now we are ready to prove Banach-Steinhaus type theorems for (β_z, ‖ · ‖_Y )- continuous linear operators from C_b(X, E) to Y .

Theorem 2.5. Let K be a SOT-compact subset of L_{βz} (C_b(X, E), Y ), where z = σ, g, ∞ (resp. z = τ and X is paracompact). Then K is a (β_z, ‖ · ‖_Y )- equicontinuous.

Proof: Since the closed unit ball B_Y ′ in Y^′ is σ(Y^′, Y )-closed and (‖ · ‖_Y )-equicontinuous (see [AB, Theorem 9.21]), by Proposition 2.4 the set Z = ⋃ {T^′(B_Y ′ ) :

T ∈ K} is σ(C_b(X, E)^′_{βz} , C_b(X, E))-compact subset of C_b(X, E)^′_{βz} . Since (C_b(X, E), β_z ) is a strong Mackey space, the set Z = {y^′ ∘ T : T ∈ K, y^′ ∈ B_Y ′ } is (β_z, ‖ · ‖_Y )-equicontinuous. Then for given ε > 0 there exists a neighbourhood V_ε of 0 for β_z such that for all f ∈ V_ε,

sup_{T ∈K} ‖ T (f) ‖_Y = sup {|(y^′ ∘ T )(f)| : T ∈ K, y^′ ∈ Y^′} ≤ ε.

This means that K is (β_z , ‖ · ‖)-equicontinuous, as desired. □

Corollary 2.6. Let T_k : C_b(X, E) −→ Y be (β_z , ‖ · ‖_Y )-continuous linear operators for z = σ, g, ∞ (resp. z = τ and X is paracompact) and k ∈ N. Assume that T (f) := lim T_k(f) exists in (Y, ‖ · ‖_Y ) for each f ∈ C_b(X, E). Then T is (β_z , ‖ · ‖_Y )-continuous and the set {T_k : k ∈ N} is (β_z, ‖ · ‖_Y )-equicontinuous.

Proof: In view of the Banach-Steinhaus theorem T is bounded. Hence by Corollary 2.3 T is (β_z , ‖ · ‖_Y )-continuous. Then T_k −→ T in L_{βz} (C_b(X, E), Y ) for SOT, so {T_k : k ∈ N} ∪ {T } is a SOT-compact subset of L_{βz} (C_b(X, E), Y ). Hence by Theorem 2.5 the set {T_k : k ∈ N} is (β_z , ‖ · ‖_Y )-equicontinuous. □

3. σ-additive and τ-additive operators on C_b(X, E)

We start by recalling definitions of σ-Dini and Dini topologies on C_b(X, E) (see [NR, Definition 5.1]). For a net (u_α) in C_b(X) we will write u_α ↓ 0 whenever u_α(x) ↓ 0 for all x ∈ X.

Definition 3.1. Let ξ be a locally solid topology on C_b(X, E).

(i) ξ is said to be a σ-Dini topology if, whenever (f_n) is a sequence in C_b(X, E) such that ‖f_n‖ ↓ 0, then f_n −→ 0 for ξ.

(ii) ξ is said to be a Dini topology if, whenever (f_α) is a net in C_b(X, E) such that ‖f_α‖ ↓ 0, then f_α −→ 0 for ξ.

We have (see [NR, Theorem 5.2]):

Proposition 3.1. β_σ (resp. β_τ ) is the finest locally convex σ-Dini (resp. Dini) topology on C_b(X, E).

Following [F, Definition 2.1] we can extend the definition of σ-additive and τ-additive linear functionals on C_b(X, E) to linear operators from C_b(X, E) to Y .

Definition 3.2. Let T : C_b(X, E) −→ Y be a bounded linear operator, and let B_∞ = {g ∈ C_b(X, E) : ‖g‖_∞ ≤ 1}.

(i) T is said to be σ-additive if sup_{g∈B∞} ‖T (u_n g)‖_Y −→_n 0 for each sequence (u_n) in C_b(X) such that u_n ↓ 0.

(ii) T is said to be τ-additive if sup_{g∈B∞} ‖T (u_α g)‖_Y −→_α 0 for each net (u_α) in C_b(X) such that u_α ↓ 0.

By L_σ(C_b(X, E), Y ) (resp. L_τ (C_b(X, E), Y )) we will denote the set of all σadditive (resp. τ-additive) operators from C_b(X, E) to Y .

Proposition 3.2. For a bounded linear operator T : C_b(X, E) −→ Y the following statements are equivalent:

(i) y^′ ∘ T ∈ C_b(X, E)^′_{βσ} for each y^′ ∈ Y^′; (ii) T is (β_σ , ‖ · ‖_Y )-continuous;

(iii) T is (β_σ , ‖ · ‖_Y )-sequentially continuous; (iv) T is σ-additive.

Proof: (i)⇐⇒(ii) It follows from Proposition 2.1.

(ii)=⇒(iii) It is obvious.

(iii)=⇒(iv) Assume that T is (β_z, ‖ · ‖_Y )-sequentially continuous, and let u_n ↓ 0 in C_b(X). Note that sup_{g∈B∞} ‖T (u_n g)‖_Y ≤ ‖T ‖ · ‖u_1‖_∞ < ∞. Let ε > 0 be given. Then for each n ∈ N there exists g_n ∈ B_∞ such that sup g∈B_∞

‖T (u_n g)‖_Y ≤ ‖T (u_n g_n)‖_Y + ε 2 . For a fixed e_o ∈ S_E (= the closed unit sphere in E), we have ‖(u_ng)(x)‖_E ≤ ‖(u_n ⊗ e_o)(x)‖_E = ‖u_n(x)e_o‖_E = u_n(x) ↓ 0 for all x ∈ X. Since β_σ is a σ-Dini topology, we obtain that u_n ⊗ e_o −→ 0 for β_σ . Hence u_n g −→ 0 for β_σ because β_σ is locally solid. It follows that ‖T (u_ng_n)‖_Y −→ 0. Choose n_ε ∈ N such that ‖T (u_ng_n)‖_Y ≤^ε_2 for n ≥ n_ε. It follows that sup_{g∈B∞} ‖T (u_ng)‖_Y ≤ ε for n ≥ n_ε, i.e., T is σ-additive.

(iv)=⇒(i) It follows from [F, Theorem 2.3]. □

Hence we have

L_{βσ} (C_b(X, E), Y ) = L_σ(C_b(X, E), Y ).

Now we are in position to state a Banach-Steinhaus type theorem for σ-additive operators from C_b(X, E) to Y .

Theorem 3.3. Let K be a SOT-compact subset of L_σ(C_b(X, E), Y ). Then K is uniformly σ-additive, i.e.,

sup_{T ∈K}( sup_{g∈B∞} ‖T (u_n g)‖_Y ) −→_n 0 whenever u_n ↓ 0 in C_b(X).

Proof: By Theorem 2.5 the set K is (β_σ , ‖ · ‖_Y )-equicontinuous. Let ε > 0 be given. Then there exists a solid neighbourhood V_ε of 0 for β_σ such that ‖T (f)‖_Y ≤ ε for all f ∈ V_ε and each T ∈ K. Now let u_n ↓ 0 in C_b(X), and let e_o ∈ S_E be fixed. Then for each g ∈ B_∞ we have ‖(u_n g)(x)‖_E ≤ ‖(u_n ⊗ e_o)(x)‖_E = u_n(x) ↓ 0 for all x ∈ X. Since β_σ is a σ-Dini topology, there exists n_ε ∈ N such that u_n ⊗ e_o ∈ V_ε for n ≥ n_ε. Hence for each g ∈ B_∞, we get u_n g ∈ V_ε for n ≥ n_ε, because V_ε is a solid subset of C_b(X, E). It follows that for n ≥ n_ε, sup_{T ∈K}(sup_{g∈B∞} ‖T (u_n g)‖_Y ) ≤ ε. □

As an application of Corollary 2.6 and Theorem 3.3 we have

Corollary 3.4. Let T_k : C_b(X, E) −→ Y be σ-additive operators for k ∈ N, and assume that T (f) := lim_k T_k(f) exists in (Y, ‖ · ‖_Y ) for each f ∈ C_b(X, E). Then T is a σ-additive operator and the set {T_k : k ∈ N} is uniformly σ-additive, i.e., sup_k(sup_{g∈B∞} ‖T_k(u_n g)‖_Y ) −→_n 0 whenever u_n ↓ 0 in C_b(X).

Following the proofs of Proposition 3.2, Theorem 3.3 and Corollary 3.4 we can derive analogous results for τ-additive operators from C_b(X, E) to Y .

568 M. Nowak

Proposition 3.5. Assume that X is paracompact. Then for a bounded linear operator T : C_b(X, E) −→ Y the following statements are equivalent:

(i) y^′ ∘ T ∈ C_b(X, E)^′_{βτ} for each y^′ ∈ Y^′; (ii) T is (β_τ , ‖ · ‖_Y )-continuous; (iii) T is τ-additive.

Hence, if X is paracompact, then

L_{βτ} (C_b(X, E), Y ) = L_τ (C_b(X, E), Y ).

Theorem 3.6. Assume that X is paracompact. Let K be a SOT-compact subset of L_τ (C_b(X, E), Y ). Then K is uniformly τ-additive, i.e.,

sup_{T ∈K}( sup_{g∈B∞} ‖T (u_αg)‖_Y ) −→_α 0 whenever u_α ↓ 0 in C_b(X).

Corollary 3.7. Assume that X is paracompact. Let T_k : C_b(X, E) −→ Y be τ-additive operators for k ∈ N, and assume that T (f) := lim T_k(f) exists in (Y, ‖ · ‖_Y ) for each f ∈ C_b(X, E). Then T : C_b(X, E) −→ Y is a τ-additive operator and the set {T_k : k ∈ N} is uniformly τ-additive, i.e., sup_k (sup_{g∈B∞} ‖T_k(u_αg)‖_Y ) −→_α 0 whenever u_α ↓ 0 in C_b(X).

References

[AB] Aliprantis C.D., Burkinshaw O., Positive Operators, Academic Press, New York, 1985. [F] Fontenot R.A., Strict topologies for vector-valued functions, Canad. J. Math. 26 (1974), 841–853.

[K] Khurana S.S., Topologies on spaces of vector-valued continuous functions, Trans. Amer.

Math. Soc. 241 (1978), 195–211.

[KO_1] Khurana S.S., Othman S.I., Convex compactnes property in some spaces of measures, Math. Ann. 279 (1987), 345–348.

[KO_2] Khurana S.S., Othman S.I., Grothendieck measures, J. London Math. Soc. (2) 39 (1989), 481–486.

[KO_3] Khurana S.S., Othman S.I., Completeness and sequential completeness in certain spaces of measures, Math. Slovaca 45 (1995), no. 2, 163–170.

[KV] Khurana S.S., Vielma J., Weak sequential convergence and weak compactness in spaces of vector-valued continuous functions, J. Math. Anal. Appl. 195 (1995), 251–260.

[NR] Nowak M., Rzepka A., Locally solid topologies on spaces of vector-valued continuous functions, Comment. Math. Univ. Carolinae 43 (2002), no. 3, 473–483.

[SZ] Schaefer H., Zhang X.-D., On the Vitali-Hahn-Saks theorem, Oper. Theory Adv. Appl., 75, Birkhäuser, Basel, 1995, pp. 289–297.

Faculty of Mathematics, Computer Science and Econometrics, University of Zielona Góra, ul. Szafrana 4A, 65–516 Zielona Góra, Poland Email: M.Nowak@wmie.uz.zgora.pl

(Received May 6, 2009, revised August 4, 2009)