Comment.Math.Univ.Carolin. 51,1 (2010) 25–35 25

On some equivalent geometric properties in the Besicovitch-Orlicz space of almost periodic functions with Luxemburg norm

Fazia Bedouhene, Mohamed Morsli, Mannal Smaali

Abstract. The paper is concerned with the characterization and comparison of some local geometric properties of the Besicovitch-Orlicz space of almost periodic functions. Namely, it is shown that local uniform convexity, H-property and strict convexity are all equivalent. In our approach, we first prove some metric type properties for the modular function associated to our space. These are then used to prove our main equivalence result.

Keywords: locally uniform convexity, strict convexity, H-property, Besicovitch- Orlicz space, almost periodic functions Classification: 46B20, 42A75

1. Preliminaries

We start with some notations and definitions.

In what follows φ is a Young function i.e., an even convex function such that φ(0) = 0, φ(u) > 0 iff u > 0 and lim_{|u|→∞} φ(u) = +∞.

Let M(R) be the space of Lebesgue locally integrable functions on R. The functional

ρ_Bφ : M(R) → [0, +∞], ρ_Bφ (f) = lim_{T →+∞} 1 2T �_{+T} −T φ(|f(t)|) dt

is a convex pseudomodular and the associated modular space

B^φ(R) = � f ∈ M(R), lim_{α→0} ρ_Bφ (αf) = 0 � = {f ∈ M(R), ρ_Bφ (λf) < +∞, for some λ > 0} ,

is called the Besicovitch-Orlicz space.

We endow B^φ(R) with the Luxemburg pseudonorm (cf. [5], [12])

‖f‖_Bφ = inf � k > 0, ρ_Bφ � f k � ≤ 1 � . Beside the norm convergence, we may define in B^φ(R) the modular convergence: a sequence {f_n} is modular convergent to some f if there exists k > 0 such that lim_{n→∞} ρ_Bφ (k(f_n − f)) = 0. It is well known that norm convergence implies modular convergence and these are equivalent when φ satisfies the Δ_2-condition:

(Δ_2) there exist K > 2 and u_0 ≥ 0 such that φ(2u) ≤ Kφ(u), for all u ≥ u_0.

Let C^∘a.p. be the class of Bohr’s almost periodic functions. The Besicovitch- Orlicz space of almost periodic functions denoted by B^φa.p. (resp. ~B^φa.p.) is the closure of C^∘a.p. in B^φ(R) with respect to the pseudonorm ‖.‖_Bφ (resp. to the modular convergence), more exactly:

B^φa.p. = � f ∈ B^φ (R) : ∃ (p_n)^∞_{n=1} ⊂C^∘a.p., lim_{n→∞} ‖f − p_n‖_Bφ = 0 � = � f ∈ B^φ (R) : ∃ (p_n)^∞_{n=1} ⊂C^∘a.p., ∀ k > 0, lim_{n→∞} ρ_Bφ (k (f − p_n)) = 0 � , ~B^φa.p. = �f ∈ B^φ (R) : ∃ (p_n)^∞_{n=1} ⊂C^∘a.p., ∃k > 0, lim_{n→∞} ρ_{Bφ} (k (f − p_n)) = 0�.

It is clear that

B^φ_{a.p.} ⊆ ~B^φ_{a.p.} ⊆ B^φ(R).

When φ(x) = |x|, we denote by B^1(R) and B^1a.p.(R) the respective associated spaces. The notation ρ_B1 is used for the corresponding pseudomodular.

From [5] and [12] we know that φ(|f|) ∈ B^1a.p. when f ∈ B^φa.p. Then by a classical result (cf. [1]) the limit exists (and is finite) in the expression of ρ_Bφ (f), i.e.:

(1.1) ρ_Bφ (f) = lim_{T →+∞} 1 2T �_{+T} −T φ(|f(t)|) dt, f ∈ B^φa.p.

This fact is very useful in our computations.

We now recall some convexity notions that will be considered below. Let (X, ‖.‖) be a Banach space and δ_X : [0, 2] × S(X) → [0, 1] be the function defined by

δ_X (ε, x) = inf � 1 − � � � � 1 2 (x + y) � � � � : y ∈ B(X), ‖x − y‖ ≥ ε � , where the notations S(X) and B(X) are used for the unit sphere and unit ball respectively.

Then X is called locally uniformly convex (write LUC) if δ_X (ε, x) > 0 whenever ε ∈]0, 2] and x ∈ S(X). The function δ_X is the modulus of local uniform convexity of X.

There are also sequential characterization of LUC (cf. [11]): The space (X, ‖.‖) is LUC if and only if for each x ∈ S(X) and every sequence (y_n) in S(X) (or B(X)) such that ‖^1_2 (x + y_n)‖ → 1 it follows that ‖y_n − x‖ → 0.

We recall that a Banach space (X, ‖.‖) is strictly convex (write SC) if for any x, y ∈ S(X) with ‖x − y‖ > 0, we have ‖x + y‖ < 2. It has the H-property if, whenever a sequence (x_n) is weakly convergent in X to some x ∈ X (write x_n^w−→ x) and ‖x_n‖ → ‖x‖, it follows that x_n → x in norm.

Clearly, every uniformly convex space is LUC. We also know from [8] that LUC spaces are SC and have the H-property (also called the Radon-Riesz property or Kadec Klee property).

These properties among others from the geometry of Banach spaces, have some important applications to approximation and optimization theory.

A full characterization and some comparison results concerning these properties in the case of Orlicz spaces may be found in [3], [4], [6], [7], [9], [10], [16].

In [12], we characterized the strict and uniform convexity of the space ~B^φa.p., namely it is shown that

(1) the space ~B^φa.p. is SC if and only if φ is strictly convex and satisfies the Δ_2-condition;

(2) the space ~B^φa.p. is UC if and only if φ is strictly convex on R, uniformly convex for large u (i.e. for |u| ≥ d with some fixed d ≥ 0) and satisfies the Δ_2-condition.

The papers [13], [14] are respectively concerned with similar characterizations in the case where the space ~B^φa.p. is endowed with the so called Orlicz norm.

In this work, completing the results in [12], it is stated that SC, LUC and H-property are all equivalent in the Besicovitch-Orlicz space of almost periodic functions ~B^φa.p.

2. Auxiliary results

Let P (R) be the family of all subsets of R and Σ(R) the Σ-algebra of its Lebesgue measurable sets. We define the set function:

μ(A) = lim_{T →∞} 1 2T �_{+T} −T χ_A(t) dt = lim_{T →∞} 1 2T μ(A ∩ [−T, +T ])

where χ_A denotes the characteristic function of A ∈ Σ(R).

Clearly, μ is null on sets with finite measure μ and is not additive. As usual, a sequence of Σ-measurable functions {f_k}_{k≥1} is called μ-convergent to f when, for all ε > 0

lim_{k→∞} μ {t ∈ R, |f_k (t) − f (t)| ≥ ε} = 0.

Let now {A_i}_{i≥1}, A_i ∈ Σ be such that A_i ∩A_j = ∅ if i ≠ j and � i≥1 A_i ⊂ [0, α], α < 1. Put f = � i≥1 a_iχ_{Ai} with � i≥1 φ(a_i)μ(A_i) < +∞ and let ~f be the periodic extension of f to the whole R (with period τ = 1). Then for all ε > 0 there exists a Bohr almost periodic function P_ε such that

(2.1) ρ_Bϕ � ~f − P_ε 2 � ≤ ε (see [12]).

The following technical results are of importance in the proof of our main theorem.

Lemma 1. Let f ∈ B^φa.p. Then for all ε > 0 there exists δ > 0 such that for each Q ∈ Σ with μ(Q) ≤ δ we have ρ_Bφ (fχ_Q) ≤ ε. Proof: We first prove the result in the case when f ∈ C^∘ a.p.

Let M = sup_{x∈R} φ(|f(x)|) and δ =^ε_M . If Q ∈ Σ is such that μ(Q) ≤ δ we will have ρ_Bφ (fχ_Q) = ρ_B1 (φ(|f|)χ_Q) ≤ ρ_B1 (Mχ_Q) = Mμ(Q) ≤ ε.

Now, if f ∈ B^φa.p. we take P ∈ C^∘ a.p. such that ρ_Bφ (2(f − P )) ≤ ε and the result follows directly from the inequality

ρ_Bφ (fχ_Q) ≤ 1 2 ρ_Bφ (2 (f − P ) χ_Q) + 1 2 ρ_Bφ (2P χ_Q) . □ Lemma 2. Let {f_n}_{n≥1} be a sequence in B^φ(R). Then:

(i) if {f_n}_{n≥1} is modular convergent to f ∈ B^φ(R) it is also μ-convergent to f.

(ii) If {f_n}_{n≥1} is μ-convergent to f ∈ B^φ(R) and there exists g ∈ B^φa.p.

satisfying max(|f_n|, |f|) ≤ g. Then

lim_{n→∞} ρ_Bφ (f_n) = ρ_Bφ (f).

(iii) If {f_n}_{n≥1} is modular convergent to f ∈ B^φa.p., we have lim n→+∞

ρ_Bφ (f_n) ≥ ρ_Bφ (f).

(iv) If f ∈ B^φa.p. and P_n is its sequence of Bochner-Fejèr’s polynomials we have lim_{n→∞} ρ_Bφ (P_n) = ρ_Bφ (f).

Proof: These properties are proved in [15] (see Lemma 1, Lemma 4, Proposition 6 and Corollary 7 respectively of this reference). □ Remark 1. Using Lemma 1, we may prove the following property which is in some sense the converse to (i):

(i)^′ If {f_n}_{n≥1} is μ-convergent to f ∈ B^φ(R) and there exists g ∈ B^φa.p.

such that max(|f_n|, |f|) ≤ g, then {f_n}_{n≥1} is also modular convergent to f.

Indeed, let ε > 0 and E_n = {t ∈ R : |f_n(t) − f(t)| ≥ ε}. Then in view of Lemma 1, there exists δ > 0 such that:

μ (E_n) ≤ δ =⇒ max (ρ_Bφ (2f_nχ_{En} ) , ρ_Bφ (2fχ_{En} )) ≤ ρ_Bφ (2gχ_{En} ) ≤ φ(ε).

Now, since {f_n}_{n≥1} is μ-convergent to f, we have μ(E_n) ≤ δ, ∀ n ≥ n_0 (for some fixed n_0). It follows that

ρ_Bφ (f_n − f) ≤ ρ_Bφ ((f_n − f) χ_{En} ) + ρ_Bφ � (f_n − f) χ_Ec_n � ≤ 1 2 [ρ_Bφ (2f_nχ_{En} ) + ρ_Bφ (2fχ_{En} )] + φ(ε)μ (E^c_n) ≤ ρ_Bφ (2gχ_{En} ) + φ(ε) ≤ 2φ(ε).

Then, since ε > 0 is arbitrary we get lim_{n→∞} ρ_Bφ (f_n − f) = 0. Lemma 3. For f ∈ B^φa.p., the following equivalences hold:

(i) ‖f‖_Bφ ≤ 1 if and only if ρ_Bφ (f) ≤ 1. (ii) ‖f‖_Bφ = 1 if and only if ρ_Bφ (f) = 1.

Proof: This lemma was initially proved in [12, Corollary 2], under the additional condition φ ∈ Δ_2. The proof of the present statement may be found in [13, Lemma 4.2]. □ Lemma 4. Let {f_n}, {g_n} be sequences in B^φa.p. such that ρ_Bφ (f_n) ≤ 1, ρ_Bφ (g_n) ≤ 1 and lim_{n→∞} ρ_Bφ

�_1 2 (f_n + g_n) � = 1. Suppose that φ is strictly convex.

Then the sequence {f_n − g_n}_n is μ-convergent to zero.

Proof: Suppose the assertion is false. Then, there exist ε > 0, σ > 0 and a sequence (n_k)_k increasing to infinity such that μ(E_k ) > ε, where E_k = {t ∈ R : |f_{nk} (t) − g_{nk} (t)| ≥ σ}.

Let k_ε > 1 be such that

μ(E) ≥ ε 4 ⇒ ρ_Bφ (χ_E ) > 1 k_ε . Then putting

A_k = {t ∈ R : |f_{nk} (t)| > k_ε} , B_k = {t ∈ R : |g_{nk} (t)| > k_ε} ,

we obtain 1 ≥ ρ_Bφ (f_{nk} ) ≥ ρ_Bφ (f_{nk} χ_{Ak} ) ≥ k_ερ_Bφ (χ_{Ak} ) .

It follows that ρ_Bφ (χ_{Ak} ) ≤^1_{kε} and then

μ (A_k) ≤ ε 4 .

In the same way we may show that

μ (B_k) ≤ ε 4 . Now, define the set

Q = {(u, v) ∈ R^2 : |u| ≤ k_ε, |v| ≤ k_ε, |u − v| ≥ σ},

and consider the function

F (u, v) = 2φ �_{u+v} 2 � φ (u) + φ (v) . Since φ is strictly convex we have F (u, v) < 1 for all (u, v) ∈ Q. Then using the continuity of φ on Q (where Q is a compact set of R^2), it follows that

sup_Q F (u, v) = 1 − δ for some δ ∈ ]0, 1[ .

More precisely, we have φ � u + v 2 � ≤ (1 − δ) φ(u) + φ(v) 2 , ∀ (u, v) ∈ Q.

Let now t ∈ E_k \(A_k ∪ B_k). Then f_{nk} (t), g_{nk} (t) ∈ Q and consequently

(2.2) φ � |f_{nk} (t) + g_{nk} (t)| 2 � ≤ (1 − δ) φ (|f_{nk} (t)|) + φ (|g_{nk} (t)|) 2 . It follows that

1 − ρ_Bφ � f_{nk} + g_{nk} 2 �

≥ ρ_Bφ (f_{nk} ) + ρ_Bφ (g_{nk} ) 2 − ρ_Bφ � f_{nk} + g_{nk} 2 �

≥ lim

T →+∞ 1 2T � [E_k \(A_k ∪B_k )]∩[−T,+T ] � φ (|f_{nk} (t)|) + φ (|g_{nk} (t)|) 2 − φ � |f_{nk} (t) + g_{nk} (t)| 2 � dt ≥ δ 2 lim T →+∞ 1 2T � [E_k \(A_k ∪B_k )]∩[−T,+T ]

[φ (|f_{nk} (t)|) + φ (|g_{nk} (t)|)] dt

≥ δ lim_{T →+∞} 1 2T � [E_k \(A_k ∪B_k )]∩[−T,+T ] φ � |f_{nk} (t) − g_{nk} (t)| 2 � dt ≥ δφ � σ 2 � � ε − ε 4 − ε 4 � = δ ε 2 φ �σ 2 � , a contradiction with the hypothesis lim_{n→+∞} ρ_Bφ (^{fn+gn}_2 ) = 1. □

Lemma 5. Let {f_n}_{n≥1} be a sequence in B^φa.p. Suppose that {f_n}_{n≥1} is μconvergent to some f in B^φa.p. and lim_{n→+∞} ρ_Bφ (f_n) = ρ_Bφ (f). Then lim n→+∞ ρ

B^φ � f_n − f 2 � = 0.

Proof: It is clear that {φ(^{|fn−f |}_2 )}_n is μ-convergent to 0 and that the sequence

g_n = φ (|f_n|) + φ (|f|) 2 − φ � |f_n − f| 2 �

is μ-convergent to g = φ(|f|).

Now, we shall prove that lim n→+∞

ρ_B1 (g_n) ≥ ρ_B1 (g) = ρ_Bφ (f).

For, let

h_n(t) = � g(t) if |g_n(t)| > |g(t)|, g_n(t) if |g_n(t)| ≤ |g(t)|.

Then,

|h_n(t) − g(t)| = � 0 if |g_n(t)| > |g(t)|, |g_n(t) − g(t)| if |g_n(t)| ≤ |g(t)|.

It follows that |h_n(t)−g(t)| ≤ |g_n(t)−g(t)| and, consequently, the sequence {h_n}_n is μ-convergent to g.

Now, since |h_n(t)| ≤ |g(t)| and g ∈ B^1a.p., using Lemma 2 we deduce that lim_{n→+∞} ρ_B1 (h_n) = ρ_B1 (g). Hence,

ρ_Bφ (f) = ρ_B1 (g) = lim_{n→+∞} ρ_B1 (h_n) ≤ lim_{n→+∞} ρ_B1 (g_n).

Then

ρ_Bφ (f) = ρ_B1 (φ(|f|))

≤ lim_{n→+∞} ρ_B1 � φ (|f_n|) + φ (|f|) 2 − φ � |f_n − f| 2 �

≤ lim_{n→+∞} � 1 2 ρ_Bφ (f_n) + 1 2 ρ_Bφ (f) − ρ_Bφ � f_n − f 2 �

≤ ρ_Bφ (f) − lim_{n→+∞} ρ_Bφ � f_n − f 2 � . Thus lim_{n→+∞} ρ_Bφ (^{fn−f}_2 ) = 0. □

Let L^φ([0, 1]) be the usual Orlicz space of functions defined on [0, 1]. We denote by ρ_φ and ‖.‖_φ the respective associated modular and Luxemburg norm. We will show that L^φ([0, 1]) is isometrically embedded in the Besicovitch-Orlicz space of almost periodic functions ~B^φa.p.

Proposition 1. Let f ∈ L^φ([0, 1]). Then

(1) if ~f is the periodic extension of f to the whole R (with period τ = 1), we have ~f ∈ ~B^φa.p., (2) the injection map i : L^φ([0, 1]) → ~B^φa.p., i(f) = ~f is an isometry with respect to the modulars and for the respective Luxemburg norms.

Proof: Let f ∈ L^φ([0, 1]) and E_N = {t ∈ [0, 1] : |f(t)| ≥ N}. It is known that f ∈ L^1([0, 1]) (see [3]) and consequently lim_{N→+∞} μ(E_N ) = 0.

It follows that lim N→+∞ � E_N

φ(λ‖f(t)‖) dt = 0 for some λ > 0.

Let f_N = fχ_Ec_N , where E^c_N denotes the complement to E_N . Then, for a given ε > 0, there is an N_ε ∈ N such that �_1 0 φ (λ |f(t) − f_{Nε} (t)|) dt ≤ � E_{N ε}

φ (λ |f(t)|) dt ≤ ε.

Now the function f_{Nε} being bounded, there exists a sequence of simple functions (S_{Nε} )_n uniformly convergent to f_{Nε} . In particular, there exists a simple function S_{Nε} such that sup_{t∈[0,1]} |λ(f_{Nε} (t) − S_{Nε} (t))| ≤ ε. It follows �_1 0 φ � λ 2 |f(t) − S_{Nε} (t)| � dt ≤ 1 2 �_1 0 φ (λ |f(t) − f_{Nε} (t)|) dt + 1 2 �_1 0 φ (λ |f_{Nε} (t) − S_{Nε} (t)|) dt ≤ ε.

We denote by ~f, ~f_{Nε} and ~S_{Nε} the respective periodic extensions (with period τ = 1) of the functions f, f_{Nε} and S_{Nε} . We have from the periodicity properties of ~f, ~f_{Nε} and ~S_{Nε} :

ρ_Bφ � λ 2 � ~f − ~S_{Nε} � = lim

T →+∞ 1 2T �_{+T} −T φ � λ 2 � � � ~f (t) − ~SN_ε (t) � � � � dt = �_1 0 φ � λ 2 |f(t) − S_{Nε} (t)| � dt ≤ ε.

Moreover from (2.1) there exists P_ε ∈ C^∘ a.p. for which

ρ_Bφ � 1 2 � ~S_{Nε} − P_ε � ≤ ε.

Finally, putting α = min(^λ_2 ,^1_4 ) we get:

ρ_Bφ � α 2 � ~f − P_ε � ≤ 1 2 � ρ_Bφ � λ 2 � ~f − ~S_{Nε} � + ρ_Bφ � 1 4 � ~S_{Nε} − P_ε � ≤ ε.

This means that ~f ∈ ~B^φa.p.

It remains to show that i is an isometry. Indeed, for f ∈ B^φa.p. we have in view of the periodicity of ~f (with period T = 1)

ρ_Bφ � ~f � = lim

T →+∞ 1 2T �_{+T} −T φ � � ~f(t) � � � � dt = ρ_φ(f).

In the same way, for each λ > 0, we have:

ρ_Bφ � ~f λ � = ρ_φ � f λ � , and then � � � ~f � � �_{Bφ} = inf � λ > 0, ρ_Bφ � ~f λ � ≤ 1 � = inf � λ > 0, ρ_φ � f λ � ≤ 1 � = ‖f‖_φ .

Hence, i is an isometry for the respective modulars and also for the respective norms. □

3. Main result

We can now state our main result.

Theorem 1. The following properties are equivalent:

(1) ~B^φa.p. is LUC;

(2) ~B^φa.p. has the H-property; (3) ~B^φa.p. is SC;

(4) φ is strictly convex and φ satisfies the Δ_2-condition.

Proof: It is known from [12] that the space ~B^φa.p. is strictly convex if and only if φ is strictly convex and satisfies the Δ_2-condition. We will show that these properties are equivalent to the local uniform convexity and the H-property of the space.

The implication (1) ⇒ (2) holds in general Banach spaces.

(2) ⇒ (3): Suppose that ~B^φa.p. has the H-property. We prove first that the Orlicz space L^φ([0, 1]) has the H-property as well.

For, let {f_n} be a sequence in L^φ([0, 1]) such that:

• {f_n} converge weakly to some f in L^φ([0, 1]), • ‖f_n‖_φ −→ ‖f‖_φ.

Then, for each G in the dual space ( ~B^φa.p.)^∗, we have G ∘ i ∈ (L^φ([0, 1]))^∗. Moreover, since f_n −→ f weakly in L^φ([0, 1]), we get

G ∘ i (f_n) −→ G ∘ i (f)

or equivalently G( ~f_n) −→ G( ~f). Thus ~f_n −→ ~f weakly in ~B^φa.p.

It is clear that ‖~f_n‖_Bφ −→ ‖ ~f‖_Bφ and since ~B^φa.p. has the H-property, we can write ‖~f_n − ~f‖_Bφ −→ 0 and finally ‖f_n − f‖_φ −→ 0. This means that L^φ([0, 1]) has the H-property.

It follows from [16] that φ is strictly convex and satisfies the Δ_2-condition. Thus using [12] we conclude that ~B^φa.p. is strictly convex.

Let us show finally that (4) ⇒ (1): For, let f_n, f be in ~B^φa.p. with

‖f_n‖_Bφ = ‖f‖_Bφ = 1 and � � � f + f^n 2 � � � B^φ

→ 1 as n → +∞.

Recall that since φ satisfies the Δ_2-condition, we have B^φa.p. = ~B^φa.p. From Lemma 3, we have also

ρ_Bφ (f_n) = ρ_Bφ (f) = 1 and ρ_Bφ � f + f_n 2 � → 1 as n → +∞.

In view of Lemma 4, it follows that the sequence {f_n}_n is μ-convergent to f. Then using Lemma 5 and the Δ_2-condition on φ, we conclude that

‖f_n − f‖_Bφ → 0 as n → +∞. □ References

[1] Besicovitch A.S., Almost Periodic Functions, Dover Publications, Inc., New York, 1955. [2] Bedouhene F., Morsli M., On the strict convexity of the Weyl-Orlicz space of almost periodic functions, Comment. Math. Prace Mat. 40 (2000), 33–47.

[3] Chen S., Geometry of Orlicz spaces. Dissertationes Math. 356 (1996). [4] Cui Y.A., Hudzik H., Meng C., On some local geometry of Orlicz sequence spaces equipped the Luxemburg norm, Acta Math. Hungar. 80 (1998), no. 1–2, 143–154.

[5] Hillmann T.R., Besicovitch-Orlicz spaces of almost periodic functions, Real and Stochastic Analysis, Wiley, New York, 1986, pp. 119–167.

[6] Hudzik H., Kurk W., Wisla M., Strongly extreme points in Orlicz function spaces, J. Math.

Anal. Appl. 189 (1995), 651–670.

[7] Hudzik H., Pallaschke D., On some convexiy properties of Orlicz sequece spaces, Math.

Nachr. 186 (1997), 167–185.

[8] Fan K., Glicksberg I., Some geometric properties of the spheres in a normed linear space, Duke Math. J., 25 (1958), 553–568.

[9] Kaminska A., The criteria for local uniform rotundity of Orlicz spaces, Studia Math. 74 (1984), 201–215.

[10] Kaminska A., On some convexity properties of Musielak-Orlicz spaces, Suppl. Rend. Circ.

Mat. Palermo (2) 1984, Suppl. No. 5, 63–72.

[11] Megginson R.E., An Introduction to Banach Space Theory, Graduate Texts in Mathematics, 183, Springer, New York, 1998.

[12] Morsli M., On some convexity properties of the Besicovitch-Orlicz space of almost periodic functions, Comment. Math. Prace Mat. 34 (1994), 137–152.

[13] Morsli M., Bedouhene F., On the strict convexity of the Besicovitch-Orlicz space of almost periodic functions with Orlicz norm, Rev. Mat. Complut. 16 (2003), no. 2, 399–415.

[14] Morsli M., Bedouhene F., On the uniform convexity of the Besicovitch-Orlicz space of almost periodic functions with Orlicz norm, Colloq. Math. 102 (2005), no. 1, 97–111.

[15] Morsli M., On modular approximation property in the Besicovitch-Orlicz space of almost periodic functions, Comment. Math. Univ. Carolin. 38 (1997), no. 3, 485–496.

[16] Pluciennik R., Wang T.F., Zhang Y.L., H-point and denting points in Orlicz spaces, Comment. Math. Prace Mat. 33 (1993), 135–151.

Faculty of Sciences, Department of Mathematics, University of Tizi-Ouzou, Algeria Email: fazia-bedouhene@mail.ummto.dz

mdmorsli@yahoo.fr smaali manel@yahoo.fr

(Received March 9, 2009, revised November 13, 2009)