Comment.Math.Univ.Carolin. 51,1 (2010)67–83 67

Uniqueness and non uniqueness of optimal maps in mass transport problem with not strictly convex cost

Roberto van der Putten

Abstract. In the setting of the optimal transportation problem we provide some conditions which ensure the existence and the uniqueness of the optimal map in the case of cost functions satisfying mild regularity hypothesis and no convexity or concavity assumptions.

Keywords: mass transport problem, measurable selections, degree theory

Classification: 49J30, 54C60

1. Introduction

The wide number of applications of transport problem in several fields as economics, probability, statistics and engineering is one of the reasons of the great interest the problem awakened since its origin due to Monge [28] in 1781. The problem consists in finding a map y which carries one mass distribution into another (described by probability measures μ, ν respectively) and minimizes the total cost C(y) = ∫ R^n

c(x − y(x)) dμ(x)

in the set of transport maps.

As cost function, Monge considered the euclidean distance c(x) = ‖x‖ but even in this “natural” case the existence of an optimal transport map has been proved only two centuries later by Sudakov [35] (with a gap in the proof fixed by Ambrosio [3]), whereas it was known from the beginning that the solution could not be unique.

The quadratic case, that is c(x) = ‖x‖^2, of relevant interest in fluid dynamics, was solved by Brenier [8] (see also [17] and [1] for a different approach) who proved the existence and the uniqueness of the optimal transport map. Later Gangbo and McCann ([20], [21]) generalized this result to the case of a cost c which is a strictly convex or strictly concave function of the distance ‖x‖. If c is not strictly convex, the problem is not yet completely understood as pointed out by Ambrosio, Gigli and Savaré in their recent book ([4, Chapter 6]). A basic tool in Gangbo and McCann’s approach is the global invertibility of ∇c as a consequence of the strict convexity or concavity. Later, several authors considered more general assumptions on cost functions h : U × V −→ R where U, V are open subset of R^n. We can summarize them as follows:

(Semi-concavity): the map x −→ h(x, y) is locally semi-concave, uniformly in y; (Twist condition): on its domain of definition the map y −→^{∂h}_{∂x} (x, y) is injective for every x;

(see Section 2 or [11] for the definition of semi-concavity). These assumptions are satisfied, for example, by cost functions induced by Tonelli Lagrangians [19]. Beyond this case semi-concavity assumption is verified by every C^1-function while twist condition, in general, is not easy to check. Although some results (Theorems 3.1 and 3.2) can be applied to cost functions that are not semi-concave, the aim of this paper is not so much to generalize previous results as to find some analytical assumptions which guarantee the existence and the uniqueness of the optimal map. The cost functions we will consider are related to the special class of mappings

A^+_{p,q}(Ω) = {w ∈ W^{1,p}(Ω; R^n) : adj Dw ∈ L^q(Ω; R^{n×n}), det Dw > 0 a.e. on Ω}

introduced by Ball [5] in the study of nonlinear elastic phenomena and whose regularity and invertibility properties were finely studied by Šverák [36] and Müller, Qi and Yan [29]. We consider this class of functions since in this setting the global invertibility of ∇c is independent of the convexity or concavity properties of the cost and allows us to consider continuous cost functions c with isolated singular points (i.e. points where ∇c fails to exist) and such that ∇c satisfies an injectivity condition just on the boundary of a suitable set.

The main results are contained in Section 3. We consider the c-subdifferential of a potential of the transport problem (see Section 2 for the definitions) and we look for the optimal transport map as its unique measurable selection. As a first step (Theorems 3.1 and 3.2) we investigate the mass which is carried in a not unique way and relate it to the noninjectivity set of ∇c. The uniqueness is a consequence of the approximate regularity of the potential or of the selection itself and from this we deduce the uniqueness of the optimal map even if the cost is not strictly convex or concave. More precisely we prove the result (Corollary 3.5) in the case of cost function c ∈ C^2(Ω) such that ∇c agrees with an homeomorphism on ∂Ω and the Hessian matrix D^2c has n − 1 negative eigenvalues in Ω.

In Section 4 we provide an example and an application in an economical setting.

2. Definitions and preliminary results

Notations and definitions.

Throughout the paper n is an integer such that n ≥ 2.

• We denote by L^n the Lebesgue measure in R^n and by H^k the Hausdorff kdimensional measure in R^n. If N ⊂ R^n, dim_H (N) will be the Hausdorff dimension of N, that is, dim_H (N) := inf{s ≥ 0 : H^s(N) = 0}.

• B(x, r) is the open ball of center x and radius r > 0.

• Let E be a Lebesgue measurable set in R^n. The density of E at x ∈ E is defined by θ(E, x) := lim_{r→0}

H^n(E ∩ B(x, r)) H^n(B(x, r))

if the limit exists.

• If M is an n × n real matrix we denote by ρ(M) its rank. • D(E) will be the derived set of E ⊂ R^n, that is the set of all accumulation points of E.

• Let h : R^n −→ R be a function. a) The subdifferential of h at x is the set

∂^−h(x) = {p ∈ R^n : lim inf_{y→x} h(y) − h(x) − p · (y − x) |y − x|

≥ 0}.

b) The set of reachable subgradients of h at x is

∇_∗h(x) = {lim_m ∇h(x_m) : h is differentiable at x_m, x_m → x}.

c) The generalized gradient of h at x is the set

∂h(x) = {p ∈ R^n : lim sup_{y→x}

t→0^+

h(y + tv) − h(y) t ≥ p · v for all v ∈ R^n}.

d) h is said to be regular at x if

lim_{t→0+} h(x + tv) − h(x) t exists and

lim_{t→0+} h(x + tv) − h(x) t = lim sup y→x t→0^+

h(y + tv) − h(y) t for every v ∈ R^n.

A detailed treatise of generalized gradients can be found in the book of Clarke [16].

We now give the definition of a semi-concave function.

Definition 2.1. Let A be an open set in R^n and ω : [0, +∞) −→ [0, +∞) a continuous, non-decreasing function such that ω(0) = 0. A function h : A −→ R is said to be semi-concave in A with modulus ω if, for each x ∈ A, there exists a linear map l_x : R^n −→ R such that

h(y) ≤ h(x) + l_x(y − x) + ‖y − x‖ ω(‖y − x‖)

for every y ∈ A.

Besides, h : A −→ R is said to be locally semi-concave if, for each x ∈ A, there exists an open neighborhood B_x of x such that h is semi-concave in B_x with a certain modulus.

Further related definitions and properties can be found in [11]. Throughout the paper, we deal with the concepts of approximate continuity and differentiability according to the definitions and properties one can find in the book of Giaquinta, Modica and Souček [22]. Here we recall just the definition of approximate differentiability we frequently use in the following.

Definition 2.2. Let A be a measurable set in R^n and u : A −→ R a measurable function. Suppose that x ∈ R^n is such that θ(A, x) > 0. We say that u is approximately differentiable at x if there exists a linear map l_x : R^n −→ R such that

ap lim sup y→x y∈A |u(y) − u(x) − l_x(y − x)| ‖y − x‖

= 0.

We denote by ap Du(x) the approximate differential of u at x. Another basic tool is the concept of selection of a set valued map.

Definition 2.3. Let X, Y be sets and F : X −→ Y a set valued map. A single valued map f : X −→ Y is called a selection of F if f(x) ∈ F (x) for every x ∈ X.

We refer to the book of Repovš and Semenov [32] for further definitions and properties.

• We denote by M(R^n) the space of non-negative Borel measures on R^n with finite total mass and compact support. If σ ∈ M(R^n) we denote by spt σ the support of σ.

Definition 2.4. Let μ, ν ∈ M(R^n). We say that the Borel map v : R^n −→ R^n pushes μ forward to ν and we write v_♯μ = ν if μ[v^{−1}(B)] = ν(B) for every Borel set B ⊂ R^n.

• We denote by Δ(μ, ν) the set of all maps that push μ forward to ν.

The transportation problem.

The Monge’s problem generalizes for a continuous cost in the following way. Let c : R^n −→ R be a continuous function and μ, ν ∈ M(R^n) such that μ is absolutely continuous with respect to L^n and μ(R^n) = ν(R^n). Besides, let U, V ⊂ R^n be bounded open sets such that spt μ ⊂ U and spt ν ⊂ V .

The variational problem is inf_{y∈Δ(μ,ν)} C(y) where C(y) = ∫ R^n

c(x − y(x)) dμ(x).

To overcome the difficulties caused by the nonlinearity of the problem, Kantorovich [23] considered the dual linear problem sup (u,v)∈A_c

J(u, v)

where J(u, v) = ∫ R^n

u(x) dμ(x) + ∫ R^n

v(x) dν(x) and A_c = {(u, v) : u, v ∈ C(R^n), u(x) + v(y) ≤ c(x − y) on U × V }.

It is well-known that the following duality formula holds ([3, Theorem 2.1] or [31, Theorem 4.6.8]).

(2.1) inf_{y∈Δ(μ,ν)} C(y) = sup_{(u,v)∈A} c J(u, v)

and that there exists (ψ, ϕ) ∈ A_c such that [24] J(ψ, ϕ) = sup{J(u, v) : (u, v) ∈ A_c}.

The potential functions ψ, ϕ have some remarkable properties. First, one may assume (see [20]) that ψ is the c-transform of ϕ and vice-versa, that is, ψ = ϕ^c and ϕ = ψ^c, where

ϕ^c(x) := inf_{y∈V} c(x − y) − ϕ(y), ψ^c(y) := inf_{x∈U} c(x − y) − ψ(x). For the definition and properties of c-transforms we refer to the book of Rachev and Rüschendorf [31].

Moreover, since ϕ and c are continuous there exist x, x^′ ∈ V such that |ϕ^c(y) − ϕ^c(z)| ≤ |c(y − x) − c(z − x)| + |c(y − x^′) − c(z − x^′)|.

Therefore if c is (Lipschitz) continuous, ψ^c and ϕ^c are (Lipschitz) continuous in R^n as well.

In the following, (ψ, ϕ) = (ψ, ψ^c) will denote a maximizer of J on A_c.

Definition 2.5. The c-subdifferential of ψ is the set valued map ∂^cψ : U −→ V defined by ∂^cψ(x) := {t ∈ V : c(x − t) = ψ(x) + ϕ(t)}.

By (2.1) every Borel measurable selection of ∂^cψ that pushes μ forward to ν is an optimal map for the transportation problem. Our aim is to prove that, under suitable assumptions on the cost, such a selection exists and is unique.

In the next theorem we prove that the local invertibility of ∇c implies the approximate differentiability of any measurable selection of ∂^cψ. A similar result can be found in [4] (Theorem 6.2.7) where the thesis is achieved under the assumptions of regularity (c ∈ C^1(R^n) ∩ C^2(R^n \ {0})) and strict convexity of the cost c which guarantees the global invertibility of ∇c. Theorem 2.6 is proved in a slight more regular setting (c ∈ C^2) with an additional assumption (det D^2c ≠ 0) which allows to consider also cost functions which are not convex or concave.

A related result in the setting of Riemannian manifolds can be found in [19] where the authors prove the approximate differentiability in the case of cost h(x, y) = d^2(x, y), d being a Riemannian distance. The result we present here deals with cost functions that satisfy a regularity assumption but they are not necessarily related to the distance in R^n (as the saddle shaped cost in Example 2).

Theorem 2.6. Let c ∈ C(R^n). Then there exists a Borel measurable selection y of ∂^cψ. If c is locally Lipschitz continuous then ∇ψ(x) ∈ ∂^−c(x − y(x)) a.e. in U. Moreover if c ∈ C^2(R^n) and det D^2c(x) ≠ 0 for every x ∈ R^n then y is approximately differentiable a.e. in U.

Proof: Since c, ψ and ϕ are continuous it follows that ∂^cψ is a closed valued upper semicontinuous map. Then there exists at least a Borel measurable selection y of ∂^cψ ([32, Part B, Theorem 6.31]).

If c is locally Lipschitz continuous then ψ is differentiable almost everywhere in U. Let x ∈ U be such that ψ is differentiable in x and f(t) := c(t − y(x)) − ψ(t) − ϕ(y(x)). Then f(t) ≥ f(x) for every t ∈ R^n and 0 ∈ ∂^−f(x), that is, ∇ψ(x) ∈ ∂^−c(x − y(x)).

Finally let c ∈ C^2(R^n) be such that det D^2c(x) ≠ 0 for every x ∈ R^n and set w(x) := x − y(x). The regularity of c yields that ∇ψ(x) = ∇c(w(x)) for a.e. x ∈ U and the local semi-concavity of ψ in R^n with modulus ω(t) = at, a > 0 ([21, Proposition C.2]). This yields that ψ(x) −^a_2 ‖x‖^2 is concave and, as a consequence, ∇ψ is approximately differentiable a.e. in R^n. Now let x_0 ∈ U be a point of approximate continuity of y, B an open neighborhood of w(x_0) such that ∇c_{|B} is invertible and let g =: (∇c_{|B} )^{−1}. Since w is approximately continuous in x_0 we have θ(w^{−1}(B), x_0) = 1 and y(x) = x − g(∇ψ(x)) for a.e. x ∈ w^{−1}(B). Then for a.e. x_0 ∈ U, y agrees with an approximately differentiable function on a set of density one for x_0. From this fact follows the thesis [22]. □

The set A^{2,±}_{p,} n_{n−1} (Ω).

In the following we consider cost functions belonging to a set related to the classes A_{p,q} introduced by Ball [5].

Let Ω be a bounded open set in R^n and p ≥ 1. We consider the classes

A^±_{p,} n_{n−1} (Ω) = {w ∈ W^{1,p}(Ω; R^n) : adj Dw ∈ L^{nn−1} (Ω; R^{n×n}), det Dw is of one sign a.e. in Ω} and A^{2,±}_{p,} n_{n−1} (Ω) = {v ∈ W^{2,p}(Ω) ∩ W^{1,∞}_{loc} (Ω), ∇v ∈ A^±_{p,} n_{n−1} (Ω)}.

Šverák [36] and Müller, Qi and Yan [29] studied some regularity and invertibility properties of functions of the class

A^+_{p,} n_{n−1} (Ω) = {w ∈ W^{1,p}(Ω; R^n) : adj Dw ∈ L^{nn−1} (Ω; R^{n×n}), det Dw > 0 a.e. on Ω}.

The authors proved these properties by using the Brouwer degree; therefore they depend upon the fact that det Dw does not change its sign and then holds also for A^±_{p,} n_{n−1} (Ω).

Theorem 2.7. Let Ω ⊂ R^n be a bounded, open set with Lipschitz boundary and p > n − 1. If c ∈ A^{2,±}_{p,} n_{n−1} then c has a representative c̃ which is locally Lipschitz continuous in Ω and such that ∇c̃ is continuous in Ω \ N with dim_H (N) = n − p. Proof: Let c̃ be a locally Lipschitz continuous representative of the equivalence class of c. We have that lim r→0^+ 1 |B(x, r)| ∫ B(x,r)

∇c(z) dz = lim_{r→0+} 1 |B(x, r)| ∫ B(x,r)

∇c̃(z) dz = ∇c̃(x)

for every x ∈ Ω \ E, where dim_H (E) = n − p ([40, Corollary 3.3.3]).

Since ∇c ∈ A^±_{p,} n_{n−1} (Ω), we have that ∇c̃ is continuous outside a set N of Hausdorff dimension n − p (see Lemma 4 and Theorem 4 in [36] and Theorem 5.2 in [29]). □ In the following we call c̃ a regular representative of c.

We recall that if w ∈ A^±_{p,} n_{n−1} (Ω) then, for every x ∈ Ω there exists a set N_x ⊂ (0, r_x) [here r_x = dist(x, ∂Ω)] such that L^1(N_x) = 0 and w ∈ A_{p,} n_{n−1} (∂B(x, r)) for each r ∈ (0, r_x) \ N_x ([36, Proposition 1]). If we consider a continuous representative w of w_{|∂B(x,r)} it is possible to define the degree of w. Let

E(w ; B(x, r)) = {y ∈ R^n \ w(∂B(x, r)) : | deg(w ; ∂B(x, r) ; y)| ≥ 1}∪ ∪ {w(∂B(x, r))}.

Among the remarkable properties of this set, we recall here that E(w ; B(x, r)) is a compact set and E(w ; B(x, r)) ⊂ E(w ; B(x, s)) if r, s ∈ (0, r_x) \ N_x and r < s ([36, Lemma 3]); finally one defines

F (x, w) = ⋂ r∈(0,r_x)\N_x

E(w ; B(x, r)), F (A, w) = ⋃ x∈A F (x, w) if A ⊂ Ω,

and, if z ∈ F (Ω, w),

G(z, w) = {x ∈ Ω, z ∈ F (x, w)}, G(B, w) = ⋃ z∈B G(z, w) if B ⊂ F (Ω, w).

The set F (x, w) describes the singularity of w at x and if w has a representative w̃ which is continuous at x then F (x, w) = w̃(x) ([36, Lemma 4]).

3. Main results

In this section we prove the existence and uniqueness results in the case of cost functions c ∈ A^{2,±}_{p,} n_{n−1} (Ω) where Ω ⊂ R^n is a bounded neighborhood of the origin with Lipschitz boundary such that

{x − y : x ∈ U, y ∈ V } ⊂ Ω.

Theorem 3.1. Let p > n − 1 and let c ∈ A^{2,±}_{p,} n_{n−1} (Ω) be a regular representative of its equivalence class. Besides, let N be the set where ∇c fails to exist and y a measurable selection of ∂^cψ. Suppose that one of the following assumptions holds.

(a) −c is regular at every point of Ω. (b) N ∩ D(N) = ∅.

Then y(x) ∈ x − G(∇ψ(x), ∇c) a.e. in U.

Remarks. 1) We recall that, by Theorem 2.6, if c ∈ C(Ω), then there exists a Borel measurable selection y of ∂^cψ.

2) Assumption (a) is satisfied if c is a semi-concave function ([11, Theorem 3.2.1]).

Proof: We set w(x) := x − y(x) and prove that ∇ψ(x) ∈ ∇_∗c(w(x)) a.e. in U.

Since c is locally Lipschitz continuous, by Theorem 2.6 we obtain that ∇ψ(x) ∈ ∂^−c(w(x)) a.e. in U. If w(x) /∈ N then ∇ψ(x) = ∇c(w(x)). In the following we suppose that w(x) ∈ N.

(a) Since ∇ψ(x) ∈ ∂^−c(w(x)), −c is regular and by Proposition 2.1.2 in [16], for any v ∈ R^n we have

v · ∇ψ(x) ≤ lim inf_{δ→0+} c(w(x) + δv) − c(w(x)) δ = lim inf

y→w(x) δ→0^+

c(y + δv) − c(y) δ = − max{ξ · v : ξ ∈ ∂(−c)(w(x))} = min{ξ · v : ξ ∈ ∂c(w(x))}.

Therefore ∂c(w(x)) = {∇ψ(x)} and this implies that ∇c(w(x)) = ∇ψ(x).

(b) We observe that y and ∇ψ are approximately continuous a.e. in U ([22, Chapter 1.1.5, Proposition 1]). Let x ∈ U be a point of approximate continuity of y and ∇ψ. This means that there exist measurable sets E_1, E_2 such that x ∈ E_1 ∩ E_2, θ(E_1, x) = θ(E_2, x) = 1 and y_{|E1} , ∇ψ_{|E2} are continuous. Therefore there exists a sequence {r_n}_n such that r_n → 0^+ and L^n((E_1 ∩E_2)∩B(x, r_n)) > 0. Let {x_n}_n be a sequence convergent to x such that x_n ∈ E_1 ∩ E_2. We have that w(x_n) → w(x) and, since N ∩ D(N) = ∅, we obtain that w(x_n) /∈ N and ∇ψ(x_n) = ∇c(w(x_n)) definitively. Then lim_n ∇c(w(x_n)) = ∇ψ(x), that is, ∇ψ(x) ∈ ∇_∗c(w(x)).

Now we prove that ∇_∗c(w(x)) ⊂ F (w(x), ∇c) a.e. in U.

Let {z_n}_n be a sequence convergent to w(x) such that there exist ∇c(z_n) and lim_n ∇c(z_n). Besides for every r > 0, let n_r ∈ N be such that z_n ∈ B(w(x), r) if n > n_r. We observe that deg(∇c ; B(w(x), r) ; ∇c(z_n)) ≠ 0 for a.e. r < dist(w(x), ∂Ω) and n > n_r, otherwise we would have ∫ B(w(x),r)

f(∇c(y)) det D^2c(y) dy = 0

for some r and every f ∈ C^∞ supported in the connected component of R^n \ ∇c(∂Ω) containing ∇c(z_n) ([29, Theorem 5.1]) and this is impossible since det D^2c has the same sign a.e. in Ω. Therefore ∇c(z_n) ∈ E(∇c ; B(w(x), r)) for a.e. r < dist(w(x), ∂Ω) if n > n_r and since E(∇c ; B(w(x), r)) is compact, also lim_n ∇c(z_n) ∈ E(∇c ; B(w(x), r)). Then ∇_∗c(w(x)) ⊂ E(∇c ; B(w(x), r)) for a.e. r < dist(w(x), ∂Ω) and this implies that ∇_∗c(w(x)) ⊂ F (w(x), ∇c). Finally, ∇ψ(x) ∈ F (w(x), ∇c) a.e. in U and the thesis follows from the definition of G. □ Now we prove the uniqueness results. At this aim we consider the following assumption on the cost c.

(H) There exists a bounded open set Ω_0 ⊂ R^n such that Ω ⊂ Ω_0 and a function g ∈ A^±_{p,} n_{n−1} (Ω_0) such that g is a homeomorphism onto g(Ω_0) and ∇c_{|∂Ω} = g_{|∂Ω} .

Remark. Assumption (H) is satisfied by every nontrivial radial cost c(x) = f(‖x‖) with f : (0, +∞) −→ R derivable a.e. such that f^′(t) ≠ 0 for some t large enough.

In the following we consider the function h : Ω_0 −→ R^n defined by

h(x) = { ∇c(x) if x ∈ Ω, g(x) if x ∈ Ω_0 \ Ω.

Theorem 3.2. Let p > n − 1, c ∈ A^{2,±}_{p,} n_{n−1} (Ω) be a regular representative of its equivalence class and y_1, y_2 two measurable selections of ∂^cψ. Suppose that (1) c satisfies (H), (2) one of the assumptions (a), (b) of Theorem 3.1 holds. Then there exist measurable sets T ⊂ R^n and N_0 ⊂ U such that H^{n−1}(T ) = 0, L^n(N_0) = 0 and {x ∈ U : y_1(x) ≠ y_2(x)} ⊂ ∇ψ^{−1}(T ) ∪ N_0.

Proof: Let T = {y ∈ g(Ω) : diam G(y, h) > 0}. By Theorem 7(iv) in [36] and Theorem 5.3 in [29] we have H^{n−1}(T ) = 0. Besides, if we set w_k(x) := x − y_k(x), k = 1, 2, by Theorem 3.1 it follows that w_k(x) ∈ G(∇ψ(x), ∇c) ⊂ G(∇ψ(x), h) a.e. in U where the inclusion holds since F (z, ∇c) ⊂ F (z, h) for every z ∈ Ω. Therefore there exists a negligible subset N_0 of U such that

{x ∈ U : y_1(x) ≠ y_2(x)} ⊂ {x ∈ U : diam G(∇ψ(x), h) > 0} ∪ N_0 ⊂

⊂ ∇ψ^{−1}(T ) ∪ N_0. □ Remarks. 1) If c ∈ C^1(Ω) then F (x, h) = ∇c(x) for every x ∈ Ω. Since G(y, h) ⊂ Ω for every y ∈ g(Ω) ([36, Theorem 7]), one has G(y, h) = ∇c^{−1}(y) and T is the image set of the “points of noninjectivity” of ∇c. Therefore c satisfies the twist condition if and only if T = ∅.

2) Assumptions of Theorems 3.1 and 3.2 are satisfied also by cost functions that are not semi-concave.

Theorem 3.3. Let p > n − 1, and let c ∈ A^{2,±}_{p,} n_{n−1} (Ω) be a regular representative of its equivalence class. Suppose that

(1) c satisfies (H), (2) one of the assumptions (a), (b) of Theorem 3.1 holds, (3) one of the following assumptions holds:

(3a) ∫ Ω_0 ‖ adj Dh‖

n| det Dh|^{1−n} dx < +∞, (3b) ψ is twice approximately differentiable and ρ(ap D^2ψ(x)) ≥ n − 1 a.e. in U.

Then there exists a unique (a.e.) measurable selection y of ∂^cψ with ∂^cψ(x) = {y(x)} a.e. in U and y ∈ Δ(μ, ν).

Proof: Let y_1, y_2 be two measurable selections of ∂^cψ. By Theorem 3.2 there exist measurable sets T ⊂ R^n and N_0 ⊂ U such that H^{n−1}(T ) = 0, L^n(N_0) = 0 and {x ∈ U : y_1(x) ≠ y_2(x)} ⊂ ∇ψ^{−1}(T ) ∪ N_0.

If (3a) holds, by Corollary 2 in [36] and Theorem 5.3 in [29] we have that T = ∅. Now we suppose that (3b) holds.

Since H^{n−1}(T ) = 0 we have that ρ(ap D^2ψ(x)) < n − 1 a.e. in ∇ψ^{−1}(T ) ([38, Lemma 3.2]) but this means that L^n(∇ψ^{−1}(T )) = 0. Therefore there exists a unique (a.e.) Borel measurable selection y of ∂^cψ and by Castaing’s selection theorem ([32, Part B, Theorem 6.9]) we have ∂^cψ(x) = {y(x)} a.e. in U. Then the c-subdifferential set valued map is a singlevalued map a.e. in U and this implies in standard ways that y ∈ Δ(μ, ν) (see [13, Section 3, Lemma 2] or [20, Theorem 1, Claim 3]). □

Remarks 3.4. 1) Assumption (3a) was introduced by Ball ([6]) and ensures that T = ∅, that is, if c ∈ C^1, c satisfies the twist condition.

2) If c ∈ C^{1,1}(Ω) then ψ is semi-concave in Ω with modulus ω(t) = at, a > 0 and ψ(x) −^a_2 ‖x‖^2 is concave ([21, Proposition C.2]). Therefore ψ has the well known regularity properties of convex functions; more precisely ψ has a second order differential at almost every x ∈ Ω ([2, Theorem 7.10]), that is, there exists a matrix D^2ψ(x) such that

ψ(x + v) = ψ(x) + ⟨∇ψ(x); v⟩ + 1 2 ⟨D^2ψ(x)v; v⟩ + o(‖v‖^2)

for v ∈ R^n.

The strictly concave functions of the distance are interesting for the economical applications ([21]) or for the relativistic heat equation such as the cost

c(x) = √ 1 − ‖x‖^2

with ‖x‖ < d =: sup{‖s − t‖ : s ∈ spt μ, t ∈ spt ν} < 1 ([9], [27]). In this case Gangbo and McCann have proved the existence and uniqueness of the optimal map. In the next theorem we consider a regular cost (c ∈ C^2) which may be strictly concave or saddle shaped in some direction.

Corollary 3.5. Let p > n − 1 and c ∈ C^2(Ω) ∩ A^{2,±}_{p,} n_{n−1} (Ω). Suppose that

(1) c satisfies (H), (2) the Hessian matrix D^2c(x) has at least n−1 negative eigenvalues for every x ∈ Ω.

Then there exists a unique (a.e.) measurable selection y of ∂^cψ with ∂^cψ(x) = {y(x)} a.e. in U and y ∈ Δ(μ, ν).

Proof: By Remark 3.4, ψ is locally semi-concave and has a second order differential a.e. in x ∈ Ω. We prove that at every point x_0 where ψ has a second order differential we have ρ(D^2ψ(x_0)) ≥ n−1. Suppose for the contradiction that ρ(D^2ψ(x_0)) ≤ n − 2 and let y be a Borel measurable selection of ∂^cψ(x_0). As in Theorem 2.6 we consider f(t) := c(t − y(x_0)) − ψ(t) − ϕ(y(x_0)). Clearly f has a second order differential at x_0 and since x_0 is a global minimum for f, we have

(3.1) f(x_0 + v) = 1 2 ⟨D^2f(x_0)v; v⟩ + o(‖v‖^2) = 1 2 [⟨D^2c(x_0 − y(x_0))v; v⟩ − ⟨D^2ψ(x_0)v; v⟩] + o(‖v‖^2) ≥ 0

for every v ∈ R^n.

Since ρ(D^2ψ(x_0)) ≤ n − 2 there exists a subspace V of R^n such that dim V ≥ 2 and ⟨D^2ψ(x_0)v; v⟩ = 0 for every v ∈ V . Now let λ_1, . . . , λ_q be the distinct negative eingevalues of D^2c(x_0 − y(x_0)) and W_{λ1} , . . . , W_{λq} the relative eigenspaces. By assumption we have that dim

⨁_q i=1 W_{λi} ≥ n−1 and if we set W =: V ∩

⨁_q i=1 W_{λi} we get dim W ≥ 1. Therefore ⟨D^2c(x_0 − y(x_0))w; w⟩ < 0 for every w ∈ W \ {0} and this is a contradiction with (3.1).

Thus ρ(D^2ψ(x)) ≥ n − 1 for a.e. x ∈ Ω, assumption (3b) of Theorem 3.4 is satisfied and the thesis follows. □

Theorem 3.6. Let p > n − 1, and let c ∈ A^{2,±}_{p,} n_{n−1} (Ω) be a regular representative of its equivalence class. Suppose that

(1) c satisfies (H), (2) one of the assumptions (a), (b) of Theorem 3.1 holds, (3) there exists a measurable selection y of ∂^cψ such that y is approximate differentiable a.e. in U and ‖ ap Dy(x)‖ < 1 a.e. in U.

Then y is the unique measurable selection of ∂^cψ(x), ∂^cψ(x) = {y(x)} a.e. in U and y ∈ Δ(μ, ν).

Proof: We set w(x) := x − y(x) and

N_0 = {x ∈ Ω : ∇c is not differentiable in x} ∪ {x ∈ Ω : det D^2c(x) = 0}.

By Theorem 3.1 we have that ∇ψ(x) = ∇c(w(x)) a.e. in Ω \ w^{−1}(N_0). Since ‖ ap Dy(x)‖ < 1 a.e. in U we have that ap Dw is invertible a.e. ([10, Proposition VI.7]) and det ap Dw(x) ≠ 0 a.e. Therefore L^n(w^{−1}(N_0)) = 0 ([38, Lemma 3.2]) and ψ is twice approximately differentiable a.e. in U. Moreover

det ap D^2ψ(x) = det D^2c(w(x)) det ap Dw(x) ≠ 0

a.e in U and the thesis follows from Theorem 3.3. □

4. Examples

1) An economic application.

We give an economic application of the proved results to multidimensional incentive problem in a situation of Adverse Selection (we refer to [7] or [25] for a survey on this subject). In this setting the aim of the principal is to contract with an agent concerning a service (commonly called action) and a monetary compensatory transfer, the principal being not informed about the individual characteristics of the agent.

We assume that the agent is characterized by the quasi linear utility function

V (x, y, t) = f(x, y) + t,

where x ∈ A ⊂ R^n is the agent’s characteristics, unobservable by the principal, y ∈ B ⊂ R^n is the action or choice of the agent, t ∈ R is the compensatory transfer and A, B bounded open sets. Besides we recall that a contract is a pair of functions (h, t) : A −→ B × R and the aim of the principal is to look for a incentive-compatible contract, that is a contract (h, t) such that

f(x, h(x)) + t(x) ≥ f(x, h(z)) + t(z) for all (x, z) ∈ A × A.

Finally we say that a function h : A −→ B is implementable (or rationalizable) if there exists a function t : A −→ R such that (h, t) is incentive-compatible.

Here we consider the case f(x, y) = −c(x − y) (considered also in [12] and [14] under the assumption that c is strictly convex) and a Borel map h_0 : A −→ B as a referred action profile. Finally we define ν(C) = μ(h^{−1}_0 (C)) for every Borel set C ⊂ B and we denote (ψ, ϕ) = (ψ, ψ^c) a maximizer of J on A_c.

Proposition 4.1. Let c satisfy the assumptions of Corollary 3.5. Then there exists a unique (a.e.) incentive-compatible contract (h, ϕ ∘ h) such that h(x) ∈ ∂^cψ(x) for every x ∈ A and h ∈ Δ(μ, ν).

Proof: By Corollary 3.5 there exists a unique (a.e.) Borel measurable selection h of ∂^cψ. We have that h ∈ Δ(μ, ν) and ψ(x) + ϕ(h(x)) = c(x − h(x)) for every x ∈ A. Thus

ϕ(h(x)) − c(x − h(x)) = −ψ(x) ≥ ϕ(h(z)) − c(x − h(z))

for every (x, z) ∈ A × A and this implies that the contract (h, ϕ ∘ h) is incentivecompatible. □

Remark. We recall that in the one dimensional case (that is, A, B are intervals), if f ∈ C^2 and satisfies the Spence-Mirless condition^{∂2f}_{∂x∂y} > 0 then h is implementable if and only if h is non-decreasing [33]. In the case f(x, y) = c(x − y) the Spence-Mirless condition yields that c^{′′} < 0, that is, c is strictly concave. The economic interpretation of this fact is that the agent is risk averse meanwhile in general the strict convexity of c means that the agent is risk prone. Proposition 4.1 allows to consider, in a multidimensional setting, saddle shaped utility functions where different attitude to risk of the agent can be represented.

2) A saddle-shaped cost.

We consider the cost function c : R^2 −→ R defined by

c(x, y) = √ x^4 + (1 + y^2)^{−1}.

Clearly c ∈ C^∞(R^2) and

det D^2c(x, y) = 2x^2[x^4(1 + y^2)(3y^2 − 1) + 3(2y^2 − 1)][x^2(1 + y^2) + 1]^{−2}(1 + y^2)^{−2}.

Let Ω = {(x, y) ∈ R^2 : x^4 + y^2 <^1_2 } and suppose that {P − Q : P ∈ spt μ, Q ∈ spt ν} ⊂ Ω. A straightforward computation shows that det D^2c ≤ 0 in Ω and det D^2c(x, y) = 0 if and only if x = 0; besides we have that c_{xx}(0, y) = c_{xy}(0, y) = 0 and c_{yy}(0, y) = (2y^2 − 1)(y^2 + 1)^{− 5}2 < 0 if y^2 <^1_2 . Therefore D^2c is indefinite or negative semi-definite in Ω and c is neither locally convex nor concave in Ω.

Now let Ω_0 = {(x, y) ∈ R^2 : x^4 + y^2 <^3_4 } and g : Ω_0 :−→ R be defined by

g(x, y) = (p(x), q(y)),

where

p(x) =

2x^3 √ x^4 + 2(3 − 2x^4)^{−1} q(y) = − √ 2y (1 + y^2) √ (1 − y^4)(3 + 2y^2) .

It is easy to show that p and q are strictly monotone on ( −^4

√_3

4 ,^4

√_3 4 ) , det Dg(x, y)= p^′(x)q^′(y) ≤ 0 in Ω_0 and det Dg(x, y) = 0 if and only if x = 0. Hence g is an homeomorphism of Ω_0 onto g(Ω_0), g ∈ A^±_{p,2}(Ω_0) for any p > 1 and one verify that g = ∇c on ∂Ω. Then c satisfies assumption (H) and, by Corollary 3.5, there exists a unique optimal map for the transportation problem. Finally we observe that

h(P ) := { ∇c(P ) if P ∈ Ω g(P ) if P ∈ Ω_0 \ Ω does not satisfy assumption (3a) of Theorem 3.3; in fact we have that there exist a, b > 0 such that ∫ Ω_0

‖ adj Dh‖^2 | det Dh| dx dy ≥ ∫ Ω ‖ adj D^2c‖^2 | det D^2c| dx dy ≥ ∫ Ω c^2_{yy} | det D^2c| dx dy

= ∫ Ω [x^4(1 + y^2)(1 − 3y^2) + (1 − 2y^2)]^2 2x^2(1 + y^2)^3[x^4(1 + y^2) + 1][x^4(1 + y^2)(1 − 3y^2) + 3(1 − 2y^2)] dx dy

> ∫ Ω^∗ a bx^2 dx dy = +∞ ,

where Ω^∗ = {(x, y) ∈ Ω : y^2 <^1_4 }.

References

[1] Abdellaoui T., Heinich H., Sur la distance de deux lois dans le cas vectoriel, C.R. Acad.

Sci. Paris Sér. I Math. 319 (1994), 397–400.

[2] Alberti G., Ambrosio L., A geometric approach to monotone functions in R^n, Math. Z.

230 (1999), 259–316.

[3] Ambrosio L., Lecture notes on optimal transport problems, Mathematical Aspects of Evolving Interfaces (P. Colli and J.F. Rodrigues, Eds.), Lecture Notes in Mathematics, 1812, Springer, Berlin, 2003, pp. 1–52.

[4] Ambrosio L., Gigli N., Savaré G., Gradient Flows in Metric Spaces and in the Space of Probability Measures, Second Edition, Lecture Notes in Mathematics ETH Zürich, Birkhäuser, Basel, 2008.

[5] Ball J.M., Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rational Mech. Anal. 63 (1978), 337–403.

[6] Ball J.M., Global invertibility of Sobolev functions and the interpenetration of matter, Proc.

Roy. Soc. Edinburgh Sect. A 88 (1981), 315–328.

[7] Bolton P., Dewatripont M., Contract Theory, The MIT Press, Cambridge, 2005. [8] Brenier Y., Décomposition polaire et réarrangement monotone des champs de vecteurs, C.R. Acad. Sci. Paris Sér. I Math. 305 (1987), 805–808.

[9] Brenier Y., Extended Monge-Kantorovich theory, Optimal Transportation and Applications (L.A. Caffarelli and S. Salsa, Eds.), Lecture Notes in Mathematics, 1813, Springer, Berlin, 2003, pp. 91–121.

[10] Brezis H., Analyse Fonctionelle, Masson, Paris, 1983.

[11] Cannarsa P., Sinestrari C., Semiconcave Functions, Hamilton-Jacobi Equations and Optimal Control, Progress in Nonlinear Differential Equations and their Applications, 58, Birkhäuser, Boston, 2004.

[12] Carlier G., A general existence result for the principal-agent problem with adverse selection, J. Math. Econom. 35 (2001), 129–150.

[13] Carlier G., Duality and existence for a class of mass transportation problems and economic applications, Adv. Math. Econom. 5 (2003), 1–21.

[14] Carlier G., Dana R.A., Rearrangement inequalities in non-convex insurance model, J. Math.

Econom. 41 (2005), 483–503.

82 R. van der Putten

[15] Carlier G., Jimenez Ch., On Monge’s problem for Bregman-like cost function, J. Convex Anal. 14 (2007), 647–656.

[16] Clarke F.H., Optimization and Nonsmooth Analysis, Wiley-Interscience, New York, 1983. [17] Cuesta-Albertos J.A., Matrán C., Notes on the Wasserstein metric in Hilbert spaces, Ann.

Probab. 17 (1989), 1264–1276.

[18] Evans L.C., Gangbo W., Differential equation methods for the Monge-Kantorovich mass transfer problem, Mem. Amer. Math. Soc 137 (1999), no. 653.

[19] Fathi A., Figalli A., Optimal transportation on non-compact manifold, Israel J. Math., to appear.

[20] Gangbo W., McCann R.J., Optimal maps in Monge’s mass transport problem, C.R. Acad.

Sci. Paris Sér. I Math. 321 (1995), 1653–1658.

[21] Gangbo W., McCann R.J., The geometry of optimal transportation, Acta Math. 177 (1996), 113–161.

[22] Giaquinta M., Modica G., Souček J., Cartesian Currents in the Calculus of Variations, vol. I, Springer, Berlin, 1998.

[23] Kantorovich L.V., On a problem of Monge, Uspekhi Mat. Nauk SSSR 3 (1948), 225–226. [24] Kellerer H.G., Duality theorems for marginal problems, Z. Wahrsch. Verw. Gebiete 67 (1984), 399–432.

[25] Laffont J.J., Matimort D., The Theory of Incentives: The Agent-Principal Model, Princeton University Press, Princeton, 2001.

[26] Levin V.L., Abstract cyclical monotonicity and Monge solutions for the general Monge- Kantorovich problem, Set-Valued Anal. 7 (1999), 7–32.

[27] Ma X.N., Trudinger N., Wang X.J., Regularity of potential functions of the optimal transportation problem, Arch. Rational Mech. Anal. 177 (2005), 151–183.

[28] Monge G., Memoire sur la Theorie des Déblais et des Remblais, Histoire de l’Acad. des Science de Paris, 1781.

[29] Müller S., Qi T., Yan B.S., On a new class of elastic deformations not allowing for cavitation, Ann. Inst. H. Poincaré 177 (1996), 113–161.

[30] Plakhov A.Yu., Exact solutions of the one-dimensional Monge-Kantorovich problem, Mat.

Sb. 195 (2004), no. 9, 57–74;; II, Sb. Math. 195 (2004), no. 9, 1291–1307. [31] Rachev S.T., Rüschendorf L.R., Mass Transportation Problem, Springer, Berlin, 1998. [32] Repovš D., Semenov P.V., Continuous Selections of Multivalued Mappings, Kluver Academic, Dordrecht, 1998.

[33] Rochet J.C., A necessary and sufficient condition for rationalizability in a quasi-linear context, J. Math. Econom. 16 (1987), 191–200.

[34] Rüschendorf L., Uckelmann L., Numerical and analytical results for the transportation problem of Monge-Kantorovich, Metrika 51 (2000), no. 3, 245–258.

[35] Sudakov V.N., Geometric problems in the theory of infinite-dimensional probability distributions, Proc. Steklov Inst. Math. 141 (1979), 1–178.

[36] Šverák V., Regularity properties of deformation with finite energy, Arch. Rational Mech.

Anal. 100 (1988), 105–127.

[37] Trudinger N.S., Wang X.J., On the second boundary problem for Monge-Ampère type equations and optimal transportation, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 8 (2009), no. 1, 143–174; archived online at arxiv.org/abs/math.AP/0601086.

[38] van der Putten R., Sul lemma dei valori critici e la formula della coarea, Boll. U.M.I. (7) 6-B (1992), 561–578.

[39] Villani C., Optimal Transport, Old and New, Grundlehren der Mathematischen Wissenschaften, 338, Springer, Berlin, 2009; archived online at

www.umpa.ens-lyon.fr/∼cvillani/Cedrif/B07D.StFlour.pdf.

[40] Ziemer W.P., Weakly Differentiable Functions, Graduate Texts in Mathematics, 120, Springer, New York, 1989.

Università di Genova, Dipartimento di Ingegneria della Produzione Termoenergetica e Modelli Matematici, Piazzale Kennedy, Pad D, 16146 Genova, Italy E-mail: vanderpu@dima.unige.it

(Received May 29, 2008, revised December 11, 2009)