Comment.Math.Univ.Carolin. 51,4 (2010) 705–711 705

Functional separability

R. Levy, M. Matveev

Abstract. A space X is functionally countable (FC) if for every continuous f : X → R, |f(X)| ≤ ω. The class of FC spaces includes ordinals, some trees, compact scattered spaces, Lindelöf P-spaces, σ-products in 2^κ, and some Lspaces. We consider the following three versions of functional separability: X is 1-FS if it has a dense FC subspace; X is 2-FS if there is a dense subspace Y ⊂ X such that for every continuous f : X → R, |f(Y )| ≤ ω; X is 3-FS if for every continuous f : X → R, there is a dense subspace Y ⊂ X such that |f(Y )| ≤ ω. We give examples distinguishing 1-FS, 2-FS, and 3-FS and discuss some properties of functionally separable spaces.

Keywords: functionally countable, pseudo-ℵ_1-compact, DCCC, P-space, τ -simple, scattered, 1-functionally separable, 2-functionally separable, 3-functionally separable, pseudocompact, dyadic compactum, σ-centered base, LOTS

Classification: 54C30, 54D65

1. Introduction

By a space we mean a Tychonoff topological space. A space is called functionally countable (FC ) ([14], [17]) iff for every continuous function f : X → R, f(X) is at most countable. It is not difficult to see that X is FC iff every second countable continuous image of X is countable (A.V. Arhangel’skii calls spaces with this property ω-simple, see [1], [2]). Moreover, X is FC iff every metrizable image of X is countable. All functionally countable spaces are zero dimensional and DCCC. (DCCC is the Discrete Countable Chain Condition. This means that every discrete family of non empty open sets is at most countable. The other name for this property is pseudo-ℵ_1-compactness.) The class of FC spaces includes in particular:

• all scattered compact spaces; • all ordinals;

• all Lindelöf P-spaces (moreover, a P-space, i.e. a space in which all G_δ - sets are open, is FC iff it is DCCC ([2, 2.7.7], or attributed to A.W. Hager in [9, Proposition 3.2]));

• all trees without uncountable antichains [18]; • σ-products in 2^κ;

• some L-spaces ([11], [12]).

Functional countability plays an important role in C_p-theory ([1], [2]) and in the theory of rings of continuous functions ([3], [4], [5], [8], [14], [15], [17]).

It is natural to ask which spaces have dense FC subspaces.

Definition 1. Say that X is:

1-FS if X has a dense FC subspace;

2-FS if there is a dense Y ⊂ X such that for every continuous f : X → R, |f(Y )| ≤ ω;

3-FS if for every continuous f : X → R there is a dense Y ⊂ X such that |f(Y )| ≤ ω.

We use FS as an abbreviation for Functionally Separable. The following implications are obvious:

separable

FC

� � 1-FS � 2-FS � 3-FS � DCCC

The term “functional separability” is already used in Mathematical Physics (pointed out by the referee) and in DNA sequencing. However, we do not see a more natural name for the group of properties we consider here. We believe that using the same term in so distant areas will not lead to confusion.

In the next section we give examples distinguishing 1-FS, 2-FS and 3-FS. Then we discuss some properties of functionally separable spaces.

2. Distinguishing examples

All examples are constructed as subspaces in 2^κ for appropriate κ. The following remark was made by John Kulesza after the second author’s talk on the topic of [10]. It is included here with his kind permission.

Proposition 2 (J. Kulesza). Let κ be any cardinal and X a dense pseudocompact subspace in 2^κ. Then X is 3-FS.

Proof: Let f : X → R be continuous. We must find a dense D ⊂ X such that f(D) is countable. Since X is a dense subspace in the product of second countable spaces, there is a countable C ⊂ κ and a continuous function f_C : π_C (X) → R such that f = f_C ∘ π_C . (Here π_C : 2^κ → 2^C is the projection.) Pick a dense countable D_C ⊂ π_C (X) and put D = π^{−1}_C (D_C ) ∩ X. Then f(D) = f_C (D_C ) is countable. It remains to show that D is dense in X. Let φ be a finite partial function from κ to 2. Put C_φ = C ∪ dom(φ). D_C is dense in π_C (X) and thus in 2^C there is φ̃ : C_φ → 2 such that φ̃|_{dom(φ)} = φ and φ̃|_C ∈ D. Since X is dense in 2^κ and pseudocompact, there is x_φ ∈ X such that x_φ|_{Cφ} = φ̃; in particular, x_φ|_{dom(φ)} = φ which proves that D is dense in 2^κ and thus in X. □

Remark. The result is true if 2^κ is replaced with a product of metrizable compacta.

It is worth mentioning here the following result from [10]: Every dense pseudocompact subspace of 2^{ω1} is 1-FS.

Proposition 3. There is a dense pseudocompact subspace X in 2^{c+} such that |X| = c^+, and for every uncountable Z ⊂ X there is a countable C ⊂ c^+ such that π_C (Z) is uncountable.

Proof: As in the well known Reznichenko construction [16], let Q = ⋃ {2^B : B ⊂ c^+ and |B| ≤ ω}, and enumerate Q = {q_α : c ≤ α < c^+}. Let c^+ = ⋃ {C_γ : c ≤ γ < c^+} be a partition such that each C_γ is countably infinite. For each γ with c ≤ γ < c^+, well enumerate the points of 2^{Cγ} as {y_{γ,α} : α < γ}. For c ≤ α < c^+, define x_α ∈ 2^{c+} by

x_α(a) = q_α(a) if a ∈ dom(q_α), y_{γ,α}(a) if a ∈ C_γ \ dom(q_α) and α ≤ γ, 0 otherwise

(where a < c^+). Put X = {x_α : α < c^+}. It follows from the first line in the definition of the x_α’s that for every countable B ⊂ c^+, π_B (X) = 2^B. Therefore, X is dense in 2^{c+} and pseudocompact.

Now let Z ⊂ X be uncountable. Pick Z_0 ⊂ Z with |Z_0| = ω_1. Put E = ⋃ {dom(q_α) : x_α ∈ Z_0} and α^∗ = sup{α : x_α ∈ Z_0}. Then E ⊂ c^+, |E| = ω_1, and α^∗ < c^+. Since there are c^+ many C_γ ’s, there is γ^∗ < c^+ such that γ^∗ ≥ α^∗, and E does not meet C_γ∗ . Then for all x_α ∈ Z_0 and all a ∈ C_γ∗ , x_α(a) is calculated following the second line in the definition of the x_α’s. It follows that the projection of Z_0 to 2^{Cγ∗} is one to one and thus π_{Cγ∗} (Z) is uncountable. □

Example 4. There is a 3-FS space which is not 2-FS.

Indeed, X from Proposition 3 is 3-FS by Proposition 2. On the other hand, if D is a dense subspace of X then D is dense in 2^{c+} and thus uncountable. By Proposition 3, there is a countable C ⊂ c^+ such that π_C (D) is uncountable. This means that D continuously maps onto an uncountable subset of a second countable space 2^C . So X is not 2-FS. □

Example 5. There is a 2-FS space which is not 1-FS.

Let X ⊂ 2^{c+} be from Example 4 and let S be a σ-product in 2^{c+} disjoint from X. Let L(ω_1) be ω_1 + 1 with the one-point Lindelöfication topology (all points other than ω_1 are isolated; a basic neighborhood of ω_1 takes the form L(ω_1) \ C where C is arbitrary countable subset of ω_1). Put Y = (X × {ω_1}) ∪ (S × ω_1) (considered as a subspace of 2^{c+} × L(ω_1).)

Then Y is not 1-FS. Indeed, Let D be a dense subspace of Y . Then D̃ = D ∩ (X × {ω_1}) is at most countable (because every uncountable subset of X has uncountable projection to some countable face in 2^{c+} ). It follows that D̃ is nowhere dense in 2^{c+} × {ω_1}. Therefore, there is a basic open set K in 2^{c+} such that K × {ω_1} does not meet D̃. Put D_K = D ∩ (K × L(ω_1)). If D were functionally countable, then so would be its clopen subspace D_K . However, since D_K ∩ (2^{c+} × {ω_1}) = ∅, D_K is the discrete union of uncountably many non empty subsets D_K ∩ (2^{c+} × {α}) where 0 ≤ α < ω_1. So D_K cannot be functionally countable and neither is D.

Now we show that Y is 2-FS. The subspace D = S × ω_1 is dense in Y . Let f : Y → R be continuous. We will show that f(D) is at most countable. Put Ỹ = Y ∪ (S × {ω_1}) = (X × {ω_1}) ∪ (S × A(ω_1)). Since X is dense in 2^{c+} and pseudocompact, every continuous function from X to R continuously extends to 2^{c+} . It follows that f|_{X×{ω1}} extends to a continuous function f^′ : (X ∪ S) × {ω_1} → R. Define f̃ : Ỹ → R by

f̃(x) = { f(x) if x ∈ Y, f^′(x) if x ∈ (X ∪ S) × {ω_1}.

We claim that f̃ is continuous. We have to show that (*) for every x ∈ Ỹ and every ε > 0 there is a neighborhood U of x in Ỹ such that for every y ∈ U, |f(y) − f(x)| < ε. For x ∈ X × {ω_1}, (*) follows from the fact that both f and f^′ are continuous and agree at x. For x ∈ S × ω_1, (*) follows from the fact that S × ω_1 is open in Ỹ and f̃|_{S×ω1} = f|_{S×ω1} . Now consider x ∈ S × {ω_1}. Since f^′ is continuous at x, there is a neighborhood W of x in (X ∪ S) × {ω_1} such that |f^′(y) − f^′(x)| < ε/3 for all y ∈ W . For every y = ⟨y_0, ω_1⟩ ∈ W ∩ (X × ω_1) there are a neighborhood V_y of y_0 in 2^{c+} and an ordinal α_y < ω_1 such that (V_y ∩ (X ∪ S)) × {ω_1} ⊂ W and for every z ∈ (V_y × (α_y, ω_1)) ∩ Y , |f(z) − f(y)| < ε/3. Since X ∪ S is CCC, there is a countable T ⊂ W ∩ (X × ω_1) such that (∪_{y∈T} V_y) ∩ (X × ω_1) is dense in W ∩ (X × ω_1). Put α^∗ = sup_{y∈T} α_y. Then α^∗ < ω_1. Put U = {⟨z, α⟩ ∈ Ỹ : ⟨z, ω_1⟩ ∈ W and α^∗ < α ≤ ω_1}. Then U is a neighborhood of x in Ỹ . It is easy to see that U satisfies (*). So f̃ is continuous.

Being a σ-product in 2^{c+} , S is a countable union of scattered compact spaces. L(ω_1) is a scattered Lindelöf space. So S ×L(ω_1) is a countable union of scattered Lindelöf spaces, and hence functionally countable [9]. So f(D) = f̃(D) ⊂ f̃(S × L(ω_1)) is at most countable. □

For completeness, we shall give one more simple example.

Example 6. For every κ ≥ ω_1, there is a dense subspace X ⊂ 2^κ which is not 3-FS.

Let Y = {y_α : ω ≤ α < ω_1} be a subspace of 2^ω such that all y_α’s are distinct, and every basic open set in 2^ω contains uncountably many y_α’s. For each α with ω ≤ α < ω_1, put X_α = {x ∈ 2^κ : x(γ) = y_α(γ) for γ < ω and x(γ) = 0 for α < γ < ω_1}. Put X = ⋃ {X_α : ω ≤ α < ω_1}. It is easy to see that X is dense in 2^κ.

We claim that X is not 3-FS. Consider the projection π_ω : X → 2^ω. Then for any countable C ⊂ π_ω (X), π^{−1}_ω (C) is not dense in 2^κ and thus not dense in X. Indeed, put α^∗ = sup{α : y_α ∈ C} + 1. Then x(α^∗) = 0 for all x ∈ π^{−1}_ω (C). □

3. Which spaces are functionally separable?

Here we give only some partial answers to this many-faceted question. It is not difficult to see that a σ-product in any product of countable spaces can be represented as a countable union of scattered compact spaces. Since scattered compact spaces are FC, and FC is obviously preserved by countable unions and continuous images, we get the following:

Theorem 7. Every product of separable spaces is 1-FS.

Corollary 8. Every dyadic compactum is 1-FS.

In the case κ ≤ c, Proposition 2 can be generalized in the following way. Recall that a space has a σ-centered base iff it is homeomorphic to a dense subspace of a separable space; moreover, X has a σ-centered base iff βX is separable [6].

Proposition 9. A pseudocompact space with a σ-centered base is 3-FS.

Proof: Let X be a pseudocompact space with a σ-centered base, and let f : X → R be continuous. Since X is pseudocompact, f is bounded and thus extends to a continuous function βf : βX → R. Let C be a dense countable subspace of βX. Put Y = (βf)^{−1}(βf(C)) ∩ X. Then Y ⊂ X, and f(Y ) is at most countable. That Y is dense in X follows from a simple lemma which may be considered folklore. □

Lemma 10. Let X be a dense pseudocompact subspace of Z and let g : Z → R be continuous. Then for every z ∈ Z, z ∈ g^{−1}(g(z)) ∩ X.

Pseudocompactness cannot be omitted in Proposition 9: see Example 6. Recall that by a theorem of Noble and Ulmer [13], if in the product X = ∏ {X_α : α ∈ A} all finite subproducts are DCCC, then X is DCCC, and every continuous function from X to R depends on countably many coordinates. It is easy to see that if all finite subproducts are 3-FS then so are all countable subproducts. So we get

Proposition 11. If in the product X = ∏ {X_α : α ∈ A} all finite subproducts are 3-FS, then X is 3-FS.

Further, since the Lindelöf P-property is finitely productive and implies FC we get Proposition 12. Every product of Lindelöf P-spaces is 3-FS.

In contrast with the generality of Theorem 7 and other results above, it is worth noting that functional separability is not preserved by finite products. Let X be ω_1 with the order topology and Y the one-point Lindelöfication of the discrete space of cardinality ω_1. Then both X and Y are FC while the product X × Y contains an uncountable discrete space as a clopen subset (hence X × Y is not even 3-FS). This example was mentioned in American Mathematical Monthly [7] as the answer to the problem whether FC is finitely productive.

We conclude the section with two special cases: LOTS, and pseudocompact spaces.

Proposition 13. A CCC LOTS is 3-FS.

Proof: Let X be a CCC LOTS and let f : X → R be continuous. Put T = {r ∈ R : Int(f^{−1}({r})) ≠ ∅}. Then |T | ≤ ω. Put Y = f^{−1}(T ). Let B be a countable base for R. For every B ∈ B fix a countable family U_B of closed intervals such that f^{−1}(B) = ⋃ U_B (this is possible because CCC LOTS are hereditarily Lindelöf). So if B ∈ B and U ∈ U_B , then U = [l_U , r_U ] for some l_U , r_U ∈ X. Put Z = {l_U , r_U : U ∈ U_B , B ∈ B} and D = Y ∪ Z. Then |f(D)| ≤ ω.

We claim that D is dense in X. Let O ⊂ X be a nonempty open set. If O∩Y ≠ ∅ then we are done, so assume O ∩ Y = ∅. Pick x ∈ O. Let {B_n : n ∈ ω} ⊂ B be a decreasing base of neighborhoods of r = f(x). For each n pick U_n so that x ∈ U_n ∈ U_{Bn} . Then H = ∩{U_n : n ∈ ω} is a nowhere dense convex set, so 1 ≤ |H| ≤ 2. Then either {l_{Un} : n ∈ ω} or {r_{Un} : n ∈ ω} is a sequence of elements of D converging to x. □

Proposition 14. Let X be pseudocompact. Then the following conditions are equivalent:

(1) X is 3-FS; (2) βX is 3-FS;

(3) every compactification of X is 3-FS; (4) some compactification of X is 3-FS.

Proof: (1)⇒(2)⇒(3)⇒(4) is obvious. (4)⇒(1) follows from Lemma 10. □

Not all compact spaces are functionally separable: βω \ ω is not 3-FS. Indeed, let f be a continuous mapping from βω \ ω onto [0, 1]. Since all G_δ-sets in βω \ ω have nonempty interior, any dense subset Y ⊂ βω \ ω must intersect all fibers of X and thus f(Y ) = [0, 1] is uncountable. This fact can be generalized. Recall that X is a P^′-space if all non empty G_δ-sets in X have non empty interior.

Proposition 15. If a P^′-space X is 3-FS, then X is FC.

Acknowledgment. The authors express gratitude to Gary Gruenhage, John Kulesza, Christopher Leonard and Zbignev Piotrowski for useful discussions and to the referee for careful reading and comments that helped to improve the paper.

References

[1] Arhangel’skii A.V., Topological properties of function spaces: duality theorems, Soviet Math. Doc. 269 (1982), 1289–1292.

[2] Arhangel’skii A.V., Topological Function Spaces, Kluwer Academic Publishers, 1992.

[3] Barr M., Kennison F., Raphael R., Searching for absolute CR-epic spaces, Canad. J. Math.

59 (2007), 465–487.

[4] Barr M., Burgess W.D., Raphael R., Ring epimorphisms and C(X), Theory Appl. Categ.

11 (2003), no. 12, 283–308.

[5] Burgess W.D., Raphael R., Compactifications, C(X) and ring epimorphisms, Theory Appl. Categ. 16 (2006), no. 21, 558–584.

[6] van Douwen E.K., Density of compactifications, Set-theoretic Topology, Academic Press, New York, 1977, pp. 97-110.

[7] Galvin F., Problem 6444 , Amer. Math. Monthly 90 (1983), no. 9, 648; solution: Amer.

Math. Monthly 92 (1985), no. 6, 434.

[8] Hrušák M., Raphael R., Woods R.G., On a class of pseudocompact spaces derived from ring epimorphisms, Topology Appl. 153 (2005), 541–556.

[9] Levy R., Rice M.D., Normal P spaces and the G_δ -topology, Colloq. Math. 44 (1981), 227–240.

[10] Matveev M., One more topological equivalent of CH , Topology Appl. 157 (2010), 1211– 1214.

[11] Moore J.T., A solution to the L space problem, J. Amer. Math. Soc. 19 (2006), no. 3, 717–736.

[12] Moore J.T., An L space with a d-separable square, Topology Appl. 155 (2008), 304–307. [13] Noble N., Ulmer M., Factorizing functions on cartesian products, Trans. Amer. Math.

Soc. 163 (1972), 329–339.

[14] Pełczyński A., Semadeni Z., Spaces of continuous functions III. Spaces C(Ω) for Ω without perfect subsets, Studia Math. 18 (1959), 211–222.

[15] Raphael M., Woods R.G., The epimorphic hull of C(X), Topology Appl. 105 (2002), 65–88.

[16] Reznichenko E.A., A pseudocompact space in which only sets of complete cardinality are not closed and not discrete, Moscow Univ. Math. Bull. (1989), no. 6, 69–70.

[17] Rudin W., Continuous functions on compact spaces without perfect subsets, Proc. Amer.

Math. Soc. 8 (1957), 39–42.

[18] Steprans J., Trees and continuous mappings into the real line, Topology Appl. 12 (1981), no. 2, 181–185.

Department of Mathematical Sciences, George Mason University, 4400 University Drive, Fairfax, Virginia 22030, USA E-mail: rlevy@gmu.edu

misha matveev@hotmail.com, mmatveev@gmu.edu

(Received February 11, 2010, revised July 30, 2010)