Comment.Math.Univ.Carolin. 52,1 (2011) 153–162 153

Pcf theory and cardinal invariants of the reals

Lajos Soukup

Abstract. The additivity spectrum ADD(I) of an ideal I ⊂ P(I) is the set of all regular cardinals κ such that there is an increasing chain {A_α : α < κ} ⊂ I with ⋃ α<κ A_α /∈ I. We investigate which set A of regular cardinals can be the additivity spectrum of certain ideals.

Assume that I = B or I = N , where B denotes the σ-ideal generated by the compact subsets of the Baire space ω^ω , and N is the ideal of the null sets.

We show that if A is a non-empty progressive set of uncountable regular cardinals and pcf(A) = A, then ADD(I) = A in some c.c.c generic extension of the ground model. On the other hand, we also show that if A is a countable subset of ADD(I), then pcf(A) ⊂ ADD(I).

For countable sets these results give a full characterization of the additivity spectrum of I: a non-empty countable set A of uncountable regular cardinals can be ADD(I) in some c.c.c generic extension iff A = pcf(A).

Keywords: cardinal invariants, reals, pcf theory, null sets, meager sets, Baire space, additivity

Classification: 03E04, 03E17, 03E35

1. Introduction

Many cardinal invariants are defined in the following way: we consider a family X ⊂ P( [ ω ]_ω ) and define our cardinal invariant x as x = min{|X| : X ∈ X} or x = sup{|X| : X ∈ X}. The set {|X| : X ∈ X} is called the spectrum of x.

For example, consider the family A = {A ⊂ [ ω ]_ω : A is a MAD family}. Then a = min{|A| : A ∈ A}, so we can say that the spectrum of a is the cardinalities of the maximal almost disjoint subfamilies of [ ω ]_ω . The value of many cardinal invariants can be modified almost freely by using a suitable forcing, but their spectrums should satisfy more requirements.

In [8] Shelah and Thomas investigated the cofinality spectrum of certain groups. Denote CF(Sym(ω)) the cofinality spectrum of the group of all permutation of natural numbers, i.e. the set of regular cardinals λ such that Sym(ω) is the union of an increasing chain of λ proper subgroups. Shelah and Thomas showed that CF(Sym(ω)) cannot be an arbitrarily prescribed set of regular uncountable cardinals: if A = ⟨λ_n : n ∈ ω⟩ is a strictly increasing sequence of elements of

The preparation of this paper was partially supported by Bolyai Grant, OTKA grants K 61600 and K 68262.

154 L. Soukup

CF(Sym(ω)), then pcf(A) ⊆ CF(Sym(ω)). On the other hand, they also showed that if K is a set of regular cardinals which satisfies certain natural requirements (see [8, Theorem 1.3]), then CF(Sym(ω)) = K in a certain c.c.c generic extension.

In this paper we investigate the additivity spectrum of certain ideals in a similar style. Denote Reg the class of all infinite regular cardinals. Given any ideal I ⊂ P(I) for each A ∈ I^+ put

ADD(I, A) = {κ ∈ Reg : ∃ increasing {A_α : α < κ} ⊂ I s.t. ⋃ α<κ A_α = A}, and let

ADD(I) = ⋃ {ADD(I, A) : A ∈ I^+}. Clearly add(I) = min ADD(I). We will say that ADD(I) is the additivity spectrum of I.

As usual, M and N denote the null and the meager ideals, respectively. Let B denote the σ-ideal generated by the compact subsets of ω^ω. Clearly we have B = {F ⊂ [ ω ]_ω : F is ≤^∗-bounded }.

So the poset ⟨ω^ω, ≤^∗⟩ has a natural, cofinal, order preserving embedding Φ into ⟨B, ⊂⟩ defined by the formula Φ(b) = {x : x ≤^∗ b}. Denote by ADD(⟨ω^ω, ≤^∗⟩) the set of all regular cardinals κ such that there is an unbounded ≤^∗-increasing chain {b_α : α < κ} ⊂ ω^ω. Clearly ADD(B) ⊇ ADD(⟨ω^ω, ≤^∗⟩) and b = min ADD(B) = min ADD(⟨ω^ω, ≤^∗⟩). Farah, [4], proved that if GCH holds in the ground model then given any non-empty set A of uncountable regular cardinals with ℵ_1 ∈ A we have ADD(⟨ω^ω, ≤^∗⟩) = A in some c.c.c extension of the ground model. So ADD(⟨ω^ω, ≤^∗⟩) does not have any closedness property. Moreover, standard forcing arguments show that ADD(I) ∩ {ℵ_n : 1 ≤ n < ω} can also be arbitrary, where I ∈ {B, M, N }. However, the situation changes dramatically if we consider the whole spectrum ADD(I). Let I = B or I = N . On one hand, we show that ADD(I) should be closed under certain pcf operations: if A is a countable subset of ADD(I), then pcf(A) ⊂ ADD(I) (see Theorems 3.10 and 3.6).

On the other hand, we show that if A is a non-empty set of uncountable regular cardinals, |A| < min(A)^{+n} for some n ∈ ω (especially, if A is progressive), and pcf(A) = A, then ADD(I) = A in some c.c.c generic extension of the ground model (see Theorem 2.3).

For countable sets these results give a full characterization of the additivity spectrum of I: a non-empty countable set A of uncountable regular cardinals can be ADD(I) in some c.c.c generic extension iff A = pcf(A).

2. Construction of additivity spectrums

To start with we recall some results from pcf-theory. We will use the notation and terminology of [1]. A set A ⊂ Reg is progressive iff |A| < min(A).

Pcf theory and cardinal invariants of the reals 155

The proofs of the next two propositions are standard applications of pcf theory, they could be known, but the author was unable to find them in the literature. Proposition 2.2 is similar to [8, Theorem 3.20], but we do not use any assumption concerning the cardinal arithmetic.

Proposition 2.1. Assume that A = pcf(A) ⊂ Reg is a progressive set, and λ ∈ Reg. Then there is a family F ⊂ ∏ A with |F| < λ such that for each g, h ∈ ∏ A if g <_{J<λ[A]} h then there is f ∈ F such that g < max(f, h).

Proof: For each μ ∈ pcf(A) = A let B_μ ⊂ A be a generator of J_{<μ}+ [A], i.e. J_{<μ}+ [A] = ⟨J_{<μ}[A] ∪ {B_μ}⟩_{gen} . Since cf(⟨ ∏ B_μ, ≤⟩) = max pcf(B_μ) = μ by [1, Theorem 4.4], we can fix a family F_μ ⊂ ∏ B_μ with |F_μ| = μ such that F_μ is cofinal in ⟨ ∏ B_μ, ≤⟩. We claim that F = {max(f^{μ1}_1 , . . . , f^{μn}_n ) : μ_1 < · · · < μ_n < λ, f^{μi}_i ∈ F_{μi} } satisfies the requirements.

Since A is progressive, |F| ≤ sup(A ∩ λ) < λ. Assume that g <_{J<λ[A]} h for some g, h ∈ ∏ A. Let X = {a ∈ A : g(a) ≥ h(a)}. Then X ∈ J_{<λ}[A], so there are μ_1, . . . μ_n ∈ pcf(A) ∩ λ = A ∩ λ such that X ⊂ B_{μ1} ∪ · · · ∪ B_{μn} . For each 1 ≤ i ≤ n choose f^{μi}_i ∈ F_{μi} with g ↾ B_{μi} < f^{μi}_i .

Then g < max(h, f^{μ1}_1 , . . . , f^{μn}_n ) and max(f^{μ1}_1 , . . . , f^{μn}_n ) ∈ F. □

Proposition 2.2. Assume that A = pcf(A) ⊂ Reg is a progressive set, and λ ∈ Reg \ A. If ⟨g_α : α < λ⟩ ⊂ ∏ A then there are K ∈ [ λ ]_λ and s ∈ ∏ A such that g_α < s for each α ∈ K.

Proof: If λ > max pcf(A), then the equality cf ⟨ ∏ A, <⟩ = max pcf(A) yields the result. So we can assume λ < max pcf(A).

The poset ⟨∏ A, <_{J<λ+ [A]} ⟩ is λ^+-directed by [1, Theorem 3.4]. Since λ /∈ pcf(A), we have J_{<λ}[A] = J_{<λ}+ [A], and so the poset ⟨∏ A, <_{J<λ[A]} ⟩ is λ^+- directed, as well. Thus there is h ∈ ∏ A such that g_α <_{J<λ[A]} h for each α < λ.

By Proposition 2.1 there is a family F ⊂ ∏ A with |F| < λ such that for each α < λ there is f_α ∈ F such that g_α < max(h, f_α). Since |F| < λ = cf(λ), there are K ∈ [ λ ]_λ and f ∈ F such that f_α = f for each α ∈ K.

Then s = max(h, f) ∈ ∏ A and K ∈ [ λ ]_λ satisfy the requirements. □

Theorem 2.3. Assume that I is one of the ideals B, M and N . If A = pcf(A) is a non-empty set of uncountable regular cardinals, |A| < min(A)^{+n} for some n ∈ ω, then A = ADD(I) in some c.c.c generic extension V^P .

Especially, if ∅ ≠ Y ⊂ pcf({ℵ_n : 1 ≤ n < ω}) then pcf(Y ) = ADD(I) in some c.c.c generic extension V^P .

156 L. Soukup

The proof is based on Theorem 2.5 below. To formulate it we need the following definition.

Definition 2.4. Let φ be a formula with one free variable, and assume that

ZFC ⊢ “I_φ = {x : φ(x)} is an ideal”.

We say that the ideal I_φ has the Hechler property iff given any σ-directed poset Q there is a c.c.c poset P such that

V^P |= Q is order isomorphic to some cofinal subset of ⟨I, ⊂⟩.

If “ZFC ⊢ I_φ = I_ψ”, then clearly I_φ is Hechler iff I_ψ is. So for well-known ideals, i.e. for B and for N , we will speak about the Hechler property of I instead of the Hechler property of I_ϕ, where ϕ is one of the many equivalent definitions of I.

Theorem 2.5. Assume that the ideal I has the Hechler property. If A = pcf(A) is a non-empty set of uncountable regular cardinals, |A| < min(A)^{+n} for some n ∈ ω, then in some c.c.c generic extension V^P we have A = ADD(I).

Proof of Theorem 2.3 from Theorem 2.5: To prove the first part of the theorem, it is enough to show that I has the Hechler property. However, • Hechler proved in [6] that B has the Hechler property, • Bartoszynski and Kada showed in [2] that M has the Hechler property, • Burke and Kada proved in [3] that N has the Hechler property.

This proves the first part of the theorem.

Assume now that ∅ ≠ Y ⊂ pcf({ℵ_n : 1 ≤ n < ω}). Then A = pcf(Y ) has cardinality < ω_4 by the celebrated theorem of Shelah. Thus |A| < min(A)^{+4}, so we can apply the first part of the present theorem for the set A. □

Remark. The problem whether N and M have the Hechler property was raised in a preliminary version of the present paper.

Corollary 2.6. If the ideal I has the Hechler property and cf( [ ℵ_ω ]_ω , ⊂) > ℵ_{ω+1}, then in some c.c.c generic extension ADD(I)∩ℵ_ω is infinite, but ℵ_{ω+1} /∈ ADD(I).

Proof of the corollary: If max pcf({ℵ_n : 1 ≤ n < ω}) = cf( [ ℵ_ω ]_ω , ⊂) > ℵ_{ω+1}, then there is an infinite set X ⊂ {ℵ_n : n ∈ ω} such that pcf(X) = X ∪ {ℵ_{ω+2}}. Now we can apply Theorem 2.5 for A = X ∪{ℵ_{ω+2}} to obtain the desired extension. □

Proof of Theorem 2.5: Since |A| < min(A)^{+n}, there is a partition F ∪^∗ Y of A such that F is finite, Y is progressive, and max(F ) < min(Y ). Observe that Y = pcf(Y ), and clearly F = pcf(F ).

Let Q = ⟨ ∏ A, ≤⟩, where f ≤ f^′ iff f(κ) ≤ g(κ) for each κ ∈ A. Then Q is σ-directed because ℵ_0 /∈ A. Since I has Hechler property, there is a c.c.c poset P such that in V^P the ideal I has a cofinal subset {I_q : q ∈ Q} which is order-isomorphic to Q, i.e. I_q ⊂ I_q′ iff q <_Q q^′.

Pcf theory and cardinal invariants of the reals 157

We are going to show that the model V^P satisfies our requirement.

Claim 2.7. A ⊂ ADD(I).

Proof: Fix κ ∈ A. For each α < κ consider the function g_α ∈ ∏ A defined by the formula

g_α(a) = { α if a = κ, 0 otherwise.

Then {g_α : α < ℵ_n} is ≤-increasing and unbounded in Q, so {I_{gα} : α < κ} is increasing and unbounded in ⟨I, ⊂⟩. Hence κ ∈ ADD(I). □

Claim 2.8. ADD(I) ⊂ A.

Proof of the claim: Assume that λ ∈ Reg \ A. We show that λ /∈ ADD(I).

Let J = {J_α : α < λ} ⊂ I be increasing. For each α < λ pick g_α ∈ ∏ A such that J_α ⊂ I_{gα} .

Since λ /∈ pcf(A), applying Proposition 2.2 twice, first for Y , then for F , we obtain K ∈ [ λ ]_λ and s ∈ ∏ A such that g_α < s for each α ∈ K.

Thus J_α ⊂ I_s for α ∈ K. Since the sequence J = {J_α : α < λ} is increasing, and K is cofinal in λ, we have ⋃ {J_α : α < λ} = ⋃ {J_α : α ∈ K} ⊂ I_s. So the sequence J = {J_α : α < λ} does not witness that λ ∈ ADD(I).

Since J was arbitrary, we proved the Claim. □ The two claims complete the proof of the theorem. □

3. Restrictions on the additivity spectrum

The first theorem we prove here resembles [8, Theorem 2.1].

Theorem 3.1. Assume that I ⊂ P(I) is a σ-complete ideal, Y ∈ I^+, and A ⊂ ADD(I, Y ) is countable. Then pcf(A) ⊂ ADD(I, Y ).

Proof: For each a ∈ A fix an increasing sequence F_a = {F^a_α : α < a} ⊂ I such that ⋃ F_a = Y .

Let κ ∈ pcf(A). Fix an ultrafilter U on A such that cf( ∏ A/U) = κ and fix an ≤_U -increasing, ≤_U -cofinal sequence {g_α : α < κ} ⊂ ∏ A. For g ∈ ∏ A let U(g) = { x ∈ I : {a ∈ A : x ∈ F^a_{g(a)}} ∈ U } . In the next three claims we show that the sequence {U(g_α) : α < κ} witnesses κ ∈ ADD(I, Y ). Claim 3.2. U(g) ∈ I for each g ∈ ∏ A. Indeed, U(g) ⊂ ⋃ {F^a_{g(a)} : a ∈ A} ∈ I because I is σ-complete.

Claim 3.3. If g_1, g_2 ∈ ∏ A, g_1 ≤_U g_2, then U(g_1) ⊂ U(g_2).

158 L. Soukup

Indeed, fix x ∈ I. Since {a ∈ A : x ∈ F^a_{g2 (a)}} ⊃ {a ∈ A : x ∈ F^a_{g1 (a)}} ∩ {a ∈ A : g_1(a) ≤ g_2(a)} and {a ∈ A : g_1(a) ≤ g_2(a)} ∈ U, we have that {a ∈ A : x ∈ F^a_{g1 (a)}} ∈ U implies {a ∈ A : x ∈ F^a_{g2 (a)}} ∈ U, i.e., if x ∈ U(g_1), then x ∈ U(g_2), too.

Claim 3.4. ⋃ {U(g_α) : α < κ} = Y . Indeed, fix y ∈ Y . For each a ∈ A choose g(a) < a such that y ∈ F^a_{g(a)}. Then y ∈ U(g). Pick α < κ such that g ≤_U g_α. Then U(g) ⊂ U(g_α) and so y ∈ U(g_α).

The three claims together give that sequence ⟨U(g_α) : α < κ⟩ ⊂ I really witnesses that κ ∈ ADD(I, Y ). □ Corollary 3.5. If I ∈ {B, N , M}, Y ∈ I^+, and A ⊂ ADD(I, Y ) is countable, then pcf(A) ⊂ ADD(I, Y ).

As we will see in the next two subsections, for the ideals B and N we can prove stronger closedness properties.

3.1 The ideal B. If F ⊂ ω^ω and h ∈ ω^ω, we write F ≤^∗ h iff f ≤^∗ h for each f ∈ F . Theorem 3.6. If A ⊂ ADD(B) is progressive and |A| < h, then pcf(A) ⊂ ADD(B).

Proof: For each a ∈ A fix an increasing sequence F_a = {F^a_α : α < a} ⊂ B with ⋃ F_a /∈ B. We can assume that the functions in the families F^a_α are all monotone increasing.

Let κ ∈ pcf(A). Pick an ultrafilter U on A such that cf( ∏ A/U) = κ, and fix an ≤_U -increasing, ≤_U -cofinal sequence {g_α : α < κ} ⊂ ∏ A. For g ∈ ∏ A let

Bd(g) = { h ∈ ω^ω : {a ∈ A : F^a_{g(a)} ≤^∗ h} ∈ U } , and In(g) = {x ∈ ω^ω : x ≤^∗ h for each h ∈ Bd(g)}.

Claim 3.7. For g_1, g_2 ∈ ∏ A, if g_1 ≤_U g_2, then we have Bd(g_1) ⊃ Bd(g_2) and In(g_1) ⊂ In(g_2).

Proof of the claim: For each h ∈ ω^ω, {a ∈ A : F^a_{g1 (a)} ≤^∗ h} ⊃ {a ∈ A : F^a_{g2 (a)} ≤^∗ h} ∩ {a ∈ A : g_1(a) ≤ g_2(a)}. Since {a ∈ A : g_1(a) ≤ g_2(a)} ∈ U, we have that {a ∈ A : F^a_{g2 (a)} ≤^∗ h} ∈ U implies {a ∈ A : F^a_{g1 (a)} ≤^∗ h} ∈ U, i.e., if h ∈ Bd(g_2), then h ∈ Bd(g_1), too.

From the relation Bd(g_1) ⊃ Bd(g_2) the inclusion In(g_1) ⊂ In(g_2) is straightforward by the definition of the operator In. □

Pcf theory and cardinal invariants of the reals 159

Claim 3.8. Bd(g) ≠ ∅ for each g ∈ ∏ A. Indeed, for each a ∈ A let h_a ∈ ω^ω be such that F^a_{g(a)} ≤^∗ h_a. Since |A| < h ≤ b, there is h ∈ ω^ω such that h_a ≤^∗ h for each a ∈ A. Then h ∈ Bd(g).

Claim 3.9. The sequence F = ⟨In(g_α) : α < κ⟩ witnesses that κ ∈ ADD(B).

By Claim 3.7, we have In(g_α) ⊂ In(g_β) for α < β < κ, and each In(g_α) is in B by Claim 3.8.

So all we need is to show that F = ⋃ {In(g_α) : α < κ} /∈ B, i.e. F is not ≤^∗-bounded. Let x ∈ ω^ω be arbitrary. We will find y ∈ F such that y ≰^∗ x.

For each a ∈ A let F^a = ⋃ {F^a_α : α < a}, and put J (a) = {E ⊂ ω : ∃f ∈ F^a x ↾ E <^∗ f ↾ E}. Since the functions in F^a are all monotone increasing and F^a is unbounded in ⟨ω^ω, ≤^∗⟩, for each B ∈ [ ω ]_ω the family {f ↾ B : f ∈ F^a} is unbounded in ⟨ ω^B , ≤^∗ ⟩ , so B contains some element of J (a). In other words, J (a) is dense in ⟨ω^ω, ⊂^∗⟩. Since every J (a) is clearly open and |A| < h, J = ⋂ {J (a) : a ∈ A} is also dense in ⟨ω^ω, ⊂^∗⟩. Fix an arbitrary E ∈ J . For each a ∈ A pick f^a ∈ F^a which witnesses that E ∈ J (a), i.e. x ↾ E <^∗ f^a. Choose g(a) < a with f^a ∈ F^a_{g(a)}.

Define the function y ∈ ω^ω as follows: y(n) = { x(n) + 1 if n ∈ E, 0 otherwise.

Then y ≤^∗ f^a ∈ F^a_{g(a)}, and so if F^a_{g(a)} ≤^∗ h, then y ≤^∗ h. Thus y ∈ In(g). Fix α < κ such that g ≤_U g_α. By Claim 3.7, In(g) ⊂ In(g_α), hence y ∈ In(g_α) ⊂ F and clearly y ≰^∗ x, and so F ≰^∗ x. Since x was an arbitrary element of ω^ω, we are done. □

3.2 The ideal N .

Theorem 3.10. If A ⊂ ADD(N ) ∩ Reg is countable, then pcf(A) ⊂ ADD(N ).

To prove the theorem above we need some preparation. Denote λ the product measure on 2^ω, and λ_ω the product measure of countable many copies of ⟨2^ω, λ⟩. By [5, 417J] the products of measures are associative. Since ω×ω = ω, and ⟨2^ω, λ⟩ itself is the product of countable many copies of the natural measure space on 2 elements, we have the following fact.

Fact 3.11. There is a bijection f : 2^ω → (2^ω)^ω such that λ(X) = λ_ω (f[X]) for each λ-measurable set X ⊂ 2^ω. So

(†) ADD(N ) = ADD(N_ω),

160 L. Soukup

where N_ω = {X ⊂ (2^ω)^ω : λ_ω (X) = 0}.

Denote λ^∗ the outer measure on 2^ω. Clearly for some X ⊂ 2^ω we have λ^∗(X) > 0 iff X /∈ N .

As we will see soon, Theorem 3.10 follows easily from the next result.

Theorem 3.12. If A ⊂ ADD(N ) is countable, then there is Y ⊂ 2^ω such that λ^∗(Y ) = 1 and A ⊂ ADD(N , Y ).

Proof of Theorem 3.10 from Theorem 3.12: By Theorem 3.12 there is Y ⊂ 2^ω such that A ⊂ ADD(N , Y ) and λ^∗(Y ) = 1. Now apply Theorem 3.1 for Y and A to obtain pcf(A) ⊂ ADD(N , Y ) ⊂ ADD(N ). □

Proof of Theorem 3.12: First we prove some easy claims.

Claim 3.13. If X ⊂ 2^ω is measurable, 1 > λ(X) > 0, then there is x ∈ 2^ω such that λ(X ∪ (X + x)) > λ(X), where X + x = {x^′ + x : x^′ ∈ X}.

Proof of the claim: By the Lebesgue density theorem, there are y, z ∈ 2^ω and ε > 0 such that for each 0 < δ < ε we have λ(X ∩ [y − δ, y + δ]) > δ and λ(X ∩ [z − δ, z + δ]) < δ. Let x = z − y. Then λ((X ∪ (X + x)) ∩ [z − δ, z + δ]) ≥ λ(X ∩ [y − δ, y + δ]) > δ > λ(X ∩ [z − δ, z + δ]). So λ(X ∪ (X + x)) > λ(X). □ Claim 3.14. If X ⊂ 2^ω is Lebesgue-measurable, λ(X) > 0, then there is a set {x_n : n < ω} ⊂ 2^ω such that λ( ⋃ {X + x_n : n ∈ ω}) = 1.

Proof of the claim: Apply Claim 3.13 as long as you can increase the measure. We should stop after countable many steps. □

Claim 3.15. If X ⊂ 2^ω, λ^∗(X) > 0, then there are real numbers {x_n : n < ω} such that λ^∗( ⋃ {X + x_n : n ∈ ω}) = 1.

Proof of the claim: Fix a Lebesgue measurable set Y such that X ⊂ Y and for each measurable set Z with Z ⊂ Y \X we have λ(Z) = 0. Apply Claim 3.14 for Y : we obtain a set {x_n : n < ω} ⊂ 2^ω such that taking Y^∗ = ⋃ {Y + x_n : n < ω} we have λ(Y^∗) = 1. Let X^∗ = ⋃ {X + x_n : n < ω}. Then λ^∗(X^∗) = 1. Indeed, if Z ⊂ Y^∗ is measurable with λ(Z) > 0, then there is n such that λ(Z∩(Y +x_n)) > 0. Let T = (Z − x_n) ∩ Y . Then T ⊂ Y is measurable with λ(T ) > 0, so there is t ∈ T ∩ X. Then t + x_n ∈ Z ∩ X^∗, i.e. Z ⊄ Y^∗ \ X^∗. □

Lemma 3.16. If 0 < λ^∗(X), then there is X^∗ ⊂ 2^ω such that λ^∗(X^∗) = 1 and ADD(N , X^∗) = ADD(N , X).

Proof: Fix {x_n : n < ω} ⊂ 2^ω such that λ(X^∗) = 1, where X^∗ = ⋃ {X+x_n : n < ω}. If κ ∈ ADD(N , X), then there is an increasing sequence ⟨I_ν : ν < κ⟩ ⊂ N such that ⋃ ζ<κ I_ν = X. Let J_ν = ⋃ {I_ν + x_n : n < ω}. Then the sequence ⟨J_ν : ν < κ⟩ witnesses κ ∈ ADD(N , X^∗).

If ⟨J_ν : ν < κ⟩ witnesses that κ ∈ ADD(N , X^∗), then I_ν = J_ν ∩ X witnesses that κ ∈ ADD(N , X). □

Denote λ^∗_ω the outer measure generated by λ_ω on (2^ω)^ω .

Pcf theory and cardinal invariants of the reals 161

Lemma 3.17. If {Y_n : n < ω} ⊂ P(2^ω) with λ^∗(Y_n) = 1, then λ^∗_ω( ∏ Y_n) = 1.

Proof: Write Y^∗ = ∏ Y_n.

Assume on the contrary that there is Z ⊂ (2^ω)^ω \ Y^∗ with λ_ω (Z) > 0. Since the measure λ_ω is regular, we can assume that Z is compact. By induction, we pick elements y_0 ∈ Y_0, . . . , y_n ∈ Y_n, . . . such that λ_ω (Z_n) > 0, where Z_n = {z ∈ (2^ω)^ω : ⟨y_0, . . . , y_{n−1}⟩^⌢ z ∈ Z}. Especially Z_0 = Z.

If Z_n is defined, let T_n = {t ∈ 2^ω : λ({z : ⟨t⟩^⌢ z ∈ Z_n}) > 0}. By Fubini theorem, λ(T_n) > 0, so we can pick y_n ∈ T_n ∩ Y_n. Let y = ⟨y_n : n < ω⟩ ∈ ∏ Y_n. Then for each n ∈ ω there is some z such that (y ↾ n)^⌢z ∈ Z, and so y ∈ Z because Z is compact. □

We are ready to conclude the proof of Theorem 3.12.

Enumerate first A as {κ_n : n < ω}. For each n < ω apply Lemma 3.16 to get X_n ⊂ 2^ω such that λ^∗(X_n) = 1 and κ_n ∈ ADD(N , X_n), and fix an increasing sequence ⟨T^n_ν : ν < κ_n⟩ ⊂ N with ⋃ ν<κ_n T n ν = X_n.

Let X^∗ = ∏ n∈ω X_n ⊂ (2^ω)^ω. Then λ^∗(X^∗) = 1 by 3.17, and so the increasing sequence ⟨( ∏ m<n X_m ) × T^n_ν × ( ∏ m>n X_m ) : ν < κ_n ⟩ ⊂ N_ω witnesses that κ_n ∈ ADD(N_ω, X^∗) for n < ω. But A ⊂ ADD(N_ω, X^∗) implies pcf(A) ⊂ ADD(N_ω, X^∗) ⊂ ADD(N_ω ) by Theorem 3.1. Finally, ADD(N_ω ) = ADD(N ) by (†) from Fact 3.11, so we are done. □

Corollary 3.18. Let I be either the ideal B or the ideal N . Assume that A is a non-empty set of uncountable regular cardinals. If A is countable, or max A ≤ cf( [ ℵ_ω ]_ω , ⊂), then the following statements are equivalent:

(1) A = ADD(I) in some c.c.c extension of the ground model, (2) A = pcf(A).

Proof: (2)=⇒(1): if A is countable, then A is progressive.

If sup(A) ≤ cf( [ ℵ_ω ]_ω , ⊂), then we have A ⊂ pcf(ℵ_n : 1 ≤ n < ω), and so |A| < ω_4 ≤ min(A)^{+4} by the celebrated theorem of Shelah [7].

So in both cases we can apply Theorem 2.5 to get (1). (1)=⇒(2): By Theorems 3.6 and 3.10, we have that

(⋆) A = ⋃ {pcf(A^′) : A^′ ∈ [ A ]_ω }. If A is countable, (⋆) gives immediately that A = pcf(A).

162 L. Soukup

If sup(A) ≤ cf( [ ℵ_ω ]_ω , ⊂), then A ⊂ pcf(ℵ_n : 1 ≤ n < ω), so by the Localization Theorem (see [1, Theorem 6.6.]) we have pcf(A) = ⋃ {pcf(A^′) : A^′ ∈ [ A ]_ω }. Thus even in this case, (⋆) gives A = pcf(A). □

Finally we mention a problem. We could not prove that if A ⊂ ADD(M) is countable, then pcf(A) ⊂ ADD(M) because the following question is open:

Problem 3.19. Is it true that if A ⊂ ADD(M) is countable, then A ⊂ ADD(M, Y ) for some Y /∈ M?

References

[1] Abraham U., Magidor M., Cardinal Arithmetic, in Handbook of Set Theory, Springer, New York, 2010.

[2] Bartoszynski T., Kada M., Hechler’s theorem for the meager ideal, Topology Appl.

146/147 (2005), 429–435.

[3] Burke M.R., Kada M., Hechler’s theorem for the null ideal, Arch. Math. Logic 43 (2004), no. 5, 703–722.

[4] Farah I., Embedding partially ordered sets into ω^ω , Fund. Math. 151 (1996), no. 1, 53–95. [5] Fremlin D.H., Measure theory, Vol. 4, Topological Measure Spaces, Part I, II, Corrected second printing of the 2003 original, Torres Fremlin, Colchester, 2006.

[6] Hechler S.H., On the existence of certain cofinal subsets of^ω ω, Axiomatic Set Theory (Proc. Sympos. Pure Math., Vol. XIII, Part II, Univ. California, Los Angeles, Calif., 1967), American Mathematical Society, Providence, R.I., 1974., pp. 155–173.

[7] Shelah S., Cardinal Arithmetic, Oxford University Press, Oxford, 1994. [8] Shelah S., Thomas S., The cofinality spectrum of the infinite symmetric group, J. Symbolic Logic 62 (1997), no. 3, 902–916.

Alfréd Rényi Institute of Mathematics, Hungarian Academy of Sciences, Budapest, Hungary E-mail: soukup@renyi.hu URL: http://www.renyi.hu/~soukup

(Received July 27, 2010, revised January 10, 2011)