Comment.Math.Univ.Carolin. 52,3 (2011) 445–461 445

The regular topology on C(X)

Wolf Iberkleid, Ramiro Lafuente-Rodriguez, Warren Wm. McGovern^∗

Abstract. Hewitt [Rings of real-valued continuous functions. I., Trans. Amer. Math. Soc. 64 (1948), 45–99] defined the m-topology on C(X), denoted C_m(X), and demonstrated that certain topological properties of X could be characterized by certain topological properties of C_m(X). For example, he showed that X is pseudocompact if and only if C_m(X) is a metrizable space; in this case the mtopology is precisely the topology of uniform convergence. What is interesting with regards to the m-topology is that it is possible, with the right kind of space X, for C_m(X) to be highly non-metrizable. E. van Douwen [Nonnormality of spaces of real functions, Topology Appl. 39 (1991), 3–32] defined the class of DRS-spaces and showed that if X was such a space, then C_m(X) satisfied the property that all countable subsets of C_m(X) are closed. In J. Gomez-Perez and W.Wm. McGovern, The m-topology on C_m(X) revisited, Topology Appl. 153, (2006), no. 11, 1838–1848, the authors demonstrated the converse, completing the characterization. In this article we define a finer topology on C(X) based on positive regular elements. It is the authors’ opinion that the new topology is a more well-behaved topology with regards to passing from C(X) to C^∗(X). In the first section we compute some common cardinal invariants of the preceding space C_r (X). In Section 2, we characterize when C_r (X) satisfies the property that all countable subsets are closed. We call such a space for which this happens a weak DRS-space and demonstrate that X is a weak DRS-space if and only if βX is a weak DRS-space. This is somewhat surprising as a DRS-space cannot be compact. In the third section we give an internal characterization of separable weak DRS-spaces and use this to show that a metrizable space is a weak DRSspace precisely when it is nowhere separable.

Keywords: DRS-space, Stone-Čech compactification, rings of continuous functions, C(X)

Classification: Primary 54C35; Secondary 54G99

1. Introduction

Given a topological space X we let C(X) denote the set of real-valued continuous functions defined on X. It is well-known that C(X) is an R-algebra under pointwise operations of addition, multiplication, and scalar multiplication and that there are several topologies on C(X) that one may consider. The topology of pointwise convergence, the topology of uniform convergence, and the m-topology are but three examples. In this article we are interested in a ring topology which

∗ Corresponding author.

is in the same vein as the m-topology but finer. Our goal will be to show that the two topologies are not only different in general but also have different algebraic properties. We call this topology the r-topology since it is based on regular elements (i.e. non zero-divisors). Recall that each of the uniform topology and m-topology takes as a base the collection of sets of the form B(f, e) = {g ∈ C(X) : |f(x) − g(x)| < e(x), ∀ x ∈ X} where f ∈ C(X) and e is from a pre-defined set. In particular to obtain the topology of uniform convergence we allow e to be any strictly positive constant function. To get the m-topology, e is allowed to be any positive multiplicative unit. Furthermore, the r-topology is obtained by allowing e to be any positive regular element of C(X). For more information on the m-topology the reader is urged to read [10] and problems 2N and 7Q of [6].

For the ease of the reader we recall some basic definition from the theory of C(X). Our standard references for rings of continuous functions and topological spaces are [6] and [3].

Definition 1.1. Let f ∈ C(X). Set Z(f) = {x ∈ X : f(x) = 0} and let coz(f) be its set-theoretic complement. We call Z(f) the zeroset of f and coz(f) the cozeroset of f, respectively. By a zeroset (cozeroset) of X we mean a set of the form Z(f) (coz(f)) for some f ∈ C(X).

Units and regular elements of C(X) are characterized topologically in the following way.

(1) For f ∈ C(X), f is a unit of C(X) if and only if Z(f) = ∅ if and only if coz(f) = X.

(2) For f ∈ C(X), f is a regular element of C(X) if and only if ∫ X Z(f) = ∅ if and only if coz(f) is a dense subset of X.

We let C(X)^+ = {f ∈ C(X) : f(x) ≥ 0 for all x ∈ X} and call this the set of positive elements of C(X). When f(x) > 0 for all x ∈ X, we will say f is strictly positive or is a positive unit. Set U(X)^+ = {f ∈ C(X) : f(x) > 0 for all x ∈ X}, the set of positive multiplicative units of C(X). Define

r(X)^+ = {f ∈ C(X)^+ : f is a regular element of C(X)},

the set of positive regular elements of C(X). It is straightforward to check that if r, s ∈ r^+(X), then so is r ∧ s.

All topological spaces considered in this article shall be assumed to be Tychonoff, that is, Hausdorff and completely regular. For such a space X, we shall denote its Stone-Čech compactification by βX.

Formally, the r-topology on C(X) is the one obtained by taking sets of the form R(f, r) = {g ∈ C(X) : |f(x) − g(x)| < r(x), ∀ x ∈ coz(r)} for f ∈ C(X) and r ∈ r^+(X) as a base for the topology. (Note that if g ∈ R(f, r), then by the continuity of r and density of coz(r) we have g(x) = f(x) for all x ∈ Z(r).) Proposition 1.2. For any space X, the collection {R(f, r) : f ∈ C(X), r ∈ r(X)^+} is a neighborhood system. Consequently, the rule R(f, r) defines a base for a topology on C(X).

Proof: We supply a sketch. For f ∈ C(X), let R(f) = {R(f, r)}_{r∈r(X)}+ . Observe the following. 1) for each f ∈ C(X), R(f) ≠ ∅. 2) If r, s ∈ r(X)^+, then so is r ∧ s ∈ r(X)^+ and that R(f, r ∧ s) ⊆ R(f, r) ∩ R(f, s). 3) Suppose g ∈ R(f, r). Set s = r − |f − g| and observe that coz(r) = coz(s), whence s ∈ r(X)^+. Next, it is straightforward to check that R(g, s) ⊆ R(f, r).

We have demonstrated that the collection {R(f, r) : f ∈ C(X), r ∈ r(X)^+} satisfies the conditions (BP1)–(BP3) of [3, Section 1.1]. Consequently, said collection is a neighborhood system. □

Since U(X)^+ ⊆ r^+(X) we conclude that the r-topology is finer than the mtopology. We leave it to the interested reader to check that the r-topology makes C(X) into a topological ring, i.e., +, · are continuous operations, though, in general and not unlike the m-topology, the r-topology does not make C(X) into a topological algebra. (For more information on this fact the reader is encouraged to read [11].)

We will use the notation C_r(X) to denote C(X) equipped with the r-topology.

We conclude this section with a few theorems answering the questions of coincidence of the three topologies defined above. First we give a few topological definitions.

Definition 1.3. Recall that a space X is called pseudocompact if every element of C(X) is bounded, that is, for each f ∈ C(X) there is a natural number M for which |f(x)| < M for all x ∈ X. The collection of bounded continuous functions on X will be denoted by C^∗(X). (Pseudocompactness is the same as saying C^∗(X) = C(X).) Obviously compact spaces are pseudocompact. The standard example of a noncompact pseudocompact space is the collection of countable ordinals under the order topology. (See Chapter 5 of [6].)

Definition 1.4. Recall that the space X is called a Frechèt-Urysohn space if whenever p ∈ cl_X A then there exists a sequence {a_n}_{n∈N} ⊆ A such that lim_{n→∞} a_n = p. A more general concept is that of a countably tight space. For a point p ∈ X, the tightness of p is defined to be the least cardinal κ such that whenever p ∈ cl_X A ∖ A there is an S ⊆ A of cardinality κ for which p ∈ cl_X S. The space X is called countably tight if the tightness at each point is ℵ_0.

The space Σ from [6] is an example of a countable space, and hence countably tight, that is not a Frechèt-Urysohn space.

Theorem 1.5 ([2, Corollary 2.5]). For a space X the following are equivalent:

(1) X is pseudocompact; (2) C_m(X) = C_u(X); (3) C_m(X) is metrizable; (4) C_m(X) is first countable;

(5) C_m(X) is a Frechèt-Urysohn space; (6) C_m(X) is a countably tight space.

Definition 1.6. In [12] the author defined a space X to be an almost P -space if every nonempty G_δ -set of X has nonempty interior. We presently recall some equivalent conditions for a space X to be an almost P -space.

Proposition 1.7 ([12, Proposition 1.1]). For a Tychonoff space X, the following statements are equivalent.

(1) X is an almost P -space.

(2) Each non-empty zeroset of X has non-empty interior. (3) Each zeroset of X is a regular closed subset of X.

Moving from global to local we say p ∈ X is an almost P -point if every G_δ -set of X containing p has nonempty interior. We shall have cause to use the set of almost P -points of X; denote the set of almost P -points of X by a(X).

As for examples of P -spaces it is the case that if X is a (non-compact) locally compact and realcompact space, then βX ∖ X is a compact almost P -space (see Lemma 3.1 of [4]).

In terms of the elements of C(X), X is an almost P -space if and only if every regular element of C(X) is a unit. This yields one direction of our next theorem.

Theorem 1.8. Let X be a Tychonoff space. The following are equivalent.

(i) C_r(X) = C_m(X).

(ii) X is an almost P -space. (iii) r(X)^+ = U(X)^+.

Proof: The proof that (ii) and (iii) are equivalent is straightforward. Since r(X)^+ and U(X)^+ are the sets used to create the r-topology and m-topology, respectively, we have that (iii) implies (i).

Next, if X is not an almost P -space then there is a nonempty zeroset, say Z(f), whose interior is empty. Now, Z(f) = Z(|f|) and so without loss of generality we assume that f ≥ 0 and hence f ∈ r(X)^+. Consider R(0, f). If (i) holds then there is some g ∈ U(X)^+ such that R(0, g) ⊆ R(0, f). Let p ∈ Z(f). Then 0 < g(p) 2 < f(p) = 0, a contradiction. Therefore, (i) implies (ii). □

We are now able to prove our main result of this section.

Theorem 1.9. For any Tychonoff space X, the following are equivalent.

(i) C_r(X) is first countable.

(ii) C_r(X) is a Frechèt-Urysohn space. (iii) C_r(X) is countably tight. (iv) C_r(X) = C_u(X).

(v) X is a pseudocompact, almost P -space. (vi) βX is an almost P -space. (vii) C_r(βX) = C_u(βX).

Proof: We start by showing that (i), (ii), and (iii) are all equivalent. It suffices to show that (iii) ⇒ (i). Notice that 0 ∈ cl r(X)^+ so that by (iii) we can find a countable sequence, say {r_n}_{n∈N} for which 0 ∈ cl{r_n}_{n∈N}. With not too much effort we can suppose that r_n ≥ r_{n+1} for all natural n. We claim that the collection {R(0, r_n)}_{n∈N} is a base of neighborhoods for 0. To see this let r ∈ r(X)^+, then there is some r_n ∈ R(0, r). By design it follows that R(0, r_n) ⊆ R(0, r). Therefore, the claim is true and so by translation C_r(X) is first countable.

From Theorems 1.5 and 1.8 we gather that (iv) and (v) are equivalent. That (iv) ⇒ (i) is patent.

Next we prove that (i) implies (iv). So suppose that C_r(X) is first countable. Now, if we can show that X is an almost P -space, then it will follow from the facts that C_r(X) = C_m(X), and then by Theorem 1.5 X is pseudocompact. By means of contradiction suppose that p ∈ X is not an almost P -point and let r ∈ r(X)^+ for which r(p) = 0. Next, let {r_n} ⊆ r(X)^+ be a sequence which generates a countable base of neighborhoods for 0. We might as well assume that for all natural n, 0 ≤ r_{n+1} ≤ r_n ≤ r ≤ 1. Notice that p ∈ Z(r) ⊆ Z(r_n) for each n. For each n let O_n = r^{−1}((0,^1_n )) and observe that each of these sets is nonempty. Otherwise, it would follow that Z(r) is clopen contradicting that r is regular. Furthermore, the regularity of r_n implies that coz(r_n) is a dense open set. Therefore, we may choose a sequence {x_n}_{n∈N} so that x_n ∈ coz(r_n) ∩ O_n. Moreover, we can select the sequence so that r(x_n) > r(x_{n+1}). Thus (i) implies (v) and so (i) through (v) are equivalent.

Next, choose a sequence of positive real numbers {δ_n}_{n∈N} such that δ_{n+1} < δ_n and that δ_n < r_n(x_n) 2 . Let h ∈ C([0, 1]) such that 0 ≤ h ≤ 1, h(r(x_n)) = δ_n, and Z(h) = {0}. Set f = h ∘ r and observe that f ∈ C(X)^+ and Z(f) = Z(r), hence f ∈ r(X)^+. Finally, for each n we have that

0 < f(x_n) = (h ∘ r)(x_n) = δ_n < r_n(x_n)

whence R(0, r_n) ⊈ R(0, f) for all n, contradicting that the collection of R(0, r_n) is a base around 0.

Finally, from what we have just proved it follows that (vi) and (vii) are equivalent. Proposition 2.2 of [12] states that (v) and (vi) are equivalent. □ Definition 1.10. For a topological space X and a point p ∈ X recall that the character of the point p is

χ(p, X) = ℵ_0 + min{|U| : U is a base of neighborhoods for p}. The character of X is defined as χ(X) = sup{χ(p, X) : p ∈ X}. In [2] the authors determined the character of the space C_m(X). There they utilized the dominating number of a space, which is defined as follows. A subset F of C(X) is called dominating if for every g ∈ C(X) there exists an f ∈ F such that g ≤ f. Then the dominating number of X is

dn(X) = ℵ_0 + min{|F| : F is a dominating subset of C(X)}. When X = N, then we write d = dn(N). It is known that ℵ_1 ≤ d ≤ c. Theorem 1.11 ([2, Theorem 2.3]). Let X be any space. Then χ(C_m(X)) = dn(X).

Corollary 1.12. Suppose X is an almost P -space. Then χ(C_r(X)) = dn(X). In particular, χ(C_r(N)) = d.

To determine the character of C_r(X) we need to recall the definition of the collection of almost real-valued continuous functions defined on the space X. The space R = R ∪ {±∞} is the two-point compactification of the real numbers. The collection of almost real-valued continuous functions on X is defined as D(X) = {f : X → R : f^{−1}(R) is a dense subset of X}.

In general, D(X) is not closed under sums or products but it is always a lattice. (For a more detailed discussion of D(X) see [1].) We call a subset F of D(X) D-dominating if for every g ∈ D(X) there exists an f ∈ F such that g ≤ f. We define the D-dominating number of X as follows:

dn_D(X) = ℵ_0 + min{|F| : F is a D-dominating subset of D(X)}. Proposition 1.13. Let X be a any Tychonoff space. Then χ(C_r (X)) = dn_D(X).

Proof: The proof is similar to that of [2, Theorem 2.3]. The only thing one needs to check is that r ∈ r(X)^+ if and only if^1_r ∈ D(X)^+. □ We would like a more internal characterization (relative to X) of the character of C_r(X). We will not be able to do this exactly but we shall be able to give an appropriate upper and lower bound for the character. Denote the collection of nowhere dense zerosets of X by Z_{nd}[X], that is, let Z_{nd}[X] = {Z(f) : f ∈ r(X)^+}. Observe that Z_{nd}[X] is an ideal of the lattice of all zerosets of X and that ⋃ {Z ∈ Z_{nd}[X]} is precisely the set of non-almost P -points. Let

z(X) = min{κ : κ is the cardinality of a generating set for Z_{nd}[X]}.

A subcollection Z is a generating set for Z_{nd}[X] if for every Z ∈ Z_{nd}[X] there is some Z^′ ∈ Z such that Z ⊆ Z^′. A generating set of minimal cardinality will be called a minimal generating set. It is straightforward to check that all minimal generating sets have the same cardinality. Next, let F be any collection of dense cozerosets of X and define

dn_X (F) = ℵ_0 + sup{dn(C) : C ∈ F}.

When Z ⊆ Z_{nd}[X] we define F_Z = {X ∖ Z : Z ∈ Z}. A generalization of Corollary 1.12 is given by the following proposition.

Proposition 1.14. Suppose X has the property that Z_{nd}[X] has a maximum element, say Z. Then Z = X ∖ a(X) is the collection of non almost P -points of X. Furthermore,

χ(C_r(X)) = dn(a(X)).

Proof: By hypothesis, there is a φ ∈ r(X)^+ (with 0 ≤ φ ≤ 1) such that Z(φ) such that Z(φ) is the largest element of Z_{nd}[X]. Since Z(φ) is nowhere dense and by the definition of almost P -point it follows that Z(φ) ⊆ X ∖ a(X). If x is not an almost P -point, then there is some Z ∈ Z_{nd}[X] such that x ∈ Z. Now, Z ∪ Z(φ) ∈ Z_{nd}[X] and therefore Z ⊆ Z(φ). Therefore, Z(φ) = X ∖ a(X) which demonstrates the first statement.

Let C = {R(0, r_i)}_{i∈I} be a base of neighborhoods around 0. Set T = {r ∈ r(X)^+ : R(0, r) ∈ C} and then T^′ = {r ∧ φ : r ∈ T }. Observe that the cardinality of T^′ is no greater than that of T . Next, let C^′ = {R(0, r)}_{r∈T} ′ . C^′ is also a base of neighborhoods of 0 and its cardinality is no greater than that of the original base. Also, for every r ∈ T^′ we have Z(r) = Z(φ).

It is obvious that the collection F = {^1_r : r ∈ T^′} is a subset of C(a(X)) of cardinality equal to that of T^′. We claim that F is in fact a dominating set for C(a(X)). Let g ∈ C(a(X)) and without loss of generality we assume that g ≥^1_φ . It follows then that the element^1_g ∈ C(a(X)) can be extended to all of X; namely define^1_g (x) = 0 for all x ∈ X ∖ a(X). Moreover,^1_g ∈ r(X)^+ and so there is some r ∈ T^′ such that r ≤^1_g . Hence g ≤^1_r and so F is a dominating set for C(a(X)). We conclude that χ(C_r (X)) ≥ dn(a(X)).

The reverse inequality is obtained in the reverse manner used above. Begin with a dominating set F for C(a(X)) and assume that each member of F is greater than or equal to^1_φ . We leave it to the interested reader to show that the collection {R(0,^1_f )}_{f ∈F} is a base of neighborhoods around 0. □

Example 1.15. Let X be an almost discrete space, that is, X has exactly one non-isolated point, say X = D ∪ {α}. If α is not an almost P -point of X, then Z_{nd}[X] = {∅, {α}}. By the previous proposition it follows that χ(C_r (X)) = dn(D). In particular,

χ(C_r (αN)) = dn(N) = d = χ(C_r(N)).

We are now in position to give an upper and lower bound for the character of C_r(X) using our new cardinal function.

Theorem 1.16. Let Z be any minimal generating set for Z_{nd}[X]. Then

z(X) ≤ χ(C_r(X)) ≤ z(X) · dn_X (F_Z ).

Proof: Let C be a base around 0 and suppose that κ = |C| = χ(C_r(X). Without loss of generality, we can assume that every element of C has the form R(0, r) for some r ∈ R(X)^+. Furthermore, we can enumerate C as a κ-sequence, say C = {R(0, r_σ )}_{σ<κ}. Let Z = {Z(r_σ ) : σ < κ} and note that Z ⊆ Z_{nd}[X]. Let Z(r) ∈ Z_{nd}[X]. Then there exists a σ < κ such that R(0, r_σ) ⊆ R(0, r) and so therefore Z(r) ⊆ Z(r_σ ). It follows that the collection Z is a generating set for Z_{nd}[X] and so z(X) ≤ κ = χ(C_r(X)).

Next, let Z be as in the hypothesis of the theorem. If we close up Z under finite unions then the cardinality will not change. Therefore, we assume that Z is closed under finite unions. For each Z ∈ Z let Z = Z(ϕ_Z ) where ϕ_Z ∈ r(X)^+ and 0 ≤ ϕ_Z ≤ 1. Let F_Z be a minimal dominating set for C(coz(ϕ_Z )). Without loss of generality we assume that every f ∈ F satisfies f ≥^1_{ϕZ} . It is straightforward to check that^1_f ∈ C(X) and that Z(^1_f ) = Z(ϕ_Z ), hence^1_f ∈ r(X)^+. Next, define B_Z = {R(0,^1_f )}_{f ∈FZ} .

We claim that B = ⋃ Z∈Z B_Z is a base of neighborhoods of 0 in C_r(X). To see this let r ∈ r(X)^+ and consider R(0, r). Now since Z is a generating set for Z_{nd}[X] it follows that there are Z_1, · · · , Z_n ∈ Z such that Z(r) ⊆ Z_1 ∪ · · · ∪ Z_n. Since Z is closed under unions it follows that Z_1 ∪ · · · ∪ Z_n = Z ∈ Z. At this point we know that R(0, r ∧ ϕ_Z ) ⊆ R(0, r) and so without loss of generality we suppose that Z(r) = Z. Therefore, since^1_r ∈ C(coz(ϕ_z )) we can find an element f ∈ F_Z such that^1_r ≤ f and thus, 1 f ≤ r with Z(^1_f ) = Z(ϕ_Z ) = Z(r). It follows then that R(0,^1_f ) ⊆ R(0, r). Therefore, B is a base of neighborhoods of 0 in C_r(X), whence χ(C_r(X)) ≤ z(X) · dn_X (F_Z ). □

In Example 1.15 we computed χ(C_r(X)) for some specific spaces. We would consider more examples. In order to calculate χ(C_r([0, 1]) we find it useful to remind the reader of Martin’s Axiom.

Definition 1.17. A space X is said to satisfy the countable chain condition (or ccc) if there is no uncountable family of pairwise disjoint non-empty open subsets of X.

Recall that Martin’s Axiom states that if X is a compact Hausdorff which satisfies the ccc, then X is not the union of κ or fewer nowhere dense subsets for any κ < c.

The proof of the next lemma is straightforward and left to the interested reader.

Lemma 1.18. X has no almost P -points if and only if Z_{nd}[X] covers X.

Proposition 1.19 (MA). Let X be a compact Hausdorff space with no almost P -points and satisfying ccc. Then z(X) = χ(C_r(X)). In particular, if X is either the Cantor set or the unit interval, then χ(C_r (X)) = c.

Proof: By assumption X has no almost P -points and so by Lemma 1.18 the collection of nowhere dense zerosets covers X. Let Z be a minimal generating set for Z_{nd}[X] and notice that Z is a cover of X. Combining together X satisfying ccc and Martin’s Axiom we conclude that Z has cardinality no smaller than c, whence z(X) ≥ c.

Now any cozeroset of any space is an F_σ -set and so in this case, since X is compact, every cozeroset of X is locally compact and σ-compact. By [2, Proposition 2.2] we have that dn(C) = d for every proper dense cozeroset C. Thus, dn_X (F_Z ) = d for any nontrivial collection of nowhere dense zero sets Z. Since d ≤ c it follows from Theorem 1.16 that z(X) = χ(C_r(X)). □

2. When C_r(X) is a weak P -space

We now turn our attention to determining when C_r(X) is a weak P -space. Recall that a weak P -space is a space for which every countable subset is closed. It follows that a metrizable weak P -space is discrete.

Recall from [15] that a space X is called a discrete refining sequence space or DRS-space for short, if for every sequence of nonempty open sets, say {O_n}_{n∈N}, there is a discrete sequence of nonempty open sets, say {V_n}_{n∈N}, such that V_n ⊆ O_n for each n ∈ N. (Note that we do not require that O_n ≠ O_m for n ≠ m. By a discrete sequence {V_n}_{n∈N} we mean that each point of x has a neighborhood which intersects at most one of the V_n.)

Van Douwen was interested in constructing spaces X for which C_m(X) is a weak P -space. This notion led him to the definition of a DRS-space. Van Douwen was able to prove that if X is a DRS-space, then C_m(X) is a weak P -space. In [7] the authors prove the converse. Our aim is to modify the definition of DRS-space to obtain a similar characterization of when C_r(X) is a weak P -space.

Some facts about DRS-spaces (Proposition 5.5 of [15]) include that they are never pseudocompact, they do not contain isolated points, a dense subspace of a DRS-space is a DRS-space, and if X is a DRS-space, then so is X × Y for any space Y .

Definition 2.1. We call X a weak DRS-space if for every sequence of nonempty open sets, say {O_n}_{n∈N}, there is a sequence {V_n}_{n∈N} of nonempty open sets such that for each n ∈ N V_n ⊂ O_n, and {V_n}_{n∈N} is a discrete family of non-empty subsets when restricted to the complement of some nowhere dense zeroset of X. Note that a weak DRS-space contains no isolated points.

Remark 2.2. Clearly a DRS-space is a weak DRS-space. We will show later that there exist compact weak DRS-spaces. Since a DRS-space is never pseudocompact it follows that there are weak DRS-spaces that are not DRS-spaces. It will follow from our main theorem that an almost P -space is a DRS-space if and only if it is a weak DRS-space.

Lemma 2.3. X is a weak DRS-space if and only if for every sequence of nonempty open sets {O_n}_{n∈N} there exists a sequence of distinct points {x_n} with x_n ∈ O_n for each n ∈ N, and an r ∈ r(X)^+, such that r(x_n) =^1_n for all n ∈ N.

Proof: If X is a weak DRS-space, then given a sequence of nonempty sets {O_n}_{n∈N} there is a refinement {V_n} which is discrete in coz(v) for some v ∈ r(X)^+. We further assume that 0 ≤ v ≤ 1. Choose a distinct sequence of points, say {x_n}_{n∈N}, such that x_n ∈ V_n ∩ coz(v) for each natural number n. Since X is Tychonoff, for each n ∈ N, there exists an f_n ∈ C(coz(v)) such that f_n(x_n) =^n_{v(xn)} and f(y) = 0 for all y ∈ (X ∖ V_n) ∩ coz(v). Since the sequence {V_n ∩ coz(v)} is a discrete sequence of open subsets of coz(v), it is straightforward to check that the function f = ∑ f_n belongs to C(coz(v)). Next, let r = v(f ⋁ 1)^{−1}. Observe that r ∈ C(X)^+ and coz(r) = coz(v) so that r ∈ r(X)^+. Moreover, r(x_n) =^1_n for each n ∈ N.

The converse is clear. □

Definition 2.4. Recall that a π-base for X is a collection of nonempty open sets, say U, such that for any open subset O of X there is some U ∈ U such that U ⊆ O. The π-weight of a space is defined as

πω(X) = ℵ_0 + min{|U| : U is a π-base for X}.

Since every base for X is a π-base for X it follows that the weight of X exceeds its π-weight.

Proposition 2.5. If X is a weak DRS-space, then πω(X) > ℵ_0. In particular, X is not second countable.

Proof: Let X be a weak DRS-space. Suppose, on the contrary that {B_n} is a countable π-base of nonempty open sets. By Lemma 2.3 there is an r ∈ r(X)^+ and a sequence of distinct points, say S = {x_n}_{n∈N}, such that x_n ∈ B_n and r(x_n) =^1_n for each natural number n. Since {B_n}_{n∈N} is a π-base it is straightforward to check that S is a countable dense subset of X. Since we know that X has no isolated points it follows that there exists a y ∈ X ∖ S such that r(y) > 0. But by the density of S and continuity of r, r(y) = 0, a contradiction. □

The proofs of the following two lemmas are similar to the proofs for a DRSspace.

Lemma 2.6. A nonempty open subset of a weak DRS-space is a weak DRS-space. Lemma 2.7. A nonempty dense subset of a weak DRS-space is a weak DRSspace.

Lemma 2.8. Suppose X is a weak DRS-space and Y is any space. Then X × Y is a weak DRS-space.

Lemma 2.9. Suppose X is a space containing a dense cozeroset, say U, for which U is a weak DRS-space. Then X is a weak DRS-space.

Proof: Let {O_n}_{n∈N} be a sequence of nonempty open subsets of X. The sequence {O_n ∩ U}_{n∈N} is a sequence of nonempty open subsets of U. Therefore, by hypothesis, there is a sequence {V_n}_{n∈N} of cozerosets of U with V_n ⊆ O_n ∩ U for each n and {V_n}_{n∈N} is discrete when restricted to a dense cozeroset of U. Since a cozeroset of a cozeroset is a cozeroset (and a dense subspace of a dense subspace is dense) we have that in X, the sequence {V_n}_{n∈} is discrete when restricted to a dense cozeroset of X. □ Corollary 2.10. A space X is a weak DRS-space if and only if each dense cozeroset of X is a weak DRS-space.

Proof: If X is a weak DRS-space, then by Lemma 2.7 every dense cozeroset of X is a weak DRS-space. Conversely, let U be a dense cozeroset of X and so by Lemma 2.9 X is as well. □ Proposition 2.11. If {X_α} is an uncountable collection of nontrivial spaces, then ∏ X_α is a weak DRS-space.

Proof: Let {O_n} be a sequence of nonempty open sets in ∏ X_α. We may assume, without loss of generality, that the O_n’s are basic open sets in the cartesian product topology. Altogether, there are at most a countable number of coordinates where the full space does not occur in the product expression of the O_n’s. Since α is an uncountable index we can find a countably infinite subset {X_{αi} } of {X_α} such that π(O_n) = ∏ X_{αi} for all n. Here π is the projection of ∏ X_α onto ∏ X_{αi} . Now, since these are all nontrivial Tychonoff spaces, there exist continuous real-valued functions s_i on X_{αi} with minimum and maximum values 0 and 1/i respectively. Define s on ∏ X_{αi} by s((x_{αi} )) = sup{s_i(x_{αi} )}. To see that s is continuous note that if a and b are real numbers, b > 0, and π_k the projection of ∏ X_{αi} onto X_{αk} , then s^{−1}((a, 1]) = ⋃ π^{−1}_i (s^{−1}_i ((a, 1/i])) and s^{−1}([0, b)) = ∏ s^{−1}_i ([0, b)) are open sets, so s^{−1}((a, b)) is open. Moreover, s is a regular element in C( ∏ X_{αi} ) whose image contains 1/n for all n ∈ N. Thus r = sπ is also a regular element and one can find a sequence of points x_n ∈ O_n with r(x_n) = 1/n. This proves the proposition. □

The previous proposition provides examples of weak DRS-spaces where no point is first countable; also examples of compact weak DRS-spaces. Here is an example with a point that satisfies first countability.

Example 2.12. Let {X_n}_{n∈N} be a denumerable collection of DRS-spaces and let Y be the topological sum of these spaces together with an extra point, say p. Define a neighborhood of p as any open subset O such that O ∩ X_n = X_n for all but a finite number of n. Then p has a countable base of neighborhoods and hence Y is not a DRS-space. But by Lemma 2.9 Y is a weak DRS-space.

We now characterize when C_r(X) is a weak P -space.

Theorem 2.13. X is a weak DRS-space if and only if C_r(X) is a weak P -space.

Proof: We first prove the necessity. Since C_r(X) is a homogeneous space it is enough to show that 0 is not in the closure of any sequence of non-zero elements in C_r(X). Moreover, it is enough to show that 0 is not in the closure of any nonzero nonnegative sequence, say {f_n}_{n∈N}. Given the sequence of nonempty open sets {coz(f_n)}_{n∈N}, by Lemma 2.3, there is a distinct sequence {x_n}_{n∈N}, and a positive regular element r ∈ r(X)^+, such that for every n ∈ N, x_n ∈ coz(f_n) and r(x_n) =^1_n . Next, choose a decreasing sequence of positive real numbers, say {s_n}_{n∈N}, such that s_n < min{^1_n , f_n(x_n)} for each natural number n. Let h ∈ C(R)^+ such that h(^1_n ) = s_n and Z(h) = {0}. Then Z(r) = Z(h ∘ r) and (h ∘ r)(x_n) < f_n(x_n) for each n ∈ N. The former implies that h ∘ r ∈ r(X)^+ and the latter forces f_n /∈ R(0, h ∘ r). Therefore, 0 /∈ cl{f_n}.

Conversely, first observe that X has no isolated points. Next, let {O_n}_{n∈N} be a sequence of nonempty open sets. We assume, without loss of generality, that O_n = coz(f_n) with 0 ≤ f_n ≤^1_n . Since C_r(X) is a weak P -space there is an r ∈ r(X)^+ with f_n /∈ R(0, r) for all n. Thus one can find an x_n ∈ O_n with 0 < r(x_n) < f_n(x_n) ≤^1_n . Moreover, since X has no isolated points we can choose the sequence {x_n}_{n∈N} to be distinct. It follows by Lemma 2.3 that X is a weak DRS-space. □

Remark 2.14. Recall that there is a natural (ring) isomorphism between C^∗(X) and C(βX). Namely, for any f ∈ C^∗(X), the unique extension of f to all of βX is denoted by f^β. A natural question is whether the subspace topology on C^∗(X) inherited from C_r(X) coincides with the r-topology on C(βX). It is known that for the m-topology, the analogous question is answered in the negative. This is because it is possible for u ∈ U(X)^+ ∩ C^∗(X) but u^β /∈ U(βX)^+. We now answer the question for the r-topology. It is because of the next result that it is our opinion that the r-topology is a much more well-behaved topology than the m-topology.

Proposition 2.15. The subspace topology on C^∗(X) inherited from C_r(X) is homeomorphic to the r-topology on C(βX). Moreover, the two topologies on C^∗(X) inherited from C_m(X) and C_r(X) are equal.

Proof: Observe that r ∈ r(X)^+ ∩ C^∗(X) if and only if r^β ∈ r(βX)^+. Since the collection {R(0, r ∧ 1)}_{r∈r(X)}+ forms a base around 0 ∈ C^∗(X) with respect to the subspace topology inherited from C_r(X) and this collection corresponds exactly to the base around 0 ∈ C(βX), the result follows. □

Proposition 2.16. C_r(X) is a weak P -space if and only if C_r (βX) is a weak P -space.

Proof: Since a subspace of a weak P -space is again a weak P -space it follows then that if C_r(X) is weak P -space, then so is C^∗(X) with respect to the subspace topology. But by Proposition 2.15 we conclude that C_r(βX) is a weak P -space.

Next, suppose that C_r(X) is not a weak P -space. This implies that there is a sequence of continuous functions, say {f_n}, which is not closed. By translation, we can assume that 0 ∈ cl{f_n}_{n∈N} ∖ {f_n}_{n∈N}. It is straightforward to check that 0 ∈ cl{f_n ∧ 1}_{n∈N} ∖ {f_n ∧ 1}_{n∈N}. But this implies that C^∗(X) is not a weak P -space, i.e., C_r (βX) is not a weak P -space. □

Corollary 2.17. X is a weak DRS-space if and only if βX is a weak DRSspace. In particular, the Stone-Čech compactification of a DRS-space is a weak DRS-space.

3. A topological characterization of separable weak DRS-spaces

The motivating example for this section is the following:

Example 3.1. R is not a weak DRS-space.

In fact we shall prove more.

Definition 3.2. For a given x ∈ X, a π-base of neighborhoods of x is a collection of nonempty open subsets of X, say U, such that for any neighborhood O of x there is a U ∈ U such that U ⊆ O. We define the π-character of x as

πχ(x, X) = ℵ_0 + min{|U| : U is a π-base of neighborhoods of x},

and the π-character of X as πχ(X) = sup{πχ(x, X) : x ∈ X}. As with the weight we always have χ(X) ≥ πχ(X).

In [15] the author showed that a DRS-space cannot have any points of countable π-character. He then showed that for a countable space that this was also sufficient. Formally, we have:

Theorem 3.3 ([15]). Let X be a countable space. X is a DRS-space if and only if πχ(x, X) > ℵ_0 for all x ∈ X.

In a weak DRS-space you can have points of countable π-character. However, a weak DRS-space cannot have a countable π-base, as we presently show. Later, we will generalize Theorem 3.3 to separable spaces.

Lemma 3.4. Let X be a separable space with a dense sequence of distinct points, say {x_n}_{n∈N}, such that πχ(x_n, X) > ℵ_0 for all n. Given a sequence of nonempty open sets {U_{2i}}_{i∈N}, there is a cover of {x_n}_{n∈N} consisting of a sequence of disjoint nonempty open sets {V_n}_{n∈N} such that V_{2i} ⊂ U_{2i} for all i ∈ N. Moreover, ⋃ V_i is a dense cozeroset of X.

Proof: First of all we note that by hypothesis none of the x_n are isolated points. Let U_{2i−1} = X for all i ∈ N and let v_1 = x_1. Since π_χ(v_1, X) > ℵ_0 there is a cozeroset O_1 with v_1 ∈ O_1 ⊂ U_1 such that U_i ⊄ O_1 for all i > 1. Choose f_1 ∈ C(X)^+ such that f(v_1) = 1 and f(y) = 0 for all y ∈ X ∖ O_1. Since {x_n}_{n∈N} is a countable set, there is an r_1 ∈ (0, 1) such that f^{−1}_1 (r_1) ∩ {x_n}_{n∈N} = ∅. Let

W_1 = f^{−1}_1 [0, r_1) V_1 = f^{−1}_1 (r_1, ∞]

and observe that W_1 and V_1 are disjoint cozerosets of X with V_1 ⊆ O_1 ⊆ U_1. Note that U_i ∩ W_1 ≠ ∅ for all i > 1. We use recursion now.

Suppose we have a pair of collections of cozerosets, say {W_i}^n_{i=1} and {V_i}^n_{i=1}, and a sequence {v_i}^n_{i=1} ⊆ {x_i}_{i∈N} such that 1) W_i ∩ V_i = ∅ for each i = 1, · · · , n, 2) v_i ∈ V_i and v_i ≠ v_j for each 1 ≤ i < j ≤ n, 3) U_i ∩ ( ⋂_n j=1 W_j ) ≠ ∅ for each i > n, 4) for each i = 1, · · · , n, V_i ⊆ U_i, and 5) {V_i}^n_{i=1} is pairwise disjoint. Now let i_{n+1} = min { i ∈ N : x_i ∈ U_{n+1} ∩ (^n⋂ j=1 W_j )}

and set v_{n+1} = x_{in+1} . Since for each i = 1, · · · , n we have v_i ∈ V_i and hence v_i /∈ W_i it follows that v_i ≠ v_{n+1}. Choose a cozeroset neighborhood of v_{n+1}, say O_{n+1} such that v_{n+1} ∈ O_{n+1} ⊆ U_{n+1} ∩ ( ⋂_n j=1 W_j ) and U_k ∩ ( ⋂_n j=1 W_j ) ⊈ O_{n+1} for all k > n. We can do this because πχ(v_{n+1}, X) > ℵ_0. Next, choose a function f ∈ C(X)^+ such that f(v_{n+1}) = 1 and f(y) = 0 for all y ∈ X ∖ O_{n+1}. There is an 0 < r_{n+1} < 1 such that f(x_k) ≠ r for all k ∈ N. Let W_{n+1} = f^{−1}([0, r_{n+1})) and V_{n+1} = f^{−1}((r_{n+1}, ∞)). Since V_{n+1} ⊆ O_{n+1} ⊆ U_{n+1} ∩ ( ⋂_n j=1 W_j ) it follows that V_{n+1} ⊆ U_{n+1} and that V_{n+1} ∩ V_i = ∅ for all i = 1, · · · , n. Thus, our new pair of collections of cozerosets {W_i}^{n+1}_{i=1} and {V_i}^{n+1}_{i=1} satisfies the properties 1) through 5) from above.

By induction there is a sequence, {V_n}_{n∈N}, of pairwise disjoint cozeroset with V_i ⊆ U_i for all i ∈ N. Letting V = ⋃ i∈N V_n we get that since V is a countable union of cozerosets it is a cozeroset. Furthermore, it is straightforward to check that {x_i}_{i∈N} ⊆ ⋃ i∈N V_i so that V is a dense subset of X. This concludes the proof of the lemma. □

We prove the main result of this section:

Theorem 3.5. Let X be a separable space. X is a weak DRS-space if and only if there exists a countable dense subset of X, say {x_j }_{j∈N}, such that πχ(x_j , X) > ℵ_0 for all j ∈ N.

Proof: Suppose X is a weak DRS-space. Note that there cannot exist a countable dense subset of X, say {x_j }_{j∈N}, such that πχ(x_j , X) = ℵ_0 for every j ∈ N. If so then it would follow that X has countable π-weight, contradicting Theorem 2.5. Thus, let S be a countable dense subset of X and split S into two disjoint sets, S_0 and S ∖ S_0, where x ∈ S belongs to S_0 if and only πχ(x, X) = ℵ_0. If S ∖ S_0 is a dense subset of X, we are done. Otherwise let O = X ∖ cl_X (S ∖ S_0) and

T = S_0 ∩ O. Then T is a dense subset of the nonempty set O. But since O is an open subset of X it follows that πχ(x, O) = ℵ_0 for each x ∈ T and so O cannot be a weak DRS-space, contradicting Lemma 2.6.

As for the sufficiency suppose {x_j }_{j∈N} is a countable dense subset (of distinct points) of X with πχ(x_j , X) > ℵ_0 for each j ∈ N. Let {U_n}_{n∈N} be a sequence of nonempty open sets of X. By Lemma 3.4 we can find a sequence of pairwise disjoint cozerosets, say {V_n}_{n∈N}, whose union is a dense cozeroset. It follows that when restricted to the dense cozeroset the collection is discrete. Therefore, X is a weak DRS-space. □

Theorem 3.6. Suppose X satisfies the property that every dense open set contains a dense cozeroset, e.g. a perfectly normal space. Furthermore, suppose that πχ(x, X) = ℵ_0 for all x ∈ X. Then X is a weak DRS-space if and only if X is nowhere separable.

Proof: To prove the necessity observe that any weak DRS-space satisfying πχ(x, X) = ℵ_0 for all x ∈ X will be nowhere separable. This follows from 2.6 that if O is any open subset of X, then O is a weak DRS-space. It is straightforward to check that πχ(x, O) = ℵ_0 for all x ∈ O. But this contradicts Theorem 3.5.

Conversely, suppose X is nowhere separable and let {f_i}_{i∈N} be a sequence of continuous functions all of which are different than 0. Without loss of generality we assume that f_i > 0. Choose a sequence {x_i}_{i∈N} of distinct points with x_i ∈ coz(f_i). Let T = cl{x_i}_{i∈N}. We claim that T is a nowhere dense subset of X. If it is not, then int T ≠ ∅ is an open subset of a separable set, hence separable. This contradicts that X is nowhere separable. Next, since X ∖T is a dense open subset of X we can apply the hypothesis and conclude that X ∖ T densely contains a cozeroset, say coz(r). Observe that coz(r) is a dense subset of X. Therefore, r ∈ r(X)^+. Finally, 0 = r(x_i) < f_i(x_i) so that 0 /∈ cl{f_i}_{i∈N}; whence X is a weak DRS-space. □

Corollary 3.7. Suppose X is a metric space. X is a weak DRS-space if and only if X is nowhere separable.

Example 3.8. Let E be the (Iliadis) absolute of the space [0, 1]. It is known that E has countable π-weight (see [14]). In Example 4.6 of [7] it is shown that E is not a DRS-space. Since E has countable π-weight it follows that πχ(x, E) = ℵ_0 for all x ∈ E and so, by Theorem 3.5, E is not a weak DRS-space.

For the purpose of this example (and throughout the rest of the article) by a crowded space we mean a space without isolated points.

Not every crowded basically disconnected space is a weak DRS-space even though every crowded P -space is a DRS-space, and so every basically disconnected space without isolated points which is of the form βX for X a P -space is a weak DRS-space.

We finish this article by showing that even though C_r(X) might not be a weak P -space for a crowded basically disconnected space, it does share a property with weak P -spaces. Recall from [9] that a space X is called a cozero complemented space if for every cozeroset C ⊆ X there is a cozeroset C^′ such that C ∩ C^′ = ∅ and C ∪ C^′ is a dense subset of X. Basically disconnected spaces and perfectly normal spaces are cozero complemented.

Remark 3.9. Observe that if x ∈ X is an isolated point and we let f = χ_{{x}} denote the characteristic function on {x}, then the sequence {^1_n f}_{n∈N} converges to 0 in C_r(X).

Proposition 3.10. Suppose X is a crowded cozero complemented space. Then there are no nontrivial convergent sequences in C_r(X).

Proof: Note that if such a sequence exists then there is one converging to 0. Let {coz(f_j )}_{j∈N} be a sequence of nonempty cozerosets of X with f_j ∈ C(X)^+. Since X has no isolated points we can find a subsequence S ⊆ N and a discrete sequence of distinct points, say {x_n}_{j∈S} , such that x_n ∈ coz(f_n). This means that there is a discrete sequence of cozerosets, say {V_n}_{n∈S} , which is pairwise disjoint and so that x_n ∈ V_n ⊆ coz(f_n) for each n ∈ S. Now, the union C of these cozerosets is again a cozero set, say C = coz(f). Furthermore, we can assume that 0 < f(x_n) < f_n(x_n) for each n ∈ S. By hypothesis, there is a cozeroset C^′ so that C ∩ C^′ = ∅ and C ∪ C^′ is a dense subset of X. Let g ∈ C(X)^+ satisfy C^′ = coz(g). Consider the function f + g ∈ C(X). Since coz(f + g) = C ∪ C^′ it follows that f + g ∈ r(X)^+. Therefore, 0 /∈ cl_{ f_n}_{n∈S} , whence 0 is not the limit of the sequence {f_j }_{j∈N}. □

Remark 3.11. It follows from Corollary 3.7 and Proposition 3.10 that C_r(R) is not a weak P -space yet 0 is not a limit of a non-trivial convergent sequence of functions. We conclude with the following question. Does there exist a basically disconnected space X for which πχ(x, X) = ℵ_0 for all x ∈ X which is nowhere separable yet X is not a weak DRS-space?

Acknowledgments. We would like to thank the referee. His/her careful reading of the manuscript combined with some very useful suggestions and questions have hopefully improved the quality of the paper.

References

[1] Darnel M., Theory of Lattice-Ordered Groups, Monographs and Textbooks in Pure and Applied Mathematics, 187, Marcel Dekker, Inc., New York, 1995.

[2] Di Maio G., Holá L., Holý D., McCoy R.A., Topologies on the space of continuous functions, Topology Appl. 86 (1998), no. 2, 105–122.

[3] Engelking R., General Topology, Polish Sci. Publishers, Berlin, 1977. [4] Fine N.J., Gillman L., Extension of continuous functions in βN, Bull. Amer. Math. Soc.

66 (1960), 376-381.

[5] Fine N.J., Gillman L., Lambek J., Rings of Quotients of Rings of Functions, Lecture Note Series, McGill University Press, Montreal, 1966.

[6] Gillman L., Jerison M., Rings of Continuous Functions, The University Series in Higher Mathematics, D. Van Nostrand, Princeton, 1960.

[7] Gomez-Perez J., McGovern W.Wm., The m-topology on C_m(X) revisited, Topology Appl.

153 (2006), no. 11, 1838–1848.

[8] Hager A., Martinez J., Fraction-dense algebras and spaces, Canad. J. Math. 45 (1993), no. 5, 977–996.

[9] Henriksen M., Woods R.G., Cozero complemented space; when the space of minimal prime ideals of a C(X) is compact, Topology Appl. 141 (2004), no. 1–3, 147–170.

[10] Hewitt E., Rings of real-valued continuous functions. I., Trans. Amer. Math. Soc. 64 (1948), 45–99.

[11] Kopperman R., Pajoohesh H., Richmond T., Topologies arising from metrics valued in abelian ℓ-groups, Algebra Universalis, to appear.

[12] Levy R., Almost P -spaces, Canad. J. Math. 29 (1977), no. 2, 284–288. [13] Levy R., Shapiro J., Rings of quotients of rings of functions, Topology Appl. 146/146 (2005), 253–265.

[14] Porter J., Woods R.G., Extensions and Absolutes of Hausdorff Spaces, Springer, New York, 1998.

[15] van Douwen E., Nonnormality of spaces of real functions, Topology Appl. 39 (1991), 3–32.

Department of Mathematics, Nova Southeastern, Ft. Lauderdale, FL 33314, USA E-mail: wi12@nova.edu

Columbia College, Columbia, SC, USA E-mail: ramirohlafuente@hotmail.com

H.L. Wilkes Honors College, Florida Atlantic University, Jupiter, Fl 33458, USA E-mail: warren.mcgovern@fau.edu

(Received October 4, 2010, revised April 21, 2011)