Comment.Math.Univ.Carolin. 53,1 (2012) 37–50 37

Reproducing kernels for Dunkl polyharmonic polynomials

Kamel Touahri

Abstract. In this paper, we compute explicitly the reproducing kernel of the space of homogeneous polynomials of degree n and Dunkl polyharmonic of degree m, i.e. Δ^m_k u = 0, m ∈ N \ {0}, where Δ_k is the Dunkl Laplacian and we study the convergence of the orthogonal series of Dunkl polyharmonic homogeneous polynomials.

Keywords: Dunkl Laplacian, reproducing kernel

Classification: 31B30, 33C55

1. Introduction and main results

The Dunkl Laplacian Δ_k associated to a root system R and a weight function k is a generalisation of the Laplace operator Δ = ∂^2 ∂x^2_1 + · · · + ∂^2 ∂x^2_d . In the last two decades Ch. Dunkl developed a beautiful theory based for the Dunkl Laplacian which generalizes the theory of spherical harmonics and leads to important applications in the theory of multivariate orthogonal polynomials. The aim of this paper is to generalize a recent result of H. Render in [6] about reproducing kernels for polyharmonic polynomials to the context of the Dunkl Laplacian.

We point out that this problem is studied by Ch. Dunkl and Y. Xu for Dunkl harmonic polynomials in [2]. In particular, they established the reproducing property by means of the Poisson kernel. Also, they add the Funk-Hecke formula by using the Gegenbauer polynomials.

First of all, we begin by giving some definitions and results concerning the Dunkl operators. For more details (see [1], [2] and [7]).

Let ⟨x, y⟩ be the euclidean scalar product on R^d and | · | the associated norm. We recall that for v ∈ R^d the reflection σ_v with respect to the hyperplane H_v orthogonal to v is given for x ∈ R^d by

σ_v (x) = x − 2 ⟨x, v⟩ |v|^2 v. A finite set R ⊆ R^d \ {0} is called a root system if R ∩ Rv = {±v} and σ_v (R) = R for all v ∈ R. We assume that it is normalized by |v|^2 = 2 for all v ∈ R.

For a given root system R the reflections σ_v , v ∈ R, generate a finite group W ⊆ O(d), the orthogonal group. We fix a positive root system R_+ = {α ∈ R : ⟨α, β⟩ > 0} for some β ∈ R^d \ ⋃ v∈R H_v , then for each v ∈ R either v ∈ R_+ or −v ∈ R_+. A W -invariant function k : R_+ → C is called a multiplicity function. We will assume throughout this paper that the multiplicity function k is nonnegative. For abbreviation, we introduce the index

(1.1) γ = γ(k) := ∑ v∈R_+ k(v). Moreover, let w_k denote the weight function

w_k(x) = ∏ v∈R_+ |⟨x, v⟩|^{2k(v)} which is W -invariant and homogeneous of degree 2γ and

c_k = ∫ S^{d−1} w_k(t) dσ(t), where S^{d−1} is the unit sphere of R^d and dσ is the surface measure on S^{d−1}.

The Dunkl operators on R^d denoted D_j , 1 ≤ j ≤ d, associated with the group W and the multiplicity function k are given for a function u of class C^1 on R^d by

D_j u(x) = ∂_j u(x) + ∑ v∈R_+ k(v)v_j u(x) − u(σ_v(x)) ⟨x, v⟩ .

The properties of these operators can be found in [1]. In particular, the operator D_j maps P^d_n to P^d_{n−1}, where P^d_j is the space of homogeneous polynomials of degree j on R^d . Furthermore the family (D_j )_{1≤j≤d} is commutative.

The Dunkl Laplacian Δ_k on R^d is given for u ∈ C^2(R^d ) by

Δ_ku = d∑ j=1 D^2_j u.

A polynomial P is called Dunkl harmonic if Δ_kP (x) = 0 for all x ∈ R^d , and more general, Dunkl polyharmonic of order m if Δ^m_k P (x) = 0 for all x ∈ R^d . In [6] H. Render determined the reproducing kernel for the space of all polyharmonic polynomials of order m and degree n. In this paper, we show that a similar result holds in the context of Dunkl polyharmonic polynomials.

Let P^d be the space of polynomials on R^d equipped with the apolar inner scalar product

[P, Q]_k = [P (D)Q](0), where D = (D_1, D_2, . . . , D_d) and P (D) = P (D_1, D_2, . . . , D_d).

We denote by PH^k_{n,m} the space of homogeneous polynomials of degree n on R^d and Dunkl polyharmonic of order m ∈ N \ {0}, (i.e. Δ^m_k P = 0, P ∈ P^d_n).

Suppose that {Q^k_{n,m,j}}_{1≤j≤ad(n,m)}, a_d(n, m) := dim PH^k_{n,m}, is an orthonormal basis of PH^k_{n,m} with respect to the inner product [·, ·]_k and define the function Z^k_{n,m} of PH^k_{n,m} by

Z^k_{n,m}(x, y) := a_d(n,m) ∑ j=1 Q^k_{n,m,j} (x)Q^k_{n,m,j} (y).

It is a well known result of Hilbert space theory that Z^k_{n,m} is independent of the choice of the orthonormal basis Q^k_{n,m,j} for j = 1, . . . , a_d(n, m) and that [P (x), Z^k_{n,m}(x, y)]_k = P (y) for all y ∈ R^d and P ∈ PH^k_{n,m}. For this reason, the function Z^k_{n,m} is called the reproducing kernel of the space PH^k_{n,m} with respect to the inner product [·, ·]_k.

In this paper, we show that the reproducing kernel Z^k_{n,m} can be described explicitly as (1.2) Z^k_{n,m}(x, y) = min([^n_2 ],m−1) ∑ s=0 |x|^{2s}|y|^{2s}Z^k_{n−2s}(x, y) 2^ss!(d + 2γ)(d + 2γ + 2) . . . (d + 2(γ + n − s − 1)) ,

where γ is defined in formula (1.1) and [^n_2 ] is the integral part of^n_2 .

Note that the reproducing kernel Z^k_n is defined for the inner product

(P, Q)_k = 1 c_k ∫ S^{d−1} P (x)Q(x)w_k(x) dσ(x)

on the space PH^k_{n,1} while Z^k_{n,1} is the reproducing kernel with respect to [·, ·]_k. The dimension of PH^k_{j,1} is given (see [2]) by

a_d(j, 1) = (2j + d − 2)

(j + d − 3)! j!(d − 2)! .

Using (1.2) and the expression of the reproducing kernel of PH^k_{j,1}, we prove that there exists a positive constant C depending only on d and γ such that for all x, y ∈ S^{d−1}, (1.3) |Z^k_{n,m}(x, y)| ≤ C n^{m+d+2γ} 2^nn! .

Formula (1.3) allows to prove that the following orthogonal series +∞∑ n=0 a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j}

converges absolutely and uniformly on compact subsets of the open ball B(ρ) centered at the origin and with radius ρ = 1 √ 2 lim sup n→+∞ ( ‖μ_n‖_2 √ n! ) −1_n , where

‖μ_n‖_2 = ( a_d(n,m) ∑ j=1 |μ_{n,j} |^2 ) 1_2 . The paper is organized as follows. In the second section, we give a relation between the two scalar products [·, ·]_k and (·, ·)_k on PH^k_{n,1} and we describe explicitly the reproducing kernel Z^k_{n,m} by means of Z^k_n. The third section contains a criterion for the convergence of the series ∑_{+∞} n=0 ∑_{ad(n,m)} j=1 μ_{n,j} Q^k_{n,m,j} . 2. The reproducing kernel for Dunkl polyharmonic polynomials Since Δ^m_k is a homogeneous operator of order 2m, using arguments analogous as in the proof of the case m = 1, (see [2, Theorem 5.1.7, p. 178]) we find that

(2.1) a_d(n, m) = ( d + n − 1 n ) − ( d + n − 1 − 2m n − 2m ) . It is shown in [7] that the scalar product [·, ·]_k satisfies the following properties [x_iP, Q]_k = [P, D_iQ]_k, i = 1, . . . , d, for all P, Q ∈ P^d. Using this relation, we see that, for all P, Q, R ∈ P^d, we have

(2.2) [P^⋆(D)Q, R]_k = [Q, P R]_k,

where P^⋆(x) is the polynomial obtained by conjugation the coefficients of the polynomial P and P^⋆(D) is the operator associated to P^⋆(x). In addition, we note that for all homogeneous polynomials P and Q of degree n, [P, Q]_k = P (D)Q. To establish a relation between [·, ·]_k and (·, ·)_k on PH^k_{n,1}, we give the following technical lemmas. We mention that Lemma 2.1, in the classical case is due to Kuran, see [3, p. 19].

Lemma 2.1. Let n be a positive integer. If h is Dunkl harmonic function in R^d (i.e. Δ_kh = 0) and P ∈ P^d_n, then (2.3) Δ^n_k (P h) = 2^nn!P (D)h.

Proof: It is proved in [2, Lemma 5.1.10, p. 179], that for all i ∈ {1, . . . , d} and f ∈ C^2(R^d ), (2.4) Δ_k(x_if) = x_iΔ_k(f) + 2D_i(f).

Using (2.4) and the fact that Δ_k and D_i commute, we prove by induction that, if α ∈ N^d and i ∈ {1, 2, . . . , d} be fixed, then for all p ∈ N \ {0} (2.5) Δ^p_k(x^{α+ei} f) = x_iΔ^p_k(x^αf) + 2pD_iΔ^{p−1}_k (x^αf) where e_i is the i-th standard basis vector.

We prove now (2.3) by induction for P = x^α. The result is true for |α| = 1. Suppose Δ^n_k (x^αh) = 2^nn!D^α(h), for all α ∈ N^d such that |α| = n, then by (2.5) and (2.4), we have for all i = 1, . . . , d Δ^{n+1}_k (x^{α+ei} h) = x_iΔ^{n+1}_k (x^αh) + 2(n + 1)D_iΔ^n_k (x^αh) = x_iΔ_k(Δ^n_k (x^αh)) + 2(n + 1)D_i(2^nn!D^αh) = x_iΔ_k(2^nn!D^α(h)) + 2^{n+1}(n + 1)!D^{α+ei} (h) = 2^nn!x_iD^α(Δ_k h) + 2^{n+1}(n + 1)!D^{α+ei} (h) = 2^{n+1}(n + 1)!D^{α+ei} (h).

Hence, the result is true for all α ∈ N^d such that |α| = n + 1 and the induction is terminated. Finally, we conclude by linearity. □ Lemma 2.2. Let P be a homogeneous polynomial of degree n. Then

(2.6) ∫ S^{d−1} Δ_kP (y)w_k(y) dσ(y) = n(n + d + 2γ − 2) ∫ S^{d−1} P (y)w_k(y) dσ(y). If further n is even, i.e. n = 2s, then

(2.7) Δ^s_kP =

2^ss! c_k u_{d,γ}(s) ∫ S^{d−1} P (y)w_k(y) dσ(y), where u_{d,γ} (s) = (d + 2γ)(d + 2γ + 2) . . . (d + 2γ + 2s − 2).

Proof: By Euler’s identity, nP = d∑ i=1 x_i ∂P ∂x_i = r ∂P ∂r , r = |x|. Then, by Green’s formula (see [4]), the homogeneity of w_k of degree 2γ and the homogeneity of Δ_kP of degree n − 2, we have n ∫ S^{d−1} P (y)w_k(y) dσ(y) = ∫ S^{d−1} ∂P ∂r (y)w_k(y) dσ(y) = ∫ B Δ_kP (x)w_k (x) dx = ∫_1 0 ∫ S^{d−1} Δ_kP (rt)w_k (rt)r^{d−1} dr dσ(t) = ∫_1 0 ∫ S^{d−1} Δ_kP (t)w_k (t)r^{2γ+n+d−3} dr dσ(t) = 1 (2γ + n + d − 2) ∫ S^{d−1} Δ_kP (t)w_k(t) dσ(t), which gives (2.6). To prove (2.7), it is enough to note that Δ^s_kP is a constant (and hence) it is equal to its mean value on S^{d−1} (see [4]). We conclude by applying (2.6) s times. □ Theorem 2.3. Let P, Q be homogeneous polynomials of degree n and Dunkl harmonic. Then (2.8) [P, Q]_k = u_{d,γ}(n)(P, Q)_k .

Proof: Using Lemma 2.1 and 2.2 (the latter applied to P Q instead of P ), we obtain n!2^n[P, Q]_k = Δ^n_k (P Q) = n!2^nu_{d,γ}(n)(P, Q)_k , which gives (2.8). □ Lemma 2.4. Let m be a positive integer and P ∈ PH^k_{n,1}. Then for any integer s such that m ≤ 2s, we have (2.9) Δ^m_k (|x|^{2s}P ) = 2^m[s(s − 1) . . . (s − (m − 1))]v_{d,γ} (m, n, s)|x|^{2s−2m}P, where

v_{d,γ} (m, n, s) = [(d + 2(s + n + γ − 1)) . . . (d + 2(s + n + γ − m))]. In particular, (2.10) Δ^s_k(|x|^{2s}P ) = 2^ss!u_{d,γ+n}(s)P.

Proof: It is a special case of Lemma 5.1.9, p. 178, in [2], which gives Δ_k (|x|^{2s}P ) = 2s(2γ + d + 2s + 2n − 2)|x|^{2s−2}P.

A simple induction argument gives (2.9). It is clear that if m = s, then we obtain (2.10). □ In the following, we need some facts from the theory of spherical harmonics associated with the Dunkl Laplacian.

Let {Y^k_{n,j} }_{1≤j≤ad(n,1)} be an orthonormal basis of PH^k_{n,1} with respect to the scalar product (·, ·)_k. Then

(2.11) Z^k_n(x, y) = a_d(n,1) ∑ j=1 Y^k_{n,j} (x)Y^k_{n,j} (y)

is the reproducing kernel of PH^k_{n,1} with respect to the scalar product (·, ·)_k and the function x → Z^k_n(x, y) is called the zonal k-harmonic of degree n and with pole y.

Using (2.11), it is easy to show that 1 c_k ∫ S^{d−1} Z^k_n(x, x)w_k (x) dσ(x) = a_d(n, 1). Theorem 2.5. Let Y^k_{n,j} , n ∈ N, j = 1, . . . , a_d(n, 1), be an orthonormal basis of PH^k_{n,1} with respect to the inner product (·, ·)_k. Then the polynomials |x|^{2s}Y^k_{n,j} , s ∈ N, are orthogonal with respect to the inner product [·, ·]_k and we have (2.12) ‖|x|^{2s}Y^k_{n,j} ‖^2_k = 2^ss!u_{d,γ} (s + n). Here ‖ · ‖_k is the norm associated to the inner product [·, ·]_k. Proof: The proof is analogous to the one in [6, Theorem 2.2, p. 139] using (2.10) and (2.2). □ Proposition 2.6. Let m ∈ N \ {0}. The system |x|^{2s}Y^k_{n−2s,j} for s = 0, 1, . . . , min{[^n_2 ], m − 1} and j = 1, . . . , a_d(n − 2s, 1), is an orthogonal basis of PH^k_{n,m}. Proof: By the Almansi theorem for Dunkl operators, (see [5]) and similarly to the proof of Proposition 2.3, p. 140 in [6], we obtain the desired result. □ Fix a point y ∈ R^d , and consider the linear map Λ : PH^k_{n,m} → C defined by Λ(P ) = P (y).

Because PH^k_{n,m} is a finite-dimensional inner-product space, there exists a unique function Z^k_{n,m}(·, y) ∈ PH^k_{n,m} such that P (y) = [P, Z^k_{n,m}(·, y)]_k for all P ∈ PH^k_{n,m}.

Z^k_{n,m} is called the reproducing kernel of PH^k_{n,m} endowed with the inner product [·, ·]_k.

By standard Hilbert space theory, we have the following well known result. Proposition 2.7. (a) If {Q_{n,m,j} }_{1≤j≤ad(n,m)} is an orthonormal basis of PH^k_{n,m} with respect to the inner product [·, ·]_k, then for all x, y ∈ R^d ,

Z^k_{n,m}(x, y) = a_d(n,m) ∑ j=1 Q_{n,m,j} (x)Q_{n,m,j} (y). (b) Z^k_{n,m} is real valued. (c) Z^k_{n,m}(x, y) = Z^k_{n,m}(y, x), for all x, y ∈ R^d . Theorem 2.8. The reproducing kernel Z^k_{n,m} of PH^k_{n,m} endowed with the scalar product [·, ·]_k is given by

(2.13) Z^k_{n,m}(x, y) =

min{[^n_2 ],m−1} ∑ s=0 1 2^ss!u_{d,γ} (n − s) |x|^{2s}|y|^{2s}Z^k_{n−2s}(x, y). Proof: Since the system 1 √ 2^ss!u_{d,γ}(n − s) |x|^{2s}Y^k_{n−2s,j} for s = 0, 1, . . . , min{[^n_2 ], m − 1} and j = 1, . . . , a_d(n − 2s, 1) is an orthonormal basis of PH^k_{n,m} with respect to the scalar product [·, ·]_k, by definition of the reproducing kernel of PH^k_{n,m},

Z^k_{n,m}(x, y) = min{[^n_2 ],m−1} ∑ s=0 a_d(n−2s,1) ∑ j=1 1 2^ss!u_{d,γ}(n − s) |x|^{2s}Y^k_{n−2s,j} (x)|y|^{2s}Y^k_{n−2s,j} (y)

= min{[^n_2 ],m−1} ∑ s=0 1 2^ss!u_{d,γ}(n − s) |x|^{2s}|y|^{2s} a^k_d (n−2s,1) ∑ j=1 Y^k_{n−2s,j} (x)Y^k_{n−2s,j} (y)

= min{[^n_2 ],m−1} ∑ s=0 1 2^ss!u_{d,γ}(n − s) |x|^{2s}|y|^{2s}Z^k_{n−2s}(x, y). □

Proposition 2.9. Let q_n ∈ PH^k_{n,m}. Then for all x ∈ R^d ,

(2.14) u_{d,γ}(n) c_k ∫ S^{d−1} q_n(y)Z^k_{j,m}(x, y)w_k (y) dσ(y) = δ_{nj} q_n(x). (δ_{ij} being the Kronecker symbol).

Proof: Let x ∈ S^{d−1}. Since Z^k_{j,m}(x, ·) is a homogeneous polynomial of degree j, by [2, Theorem 5.1.6, p. 177], if n ≠ j, the left hand side of the relation of the lemma vanishes. If n = j, then using (2.8), we obtain 1 c_k ∫ S^{d−1} q_n(y)Z^k_{j,m}(x, y)w_k (y) dσ(y) = (q_n, Z^k_{n,m}(x, ·))_k = 1 u_{d,γ}(n) [q_n, Z^k_{n,m}(x, ·)]_k = 1 u_{d,γ}(n) q_n(x). □ We give now some results which are used to study the convergence of orthogonal series. Before stating these results, we recall the existence and the unicity of the so-called Dunkl intertwining operator denoted V_k (see [1]) which relates the Dunkl operators D_j , 1 ≤ j ≤ d, with the usual partial derivatives ∂_j and is a linear isomorphism from the space P^d_n onto itself satisfying

V_k (1) = 1, D_j V_k = V_k∂_j , 1 ≤ j ≤ d.

Moreover, it is proved in [9] that V_k can be extended to a topological isomorphism of the space C^∞(R^d ) (the space of C^∞-functions on R^d ) onto itself and admits for all x ∈ R^d the following integral representation

(2.15) V_k(f)(x) = ∫ R^d f(y) dμ_x(y), f ∈ C(R^d ), where dμ_x is a probability measure on R^d , with support in the closed ball B(‖x‖) centered at the origin and with radius ‖x‖.

It can be easily seen that Δ_k satisfies

V_k Δ^n = Δ^n_k V_k, n ∈ N.

Lemma 2.10. Let Z^k_n(x, y) be the reproducing kernel for the space PH^k_{n,1} with respect to (·, ·)_k. Then the following estimate holds: For x, y ∈ S^{d−1}, we have (2.16) |Z^k_n(x, y)| ≤ (n + γ +^d_2 − 1)(d + 2γ − 2)_n (γ +^d_2 − 1)n! .

Proof: For x, y ∈ S^{d−1}, according to Corollary 5.3.2 in [2], the kernel Z^k_n(x, y) can be written as (2.17) Z^k_n(x, y) =

(n + γ +^d_2 − 1)(d + 2γ − 2)_n (γ +^d_2 − 1)n! V_kC̃^{γ+ d2 −1} n (⟨x, ·⟩)(y),

where C̃^{γ+ d2 −1} n is the normalized Gegenbauer polynomial such that C̃^{γ+ d2 −1}_n (1) = 1 and (a)_n is the Pochammer symbol.

From (2.15) and the fact that C̃^{γ+ d2 −1}_n (t) ≤ 1 for |t| ≤ 1, we obtain (2.16). □ Using (2.13) and (2.16), we obtain:

Lemma 2.11. For x, y ∈ S^{d−1}, we have (2.18) |Z^k_{n,m}(x, y)| ≤ λ_{d,γ} (n, m), where

λ_{d,γ} (n, m) = min{[^n_2 ],m−1} ∑ s=0 (n − 2s + γ +^d_2 − 1)(d + 2γ − 2)_{n−2s} 2^ss!(γ +^d_2 − 1)(n − 2s)!u_{d,γ}(n − s) .

Proposition 2.12. For x ∈ S^{d−1}, we have ‖Z^k_{n,m}(x, ·)‖^2_k ≤ λ_{d,γ} (n, m) and ‖Z^k_{n,m}(x, ·)‖^2_{,k} ≤ λ_{d,γ} (n, m) u_{d,γ}(n) . Here ‖ · ‖_{2,k} is the norm associated with the inner product (·, ·)_k. Proof: We have ‖Z^k_{n,m}(x, ·)‖^2_k = [Z^k_{n,m}(x, ·), Z^k_{n,m}(x, ·)]_k = Z^k_{n,m}(x, x), and ‖Z^k_{n,m}(x, ·)‖^2_{,k} = 1 u_{d,γ}(n) ‖Z^k_{n,m}(x, ·)‖^2_k . Hence, (2.18) completes the proof. □ Theorem 2.13. Let q_n ∈ PH^k_{n,m}(R^d ). For all x ∈ S^{d−1}, we have

(2.19) |q_n(x)| ≤ u_{d,γ}(n)λ_{d,γ} (n, m) c_k ∫ S^{d−1} |q_n(y)|w_k (y) dσ(y).

Proof: By (2.14) and (2.18), we have |q_n(x)| = | | | u_{d,γ}(n) c_k ∫ S^{d−1} q_n(y)Z^k_{n,m}(x, y)w_k (y) dσ(y) | | | ≤ u_{d,γ}(n)λ_{d,γ} (n, m) c_k ∫ S^{d−1} |q_n(y)|w_k (y) dσ(y). □ Corollary 2.14. Let q_n ∈ PH^k_{n,m}. Then, (2.20) ‖q_n‖_{2,k} ≤ ‖q_n‖_∞ ≤ u_{d,γ}(n)λ_{d,γ} (n, m)‖q_n‖_{2,k}, where ‖f‖_∞ = sup_{z∈S}d−1 |f(z)|. Proof: The first inequality is trivial. Using the Cauchy-Schwarz inequality and the fact that^1_{ck} w_kdσ is a probability measure, we obtain 1 c_k ∫ S^{d−1} |q_n(y)|w_k(y)dσ(y) ≤ ( 1 c_k ∫ S^{d−1} |q_n(y)|^2w_k(y) dσ(y) ) 1_2 = ‖q_n‖_{2,k}. Hence the second inequality is a consequence of (2.19). □

Lemma 2.15. There exists a positive constant C which depends only on d and γ such that for all x, y ∈ S^{d−1}, we have (2.21) |Z^k_{n,m}(x, y)| ≤ C n^{d+2γ+m} 2^nn! . Proof: According to Lemma 2.11 the following estimate holds for n ≥ m:

|Z^k_{n,m}(x, y)| ≤ m−1∑ s=0 (n − 2s + γ +^d_2 − 1)(d + 2γ − 2)_{n−2s} 2^ss!(γ +^d_2 − 1)(n − 2s)!u_{d,γ}(n − s) .

Since u_{d,γ}(n) = 2^n(^d_2 + γ)_n ≥ 2^nn! one obtains (2.22) u_{d,γ} (n − s) ≥ 2^{n−s}(n − s)! ≥ 2^{n−s n!}_{ns} and therefore |Z^k_{n,m}(x, y)| ≤ 1 2^nn! m−1∑ s=0 n^s(n − 2s + γ +^d_2 − 1)(d + 2γ − 2)_{n−2s} (γ +^d_2 − 1)(n − 2s)!s! .

On the other hand, using Stirling formula:

Γ(t + 1) ∼ √ 2πt t^te^{−t}, t → +∞, we find that there exists a positive constant C_1 which depends only on d and γ such that

(2.23)

(n + γ +^d_2 − 1)(d + 2γ − 2)_n (γ +^d_2 − 1)n!

≤ C_1 n^{d+2γ}

and so, |Z^k_{n,m}(x, y)| ≤ C_1 n^{d+2γ} 2^nn! m−1∑ s=0 n^s s! ≤ [ C_1 m−1∑ s=0 1 s! ] n^{m+d+2γ} 2^nn! ≤ eC_1 n^{m+d+2γ} 2^nn!

which completes the proof. □

3. Convergence of orthogonal series

Using formula (2.21), we obtain the radius of the convergence of series of Dunkl polyharmonic homogeneous polynomials.

Theorem 3.1. Suppose that {Q^k_{n,m,j} }_{1≤nj≤ad (n,m)} is an orthonormal basis of PH^k_{n,m} for each n ∈ N and let μ_{n,j} , j = 1, . . . , a_d(n, m) be complex numbers. Then the series +∞∑ n=0 a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j} converges absolutely and uniformly on compact subsets of the open ball B(ρ) centered at the origin and with radius ρ such that 1 ρ = 1 √ 2 lim sup n→+∞ ( ‖μ_n‖_2 √ n! ) 1_n , where

‖μ_n‖_2 = ( a_d(n,m) ∑ j=1 |μ_{n,j} |^2 ) 1_2 . Proof: By Proposition 2.7, we have

Z^k_{n,m}(x, x) = a_d(n,m) ∑ j=1 |Q_{n,m,j} (x)|^2, for all x ∈ S^{d−1}.

Since Q^k_{n,m,j} , j = 1, . . . , a_d(n, m), is homogeneous of degree n, Q^k_{n,m,j} (x) = r^nQ^k_{n,m,j} ( x r ) , x ∈ R^d , r = |x|. Thus, | | | +∞∑ n=0 a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j} (x) | | | = | | | +∞∑ n=0 r^n a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j} ( x r )| | |

≤ +∞∑ n=0 r^n | | | | a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j} ( x r )| | |. By the Cauchy-Schwarz inequality, we have | | | a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j} (x r )| | | ≤ ‖μ^n‖^2 [ Z^k_{n,m} (x r , x r )] 1_2 .

Applying the inequality (2.21), we find that there exists a positive constant C which depends only on d and γ such that [ Z^k_{n,m} (x r , x r )] 1_2 ≤ C n^{d+m2 +γ} √ 2^nn!

and so | |^{+∞}∑ n=0 a_d(n,m) ∑ j=1 μ_{n,j} Q^k_{n,m,j} (x) | | ≤ C^{+∞}∑ n=0 ‖μ_n‖_2 n^{m+d2 +γ} √ 2^nn! r^n which finishes the proof. □

References

[1] Dunkl C.F., Differential-difference operators associated to reflection group, Trans. Amer.

Math. Soc. 311 (1989), no. 1, 167–183.

[2] Dunkl C.F., Xu Y., Orthogonal Polynomials of Several Variables, Cambridge Univ. Press, Cambridge, 2001.

[3] Kuran Ü., On Brelot-Choquet axial polynomials, J. London Math. Soc. (2) 4 (1971), 15–26. [4] Mejjaoli H., Trimèche K., On a mean value property associated with the Dunkl Laplacian operator and applications, Integral Transform. Spec. Funct. 12 (2001), no. 3, 279–302.

[5] Ren G.B., Almansi decomposition for Dunkl operators, Sci. China Ser. A 48 (2005), suppl., 333–342.

[6] Render H., Reproducing kernels for polyharmonic polynomials, Arch. Math. 91 (2008), 136–144.

[7] Rösler M., Dunkl operators: theory and applications. Orthogonal polynomials and special functions (Leuven, 2002), Lecture Notes in Mathematics, 1817, Springer, Berlin, 2003, pp. 93–135.

50 K. Touahri

[8] Rösler M., Generalized Hermite polynomials and the heat equation for Dunkl operators, Comm. Math. Phys. 192 (1998), 519–542.

[9] Trimèche K., The Dunkl intertwining operator on spaces of functions and distributions and integral representation of its dual, Integral Transform. Spec. Funct. 12 (2001), no. 4, 349–374.

University Tunis El Manar, Faculty of Sciences of Tunis, Campus universitaire, 2092 Tunis, Tunisia E-mail: Kamel.Touahri@ipeiem.rnu.tn

(Received May 21, 2011, revised December 14, 2011)