Comment.Math.Univ.Carolin. 53,2 (2012) 189–210 189

Distinct equilateral triangle dissections of convex regions

Diane M. Donovan, James G. Lefevre, Thomas A. McCourt, Nicholas J. Cavenagh

Abstract. We define a proper triangulation to be a dissection of an integer sided equilateral triangle into smaller, integer sided equilateral triangles such that no point is the vertex of more than three of the smaller triangles. In this paper we establish necessary and sufficient conditions for a proper triangulation of a convex region to exist. Moreover we establish precisely when at least two such equilateral triangle dissections exist.

We also provide necessary and sufficient conditions for some convex regions with up to four sides to have either one, or at least two, proper triangulations when an internal triangle is specified.

Keywords: equilateral triangle dissection, latin trade

Classification: 05B45

1. Introduction

The dissection of an integer sided equilateral triangle into smaller, integer sided equilateral triangles is a classic problem considered by Tutte [12]. He showed various properties of such a dissection, including the fact that some of the smaller triangles must have equal sides.

If we apply an extra restriction to such a dissection, namely that no point is the vertex of more than three of the smaller triangles, then the dissection gives rise to a latin trade within the addition table for the integers modulo n ([3]). We call such a dissection a proper triangulation. (It was Drápal, in [3], who first observed the connection between latin trades and proper triangulations, and as a consequence of this in some papers (see [2] and [11]) proper triangulations are also known as Drápal Triangulations.) More details about this connection and latin trades may be found in [1], [3], [4], [6] and [7].

This application of triangle dissections to latin trades is our key motivation. In particular, the results in this paper are applied to classify flaws in cryptographic applications of latin squares [2]. However, the results have some geometric interest in their own right.

It is conjectured that there exists a constant c such that for each integer n, there exists a non-trivial proper triangulation of an integer sided equilateral triangle containing at most c log p triangles, where p is the least prime that divides n ([3]). The results in this paper may provide insights into this question. A further possible application is the enumeration of proper triangulations (see [5]). Other, laterally related result on triangulations include [8], [9] and [10].

In Section 2 we introduce necessary terminology. In Section 3 we establish precisely when a convex regions has at least one or at least two proper triangulations (Theorem 3.6). In Section 4 we consider the same question when an internal triangle is specified; our results are restricted to convex region with at most four sides which are not rectangles.

2. Proper triangulations

For ease of notation we consider the equivalent problem of dissections of rightangled isosceles triangles into smaller such objects, where each triangle has hypotenuse of gradient −1. To see this equivalence, consider such a dissection with the large triangle lying in the first quadrant with its right angle at the origin. Then the linear transformation T (x) = xA given by A = [ 1 0 0.5 √ 3/2 ]

shows the equivalence to an equilateral triangle dissection.

Let k, i, x_i, y_i ∈ Z and 0 ≤ i ≤ k − 1. Let R = (x_0, y_0), (x_1, y_1), . . . , (x_i, y_i), . . . , (x_{k−1}, y_{k−1}) be a sequence of points which satisfies the following condition: for all 0 ≤ i ≤ k − 1,

x_i = x_{i+1 (mod k)} or y_i = y_{i+1 (mod k)} or x_i + y_i = x_{i+1 (mod k)} + y_{i+1 (mod k)}.

Then we say that R is a region in the plane R^2 . The reduced form R^′ of R is formed by successively deleting any points (x_i, y_i) from R whenever (x_{i−1}, y_{i−1}), (x_i, y_i) and (x_{i+1}, y_{i+1}) are collinear.

If the straight line segments between (u_i, v_i) ∈ R^′ and (u_{i+1 (mod l)}, v_{i+1 (mod l)}) ∈ R^′, 0 ≤ i ≤ l −1 = |R^′|−1, form the boundary of a convex polygon (where R^′ is the reduced form of R), then R is called a convex region. Furthermore, the region R is denoted by R = (x_0, y_0) → (x_1, y_1) → . . . → (x_i, y_i) → . . . → (x_{k−1}, y_{k−1}), and if 1 < |R|, we refer to the elements of the reduced form of R as the corners of R.

If the reduced form of R has precisely three corners, then R is said to be a triangle. Let 0 ≤ x, denote the region F T^{(z1,z2)} x = (z_1, z_2) → (z_1 + x, z_2) → (z_1, z_2 + x) as a forward triangle and BT^{(z1,z2)} x = (z_1, z_2) → (z_1 − x, z_2) → (z_1, z_2 − x) as a backward triangle.

Let R be the union of regions R_1, R_2, . . . , R_t; that is, R = ⋃ 1≤i≤t Ri. If for each 1 ≤ i < j ≤ t, the regions R_i and R_j intersect in at most their respective boundaries, then {R_i | 1 ≤ i ≤ t} is called a tessellation of R and each R_i is a subregion of R.

If each of the subregions R_i is a triangle, R is said to have a triangulation, namely {R_i | 1 ≤ i ≤ t}, furthermore each subregion, R_i, is referred to as a subtriangle of R. If, in addition, each element (a, b) ∈ R is the corner of at most three distinct subtriangles, {R_i | 1 ≤ i ≤ t} is called a proper triangulation of the region R. It is this property which makes the problem of finding proper triangulations of a specified region non-trivial.

Example 2.1. In Figure 1 we provide an example of a region, R, that has a triangulation but no possible proper triangulation and a region S that has a proper triangulation.

Figure 1. A triangulation and a proper triangulation R S

Consider the following group of matrices, isomorphic to the Dihedral group D_6:

G =^{⟨ [ 0 1}_{1 0}^] ,^{[ 0 1}_{−1 1}^{] ⟩}.

Let λ ∈ G, (p, q) ∈ R^2 and S ⊂ R^2 . In this paper the set {(m, n)λ + (p, q) | (m, n) ∈ S} is denoted by Sλ + (p, q).

If there exists some (i, j) ∈ Z^2 and some λ ∈ G such that R_2 = R_1λ+(i, j), then R_1 and R_2 are said to be equivalent. Observe that the property of possessing a proper triangulation is invariant under this equivalence, even though the gradients of lines may change. We frequently make use of this observation.

Recall that, for a proper triangulation, the condition that each vertex of a triangle is the vertex of at most three triangles must be satisfied. Suppose that {R_i | 1 ≤ i ≤ p} is a tessellation of a region R and that each subregion R_i has a proper triangulation Q_i, where 1 ≤ i ≤ p. Then the set of triangles ⋃ 1≤i≤p Q_i does not necessarily form a proper triangulation of R.

Example 2.2. In Figure 2 we provide an example of a tessellation of a region R for which each region has a proper triangulation and the union of the subtriangles does not yield a proper triangulation of the region R.

To avoid this problem, whenever two distinct regions R_i and R_j in the tessellation of R both have a triangulation containing more than one triangle, then we ensure that their boundaries do not share a line segment of non zero length.

Figure 2. Failing to construct a proper triangulation

R_1

Drápal Triangulations of each subregion

Triangulation of R

R_2

R_2

R_1

Original tessellation of R

Example 2.3. In Figure 3 we provide an example of a tessellation of a region R for which each region has a proper triangulation and the union of the subtriangles yields a proper triangulation of the region R.

3. Proper triangulations of convex regions

For α, β ∈ Z, let:

Z_0 = (0, 0), Z_1 = (0, 0) → (1, 0) → (1, α) → (0, α) where 0 < α, Z_2 = (1, 0) → (α, 0) → (α, 1) → (0, 1) where 0 < α, Z_3 = (α, 0) → (α, β) → (0, β) → (0, β − 1) → (α − 1, β − 1) → (α − 1, 0) where 1 < α, β, Z_4 = (2, 0) → (2, 2) → (0, 2) → (0, 1) → (1, 0), Z_5 = (3, 0) → (3, 1) → (1, 3) → (0, 3) → (0, 1) → (1, 0) and Z_6 = (2, 0) → (2, 1) → (1, 2) → (0, 2) → (0, 1) → (1, 0).

Let Z be the set of all regions equivalent to any Z_i, where 0 ≤ i ≤ 6 (see the Appendix for an illustration of these regions).

By inspection, the regions equivalent to Z_i where 0 ≤ i ≤ 5 have a unique proper triangulation, while Z_6 has no proper triangulation. The aim of this

Figure 3. Constructing a proper triangulation

Original tessellation of R

Drápal Triangulation of R

R_2

R_3 R_1 R_4

R_1 R_2 R_3

Drápal Triangulations of each subregion

R_4

section is to show that any convex region not belonging to Z has at least two proper triangulations (Theorem 3.6).

We begin by investigating when it is possible for a region with three or four sides to have at least two distinct proper triangulations.

Lemma 3.1. Let R be a region with three or four corners (sides). Thus R is equivalent to

R_1 = (δ, 0) → (0, δ) → (0, 0), or R_2 = (β, 0) → (β, α) → (0, α) → (γ, 0),

where 0 < δ, and either γ = 0 and 0 < α ≤ β, or γ = α and 0 < α < β. Then R has a proper triangulation. Further, if 1 < δ, there exists a second distinct proper triangulation of R_1 and, unless R_2 is equivalent to Z_1 or Z_2, there exists a second distinct proper triangulation of R_2.

Proof: Since R_1 is a triangle, a proper triangulation trivially exists. If δ = 1, then, by inspection, R_1 = F T^{(0,0)}_1 has precisely one proper triangulation. However if 1 < δ, then

{F T^{(1,0)}_{δ−1} } ∪ {F T^{(0,0)}_1 } ∪ ⋃ 1≤i≤δ−1 {F T^{(0,i)}_1 , BT^{(1,i)}_1 }

is a second distinct proper triangulation of R_1.

There are two cases to consider for R_2: Case A, γ = 0 and Case B, γ = α.

Case A: γ = 0.

Consider the tessellation {F T^{(0,0)}α , BT^{(α,α)}α R_3 = (β, 0) → (β, α) → (α, α) → (α, 0)} of R_2. If α = β, then R_3 is empty and we are done. Otherwise, R_3 is a rectangular region with area strictly less than αβ. Thus, by recursion, R_1 has a proper triangulation.

If α = 1, then R is equivalent to Z_1 and by inspection it has precisely one proper triangulation. When 1 < α, the second distinct proper triangulation is obtained by applying the argument given for R_1 to the triangle F T^{(0,0)}α .

Case B: γ = α.

Let 1 < α. Consider the tessellation {BT^{(α,α)}_α , S = (β, 0) → (β, α) → (α, α) → (α, 0)} of R_2. If 1 < β − α, the argument presented in Case A implies S has two distinct proper triangulations. If β − α = 1, then the above gives one proper triangulation. Consider the proper triangulation {BT^{(β,α)}_α } ∪ ⋃ 1≤i≤α{F T (i,α−i) 1 , BT^{(i,α−i+1)} 1 } of R_2. This yields a second distinct proper triangulation of R_2.

If α = 1, then R_2 is equivalent to Z_2 and by inspection it has precisely one proper triangulation. □

An L-region will be defined to be a region equivalent to (δ, 0) → (δ, β) → (0, β) → (0, α) → (γ, α) → (γ, 0), where 0 < α < β and 0 < γ < δ.

In order to obtain a similar result to Lemma 3.1 for convex regions with five sides we first prove the following result detailing when an L-region has at least two distinct proper triangulations.

Lemma 3.2. Let 0 < α < β and 0 < γ < δ. The L-region L_1 = (δ, 0) → (δ, β) → (0, β) → (0, α) → (γ, α) → (γ, 0) has a proper triangulation, and a second distinct proper triangulation when L_1 is not equivalent to Z_3.

Proof: Several cases are considered which, together with the associated conditions, are summarized in the following table.

Case A Case B Case C Case D α + γ ≥ δ, β δ ≤ α + γ < β β ≤ α + γ < δ α + γ < β, δ Case A: α + γ ≥ δ, β.

Consider the tessellation R = {BT^{(δ,β)}_{β+δ−α−γ}, R_1 = (δ, 0) → (δ, α + γ − δ) → (γ, α) → (γ, 0), R_2 = (γ, α) → (α + γ − β, β) → (0, β) → (0, α)} of L_1. By Lemma 3.1, L_1 has a proper triangulation.

Provided R_1 or R_2 are not both equivalent to Z_2 then Lemma 3.1 implies there exists a second distinct proper triangulation of L_1. When both R_1 and R_2 are equivalent to Z_2, then β − α = δ − γ = 1, L_1 is equivalent to Z_3 and by inspection it has precisely one proper triangulation.

Case B: δ ≤ α + γ < β.

Consider the tessellation {BT^{(δ,α+γ)}_δ , F T^{(0,α)}_γ , R_1 = (δ, 0) → (δ, α + γ − δ) → (γ, α) → (γ, 0), R_2 = (δ, α+γ) → (δ, β) → (0, β) → (0, α+γ)} of L_1. As α+γ < β, R_2 is not equivalent to Z_0. By Lemma 3.1, L_1 has a proper triangulation. If at least one of R_1 and R_2 is equivalent to neither Z_1 nor Z_2, then L_1 has a second distinct proper triangulation.

If 1 < γ, then, by Lemma 3.1, F T^{(0,α)}γ (and hence L_1) has a second distinct proper triangulation.

If R_1 and R_2 are each equivalent to either Z_1 or Z_2 and γ = 1, then δ −γ = γ = β − α − γ = 1, hence, δ = 2. Consider the tessellation {BT^{(2,α+2)}_2 , F T^{(0,α)}_2 , R_1 = (2, 0) → (2, α) → (1, α) → (1, 0)} of L_1. By Lemma 3.1 there exists a second distinct proper triangulation of L_1. Case C: β ≤ α + γ < δ.

Via the transformation L_1 [^{0 1}_{1 0} ] this region is equivalent to the region in Case B. Case D: α + γ < β, δ. Consider the tessellation {BT^{(α+γ,α+γ)} α+γ , F T^{(0,α)}_γ , F T^{(γ,0)}_α , R_1 = (δ, 0) → (δ, β) → (0, β) → (0, α + γ) → (α + γ, α + γ) → (α + γ, 0)} of L_1. Observe that R_1 is an L-region, so is equivalent to one of the regions given in Case A, B, C or (recursively) D. For Cases B and C, there exists at least two distinct proper triangulations so we are done. Otherwise we have the following subcases:

Subcase D.1: Suppose that R_1 is equivalent to a region given in Case A. If either α ≠ 1, γ ≠ 1, β − α − γ ≠ 1 or δ − α − γ ≠ 1, then, by Lemma 3.1, there exist two distinct proper triangulations of L_1.

Otherwise, α = γ = β − α − γ = δ − α − γ = 1. Then α = γ = 1 and β = δ = 3. Consider the triangulation {BT^{(3,3)}_3 , BT^{(2,1)}_1 , F T^{(0,1)}_2 , F T^{(1,0)}_1 , F T^{(2,0)}_1 } of L_1. This is a second distinct (to the above) proper triangulation of L_1. Subcase D.2:

Otherwise R_1 is equivalent to a region given in Case D. Note that R_1 has area strictly less than L_1, so by recursion there exists a proper triangulation of R_1. Moreover, the tessellation of R_2 contains the triangle F T^{(0,α+γ)}_{α+γ} . But α + γ ≥ 2, so by Lemma 3.1 there exists a second distinct proper triangulation. □

We will now make use of Lemmas 3.1 and 3.2 to determine when there exists precisely one and when there exists at least two distinct proper triangulations of convex regions with five sides.

Lemma 3.3. Let R be a convex region with five corners (sides). Then R has a proper triangulation. Moreover, whenever R is not equivalent to Z_4 then R has a second distinct proper triangulation.

Proof: Under the appropriate transformation, we may assume without loss of generality that R = (β, 0) → (β, γ) → (0, γ) → (0, α) → (α, 0), where 0 < α < β ≤ γ. Consider the tessellation {BT^{(α,α)}_α , R_1 = (β, 0) → (β, γ) → (0, γ) → (0, α) → (α, α) → (α, 0)} of R. By Lemma 3.2 the region R has a proper triangulation.

Provided R_1 is not equivalent to Z_3 (γ − α ≠ 1 or β − α ≠ 1), Lemma 3.1 and 3.2 imply a second triangulation of R_1, and so R has a second distinct proper triangulation.

Suppose that R_1 is equivalent to Z_3. Then γ − α = 1 and γ = β. If in addition α = 1, then β = γ = 2, and hence R = Z_4; otherwise 2 < β = γ and {BT^{(β,γ)}_γ } ⋃ 1≤i≤β−1{F T (i−1,γ−i) 1 , BT^{(i,γ−i)}_1 } ⋃ F T^{(β−1,0)} 1 is a second distinct proper triangulation of R. □

We will now prove another technical lemma which we will use to establish when a convex region with six sides has a proper triangulation and when it has at least two distinct proper triangulations.

Let R be a region equivalent to (β, 0) → (β, δ + γ − β) → (γ, δ) → (γ, δ − γ) → (0, δ) → (0, α) → (α, 0) with 0 ≤ α < β, δ; 0 < γ < β, δ + 1; and 0 ≤ δ + γ − β (this region is illustrated in Figure 4).

Figure 4. Illustration of the region R. (γ, δ)

(β, δ + γ − β)

(0, δ)

(0, α)

(β, 0) (α, 0)

(γ, δ − γ)

It will be shown that R possesses at least two distinct proper triangulations, except when R is equivalent to any of the following (see the Appendix for illustrations):

X_1 = (β, 0) → (β, β −1) → (β −1, β) → (β −1, 1) → (0, β) → (0, β −1) → (β − 1, 0);

X_2 = (3, 0) → (1, 2) → (1, 1) → (0, 2) → (0, 1) → (1, 0); X_3 = (3, 0) → (3, 1) → (1, 3) → (1, 2) → (0, 3) → (0, 1) → (1, 0); X_4 = (3, 0) → (3, 2) → (2, 3) → (2, 1) → (0, 3) → (0, 1) → (1, 0); X_5 = (β, 0) → (β, β − 2) → (β − 1, β − 1) → (β − 1, 0) → (0, β − 1) → (0, β − 2) → (β − 2, 0).

Let X be the set of all regions equivalent to any X_i, where 1 ≤ i ≤ 5.

By inspection the regions equivalent to X_i, where 2 ≤ i ≤ 5, have a unique proper triangulation. Furthermore, by inspection, the region X_1 has no proper triangulation.

Lemma 3.4. Let 0 ≤ α < β, δ; 0 < γ < β, δ + 1; and 0 ≤ δ + γ − β. The region R = (β, 0) → (β, γ + δ − β) → (γ, δ) → (γ, δ − γ) → (0, δ) → (0, α) → (α, 0) has a proper triangulation if and only if R ≠ X_1 and a second distinct proper triangulation if and only if R is not equivalent to any X_i, where 1 ≤ i ≤ 5.

Proof: Consider the transformation Rλ+(δ +γ, 0), where λ =

[_{−1 0}

−1 1 ] ∈ G. This transformation replaces β with δ + γ − α and α with δ + γ − β. Hence, without loss of generality, we may assume that δ + γ − β ≤ α.

Several cases are considered which, together with the associated conditions, are summarized in the following table.

Case A Case B Case C Case D γ < δ; γ + 2 ≤ β; γ < δ; γ + 2 ≤ β; γ < δ; β = γ + 1 δ = γ α < γ α ≥ γ For Case B several additional subcases are considered which are summarized in the following table. B1 α − γ ≥ γ + δ − β B2 α − γ < γ + δ − β B2.1 β − γ > δ − α B2.2 β − γ = δ − α B2.2.1 α ≥ 2 B2.2.2 α ≤ 1 Case A: γ < δ, γ + 2 ≤ β and α < γ.

The conditions for this case together with the assumption δ + γ − β ≤ α imply δ < β. Consider the tessellation {F T^{(α,0)}_{δ−α} , R_1 = (β, 0) → (β, γ + δ − β) → (γ, δ) → (γ, δ − γ) → (δ, 0), R_2 = (α, 0) → (α, δ − α) → (0, δ) → (0, α)} of R. By Lemmas 3.1 and 3.3, there exists a proper triangulation of R.

Unless either R_1 is equivalent to one of Z_2 or Z_4 or R_2 is equivalent to one of Z_0 or Z_1, Lemmas 3.1 and 3.3 imply the existence of a second proper triangulation of R.

Suppose that R_1 is equivalent to Z_2. Then β − δ = 1 and δ + γ − β = 0, so γ = 1.

Thus α = 0 and R_2 is equivalent to Z_0. In this case Lemma 3.1 applied to R_3 in the tessellation {F T^{(1,0)}_δ , R_3 = (1, 0) → (1, δ − 1) → (0, δ) → (0, 0)} verifies the existence of a second proper triangulation of R.

Otherwise suppose R_1 is equivalent to Z_4. Then γ = 2, β −γ = 2, β −δ = 1 and δ + γ − β = 1. Hence β = 4, δ = 3 and since δ + γ − β ≤ α and α < γ it follows that α = 1. In which case {F T^{(0,1)}_2 , F T^{(2,0)}_2 , F T^{(1,0)}_1 , F T^{(2,2)}_1 , F T^{(3,1)}_1 , BT^{(1,1)}_1 , BT^{(2,1)}_1 , BT^{(3,2)}_1 , BT^{(4,1)}_1 } is a second distinct proper triangulation of R.

Subcase B1: γ < δ, γ + 2 ≤ β, γ ≤ α and α − γ ≥ γ + δ − β.

From the conditions for this subcase and the assumption that 0 < γ it follows that γ + δ − β < α or equivalently γ + δ − α < β.

Consider the tessellation {F T^{(γ,α−γ)}_{δ+γ−α} , R_1 = (β, 0) → (β, γ + δ − β) → (2γ + δ − α, α − γ) → (γ, α − γ) → (α, 0), R_2 = (γ, α − γ) → (γ, δ − γ) → (0, δ) → (0, α)} of R. By Lemmas 3.1 and 3.3, there exists a proper triangulation of R.

By Lemmas 3.1 and 3.3 either there exists a second proper triangulation of R or R_1 is equivalent to an element of {Z_0, Z_1, Z_2, Z_4} and R_2 is equivalent to Z_1. Henceforth, assume the latter.

Suppose that δ = 2. Then γ = α = 1 and so R is equivalent to X_2 and by inspection there does not exist a second distinct proper triangulation of R. Thus, δ > 2. Since R_2 is equivalent to Z_1, either γ = 1 or δ − α = 1.

First suppose γ = 1 and δ − α = 1. The fact that δ > 2 implies α > 1. In this case consider the tessellation {F T^{(0,δ−1)}_1 , F T^{(1,δ−1)}_1 , BT^{(2,δ−1)}_2 , R_3 = (β, 0) → (β, δ + γ − β) → (2, δ − 1) → (2, α − 2) → (α, 0)}. Secondly, suppose γ = 1 and δ −α > 1 and so δ ≥ α+2. Furthermore δ −α > 1 implies that γ + δ − α > 2, so R_1 is not equivalent to Z_4; thus α ≤ 2. If α = 1, then R_1 is equivalent to Z_0, and the conditions 0 ≤ δ + γ − β ≤ α − γ imply δ + γ − β = 0. Here we take the tessellation {F T^{(0,1)}_{δ−1} , F T^{(1,δ−1)}_1 , R_4 = (β, 0) → (2, δ −1) → (1, δ −1) → (δ −1, 1) → (0, 1) → (1, 0)} of R. Note R_4 is equivalent to Z_3 and hence there exists a proper triangulation of R_4. Otherwise α = 2 and we take the tessellation {F T^{(1,2)}_{δ−2} , BT^{(2,2)}_2 , R_5 = (β, 0) → (β, γ + δ − β) → (δ − 1, 2) → (2, 2) → (2, 0), R_6 = (1, 2) → (1, δ − 1) → (0, δ) → (0, 2)}.

Thirdly, suppose γ > 1 and δ−α = 1. Thus γ+δ−α > 2, so R_2 is not equivalent to Z_4. If α ≠ γ, R_1 is not equivalent to Z_0, thus δ −γ = (δ −α)+(α−γ) = 2; take the tessellation {F T^{(γ,2)}_γ , BT^{(γ+1,2)}_2 , R_7 = (β, 0) → (β, γ+δ−β) → (δ+γ−2, 2) → (γ + 1, 2) → (α, 0), R_8 = (γ, δ − γ) → (0, δ) → (0, α) → (γ − 1, δ − γ)}. Otherwise α = γ. When β = γ +2, from the conditions for this subcase γ +δ−β ≤ α−γ = 0, so, δ ≤ 2, hence, as γ < δ for this case, γ ≤ 1, a contradiction. Thus β ≥ γ + 3; take the tessellation {F T^{(α,0)}_2 , R_2, R_9 = (β, 0) → (γ, δ) → (γ, 2) → (γ + 2, 0)}.

In each of the above cases the given tessellation, together with Lemmas 3.1, 3.2 and 3.3, verify the existence of a second distinct proper triangulation of R. Subcase B2.1: γ < δ, γ + 2 ≤ β, γ ≤ α, α − γ < γ + δ − β and β − γ > δ − α.

Note that γ > 0 and α ≥ γ imply α > 0. Also since α − γ < γ + δ − β, then γ + δ − β ≥ 1. Consider the tessellation {F T^{(γ,α−γ)}_{β−γ} , R_1 = (β, α − γ) → (β, γ + δ − β) → (γ, δ) → (γ, α + β − 2γ), R_2 = (γ, α − γ) → (γ, δ − γ) → (0, δ) → (0, α), R_3 = (β, 0) → (β, α − γ) → (γ, α − γ) → (α, 0)} of R. By Lemma 3.1, there exists a proper triangulation of R.

Lemma 3.1 verifies the existence of a second proper triangulation of R unless R_1 is equivalent to Z_1, R_2 is equivalent to Z_1 and R_3 is equivalent to one of Z_0 or Z_2.

Suppose that R_1 is equivalent to Z_1. This supposition together with the condition γ + 2 ≤ β imply that α − γ + 1 = γ + δ − β.

If α > γ, then take the tessellation {F T^{(γ,α−γ+1)}_{β−γ} , BT^{(γ+1,α−γ+1)}_2 R_4 = (γ, α − γ + 1) → (γ, δ − γ) → (0, δ) → (0, α) → (γ − 1, α − γ + 1), R_5 = (β, 0) → (β, α − γ + 1) → (γ + 1, α − γ + 1) → (γ + 1, α − γ − 1) → (α, 0)}.

If α = γ, then R_3 = Z_0 and δ + γ − β = 1. In this case further suppose that R_2 is equivalent to Z_1. Under this supposition either γ = 1 or δ − α = 1. When γ = 1, α = 1 and so the condition δ + γ − β = 1 implies β = δ, or equivalently β − γ = β − 1 = δ − 1 = δ − α, contradicting the condition that β − γ > δ − α. Hence γ > 1. If δ − α = 1 and γ + 2 = β, the condition δ + γ − β = 1 implies δ = 3 and α = 2, which in turn implies γ = 2; in this case R is equivalent to X_4 and there exists only one proper triangulation of R. So it is left to check the case where α = γ, δ−α = 1 and γ +2 < β. Under these conditions take the tessellation {F T^{(γ,0)}_{β−γ−1}, R_2, R_6 = (β, 0) → (β, 1) → (γ, δ) → (γ, β − γ − 1) → (β − 1, 0)}. In each of the above cases the given tessellation together with Lemmas 3.1 and 3.3, verify the existence of a second distinct proper triangulation of R. Subcase B2.2.1: γ < δ, γ + 2 ≤ β, γ ≤ α, β − γ = δ − α and α ≥ 2.

Note that δ + γ − β = α. If 2 ≤ γ, then, as γ = α+β −δ, 2 ≤ (γ +δ−β)−(α−γ), so, α−γ +2 ≤ γ +δ−β. So, consider the tessellation {F T^{(γ−1,α−γ+1)} β−γ , BT^{(β,α−γ+2)} 2 , R_1 = (β, α − γ + 2) → (β, δ +γ −β) → (γ, δ) → (γ, δ −γ) → (β −2, α−γ +2), R_2 = (β, 0) → (β, α−γ) → (β − 1, α − γ + 1) → (γ − 1, α − γ + 1) → (α, 0), R_3 = (γ − 1, α − γ + 1) → (γ − 1, δ − γ + 1) → (0, δ) → (0, α)} of R. By Lemmas 3.1 and 3.3, there exists a proper triangulation of R. As 2 ≤ γ and γ + 2 ≤ β, there exists a second distinct proper triangulation of R_1 and hence there exists a second distinct proper triangulation of R.

If γ = 1, then the subcase condition α = γ + δ − β implies α − γ + 1 = γ + δ − β. Consider the tessellation {F T^{(0,α)}_{β−γ} , BT^{(β,α)}_2 , R_4 = (β, α) → (1, δ) → (1, δ − 1) → (β − 1, α), R_5 = (β, 0) → (β, α − 2) → (β − 2, α) → (0, α) → (α, 0)} of R. By Lemmas 3.1 and 3.3, there exists a proper triangulation of R.

Note that R_4 is equivalent to Z_2, so unless R_5 is equivalent to Z_1, Lemmas 3.1 and 3.3 verify the existence of a second distinct proper triangulation of R.

Suppose R_5 is equivalent to Z_1; then α = 2 and β = 3. Since δ +γ −β = α, δ = 4. In this case R = (3, 0) → (3, 2) → (1, 4) → (1, 3) → (0, 4) → (0, 2) → (2, 0) and a second distinct proper triangulation of R is {F T^{(1,2)}_2 , F T^{(0,3)}_1 , F T^{(0,2)}_1 , F T^{(2,0)}_1 , F T^{(2,1)}_1 , BT^{(2,2)}_2 , BT^{(1,3)}_1 , BT^{(3,2)}_1 , BT^{(3,1)}_1 }.

Subcase B2.2.2: γ < δ, γ + 2 ≤ β, γ ≤ α, β − γ = δ − α and α ≤ 1.

From the conditions for this subcase, 0 < γ ≤ α; it follows that α = γ = 1. In addition, γ + 2 ≤ β, so 3 ≤ β = δ. Consider the tessellation {F T^{(0,2)}_{δ−2} , BT^{(β−1,2)}_2 , R_1 = (β − 1, 2) → (1, δ) → (1, δ − 1) → (β − 2, 2), R_2 = (β, 0) → (β, 1) → (β − 1, 2) → (β − 1, 0), R_3 = (β − 1, 0) → (β − 3, 2) → (0, 2) → (0, 1) → (1, 0)} of R. By Lemmas 3.1 and 3.3, there exists a proper triangulation of R.

Note that both R_1 and R_2 are equivalent to Z_2. So unless R_3 is equivalent to Z_2 or Z_4, by Lemmas 3.1 and 3.3, there exists a second proper triangulation of R.

Suppose R_3 is equivalent to Z_2; then β = 3 and so R is equivalent to X_3. In this case by inspection there does not exist a second distinct proper triangulation of R.

Suppose R_3 is equivalent to Z_4; then β = 4. Then R = (4, 0) → (4, 1) → (1, 4) → (1, 3) → (0, 4) → (0, 1) → (1, 0) and {F T^{(2,0)}_2 , F T^{(1,2)}_2 , F T^{(0,1)}_1 , F T^{(0,2)}_1 , F T^{(0,3)}_1 , F T^{(1,0)}_1 , F T^{(3,1)}_1 , BT^{(2,2)}_2 , BT^{(1,1)}_1 , BT^{(1,3)}_1 , BT^{(3,2)}_1 , BT^{(4,1)}_1 } is a second distinct proper triangulation of R. Subcase C: γ < δ and β = γ + 1.

Since δ + γ − β ≤ α, it follows, from the conditions for this subcase, that δ − α ≤ 1. However, from the conditions for this lemma, α < δ, so δ = α + 1.

Now, from the conditions for this subcase, 0 < δ − γ and β − 1 = γ, so 0 < (α + 1) − (β − 1); thus β − 2 < α. From the conditions for this lemma, α < β, so it follows that α = β − 1.

Thus, R = X_1 and by inspection there does not exist a proper triangulation of R.

Subcase D: δ = γ.

In this case the region R is the union of the region R_1 = (γ, 0) → (0, γ) → (0, α) → (α, 0) and the region R_2 = (β, 0) → (β, 2γ − β) → (γ, γ) → (γ, 0). Furthermore, R_1 ∩ R_2 = {(0, γ)}. By Lemma 3.1, there exists a proper t riangulation of R and if either one of R_1 or R_2 is not equivalent to Z_2, then there exists a second distinct proper triangulation. If R_1 and R_2 are both equivalent to Z_2, then R is equivalent to X_5 and by inspection has only one possible proper triangulation. □

Now that we have established Lemma 3.4 we can use it in conjunction with Lemmas 3.1 and 3.2 to establish when a convex region with six sides has a proper triangulation and when it has at least two distinct proper triangulations.

Lemma 3.5. Let R be a convex region with six corners (sides). Whenever R is not equivalent to Z_6 then R has a proper triangulation; moreover, whenever R is not equivalent to Z_5 or Z_6 then R has a second distinct proper triangulation.

Proof: Recall that if a proper triangulation for some region, R, exists, then a proper triangulation exists for all regions equivalent to R.

The region R is equivalent to (β, 0) → (β, γ − δ) → (β − δ, γ) → (0, γ) → (0, α) → (α, 0), where 0 < α, δ < β, γ. Two cases are considered; Case A where γ − δ ≤ α + δ − β and Case B where γ − δ > α + δ − β. Case B has several additional subcases which are summarized in the following table.

B1 The condition α = β − δ = γ − δ = 1 does not hold B2 α = β − δ = γ − δ = 1 B2.1 The condition δ = β − α = γ − α = 1 does not hold B2.2 δ = β − α = γ − α = 1

Subcase A: γ − δ ≤ α + δ − β.

Consider the tessellation {F T^{(β−δ,α+δ−β)} β+γ−α−δ , R1 = (α, 0) → (β, 0) → (β, γ − δ) → (2β + γ − α − 2δ, α + δ − β) → (β − δ, α + δ − β), R_2 = (β − δ, α + δ − β) → (β − δ, γ) → (0, γ) → (0, α)} of R. By Lemmas 3.1 and 3.3 there exists a proper triangulation of R. Moreover if neither R_1 nor R_2 is equivalent to an element of {Z_0, Z_2, Z_4}, then there exists a second distinct proper triangulation of R.

As α, δ < β, γ, both R_1 and R_2 are not equivalent to Z_0. Let R_1 and R_2 both be equivalent to Z_2. Then 1 = β − δ = γ − δ = α + δ − β, thus, β = γ = δ + 1 and α = 2.

From the condition for this case γ + β − α ≤ 2δ. Recall that 0 < α < β, γ, so 1 ≤ β − α and 2 ≤ γ. Hence, 3 ≤ 2δ, thus, 2 ≤ δ. Consider the tessellation {F T^{(2,1)}_{β−2} , BT^{(2,2)}_2 , R_3 = (2, 0) → (β, 0) → (β, 1) → (2, 1), R_4 = (0, 2) → (2, 2) → (2, γ − 1) → (1, γ) → (0, γ)} of R. By Lemmas 3.1 and 3.3 there exists a second distinct proper triangulation of R.

As R_2 has four corners it is not equivalent to Z_4. Let R_1 be equivalent to Z_2 and R_2 be equivalent to Z_4 then (α, β, γ, δ) = (3, 4, 4, 3) and, {F T^{(2,1)}_2 , F T^{(3,0)}_1 , F T^{(0,3)}_1 , F T^{(1,3)}_1 , BT^{(2,3)}_2 , BT^{(3,1)}_1 , BT^{(4,1)}_1 , BT^{(1,4)}_1 } is a second distinct proper triangulation of R.

Subcase B1: γ − δ > α + δ − β and the condition α = β − δ = γ − δ = 1 does not hold.

Consider the tessellation {F T^{(β−δ,γ−δ)}_δ , R_1 = (α, 0) → (β, 0) → (β, γ − δ) → (β − δ, γ − δ) → (β − δ, γ) → (0, γ) → (0, α)} of R. As the condition α = β − δ = γ − δ = 1 does not hold, R_1 is not equivalent to X_1. By Lemma 3.4, there exists a proper triangulation of R and if R_1 /∈ X , there exists a second distinct proper triangulation of R.

Let R_1 ∈ X . As γ − δ > α + δ − β, R_1 is not equivalent to X_5. Recall that α < γ, β, so, R_1 is not equivalent to X_2. Thus, R_1 is equivalent to either X_3 or X_4. If R_1 is equivalent to X_4, then, by inspection, there exists a second distinct proper triangulation of R. If R_1 is equivalent to X_3, then R is equivalent to Z_5 and by inspection there exists precisely one proper triangulation of R. Subcase B2.1: γ − δ > α + δ − β, α = β − δ = γ − δ = 1 and the condition δ = β − α = γ − α = 1 does not hold.

Consider the linear transformation Rλ + (γ, β) where λ =

[_{0 −1}

−1 0 ] ∈ G. This transformation interchanges β with γ and α with δ. Thus, in this subcase the region R is equivalent to a region in Subcase B1.

Subcase B2.2: γ − δ > α + δ − β, α = β − δ = γ − δ = δ = β − α = γ − α = 1.

In this subcase (α, β, γ, δ) = (1, 2, 2, 1), hence, R is equivalent to Z_6 and, by inspection, R has no possible proper triangulation. □

We can now state the first major result of this paper.

Theorem 3.6. Let R be any convex region. Then if R is not equivalent to Z_6, it has a proper triangulation. Moreover, whenever R /∈ Z then R has a second distinct proper triangulation.

Proof: This follows immediately from Lemmas 3.1, 3.3 and 3.5. □

4. Distinct proper triangulations containing a fixed triangle

We now move on to the question of establishing when it is possible to find two distinct proper triangulations of a region when some triangle is forced to occur in both proper triangulations. We answer this question completely for three-sided regions, and also for non-rectangular four-sided regions. We deal with the foursided regions first; the two choices for the direction of the internal triangle yield two theorems.

Theorem 4.1. Let 1 ≤ α ≤ β, 0 < χ ≤ α, 0 < γ ≤ β − χ, 0 ≤ δ ≤ α − χ and α ≤ γ +δ; then there exists a proper triangulation of the region R = (β, 0) → (β, α) → (0, α) → (α, 0) which contains F T^{(γ,δ)}χ if and only if (α, β, γ, δ, χ) ≠ (2, 3, 1, 1, 1).

If α = 1 or (α, β) = (2, 2) or (α, β, γδ, χ) ∈ {(2, 3, 2, 1, 1), (2, 3, 2, 0, 1), (2, 4, 2, 1, 1)}, then there exists precisely one proper triangulations of R containing F T^{(γ,δ)}χ . Otherwise there exists a second distinct proper triangulations of R containing F T^{(γ,δ)}_χ . Proof: If (α, β, γ, δ, χ) = (2, 3, 1, 1, 1), then, by inspection, there does not exist a proper triangulation of R containing F T^{(γ,δ)}χ .

If α = 1 or (α, β) = (2, 2) or (α, β, γδ, χ) ∈ {(2, 3, 2, 1, 1), (2, 3, 2, 0, 1), (2, 4, 2, 1, 1)}, then, by inspection, there exists precisely one proper triangulation of R containing F T^{(γ,δ)}_χ .

By inspection, the other cases where α + β ≤ 6 have two distinct proper triangulations of R containing F T^{(γ,δ)}χ .

Henceforth, assume that 1 < α and 6 < α + β. Two subcases are considered: Case A where α ≤ γ and Case B where α > γ (see Figure 5 for illustrations of these cases and their subcases).

Figure 5. Tessellations for cases of Lemma 4.1.

Case B, m_1 = β, m_2 = α

R_2

R_2

m_1 = γ + δ + χ, m_2 = γ + χ

Case B, Case B, m_1 = β, m_2 = γ + χ

R_2

Case B, m_1 = γ + δ + χ, m_2 = α

R_2

m_1 = β

Case A,

R_1

R_3

R_2

Case A, m_1 = γ + δ + χ

R_1

R_2

R_3

R_8

R_9

R_8

R_9

R_8

R_9

R_8

R_9

Let m_1 = min{γ + δ + χ, β} and m_2 = min{γ + χ, α}. Case A: α ≤ γ.

Note that for this case m_2 = α.

Consider the tessellation {BT^{(γ,α)}_α , BT^{(m1,δ+χ)}_{m1−γ} , F T^{(γ,δ)}_χ , R_1 = (β, 0) → (m_1, γ + δ + χ − m_1) → (γ + χ, δ) → (γ, δ) → (γ, 0), R_2 = (β, 0) → (β, α) → (γ, α) → (γ, δ + χ) → (m_1, δ + χ) → (m_1, 0), R_3 = (γ, 0) → (γ − α, α) → (0, α) → (α, 0)} of R. By Lemmas 3.1, 3.2 and 3.3, there exists a proper triangulation of R containing F T^{(γ,δ)}_χ , and if {R_1, R_2, R_3} ⊄ Z, then there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}_χ . So, assume that {R_1, R_2, R_3} ⊂ Z.

Consider the tessellation {BT^{(γ,δ+χ)}_{δ+χ} , BT^{(m1,α)}_{α+m1−γ−δ−χ}, F T^{(γ,δ)}_χ , R_1, R_4 = (β, 0) → (β, α) → (m_1, α) → (m_1, 0), R_5 = (γ, δ + χ) → (γ + δ + χ − α, α) → (0, α) → (α, 0) → (γ, 0) → (γ − δ − χ, δ + χ)} of R. By Lemmas 3.1, 3.2 and 3.3, unless δ + χ = α, there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}χ . If δ + χ = α and χ ≠ 1, consider the tessellation {BT^{(γ,α−1)}_{α−1} , BT^{(m1,α)}_{m1−γ} , BT^{(γ,α)}_1 , F T^{(γ,δ)}χ , R_1, R_4, R_6 = (γ, α − 1) → (γ − 1, α) → (0, α) → (α, 0) → (γ, 0) → (γ − α + 1, α − 1)} of R. By Lemmas 3.1, 3.2 and 3.3, there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}_χ .

If δ + χ = α, χ = 1 and γ + χ < β, recall that {R_1, R_2, R_3} ⊂ Z, hence, α ≤ 3 and β ≤ 6. For 6 < α+β ≤ 9 a pair of proper triangulations of R both containing F T^{(γ,δ)}χ = F T^{(γ,δ)}_1 is shown in Figure 6.

Figure 6. Proper triangulations for Subcase A of Lemma 4.1.

If δ + χ = α, χ = 1 and γ + χ = β, consider the tessellation {BT^{(β,δ)}_{α−1} , BT^{(γ,α)}_1 , BT^{(β,α)}_1 , F T^{(γ,δ)}_χ , R_7 = (β, 0) → (β − α + 1, δ) → (γ, δ) → (γ − 1, α) → (0, α) → (α, 0)} of R. By Lemma 3.2, there exists a second distinct proper triangulation of R.

Case B: α > γ.

Consider the tessellation {BT^{(m2,δ)}_{m2+δ−α}, BT^{(γ,α)}_{α−δ} , BT^{(m1,δ+χ)}_{m1−γ} , F T^{(γ,δ)}χ , R_2, R_8 = (β, 0) → (m_1, γ + δ + χ − m_1) → (γ + χ, δ) → (m_2, δ) → (m_2, α − m_2) → (α, 0), R_9 = (γ, δ) → (γ + δ − α, α) → (0, α) → (α − δ, δ)} of R. By Lemmas 3.1, 3.2 and 3.3, there exists a proper triangulation of R containing F T^{(γ,δ)}_χ , and if {R_2, R_8, R_9} ⊄ Z, then there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}_χ .

So, assume that {R_2, R_8, R_9} ⊂ Z.

Recall the above assumption that 6 < α + β. Consider the tessellation {BT^{(m2,δ)} m_2+δ−α, BT (γ,δ+χ) χ , BT^{(m1,α)}_{α+m1−γ−δ−χ}, F T^{(γ,δ)}_χ , R_4, R_8, R_{10} = (γ, δ + χ) → (γ + δ+χ−α, α) → (0, α) → (α−δ, δ) → (γ, δ) → (γ −χ, δ+χ)} of R. By Lemmas 3.1, 3.2 and 3.3, unless δ + χ = α, there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}χ .

If δ + χ = α and χ ≠ 1, consider the tessellation {BT^{(m2,δ)}_{m2+δ−α}, BT^{(γ,α−1)}_{χ−1} , BT^{(m1,α)} m_1−γ , BT (γ,α) 1 , F T^{(γ,δ)}_χ , R_4, R_8, R_{11} = (γ, α − 1) → (γ − 1, α) → (0, α) → (α − δ, δ) → (γ, δ) → (γ − χ + 1, α − 1)} of R. By Lemmas 3.1, 3.2 and 3.3, there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}_χ .

Otherwise δ + χ = α and χ = 1. Since α > γ for this subcase, m_2 = γ + 1. Observe that R_8 is equivalent to one of Z_0, Z_1, Z_2 or Z_4.

If R_8 is equivalent to Z_4, then α = β −1 = 4 and a pair of proper triangulations of R both containing F T^{(γ,δ)}_χ = F T^{(γ,δ)}_1 is shown in Figure 7.

Figure 7. Proper triangulations for Subcase B of Lemma 4.1.

Otherwise R_8 is equivalent to Z_0, Z_1 or Z_2. Thus either γ = 1 or β − γ ≤ 2. When R_8 is equivalent to Z_0 and γ = 1 then β ≤ 2. But from the conditions of this lemma, α ≤ β and from above 6 < α + β, creating a contradiction.

When R_8 is equivalent to Z_1 or Z_2 and γ = 1 consider the tessellation {BT^{(α,δ)}_δ , BT^{(1,α)}_1 , BT^{(2,α)}_1 , F T^{(γ,δ)}χ = F T^{(1,α−1)}_1 , R_{11} = (β, 0) → (β, α) → (2, α) → (2, α − 1) → (α, δ) → (α, 0)} of R. As R_8 is equivalent to Z_1 or Z_2 and R_2 ∈ Z, β ≤ α + 2. So, if α ≤ 2, then α + β ≤ 6 contradicting our assumption that 6 < α + β. Thus, by Lemmas 3.1 and 3.2, we have a proper triangulation of R containing F T^{(γ,δ)}χ which is distinct to the one above.

Otherwise 1 < γ and β − γ ≤ 2. Note that α = δ + χ < δ + γ. Suppose that γ − 1 ≥ β − γ. (Equivalently, as χ = 1, γ + δ − β ≥ α − γ.) Then consider the tessellation {BT^{(γ,α)}γ , BT^{(β,α)}_{β−γ} , F T^{(γ,γ+δ−β)}_{β−γ} , F T^{(γ,δ)}χ = F T^{(γ,α−1)}_1 , R_{13} = (β, 0) → (β, γ + δ − β) → (γ, γ + δ − β) → (γ, α − γ) → (α, 0), R_{14} = (β, γ + δ − β) → (β, α + γ − β) → (γ + 1, δ) → (γ, δ)} of R. By Lemmas 3.1 and 3.3, there exists a second distinct proper triangulation of R containing F T^{(γ,δ)}_χ .

Otherwise γ − 1 < β − γ. Then 2 = γ < α ≤ β ≤ 4. A pair of proper triangulations of R both containing F T^{(γ,δ)}χ = F T^{(γ,δ)}_1 is shown in Figure 7. □

Theorem 4.2. Let 0 < χ ≤ δ ≤ α ≤ β; γ ≤ β; α ≤ γ + δ − χ and R = (β, 0) → (β, α) → (0, α) → (α, 0). If 1 = β − γ = β − α = δ − χ, then there does not exist a proper triangulation of R containing BT^{(γ,δ)}_χ . Otherwise, if 1 = α or (α, β, γ, δ, χ) = (2, 3, 3, 2, 1) or α−δ, β−γ, γ +δ−α−χ ≤ 1, then there exists precisely one proper triangulation of R containing BT^{(γ,δ)}_χ .

In cases other than the above, there exists at least two distinct proper triangulations of R both containing BT^{(γ,δ)}_χ .

Proof: If 1 = β − γ = β − α = δ − χ, then, by inspection, there does not exist a proper triangulation of R containing BT^{(γ,δ)}_χ . Similarly, if 1 = α or (α, β, γ, δ, χ) = (2, 3, 3, 2, 1) or α−δ, β−γ, γ+δ−α−χ ≤ 1, then, by inspection, there exists precisely one proper triangulation of R containing BT^{(γ,δ)}χ .

206 D.M. Donovan, J.G. Lefevre, T.A. McCourt, N.J. Cavenagh

By inspection, the other cases where α + β ≤ 6 have two distinct proper triangulations of R containing BT^{(γ,δ)}_χ .

Henceforth, assume that 1 < α, 6 < α + β and either 1 < α − δ or 1 < β − γ or 1 < γ + δ − α − χ. Let m_1 = min{γ + δ, β}, m_2 = min{δ + χ, α} and m_3 = max{α + χ − γ, 0}. Consider the tessellation {BT^{(m1,α)}_{α+m1−γ−δ}, BT^{(γ−χ,m2)}_{m2−m3} , BT^{(γ,δ)}χ , R_1 = (m_1, 0) → (m_1, γ + δ − m_1) → (γ, δ) → (γ, δ − χ) → (γ − χ, δ) → (γ − χ, m_3) → (α, 0), R_2 = (β, 0) → (β, α) → (m_1, α) → (m_1, 0), R_3 = (γ−χ, m_3) → (γ+m_3 −m_2 −χ, m_2) → (γ − χ, m_2) → (γ + δ − α, α) → (0, α) → (α, 0), R_4 = (γ, δ) → (γ + δ − m_2, m_2) → (γ − χ, m_2) → (γ − χ, δ)} of R (see Figure 8 for an illustration of these cases). Since the condition 1 = β − γ = β − α = δ − χ does not hold, the region R_1 is not equivalent to the region X_1. By Lemmas 3.1, 3.2, 3.3 and 3.4, there exists a proper triangulation of R containing BT^{(γ,δ)}_χ . Furthermore if {R_1, R_2, R_3, R_4} ⊄ X ∪ Z, then there exists a second distinct proper triangulation.

Figure 8. Tessellations for cases of Lemma 4.2.

R_1

R_4

m_1 = β, m_2 = α, m_3 = α + χ − γ

R_1

R_4

R_3

m_1 = β, m_2 = δ + χ, m_3 = 0

R_1

R_3

R_4

m_1 = β, m_2 = δ + χ, m_3 = α + χ − γ

R_1

R_4

m_1 = γ + δ, m_2 = α, m_3 = α + χ − γ

R_2

m_1 = γ + δ, m_2 = α, m_3 = 0

R_4

R_1

R_2

R_3

R_4

R_1

R_3

m_1 = β, m_2 = α, m_3 = 0

R_1

R_3

R_2

R_4

m_1 = γ + δ, m_2 = δ + χ, m_3 = α + χ − γ

R_1

R_3 R_2

R_4

m_1 = γ + δ, m_2 = δ + χ, m_3 = 0

Otherwise {R_1, R_2, R_3, R_4} ⊂ X ∪ Z and we wish to establish the existence of a second distinct proper triangulation when 1 < α. For 6 < α + β ≤ 12 there are a small number of cases; these are dealt with individually in [11]. Henceforth we assume that 12 < α + β. Three cases are considered: Case A where χ = 1, Case B where χ = 2 and Case C where 3 ≤ χ. Case A: χ = 1.

Suppose first that γ ≠ β and χ = 1 < γ + δ − α.

From Figure 8, R_3 is equivalent to Z_0 or Z_1 or Z_3. Thus α − δ ≤ 2 and γ − α − χ ≤ 1. Since R_2 is equivalent to Z_0 or Z_1, β − m_1 ≤ 1. Since R_1 ∈ Z ∪ X and χ = 1 < γ + δ − α, the region R_1 is equivalent to either Z_3 or X_2 or X_3 or X_5.

If R_1 is equivalent to Z_3, then α = β and δ = 3. Thus, α = β ≤ δ + 2 = 5, so α + β ≤ 10, a contradiction.

If R_1 is equivalent to X_2, then δ = 2 and either m_1 − γ = 1, in which case m_1 = β and m_1 −α ≤ 3, or m_1 −γ = 2, in which case β −m_1 ≤ 1 and m_1 −α = 2. Thus, α ≤ δ + 2 = 4 and β − α ≤ 3, so, β ≤ 7. Hence α + β ≤ 11, a contradiction.

If R_1 is equivalent to X_3, then δ = 3, α + χ − γ = 1 and β + χ − γ = 3. Thus, α ≤ δ + 2 = 5 and β = 2 + α ≤ 7. So α + β ≤ 12, a contradiction.

If R_1 is equivalent to X_5, then δ = 1, β − m_1 ≤ 1, 0 ≤ γ − α − χ ≤ 1 and m_1 − γ = 1. Thus, α ≤ δ + 2 = 3 and β ≤ α + 4 ≤ 7. So, α + β ≤ 10, a contradiction.

Secondly, suppose that γ ≠ β and γ + δ − α = χ = 1. Hence, R_1 is equivalent to Z_1 or Z_2.

If 3 ≤ γ, then consider the tessellation {BT^{(2,α)}_2 , BT^{(m1,α−1)}_{m1−2} , BT^{(γ,δ)}χ = BT^{(γ,α−γ+1)} 1 , R_1, R_5 = (γ, δ) → (2, α − 1) → (2, α − 2) → (γ − 1, δ), R_6 = (β, 0) → (β, α) → (2, α) → (2, α − 1) → (m_1, α − 1) → (m_1, 0)} of R. By Lemmas 3.1 and 3.2, there exists a second distinct proper triangulation of R containing BT^{(γ,δ)}χ .

If γ ≤ α − 2, consider the tessellation {BT^{(α,2)}_2 , BT^{(α−1,α)}_{α−2} , BT^{(γ,δ)}χ = BT^{(γ,α−γ+1)} 1 , R_7 = (α − 1, 2) → (γ, δ) → (γ, δ − 1) → (α − 2, 2), R_8 = (γ, δ) → (1, α) → (0, α) → (γ − 1, δ), R_9 = (β, 0) → (β, α) → (α − 1, α) → (α − 1, 2) → (α, 2) → (α, 0)} of R. By Lemmas 3.1 and 3.2, there exists a second distinct proper triangulation of R containing BT^{(γ,δ)}χ .

Otherwise α − 2 < γ < 3, so α ≤ 3. As R_2 is equivalent to Z_0 or Z_1 and γ + δ − α = χ = 1 it follows that β ≤ α + 2. Thus, α + β ≤ 8, a contradiction.

Thirdly, suppose that γ = β and γ + δ − α = χ = 1; then δ − 1 = α − β. From the conditions for this lemma 0 ≤ δ − 1 and α − β ≤ 0. Thus α = β and δ = 1. Note that 6 < α + β, so, 4 ≤ α = β. Consider the tessellation {BT^{(α−1,α)} α−1 , BT^{(γ,δ)}_χ = BT^{(α,1)}_1 , R_{10} = (α, 1) → (α, α) → (α − 1, α) → (α − 1, 1)} of R. By Lemma 3.1, there exists a second distinct proper triangulation of R containing BT^{(γ,δ)}χ .

Finally assume γ = β and χ = 1 < γ + δ − α. Recall that R_3 is equivalent to Z_0, Z_1 or Z_3, so, α − δ ≤ 2 and γ − α − χ ≤ 1. Hence, as γ = β and χ = 1, it follows that β − 2 ≤ α. If α ≤ 2, then β ≤ 4 and thus α + β ≤ 6; therefore, 3 ≤ α.

If β − 2 < α + χ − δ, then β − 2 < 2 + χ, hence, β < 5, thus, 6 < α + β ≤ 8, a contradiction.

Hence, assume α + χ − δ ≤ β − 2.

If α − 2 − (α − (β − 2)) < 0, then β < 4, so, α + β ≤ 6, a contradiction. Hence, α − 2 − (α − (β − 2)) ≥ 0.

Let m_4 = min{α − 2, δ − 1}. Consider the tessellation {F T^{(β−2,m4)}_2 , BT^{(β−2,α)}_{β−2} , BT^{(γ,δ)}χ = BT^{(β,δ)}_1 , R_{11} = (β, 0) → (β, m_4) → (β − 2, m_4) → (β − 2, α − β + 2) → (α, 0), R_{12} = (β, m_4) → (β, δ − 1) → (β − 1, δ) → (β, δ) → (β, α) → (β − 2, α) → (β −2, m_4 +2)} of R. By Lemmas 3.1 and 3.3 there exists a second distinct proper triangulation of R containing BT^{(γ,δ)}χ . Case B: χ = 2.

As R_3 is equivalent to Z_0, Z_1 or Z_3 and R_4 is equivalent to Z_0 or Z_2, α − δ ≤ 1 (so, m_2 = α) and γ − α − χ ≤ 1. Since R_1 is equivalent to Z_0, Z_1, Z_2, Z_3, Z_4, X_4 or X_5, m_1 = β, β − α ≤ 2, m_1 + χ − γ ≤ 4 and δ ≤ 4. If δ = 4, then R_1 is equivalent to Z_3, so, α = β and α − δ, β − γ, γ + δ − α − χ ≤ 1 contradicting our assumption that either 1 < α − δ or 1 < β − γ or 1 < γ + δ − α − χ. So, δ ≤ 3. Thus, α ≤ 4 and β ≤ 2 + α, so, α + β ≤ 10, a contradiction. Case C: 3 ≤ χ.

As R_i ∈ X ∪ Z for all 1 ≤ i ≤ 4 it follows that β − γ, α − δ, γ + δ − α − χ ≤ 1, a contradiction. □

Letting α = β in Theorem 4.1 and 4.2 describes precisely when at least one or two proper triangulations exist for a three-sided region containing any fixed triangle.

Note that, this result is described in terms of finding proper triangulations of a backward triangle. However, the equivalences of regions (and indeed proper triangulations) discussed earlier mean that a similar result holds for forward triangles.

References

[1] Cavenagh N.J., Latin trades and critical sets in latin squares, PhD Thesis, University of Queensland, Australia, 2003.

[2] Cavenagh N.J., Donovan D.M., Khodkar A., Lefevre J.G., McCourt T.A., Identifying flaws in the security of critical sets in latin squares via triangulations, Australas. J. Combin. 52 (2012), 243–268.

[3] Drápal A., On a planar construction of quasigroups, Czechoslovak Math. J. 41 (1991), no. 3, 538–548.

[4] Drápal A., Hamming distances of groups and quasi-groups, Discrete Math. 235 (2001), no. 1–3, 189–197.

[5] Drápal A., Hämäläinen C., An enumeration of equilateral triangle dissections, Discrete Applied Math. 158 (2010), no. 14, 1479–1495.

[6] Drápal A., Hämäläinen C., Kala V., Latin bitrades, dissections of equilateral triangles and abelian groups, J. Combin. Des. 18 (2010), no. 1, 1–24.

[7] Keedwell A.D., Critical sets in latin squares and related matters: an update, Util. Math.

65 (2004), 97–131.

[8] Laczkovich M., Tilings of polygons with similar triangles, Combinatorica 10 (1990), no. 3, 281–306.

[9] Laczkovich M., Tilings of triangles, Discrete Math. 140 (1995), no. 1–3, 79–94. [10] Laczkovich M., Tilings of polygons with similar triangles, II , Discrete Comput. Geom. 19 (1998), no. 3, Special Issue, 411425, dedicated to the memory of Paul Erdös.

[11] McCourt T.A., On defining sets in latin squares and two intersection problems, one for latin squares and one for Steiner triple systems, PhD Thesis, University of Queensland, Australia, 2010.

[12] Tutte W.T., The dissection of equilateral triangles into equilateral triangles, Proc. Cambridge Philos. Soc. 44 (1948), 463–482.

210 D.M. Donovan, J.G. Lefevre, T.A. McCourt, N.J. Cavenagh

Appendix

Regions equivalent to X_5

Regions equivalent to X_4

A Region equivalent to Z_6

Regions equivalent to Z_4

Regions equivalent to Z_2

Regions equivalent to Z_1

Regions equivalent to Z_3

Regions equivalent to X_1

Regions equivalent to X_3

Regions equivalent to X_2

Regions equivalent to Z_5

Diane M. Donovan, James G. Lefevre, Thomas A. McCourt:

School of Mathematics and Physics, University of Queensland, Brisbane, QLD, 4072, Australia

Nicholas J. Cavenagh:

Department of Mathematics, University of Waikato, Private Bag 3105, Hamilton, New Zealand

(Received June 1, 2011, revised January 27, 2012)