Comment.Math.Univ.Carolin. 53,3 (2012) 475–489 475

On quasivarieties of nilpotent Moufang loops. I

Vasile I. Ursu

Abstract. In this part the smallest non-abelian quasivarieties for nilpotent Moufang loops are described.

Keywords: loop, associator, commutator, nilpotent, quasivarieties, quasiidentities, identities

Classification: 20N05

Introduction

The theory of quasivarieties is one of the most important domains of universal algebra. The base of this theory was set by A.I. Mal’cev ([1], [2], [3], [4], [5], [6]).

Special attention is paid to two important problems: 1) the description of the lattice of quasivarieties of algebras; 2) when an algebra with a finite signature has a finite basis of quasiidentities.

The study of these problems in the class of nilpotent Moufang loops is the goal of this paper.

In Section 1 we explain the basic notations and describe the identities that hold true in 2-nilpotent Moufang loops, obtained in [7]. In Section 2 we describe all minimal non-abelian quasivarieties for nilpotent Moufang loops, namely, – minimal non-associative quasivarieties of commutative Moufang loops; – minimal non-associative and non-commutative quasivarieties of Moufang A-loops with one proper minimal non-associative sub-quasivariety of commutative Moufang loops and one proper minimal non-commutative subquasivariety of groups;

– minimal non-associative and non-commutative quasivarieties of Moufang loops with the only proper non-commutative subquasivariety of groups;

– minimal non-commutative quasivarieties of groups.

For some of these quasivarieties, examples of non-associative Moufang loops are constructed. For instance, the smallest non-associative and non-commutative nilpotent Moufang loop has 16 elements (basic elements of Cayley–Dixon algebra and their opposite).

Results of this article were presented at the conference LOOPS’11.

1. Definitions, preliminary results, observations and notation

We shall use some notions and results from the monograph of R.H. Bruck [8].

A Moufang Loop (ML) is an algebra ⟨L, ·,^{−1} ⟩ of type ⟨2, 1⟩ whose operations and elements satisfy the following identities: x (y · xz) = (xy · x)z, (1) x^{−1} · xy = y = yx · x^{−1}, (2) where by x^{−1} we denote the result of the unary operation applied to the element x.

We observe that (2) implies the identity y ·(x^{−1})^{−1} = yx, which in turn implies the identity (x^{−1})^{−1} = x. This helps to deduce the identity

(3) x · x^{−1}y = y = yx^{−1} · x

For an arbitrary element x ∈ L we denote e = x^{−1} · x. Then, according to the identities (1)–(3), we will have ye = x^{−1} · x (ye) = x^{−1} [ x · y ( xx^{−1} )] = x^{−1} [ (xy · x)x^{−1} ] = x^{−1} · xy = y for any y ∈ L. It follows that e = y^{−1} · y and, therefore, e does not depend on the element x. Then, taking (3) into consideration, e · y = yy^{−1} · y = y for any y ∈ L and it follows that e is a unit element of the ML L. Further on ML L will be studied with the signature ⟨·,^{−1} , e⟩ made up of three operational symbols, which will be simply noted as L.

A ML is dissociative, in the sense that any of its subloops generated by two elements is associative (Moufang theorem [8]).

For elements x, y and z in a ML L the associator [x, y, z] and the commutator [x, y] are defined by the equalities [x, y, z] = (x · yz)^{−1} · (xy · z) and [x, y] = x^{−1} · y^{−1}(xy), respectively.

For any subloop H of L we shall let [H, L] denote the subloop generated by all of the elements of the forms [h, x, y] and [h, x], where h ∈ H and x, y ∈ L.

The associant-commutant of the ML L is the subloop generated in L by all the associators and commutators of L and we shall denote it as L^′ or [L, L]. The set Z(L) = {x ∈ L | [x, y, z] = e, [x, y] = e for any y, z ∈ L} is called the center of the ML L.

The subloop H of the ML L is called normal in L if xH = Hx and x·yH = xy·H for any x, y ∈ L. It is easy to verify that the associant-commutant L^′ is normal in L. Likewise, any subloop of the ML L that is contained in the center Z(L) is also normal in L.

Special associator-commutators of multiplicity n are defined inductively: x_1 is a special associator-commutator of multiplicity 1; if u is a special associant of multiplicity n which includes exactly i_n variables, then [u, x_{in+1}], [u, x_{in+1}, x_{in+2}] is a special associator-commutator of multiplicity n + 1.

A ML L is called (central-)nilpotent (NML) of class n or n-nilpotent if for any values of the variables in L the value of any special associator-commutator of multiplicity n + 1 is equal to the unit element e ∈ L, but the value of at least one special associator-commutator of multiplicity n is different from e.

According to [7], in any nilpotent Moufang loop of class 2 the following identities are true: [x, y, z] = [y, z, x] = [y, x, z]^{−1} , (4) [x · y, z, t] = [x, z, t] [y, z, t] , (5) [x^m, y, z] = [x, y, z]^m , (6) [x, y, z]^6 = e, (7) [x · y, z] = [x, z] [y, z] [x, y, z]^3 , (8) and [x^m, y] = [x, y]^m , (9) [x, y] = [y, x]^{−1} , (10) because Moufang loops are dissociative.

We shall also use the following notation: F_n(K) – free ML of rank n of quasivariety K; v(L) – variety generated by loop L; q(L) – quasivariety generated by loop L.

2. The smallest nilpotent non-abelian quasivarieties of Moufang loops The following varieties are defined in the class of all 2-nilpotent Moufang loops: K_{1,0,0} = mod{[x, y, z] = e}, K_{1,p,0} = mod{[x, y, z] = e, [x, y]^p = e}, K_{1,p,p}m = mod{[x, y, z] = e, [x, y]^p = e, x^{pm} = e}, where m = 2, 3, . . . for p = 2 and m = 1, 2, . . . for any prime number p ≥ 3, K_{2,0,0} = mod{[x, y, z]^2 = e}, K_{2,2,0} = mod{[x, y, z]^2 = e, [x, y]^2 = e}, K_{2,2,2}m = mod{[x, y, z]^2 = e, [x, y]^2 = e, x^{2m} = e}, m = 2, 3, . . . , K_{3,0,0} = mod{[x, y, z]^3 = e}, K_{3,1,0} = mod{[x, y, z]^3 = e, [x, y] = e}, K_{3,1,3}m = mod{[x, y, z]^3 = e, [x, y] = e, x^{3m} = e}, m = 1, 2, . . . , K_{3,3,0} = mod{[x, y, z]^3 = e, [x, y]^3 = e},

K_{3,3,3}m = mod{[x, y, z]^3 = e, [x, y]^3 = e, x^{3m} = e}, m = 1, 2, . . . Denote by ℜ the set of all varieties defined above.

Lemma 1. If a 2-nilpotent Moufang loop N is finite, then there exists a variety K ∈ ℜ such that F_3(K) ∈ q(N).

Proof: Since N is nilpotent we can regard N as a p-loop. Let exp(N) = p^m. We consider the following possible cases.

Case 1: N is non-associative and p = 2. In this case m > 1. Then, according to the identity (7), the identity [x, y, z]^2 = e holds true in N. For a certain integer k, 1 ≤ k ≤ m, the identity [x, y]^{2k} = e also holds in N. Let F_3 = F_3(x, y, z) be a v(N)-free loop of rank 3 with free generators x, y, z, and H = ⟨a, b, c⟩ be the subloop of F^4_3 = F_3 × F_3 × F_3 × F_3 generated by the elements a = (x, x, e, e), b = (e, y^{2k−1} , y, e), c = (e, z^{2k−1} , z^{2k−1} , z). Then it is obvious that a^{2m} = b^{2m} = c^{2m} = e, [a, b] = (e, [x, y]^{2k−1} , e, e), [a, c] = (e, [x, z]^{2k−1} , e, e), [b, c] = (e, [y, z]^{22(k−1)} , [y, z]^{2k−1} , e), [a, b, c] = (e, [x, y, z]^{22(k−1)} , e, e). From here it follows that for k = 1 the loop H is both non-associative and noncommutative and the identities [x_1, x_2, x_3]^2 = e, [x_1, x_2]^2 = e and H ∈ K_{2,2,2}m hold. Also, for k > 1, H is a non-commutative group and the identity holds true [x_1, x_2]^2 = e and H ∈ K_{1,2,2}m .

We will show that any equality relation in H between the elements a, b and c is a trivial equality. Indeed, let (11) (a^αb^β · c^γ ) · [a, b]^δ[a, c]^λ[b, c]^μ[a, b, c]^ν = e be such an equality relation in H. Then we have ( x^α, (x^αy^{2k−1β} · z^{2k−1γ} ) · [x, y]^{2k−1 δ}[x, z]^{2k−1λ}[y, z]^{22(k−1) μ}[x, y, z]^{22(k−1) ν} , y^β z^{2k−1γ} [y, z]^{2k−1μ}, z^γ ) = (e, e, e, e), from where it follows that the equality relations x^α = e, y^β [y, z]^{2k−1μ} = e, z^γ = e, (12) [x, y]^{2k−1 δ}[x, z]^{2k−1 λ}[x, y, z]^{22(k−1) ν} = e, (13) hold true in the ν(N)-free loop F_3. But any equality relation between the free generators x, y, z is a true identity in F_3. Therefore (12) and (13) are true identities in F_3. But the first and the last identity from (12) are true in F_3 only if

α ≡ 0 (mod 2^m), γ ≡ 0 (mod 2^m).

From the second identity of (12), substituting in it z = e, and from identity (13), substituting in it alternatively z = e and y = e, we obtain (14) y^β = e, [y, z]^{2k−1μ} = e, [x, y]^{2k−1 δ} = e, [x, z]^{2k−1λ} = e, and (15) [x, y, z]^{22(k−1) ν} = e.

But the identities from (14) are true in F_3(x, y, z) only if

β ≡ 0 mod 2^m, μ ≡ 0 mod 2, δ ≡ 0 mod 2, λ ≡ 0 mod 2.

When k = 1, the identity (15) holds true in F_3(x, y, z) only if ν ≡ 0 mod 2 and when k > 1 it holds true for any positive integer ν. From this we can easily conclude that (11) is a trivial equality. Therefore, for k = 1 in the variety K_{2,2,2}m , and for k > 1 in the variety K_{1,2,2}m , the loop H has a finite representation formed by three generators without any equality relation. Hence for k = 1 the loop H is K_{2,2,2}m -free and for k > 1 the loop H is K_{1,2,2}m -free of the third rank with H ∈ q(N). Case 2: N is non-associative and p = 3. In this case the identity (x, y, z)^3 = e holds true in N. Assume that for a certain integer k, 0 ≤ k ≤ m, the identity [x, y]^{3k} = e holds true in N.

If k = 0, then in N the identity [x, y] = e holds true and thus N is a commutative Moufang loop. Then the ν(N)-free commutative Moufang loop F_3(x, y, z) is free in any variety of Moufang loops with the exponent 3^m. Hence F_3(K_{3,1,3}m ) ∼= F_3(x, y, z) ∈ q(N).

Let k ≥ 1, F_3 = F_3(x, y, z) be a ν(N)-free loop of the third rank with free generators x, y, z, and H = ⟨a, b, c⟩ be the subloop generated in F^4_3 by the elements a = (x, x, e, e), b = (e, y^{3k−1} , y, e), c = (e, z^{3k−1} , z^{3k−1} , z). Then, obviously a^{3m} = b^{3m} = c^{3m} = (e, e, e, e), [a, b] = (e, [x, y]^{3k−1} , e, e), [a, c] = (e, [x, z]^{3k−1} , e, e), [b, c] = (e, [y, z]^{32(k−1)} , [y, z]^{3m−1} , e), [a, b, c] = (e, [x, y, z]^{32(k−1)} , e, e). From here it follows that for k = 1 the loop H is non-associative and noncommutative, and the following identities hold true in it

[x_1, x_2, x_3]^3 = e, [x_1, x_2]^3 = e and H ∈ K_{3,3,3}m .

For k > 1, H is a non-commutative group and the identities

[x_1, x_2]^3 = e and H ∈ K_{1,3,3}m

hold true in H. By analogy with Case 1 we show that for k = 1 the loop H is K_{3,3,3}m -free of rank 3 and for k > 1 the loop H is K_{1,3,3}m -free of rank 3 with H ∈ q(N). Case 3: N is associative and p is any prime number. Similar to the previous cases, it can be shown that if, in the group N, the identity [x, y]^{pk} holds true for a certain natural number k, 1 ≤ k ≤ m, then for k = 1 F_3(K_{1,p,p}m ) ∈ q(N). □

Lemma 2. If the 2-nilpotent Moufang loop N, generated by three elements, is infinite, then there exists a variety K ∈ ℜ such that F_3(K) ∈ q(N).

Proof: Since the loop N is not finite, we have exp(N) = 0. We will consider the following possible cases.

Case 1: N is non-associative, in N the identity [x, y, z]^2 = e holds true and exp(⟨[u, v] | u, v ∈ N⟩) = 2^ms, where m is a non-negative integer and 2 does not divide s.

We will first show that m > 0. So assume that m = 0. Then, according to (8) and the identities [x, y, z]^2 = e, [x, y]^s = e we can deduce e = [xy, z]^s = ([x, z][y, z][x, y, z]^3)^s = ([x, z][y, z][x, y, z])^s = [x, z]^s[y, z]^s[x, y, z]^s = [x, y, z]^s. Hence, in N, the identity [x, y, z]^s = e holds true and, since 2 does not divide s, we conclude that the identity [x, y, z] = e is also true in N. That is, N is associative, a contradiction.

Hence, m ≥ 1. Now let F_3 = F_3(x, y, z) be a ν(N)-free loop of the third rank with free generators x, y, z, and H = ⟨a, b, c⟩ be a subloop generated in F^4_3 by the elements a = (x, x, e, e), b = (e, y^{2m−1s}, y, e), c = (e, z^{2m−1s}, z^{2m−1s}, z). Then, obviously, exp(H) = 0 and the following equalities hold true: (16) [a, b] = (e, [x, y]^{2m−1s}, e, e), [a, c] = (e, [x, z]^{2m−1s}, e, e), [b, c] = (e, [y, z]^{22(m−1)s2} , [y, z]^{2m−1s}, e), [a, b, c] = (e, [x, y, z]^{22(m−1)s2} , e, e). From here it follows that for m = 1 the loop H is both non-associative and non-commutative and the identities (x_1, x_2, x_3)^2 = e, [x_1, x_2]^2 = e hold true in it. For m > 1 H is a non-commutative group and the identity [x_1, x_2]^2 = e holds true in it. Therefore, for m = 1 the loop H ∈ K_{2,2,0}, and for m > 1 the loop H ∈ K_{1,2,0}. We will now show that any equality relation in H between the elements a, b and c is a trivial equality. Indeed, let

(17) (a^αb^β · c^γ ) · [a, b]^δ[a, c]^λ[b, c]^μ[a, b, c]^ν = e be such an equality relation. Then we have

(18) ( x^α, (x^αy^{2m−1s β} · z^{2m−1s γ} ) · [x, y]^{2m−1 s δ} [x, z]^{2m−1s λ}[y, z]^{22(m−1) s2μ} [x, y, z]^{22(m−1) s2 ν} , y^βz^{2m−1s γ} [y, z]^{2m−1s μ}, z^γ ) = (e, e, e, e). Like in Lemma 1 we can show the identities x^α = e, y^β = e, z^γ = e, (19) [x, y]^{2m−1 s δ} = e, [x, z]^{2m−1s λ} = e, [y, z]^{2m−1s μ} = e, (20) [x, y, z]^{22(m−1) s2ν} = e. (21)

Because exp(N) = exp(F_3) = 0, the identities from (19) hold true in F_3(x, y, z) only if α = 0, β = 0, γ = 0.

The identities from (20) are true only if δ ≡ 0 mod(2), λ ≡ 0 mod 2 and μ ≡ 0 mod 2 and the identity (21), when m = 1, is true in F_3 only if ν ≡ 0 mod 2 and when m > 1 — for any positive integer ν. We can easily conclude that (17) is a trivial equality. Therefore, for m = 1 in the variety K_{2,2,0} and for m > 1 in the variety K_{1,2,0}, the Moufang loop H has a finite representation formed of three generators without any equality relation. Hence, for m = 1 the loop H is K_{2,2,0}-free of the third rank and for m > 1 the loop H is K_{1,2,0}-free of the third rank with H ∈ q(N).

Case 2: N is non-associative, the identities [x, y, z]^3 = e and exp(⟨[u, v] | u, v ∈ N⟩) = 3^ms hold true in it, where m is a non-negative integer and 3 does not divide s.

Let m = 0, then we consider the subloop H = ⟨a, b, c⟩ generated in the ν(H)- free loop F_3(x, y, z) by the elements a = x, b = y^s, c = z^s. We notice that in the loop F_3(x, y, z) the following equalities hold true [a, b, c] = [x, y, z]^{s2} , [a, b] = [x, y]^s = e, [a, c] = [x, z]^s = e, [b, c] = [y, z]^{s2} = e, which implies that H is a commutative Moufang loop. As exp(H) = 0, it results that H is a free 2-nilpotent commutative Moufang loop, which is contained in the variety K_{3,1,0}. Therefore F_3(K_{3,1,0}) ∼= H ∈ q(N).

Now assume that m ≥ 1. Let F_3 = F_3(x, y, z) be a ν(N)-free loop of the third rank and H = ⟨a, b, c⟩ be the subloop generated in F^4_3 by the elements a = (x, x, e, e), b = (e, y^{3m−1s}, y, e), c = (e, z^{3m−1s}, z^{3m−1s}, z). Then, obviously, exp(H) = 0 and the following equalities hold true [a, b] = (e, [x, y]^{3m−1s}, e, e), [a, c] = (e, [x, z]^{3m−1s}, e, e), [b, c] = (e, [y, z]^{32(m−1) s2} , [y, z]^{3m−1s}, e), [a, b, c] = (e, [x, y, z]^{32(m−1) s2} , e, e).

From here it follows that for m = 1 the loop H is both non-associative and noncommutative and that the identities (x_1, x_2, x_3)^3 = e, [x_1, x_2]^3 = e hold true in it. However, for m > 1, H is a non-commutative group and the identity [x_1, x_2]^3 = e holds in it. Therefore, for m = 1 the loop H ∈ K_{3,3,0} and for m = 1 the loop H ∈ K_{1,3,0}. Then, similar to Case 1, we can show that for m = 1 the loop H is K_{3,3,0}-free of rank 3 and for m > 1 the loop H is K_{1,3,0}-free of rank 3 with H ∈ q(N). Case 3: N is non-associative, the identities [x, y, z]^3 = e (respectively, [x, y, z]^2 = e) and exp(⟨[u, v] | u, v ∈ N⟩) = 0 hold true in it.

Let F_3(x, y, z) be a ν(N)-free loop with free generators x, y and z. It is clear that F_3(x, y, z) ∈ K_{3,0,0} (respectively, F_3(x, y, z) ∈ K_{2,0,0}).

Let an arbitrary equality relation hold true in the ν(N)-free loop F_3(x, y, z)

(22) (x^αy^β · z^γ ) · [x, y]^δ [x, z]^λ[y, z]^μ(x, y, z)^ν = e.

This equality relation is the identity true in F_3(x, y, z). Then we can easily deduce that it implies the identities x^α = e, y^β = e, y^γ = e, [x, y]^δ = e, [x, z]^λ = e, [y, z]^μ = e, [x, y, z]^ν = e, which are true in F_3(x, y, z) only if

α = 0, β = 0, γ = 0, δ = 0, λ = 0, μ = 0, ν ≡ 0 mod 3 (ν ≡ 0 mod 2, respectively).

From here we obtain that (22) is a trivial equality in F_3(x, y, z). Therefore, F_3(x, y, z) is a free loop in the variety K_{3,0,0} (K_{2,0,0}, respectively). It then follows that F_3(x, y, z) ∈ q(N).

Case 4: N is non-associative, the identities [x, y, z]^2 = e and [x, y, z]^3 = e do not hold true in it.

We consider one of the non-associative subloops N_1 = ⟨u^2 | u ∈ N⟩, N_2 = ⟨u^3 | u ∈ N⟩. The loops N_1 and N_2 are non-associative subloops of N. Since the identity [x, y, z]^6 = e holds true in N, the identities [x, y, z]^3 = e and [x, y, z]^2 = e, respectively, hold true in the non-associative loops N_1 and N_2, respectively. Thus we obtain one of the situations studied above.

Case 5: N is associative and exp(⟨[u, v] | u, v ∈ N⟩) = p^ms, where p is a prime number not dividing s and m ≥ 1.

In this case we consider in the ν(N)-free group F_3(x, y, z) the elements a = x^s, b = y^{pm−1s}, c = z^{pm−1s} and H = ⟨a, b, c⟩. Then it is obvious that the loop H with exponent zero is non-commutative and the following equalities hold true [a, b]^p = e, [a, c]^p = e, [b, c]^p = e. Then in the non-commutative group H the identity [x, y]^p = e is true. Applying the same reasoning as in Case 1 or 2 we obtain F_3(K_{1,p,0}) ∼= H ∈ q(N).

Case 6: N is associative and exp(⟨[u, v] | u, v ∈ N⟩) = 0.

Similar to the previous cases we can easily deduce that F_3(K_{1,0,0}) ∈ q(N). □

Lemma 3. For any variety K ∈ ℜ the following equalities q(F_3(K)) = q(F_ω (K)), q(F_3(K)) = q(F_n(K)), n = 4, 5, . . ., hold.

Proof: It is enough to show that for any natural number n the K-free loop F_n(K), of finite rank n, belongs to the quasivariety Q. Since F_1, F_2, F_3 ∈ Q, we assume that n > 3. Let F_n = F_n(x_1, . . . , x_n) be a K-free loop of rank n with free generators x_1, . . . , x_n. We will first show that the K-free loop F_n is approximated by the subloops of the K-free loop F_3(x, y, z), i.e., for any element u ≠ e from F_n there exists a homomorphism φ from F_n to F_3 such that φ(u) ≠ e. If we admit that it is impossible, then in F_n there exists an element u = u(x_1, . . . , x_n) ≠ e such that for any homomorphism φ from F_n to F_3 we have φ(u) ≠ e. We will represent the element u in its canonical form

u = (x^{α1}_1 , . . . , x^{αn}_n ) · ∏ 1≤i<j≤n [x_i, x_j ]^{βij} ∏ 1≤i<j<k≤n [x_i, x_j , x_k]^{γijk} ,

where the multiplication of factors from parenthesis is performed in a certain established order, for instance, from left to right. Assume that for a certain index i, 1 ≤ i ≤ n, one has x^{αi}_i ≠ e. The mapping x_j → e, j ∈ {1, . . . , n} \ {i}, x_i → x extends to a homomorphism ψ from F_n to F_3. Then ψ(u) = ψ(x_i)^{αi} = x^{αi} and in F_3 we get the equality x^{αi} = e. But the last expression is a true identity in the K-free loop F_n(x, y, z), hence in F_n as well. But in this case we came to a contradiction with x^{αi}_i ≠ e. Hence, we can suppose that x^{α1}_1 = e, . . . , x^{αn}_n = e and u = ∏ 1≤i<j≤n [x_i, x_j ]^{βij} ∏ 1≤i<j<k≤n [x_i, x_j , x_k]^{γijk} . Assume that [x_i, x_j ]^{βij} ≠ e for a certain pair (i, j), 1 ≤ i < j ≤ n. The mapping x_k → e, k ∈ {1, . . . , n} \ {i, j}, x_i → x, x_j → y extends to a homomorphism ψ from F_n to F_3. Then ψ(u) = [ψ(x_i), ψ(x_j )]^{βij} = [x, y]^{βij} and we get that the identity [x, y]^{βij} = e holds true in F_3. But then this identity also holds true in F_n, which contradicts the inequality [x_i, x_j ]^{βij} ≠ e. Hence, we can say that ∏ 1≤i<j≤n[xi, xj ] β_{ij} = e and u = ∏ 1≤i<j<k≤n [x_i, x_j , x_k]^{γijk} .

Now assume that [x_i, x_j , x_k ]^{γijk} ≠ e for a certain triple (i, j, k), 1 ≤ i < j < k ≤ n. The mapping x_l → e, l ∈ {1, . . . , n}\{i, j, k}, x_i → x, x_j → y, x_k → z extends to a homomorphism ψ from F_n to F_3. Then ψ(u) = [ψ(x_i), ψ(x_j ), ψ(x_k)]^{γijk} = [x, y, z]^{γijk} and we get that the identity [x, y, z]^{γijk} = e holds true in F_3. But then this identity is also true in F_n, which contradicts the inequality [x_i, x_j , x_k]^{γijk} ≠ e. Then we can say that ∏ 1≤i<j<k≤n[xi, xj , xk] γ_{ijk} = e and u = e. We came to a contradiction

with the assumption that u ≠ e. From here we can conclude that the loop F_n is approximated by the subloops of the loop F_3, hence it is included isomorphically in a Cartesian product of subloops of the loop F_3. Therefore, F_n belongs to the quasivariety q(F_3) and, hence, F_n also belongs to the quasivariety Q. □

According Lemmas 1, 2 and 3 we can formulate the following theorem.

Theorem 1. If Q is a quasivariety that contains a nilpotent non-associative or non-commutative Moufang loop, then there exists at least one variety K ∈ ℜ so that F_ω (K) ∈ Q.

Corollary 1. For any variety K ∈ ℜ the following statements are true:

(a) if q(F_ω (K)) contains a non-associative and non-commutative loop H, then q(H) = q(F_ω (K));

(b) if q(F_ω (K)) contains only commutative Moufang loops (respectively, groups) and H is a non-associative (respectively, non-commutative) loop, then q(H) = q(F_ω (K)).

Remark 1. Since the following inclusions hold true K_{3,1,0} ⊂ K_{3,3,0}, K_{1,3,0} ⊂ K_{3,3,0}, K_{3,1,3}m ⊂ K_{3,3,3}m , m = 1, 2, . . . , each of the quasivarieties q(F_ω (K_{3,3})), q(F_ω (K_{3,3,3}m )), m = 1, 2, . . ., contains only two non-abelian subquasivarieties: one formed of commutative Moufang loops and another formed of groups.

Remark 2. According to identity (5) and (8) inner permutations of the multiplication group of any loop of K_{3,0,0} are automorphisms. Loops of these varieties are A-loops (see the research on nilpotent A-loops in [9]).

Remark 3. Each quasivariety of the set {q(F_ω (K_{2,2,0})), q(F_ω (K_{2,2,2}m )), m = 2, 3, . . . } has only one non-abelian own subquasivariety being generated by a free group of rank 2 of this quasivariety.

From Theorem 1, Corollary 1 and Remarks 1–3 one gets the following.

Theorem 2. Non-abelian minimal quasivarieties of the lattice of quasivarieties of nilpotent Moufang loops are:

– minimal non-associative quasivarieties of commutative Moufang loops

q(F_ω (K_{3,1,0})), q(F_ω(K_{3,1,3}m )) (m = 1, 2, . . . );

– minimal non-associative and non-commutative quasivarieties of Moufang A-loops with one proper minimal non-associative subquasivariety of commutative Moufang loops and one proper minimal non-commutative subquasivariety of groups;

q(F_ω (K_{3,0,0})), q(F_ω (K_{3,3,0})), q(F_ω (K_{3,3,3}m )) (m = 1, 2, . . . ); – minimal non-associative and non-commutative quasivarieties of Moufang loops with the only proper non-commutative subquasivariety of groups q(F_ω (K_{2,0,0})), q(F_ω (K_{2,2,0})), q(F_ω (K_{2,2,2}m )) (m = 2, 3, . . . );

– minimal non-commutative quasivarieties of groups q(F_ω (K_{1,0,0})), q(F_ω (K_{1,p,0})) (p = 2, 3, . . . ), q(F_ω (K_{1,2,2}m )) (m = 2, 3, . . . ), q(F_ω (K_{1,p,p}m )) (p ≥ 3, m = 2, 3, . . . ). Further, we will show a few concrete examples of nilpotent Moufang loops.

First, we will prove the following important statement.

Theorem 3. If the alternative ring K with a unit element contains a nilpotent sub-ring R with index n ≥ 2 (i.e., any product of n factors a_1a_2 · · · a_n = 0 for any a_1, . . . , a_n ∈ K), then the set L of all elements of the form 1 + x, where x ∈ R, forms a nilpotent Moufang loop of class n − 1. Proof: The equality (1 + x)(1 − x + x^2 − · · · + (−1)^{n−1}x^{n−1}) = 1 where x ∈ R, shows that any element from L is invertible and, therefore, L is a Moufang loop. Now let R^k be the set of all linear combinations of all products of k ≤ n − 1 elements from R. Note that the following inclusions are true: (23) R^k · R^l ⊆ R^{k+l}, R^{k+1} ⊆ R^k. Then for any x ∈ R^k we have the equality (1 + x)^{−1} = 1 − x + x^2 − · · · + (−1)^{n−1}x^{n−1}, that is, (24) (1 + x)^{−1} = 1 + x^∗, where x^∗ = −x + x^′ and x^′ = x^2 − x^3 − · · · + (−1)^{n−1}x^{n−1}. Because x ∈ R^k, then is clear that x^2, x^4, . . . , x^{n−1} ∈ R^{2k} and it follows that (25) x^′ ∈ R^{2k}.

Now, if x ∈ R^k and y, z ∈ R, then, according to Moufang’s Theorem and the equality (24):

[1 + z, 1 + y, 1 + x] = ((1 + z) · (1 + y)(1 + x))^{−1} · ((1 + z)(1 + y) · (1 + x)) = ((1 + x)^{−1}(1 + y)^{−1} · (1 + z)^{−1}) · ((1 + z)(1 + y) · (1 + x)) = ((1 + x^∗)(1 + y)^{−1} · (1 + z)^{−1}) · ((1 + z)(1 + y) · (1 + x)) = (((1 + z)(1 + y))^{−1} + x^∗(1 + y^∗) · (1 + z^∗)) · ((1 + z)(1 + y) · (1 + x)) = 1 + x + (x^∗(1 + y^∗) · (1 + z^∗)) · ((1 + z)(1 + y) · (1 + x)) = 1+x+(x^∗ +x^∗y^∗ +x^∗z^∗ +x^∗y^∗ · z^∗) · (1 + z + y + x + zy + zx + yx + zy · x) = 1 + x + x^∗ + x^∗y^∗ + x^∗z^∗ + x^∗y^∗ · z^∗

+(x^∗ + x^∗y^∗ + x^∗z^∗ + x^∗y^∗ · z^∗) · (z + y + x + zy + zx + yx + zy · x);

similarly we can deduce

[1 + x, 1 + y] = ((1 + y)(1 + x))^{−1} · (1 + x)(1 + y) = ((1 + x)^{−1}(1 + y)^{−1}) · ((1 + x)(1 + y)) = (1 + x^∗)(1 + y)^{−1} · ((1 + y) + x(1 + y)) = 1 + x^∗ + (1 + x^∗)(1 + y)^{−1} · x(1 + y) = 1 + x^∗ + (1 + x^∗)(1 + y^∗) · (x + xy) = 1 + x^∗ + (1 + x^∗ + y^∗ + x^∗y^∗)(x + xy) = 1 + x + x^∗ + xy + (x^∗ + y^∗ + x^∗y^∗)(x + xy).

We note that

x_1 = x + x^∗ + [x^∗y^∗ + x^∗z^∗ + x^∗y^∗ · z^∗

+ (x^∗ + x^∗y^∗ + x^∗z^∗ + x^∗y^∗ · z^∗) · (z + y + x + zy + zx + yx + zy · x)], x_2 = x + x^∗ + [xy + (x^∗ + y^∗ + x^∗y^∗)(x + xy)].

Because x, x^∗ ∈ R^k, according to (25) x + x^∗ = x^′ ∈ R^{2k}, and according to (23) items from square brackets from the last two equalities belong to R^{k+1}. Thus we have:

[1 + z, 1 + y, 1 + x] = 1 + x_1 ∈ 1 + R^{k+1},

(26) [1 + x, 1 + y] = 1 + x_2 ∈ 1 + R^{k+1}.

(27)

Further, from the fact that x ∈ R^k and y, z ∈ R it follows that x^∗ ∈ R^k and y^∗, z^∗ ∈ R, which in view of (26) implies that [1 + x^∗, 1 + y^∗, 1 + z^∗] ∈ 1 + R^{k+1}.

Then according to (26) and (27) we have

(1 + x) · (1 + y)(1 + z) = (1 + x^∗)^{−1} · (1 + y^∗)^{−1}(1 + z^∗)^{−1} = ((1 + z^∗)(1 + y^∗) · (1 + x^∗))^{−1} = (((1 + z^∗) · (1 + y^∗)(1 + x^∗)) · [1 + z^∗, 1 + y^∗, 1 + x^∗])^{−1} = [1 + z^∗, 1 + y^∗, 1 + x^∗]^{−1} · ((1 + z^∗) · (1 + y^∗)(1 + x^∗))^{−1} = [1 + z^∗, 1 + y^∗, 1 + x^∗]^{−1} · ((1 + x^∗)^{−1}(1 + y^∗)^{−1} · (1 + z^∗)^{−1}) = [1 + z^∗, 1 + y^∗, 1 + x^∗]^{−1} · ((1 + x)(1 + y) · (1 + z)) = ((1 + x)(1 + y) · (1 + z)) · [1 + z^∗, 1 + y^∗, 1 + x^∗]^{−1} ·[[1 + z^∗, 1 + y^∗, 1 + x^∗]^{−1}, (1 + x)(1 + y) · (1 + z)] ∈ ((1 + x)(1 + y) · (1+z)) · (1 + R^{k+1})(1 + R^{k+1}) ⊆ ((1 + x)(1 + y) · (1 + z)) · (1 + R^{k+1})

which shows that the associator

(28) [1 + x, 1 + y, 1 + z] ∈ 1 + R^{k+1}.

Now according to the definition of the special associator-commutator and the formulas (27), (28) by simple induction it shows that values in ML L of any special associator-commutator of multiplicity k, 1 ≤ k ≤ n are contained in 1 + R^k. In particular that values in ML L of any special associator-commutator of multiplicity n are contained in 1 + R^n = {1 }. This means that L is nilpotent of class n − 1. □ Example 1. Let R be an alternative n-nilpotent ring and Z the ring of integers. On the set K = R × Z we define operations + and · as follows: (a, k) + (b, l) = (a + b, k + l), (a, k) · (b, l) = (a · b + la + kb, k · l), where (a, k), (b, l) ∈ K. It is easy to see that K together with the operations defined above is an alternative ring with the unit e = (0, 1) and that the set L^′ of all elements of the form (a, 0) is a subring K isomorphic to R. Therefore, due to Theorem 3, the set L = e + L^′ forms an (n − 1)-nilpotent Moufang loop.

In particular, if R is a free alternating ring of characteristic 3 (or zero), then L is a (n − 1)-nilpotent Moufang loop with exponent 3 (or zero). Example 2. A basis of a Cayley–Dixon algebra K (see [6]) over the field of real numbers R consists of the elements e_1 = 1, e_2 = i, e_3 = j, e_4 = k, e_5 = e, e_6 = ie, e_7 = je, e_8 = ke, the first of which is a unit for algebra K and the first four of which form a basis of the sub-algebra of quaternions. Multiplication is defined on these elements by the relations:

(29) i^2 = j^2 = k^2 = e^2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j, eq = qe, p · qe = qp · e, pe · q = pq, pe · qe = −qp, where q = −q, p, q ∈ {i, j, k}. The Cayley numbers K are multiplied according to the distributive laws and relations (29). It is easy to verify that

(30) [e_i, e_j ] = 1 or [e_i, e_j ] = −1, [e_i, e_j , e_k] = 1 or [e_i, e_j , e_k] = −1.

From (29) and (30) we can see that the subsets L_1 = {±1, ±i, ±j, ±k, ±e, ±ie, ±je, ±ke}, L_2 = R ∪ Ri ∪ Rj ∪ Re ∪ Rie ∪ Rje ∪ Rke (R = R \ {0}) with respect to the multiplication are Moufang loops with the associators and commutators equal to 1 or −1, hence, they belong to the center of this loop. Therefore, the Moufang loops L_1 and L_2 are non-associative, non-commutative and 2-nilpotent. It is easy to verify that the exponent of L_1 is 4, the exponent of L_2 is infinite, and in both loops the following identities hold

[x, y, z]^2 = 1, [x, y]^2 = 1.

Therefore, L_1 ∈ K_{2,2,2}2 and L_2 ∈ K_{2,2,0}.

Example 3. In the ring of all square matrices of order n ≥ 3 over the Cayley– Dixon algebra we study the set L of all matrices of the form q · A, where q is an element of the Moufang loop L_1 (or L_2) from Example 2 and A is a lower (or upper) triangular matrix of order n that has 1s along the main diagonal and the other elements above it are arbitrary real numbers (it is well known that these matrices A form a nilpotent group relative to the usual multiplication [10]).

It is easy to check that for any elements pA, qB, rC ∈ L we have [pA, qB, rC] = [p, q, r] · [A, B, C] ∈ {−E, E}, [pA, qB] = [p, q] · [A, B] ∈ {−[A, B], [A, B]}, where E is the unit matrix. From this it follows that L forms a nilpotent Moufang loop of class (n − 1) relative to the multiplication. In particular, for n = 3, L ∈ K_{2,0,0}. References

[1] Mal’cev A.I., On the inclusion of associative systems in groups, I., Mat. Sbornik 6 (1939), no. 2, 331–336.

[2] Mal’cev A.I., On the inclusion of associative systems in groups, II., Mat. Sbornik 8 (1940), no. 2, 251–263.

[3] Mal’cev A.I., Quasiprimitive classes of abstract algebras, Dokl. Akad. Nauk SSSR (N.S.)

108 (1956), 187–189.

[4] Mal’cev A.I., Several remarks on quasivarieties of algebraic systems, Algebra i Logika Sem.

5 (1966), no. 3, 3–9.

[5] Mal’cev A. I., Some borderline problems of algebra and logic, 1968 Proc. Internat. Congr.

Math. (Moscow, 1966), pp. 217–231.

[6] Mal’cev A.I., Algebraic Systems, Moscow, Nauka, 1970.

[7] Ursu V.I., On identities of nilpotent Moufang loops, Rev. Roumaine Math. Pures Appl. 45 (2000), no. 3, 537–548.

[8] Bruck R.H., A Survey of Binary Systems, Springer, Berlin-Heidelberg-New York, 1958. [9] Koval’ski A.V., Ursu V.I., An equational theory for a nilpotent A-loop, Algebra Logika 49 (2010), no. 4, 479–497.

[10] Kargapolov M.I., Merzlyakov Yu.I., Fundamentals of Group Theory, Moscow, Nauka, 1982.

Institute of Mathematics Simion Stoilow of the Romanian Academy, Research unit nr. 5, P.O. Box 1-764, 014700 Bucharest, Romania and Technical University, Chişinău, Moldova E-mail: Vasile.Ursu@imar.ro

(Received November 26, 2011, revised March 30, 2012)