Comment.Math.Univ.Carolin. 53,3 (2012) 491–499 491

On quasivarieties of nilpotent Moufang loops. II

Vasile I. Ursu

Abstract. In this part of the paper we study the quasiidentities of the nilpotent Moufang loops. In particular, we solve the problem of finite basis for quasiidentities in the finitely generated nilpotent Moufang loop.

Keywords: basis, loop, associator, commutator, nilpotent, variety, quasivariety

Classification: 20N05

Introduction

In present work we study the quasiidentities of nilpotent Moufang loops. It is known that the finite nilpotent non-abelian groups, the finitely generated nilpotent non-abelian torsion free groups and the finitely generated non-associative commutative Moufang loops do not have bases of quasiidentities with a finite number of variables (see [1], [2], [3]).

In Section 1 we study the quasiidentities of nilpotent Moufang loops. By applying some properties of free Moufang loops of these minimal quasivarieties, it is proved that if a Moufang loop L contains a non-abelian nilpotent subloop and the ranks of all abelian groups from L are bounded by some number r, then all quasiidentities true in L do not have a basis of quasiidentities in a finite number of variables.

In particular, we prove that finitely generated nilpotent non-abelian Moufang loops do not have a finite basis of quasiidentities in a finite number of variables.

In Section 2 we show that the lattice formed by the sub-quasivarieties of the variety generated by a free Moufang loop of rank n ≥ 3 of each of these minimal quasivarieties has the cardinality of the continuum. Therefore, the lattice of the quasivarieties of any nilpotent non-abelian variety of Moufang loops has the cardinality of the continuum and, hence, cannot be finite or countable.

The results mentioned above support the following conjecture: the quasiidentities of a non-associative or non-commutative nilpotent loop do not have a finite basis.

Results of this article were presented at the conference LOOPS’11.

1. The quasiidentities of nilpotent Moufang loops

In [3] it is shown that if the periodic part P of a finitely generated commutative ML L has exponent 3^k, then the Frattini subloop is ϕ(L) = L^′P^3, where P^3 = ⟨x^3 | x ∈ P ⟩. We will prove that a similar statement is also true for NML.

Lemma 1. If the periodic part P of the finitely generated NML L has exponent p^k, then the Frattini subloop is ϕ(L) = L^′P^p.

Proof: First we will show that ϕ (L) ⊇ L^′P^p. According to Theorem 2.2 from [6] the factor loop L/ϕ(L) is an abelian group, therefore ϕ(L) ⊇ L^′. Next we show that ϕ(L) ⊇ P^p. Let us suppose that there is an element x ∈ P such that x^p /∈ ϕ(L). As the intersection of all the maximal subloops of the NML L coincides with the Frattini subloop ϕ(L) (see [2, p. 97]), there is a maximal subloop H that does not contain the element x^p. According to the maximality propriety, we have ⟨x, H⟩ = L. Thus H ⊇ L^′ and is therefore normal in the NML L. So the factor-loop L/H contains exactly one cyclic subgroup ⟨x^p, H⟩ = L, whose total pre-image in L contains only H and does not coincide with L. But this is not true, because the subloop H is maximal in L. Therefore we can conclude that ϕ(L) ⊇ L^′P^p. Now we will show that ϕ (L) ⊆ L^′P^p. The inclusion L^′ ⊆ L^′P^p implies that the subloop L^′P^p is normal in L. We investigate the factor-loop L/L^′P^p = L̄. L̄ is a finitely generated abelian group with elements with rank either p or ∞. According to Theorem 8.1.2 from [5], L̄ is a direct product of cyclic groups of rank either p or ∞. But the Frattini subloop is the product of the Frattini subloops of the factors (see [6]) and is therefore a unit subloop in L̄. Now if φ : L −→ L̄ is the natural morphism then, according to auxiliary Theorem 2.1 from [4, p. 97], one has φ(ϕ(L)) ⊆ ϕ(φ(L)), from which it follows that ϕ(L) ⊆ L^′P^p. □

Lemma 2. Let F_n = F_n(x_1, . . . , x_n) be a 2-nilpotent free ML with free generators x_1, . . . , x_n. Then the associant-commutant F^′_n of the loop F_n is generated by the following set {[x_i, x_j , x_k] , [x_l, x_p] | 1 ≤ i < k ≤ n, 1 ≤ l < p ≤ n} , which is formed by (_n 3 ) associators and (_n 2 ) commutators, namely by (_n 3 ) + (_n 2 ) = n(n^2 − 1)/6 elements.

Proof: According to the identities (4)–(10) from Part I, which are true in the free NML F_n, any associator [x, y, z] or commutator [x, y] can be represented as a product of associators and commutators of generators x_1, . . . , x_n. Also we observe that the number of associators of the form [x_l, x_j , x_k] and commutators of the form [x_l, x_p] (1 ≤ i < j < k ≤ n, 1 ≤ l < p ≤ n) is equal to the sum of total number of combinations of n elements taken 3 at a time and the total number of combinations of n elements taken 2 at a time: ( n 3 ) + ( n 2 ) = n! 3! (n − 3)! + n! 2! (n − 2)! = n ( n^2 − 1 ) 6 . □ Lemma 3. Let N be a 2-nilpotent non-abelian ML variety of exponent zero and let F_n = F_n(x_1, . . . , x_n) be an N-free ML with free generators x_1, . . . , x_n and

F^p_n = ⟨x^p | x ∈ F^p_n ⟩. If for a prime number p ≥ 2 the identities [x, y, z]^p = e, [x, y]^p = e are true in any loop of N, then:

(a) F^′_n ∩ F^p_n = {e};

(b) for n > 10m + 1 there is an element u in the associant-commutant F^′_n which cannot be represented in the form

(1) [y_1, y_2] . . . [y_{2m−1}, y_{2m}] [y_1, y_2, y_3] . . . [y_{3m−2}, y_{3m−1}, y_{3m}] ;

(c) for m ≥ n(n^2 −1)/6 any element of F^′_n can be represented in the form (1).

Proof: (a) Let z ∈ F^′_n ∩ F^p_n , then z ∈ F^′_n and z ∈ F^p_n . Because Moufang loops are dissociative, for any elements x, y ∈ F_n we have (xy)^p = xyxy . . . xy = x^2y^2 . . . xy [y, x] = x^3y^3xy . . . xy [y, x]^3 = . . . = x^py^p [y, x]^{1+2+...+(p−1)} = x^py^p [y, x]^{p(p−1)/2} = x^py^p,

namely, the identity (xy)^p = x^py^p holds true in the loop F_n. Because e = [x, y, z]^p = [x^p, y, z] and e = [x, y]^p = [x^p, y] for any elements x, y ∈ F_n, we have that F^p_n ⊆ Z(F_n). Thus the element z can be represented in the form z = x^{p α1}_1 · · · x^{p αn}_n , where α_i is the sum of powers of x_i in the initial form of z. Considering that any equality in the loop F_n is an identity and that z ∈ F^′_n, from the last equality, for any i ≤ n, by substituting for elements x_j , j ≠ i, j ≤ n we get x^{p αi}_i = e, whence z = e. (b) Let us suppose that any element from F^′_n can be represented as in (1). Now we show that for any elements a, b ∈ F^′_nF^p_n the following implications are true aF^′_nF^p_n = bF^′_nF^p_n −→ [a, x, y] = [b, x, y]], aF^′_nF^p_n = bF^′_nF^p_n −→ [a, x] = [b, x]. From aF^′_nF^p_n = bF^′_nF^p_n we get a = bz, where z ∈ F^′_nF^p_n ⊆ Z(F_n), and thus [a, x, y] = [bz, x, y] = [b, x, y] , [a, x] = [bz, x] = [b, x] . The factor-loop F_n/F^′_nF^p_n is a free abelian group of exponent p with n generators. Therefore it has exactly p^n different elements. Hence we conclude that, in F_n, the associator [x, y, z] can have at most p^{3n} different values and the commutator [x, y] can have at most p^{2n} different values.

Since any element from the associant-commutant F^′_n can be represented as in (1), we have |F^′_n| ≤ p^{3mn} · p^{2mn} = p^{5mn}. On the other hand, according to Lemma 2,

|F^′_n| = p^ϵ(^{n3}) · p^δ(^{n2}) = p^ϵ(^{n3})^{+δ}(^{n2}) = p^{ϵn(n−1)(n−2)/6+δn(n−1)/2} ≥ p^{n(n−1)/2}, where ϵ = δ = 1 if the loop F_n is non-associative and non-commutative, ϵ = 1 and δ = 0 if the loop F_n is commutative and ϵ = 0 and δ = 1 if the loop F_n is associative. From where, for n > 10m+1, we have a contradiction in the loop F_n.

(c) The statement is a direct consequence of Lemma 2. □

Corollary 1. If N is one of the non-associative or non-commutative Moufang loops of the set of varieties ℜ mentioned in Part I, then the statements from Lemma 3 are true for the N-free loop F_n(x_1, . . . , x_n).

Lemma 4. Let K be a class of Moufang loops and C = ⟨ x_1, . . . , x_n | | | | u_i (x_1, . . . , x_n) = e, i ∈ I = {1, . . . , m}⟩ be a Moufang loop with generators x_1, x_2, . . . , x_n and the defining relations u_i = e, i ∈ I. The loop C belongs to the quasivariety generated by the class of loops K if and only if for any u ∈ C, u ≠ e, there is a homomorphism φ that maps C on a loop of K so that u^φ ≠ e.

Proof: If all of the non-identity elements from the Moufang loop C are indeed approximable by loops from the class K, then C is isomorphically included in a Cartesian product loop from K, and therefore C belongs to the quasivariety q(K) generated by the loop class K.

Conversely, let C ∈ q(K) and suppose that a certain element u ∈ C, u ≠ e, cannot be approximated by loops from K. Then the formula

&_{i ∈ I} (u_i = e) =⇒ u = e

is true in any loop from K. According to Mal’cev’s Theorem (see Theorem 7.1.1 from [7]) the Moufang loop C is a subloop of a filtered product ∏ j∈J B_j /D by loops B_j ∈ K, j ∈ J, generated by x_1 = (b_{1j} )D, x_2 = (b_{2j} )D, . . . , x_n = (b_{nj} )D. According to the definition of the filtrated product, the set J_0 = {j ∈ J | u_i (b_{1j} , . . . , b_{nj} ) = e, i ∈ I} belongs to the filter D. But for any j ∈ J_0 the relations u_i(j) = u_i(b_{1j} , . . . , b_{nj} ) = e, i ∈ I, which are true in the loop B_j ∈ K, imply the equality u(j) = u(b_{1j} , . . . , b_{nj} ) = e. Therefore we have {j ∈ J | u(b_{1j} , . . . , b_{nj} ) = e} ⊇ J_0 and, as a result, this set belongs to the filter D. So, the equality u(x_1, . . . , x_n) = e is true in C, a contradiction. □

Theorem 1. If a Moufang loop L contains a nilpotent subloop H that is either non-commutative or non-associative, and all abelian groups from L have ranks bounded by the same number r, then all quasiidentities that are true in L do not have a basis of quasiidentities in a finite number of variables.

Proof: By hypothesis, the Moufang loop L contains a non-associative or noncommutative subloop H. By Theorem 1 or 2 (from Part I), in the set ℜ there exists a variety N such that all N-free loops are contained in the quasivariety q(H).

Let t be a natural number, t > 1, m = t(t^2 − 1)/6 and choose a natural number n so that n > 10m + 1.

Let F^j_n = F^j_n(x^j_1, . . . , x^j_n), j ∈ J = {1, 2, . . . , r + 1}, be a collection of N-free NML of rank n and A_n = ∏ j∈J F^j_n be their Cartesian product.

According to Lemma 3 (and Corollary 1), for each j ∈ J one will find an element u^j = u^j (x_1, . . . , x_n) in the associant-commutant of the loop F^j_n that cannot be represented in the form (1). We let u_j denote the element in A_n for which u_j (j) = u^j , u_j (i) = e for any i ∈ J\{j}, and let B denote the subloop generated in A_n by the collection of elements u_j u^{−1}_i ∈ A_n, for all the i, j ∈ J with i ≠ j. Clearly the elements u_j , j ∈ J, belong to the associant-commutant A^′_n ⊆ Z(A_n). Therefore the subloop B is normal in A_n. Let φ be the natural morphism from A_n onto the factor loop C_n = A_n/B. Then in C_n there is a non-unity element v such that v = φ(u_j ) ≠ e for a j ∈ J.

We show that any subloop in C_n, generated by t generators, belongs to the quasivariety q(F^j_n). Indeed, let the subloop N ⊆ C_n be generated by t generators, and K be the minimal pre-image of the subloop N by the morphism φ.

It is obvious that K is generated by t generators. We now show that B ∩ K ⊆ K^′. Let there indeed be an element b ∈ B ∩ K such that b /∈ K^′. If we admit that b ∈ Φ(K), according to Lemma 1, b = cd where c ∈ K^′ and d ∈ P (K)^p. It then follows that d = c^{−1}b ∈ A^′_n. Therefore d ∈ A^p_n and d ∈ A^′_n.

But according to Lemma 3(a), A^′_n ⋂ A^p_n = ⟨e⟩. So d = e and we obtain b = c ∈ K^′, a contradiction. It also follows that b /∈ ϕ(K) meaning b is not a generator in K. Thus there is a maximal subloop H in K such that b /∈ H and K = (B ∩ K)H, from where it results that K^φ = H^φ. This way we have found out that K is not a minimal pre-image of N by φ, a contradiction. Therefore B ∩ K ⊆ K^′. According to Lemma 3(c), each element in K^′ is represented in the form (1). It then follows that B ∩ K = ⟨e⟩. But this implies that K ∼= N, resulting that N ∈ q(F^j_n ).

The theorem will then be proved if we show that for any natural number t there exists a NML C(t) that does not belong to the quasivariety q(L) but any proper subloop of C(t) that is generated by t elements will belong to q(L).

We now show that the loop C_n can be considered as such a loop C(t). It has already been shown that any subloop from C_n generated by t elements belongs to the quasivariety q(F_n) ⊆ q(L), where F_n = F_n(x_1, . . . , x_n) is the free subloop of rank n from the variety N. We now show that the loop C_n does not belong to the quasivariety q(L). Since C_n is finitely defined, by Lemma 4, it is enough to show that C_n is not isomorphically included in any of the Cartesian powers of the subloop L.

Let us suppose that C_n ∈ q(L). According to Lemma 4, there is a loop morphism ψ : C_n −→ L so that ψ(v) ≠ e. For any i ∈ J we denote by π_i and ψ_i the endomorphisms of the loop A_n defined by the following conditions:

π_i(w)(j) = { w(i), if i = j, e, if i ≠ j, and π_i(w)(j) = { e, if i = j, w(i), if i ≠ j, for any element w = (w(1), . . . , w(r + 1)) ∈ A_n = ∏ j∈J F^j_n. Now we analyze the following two possible cases.

Case 1. exp(F_n(N)) = p, where p is prime. Then exp(A^′_n) = p and observe that the subloop A^p_n = ⟨x^p | x ∈ A_n⟩ is contained in the center Z(A_n) of the loop A_n.

Two subcases are possible.

a) For any index i ∈ J it holds that ψφ(π_i(A_n)Z(A_n)) ⊈ ψφ(π_i(A_n)Z(A_n)). In this case, for any index i ∈ J there is such an element a_i ∈ ψφ(π_i(A_n)Z(A_n)) and a_i /∈ ψφ(π_i(A_n)Z(A_n)).

It is clear that the subloop A = ⟨a_1, . . . , a_{r+1}⟩ of L generated by the elements a_1, . . . , a_{r+1} is an abelian group. Because a_i /∈ ⟨a_j | j ∈ J \ {i}⟩ · A^p for any i ∈ J, it follows that the rank of the abelian group A cannot be ≤ r. This contradicts the supposition that the Moufang loop L does not contain such abelian groups.

b) There is an index i ∈ J so that ψφ(π_i(A_n)Z(A_n)) ⊆ ψφ(π_i(A_n)Z(A_n)). Then we will have ψ [φπ_i(A_n), φπ_i(A_n)] = ψ [φπ_i(A_n) · φZ(A_n), φπ_i(A_n)] = ψ [φ(π_i(A_n) · Z(A_n)), φπ_i(A_n)] [ψφ(π_i(A_n)Z(A_n)), ψφπ_i(A_n)] ⊆ [ψφ(π_i(A_n)Z(A_n)), ψφπ_i(A_n)] = ψφ [π_i(A_n), π_i(A_n)] = ⟨e⟩

and, because v = φ(u_i) ∈ [φπ_i(A_n), φπ_i(A_n)], it follows that ψ(v) = e which contradicts the hypothesis ψ(v) ≠ e.

Case 2. We now suppose that Case 1 is impossible.

a) For any index i ∈ J there is an element a_i ∈ ψφ(π_i(A_n)) such that any of its powers is not in ψφ(π_i(A_n)). Then the subloop A = ⟨a_1, . . . , a_{r+1}⟩ of the Moufang loop L is a free abelian group of rank (r + 1), which is impossible.

b) Let i be an index from the set J such that any element of the subloop ψφ(π_i(A_n)) has some power that lies in the subloop ψφ(π_i(A_n)).

Since the NML ψφ(π_i(A_n)) is finitely generated, it follows that there exists a positive integer s such that (ψφπ_i(A_n))^s ⊆ ψφπ_i(A_n).

Therefore, for the subloop A = ψφπ_i(A_n) of the Moufang loop L we have [A, A]^s = [ψφπ_i(A_n), ψφπ_i(A_n)]^s = [(ψφπ_i(A_n))^s, ψφπ_i(A_n)] ⊆ [ψφπ_i(A_n), ψφπ_i(A_n)] = ψφ[π_i(A_n), π_i(A_n)] = ⟨e⟩. Since the Moufang loop L does not contain nilpotent subloops with periodic associant-commutant (by the assumption that Case 1 is impossible), it follows that A is an abelian group. Since ψ(v) ∈ A^′, we obtain that ψ(v) = e.

Therefore both cases are impossible. Thus the Moufang loop C_n is not in the quasivariety q(L). □

Let L be a loop and H be a normal subloop. Then rank(L) ≤ (rank(H) + rank(L/H)). Notice that for an abelian group with n generators, any subgroup also has no more than n generators. Using induction we can obtain that the ranks of all subloops of a finitely generated nilpotent Moufang loop are bounded by the same natural number.

Therefore we have the following.

Corollary 2. The quasivariety which is generated by any finitely generated nonabelian nilpotent Moufang loop L does not have a finite basis of quasiidentities in a finite number of variables.

For torsion-free groups analogues of Theorem 1 and Corollary 2 were obtained by A.I. Budkin [2].

Corollary 3. For any finitely generated nilpotent Moufang loop L the following affirmations are equivalent:

(1) the quasivariety q(L) has a finite basis; (2) L is a finite abelian group; (3) q(L) = v(L).

Proof: If the quasivariety q(L) has a finite basis of quasiidentities, then according to Theorem 1, L is an abelian group. It is not hard to notice (see [8]) that the quasivariety q(L), formed only by abelian groups, has a finite basis if and only if L is finite. Furthermore, since a finitely generated Moufang loop has a finite basis (see [9]), the equality q(L) = v(L) implies that q(L) also has a finite basis. □

2. Applications

Let ℑ be a variety of a ML that contains non-associative or non-commutative nilpotent Moufang loops and let K be a subvariety formed only by nilpotent Moufang ℑ-loops of nilpotency class ≤ 2 in which the following identities are true [x, y, z]^p = e, [x, y]^p = e, where p is a suitable prime number and F a non-abelian K-free subloop of finite rank. Then, according to Lemma 3(a), the 2-nilpotent finite factor-loop L =

F/F^{p2} ∈ K is not an abelian group. In the proof of Theorem 1 it is shown that for any natural number t there is a finite loop C_{n(t)} from the variety v(L) such that any t-generated subloop of C_{n(t)} is contained is the quasivariety q(L) but the loop C_{n(t)} itself is not contained in the quasivariety generated by all the loops from v(L) of a strictly smaller order than t. We put t_l = |L| and we build the infinite series {t_i | i ∈ N = {1, 2, . . . }} of natural numbers that verify the conditions t_{i+1} = |C_i| + |L| (here and from now on, instead of C_{n(ti )} we will write C_i).

We will prove that C_i ∈ q({C_j | j ∈ N \ {i}}). If it is not so, then according to Lemma 4, for any a ∈ C_i, a ≠ e, there is a homomorphism φ : C_i → C_j , for a certain loop C_j , so that φ(a) ≠ 1. If i < j, then |φ(C_i)| < t_j and, because φ(C_i) ⊆ C_j , φ(C_i) ∈ q(L). This means that the element a is approximated by the loop L. As a result, according to the same Lemma 4, C_i ∈ q({L, C_j | 1 ≤ j < i}). But this contradicts the definition of C_i as |C_j | < t_i, |L| < t_i for j < i. For each i we set the quasiidentity Φ_i identically true in the variety q({L, C_j | j ∈ {N\{i}}}) and false in the loop C_i. Then the system Φ_i, i ∈ N of quasiidentities is infinite, independent, and in particular, the lattice L_q(ℑ) of all subvarieties of ℑ has the power continuum.

We now consider all the loops in abelian groups ℑ. If Z ∈ ℑ, then ℑ contains an infinite set of cyclic groups of prime power Z_{pi} , i = 1, . . ., and as a result, L_q(ℑ) has the power continuum. If Z /∈ ℑ, then ℑ is generated by a finite cyclic group and, because ℑ contains a finite number of non-isomorphic cyclic groups of prime power, the number of subvarieties that are different in ℑ is finite. Therefore the following statement is proven.

Theorem 2. For any variety ℑ of nilpotent local Moufang loops the lattice of quasivarieties in ℑ has the cardinality of the continuum or it is finite if and only if ℑ is generated by a finite group.

By Theorem 2 for finitely generated nilpotent Moufang loops we obtain the following.

Corollary 4. For a finitely generated NML L any affirmation (1)–(3) of Corollary 3 is equivalent with the following statement:

(4) the lattice of the quasivarieties L_qv (L) is finite.

References

[1] Ol’shanskii A.Yu., Conditional identities in finite groups, Sibirsk. Mat. Zh. 15 (1974), no. 6, 1409–1413.

[2] Budkin A.I., Quasiidentities of nilpotent groups and groups with one relation, Algebra i Logika 18 (1979), no. 2, 127–136.

[3] Ursu V.I., On quasiidentities of finitely generated commutative Moufang loops, Algebra i Logika 30, (1991), no. 6, 726–734.

[4] Bruck R.H., A Survey of Binary Systems, Springer, Berlin-Heidelberg-New York, 1958. [5] Kargapolov M.I., Merzlyakov Yu.I., Fundamentals of Group Theory, Moscow, Nauka, 1982. [6] Dlab V., Kořínek V., The Frattini subgroup of a direct product of groups, Czechoslovak Math. J. 10 (1960), 50–358.

[7] Mal’cev A.I., Algebraic Systems, Moscow, Nauka, 1970.

[8] Vinogradov A.A., Quasivarieties of Abelian groups, Algebra i Logika Sem. 4 (1965), no. 6, 15–18.

[9] Ursu V.I., On identities of nilpotent Moufang loops, Rev. Roumaine Math. Pures Appl. 45 (2000), no. 3, 537–548.

Institute of Mathematics Simion Stoilow of the Romanian Academy, Research unit nr. 5, P.O. Box 1-764, 014700 Bucharest, Romania and Technical University, Chişinău, Moldova E-mail: Vasile.Ursu@imar.ro

(Received November 26, 2011, revised March 30, 2012)