Comment.Math.Univ.Carolin. 53,4 (2012) 605–614 605

A global uniqueness result for fractional order implicit differential equations

Saïd Abbas, Mouffak Benchohra^∗

Abstract. In this paper we investigate the global existence and uniqueness of solutions for the initial value problems (IVP for short), for a class of implicit hyperbolic fractional order differential equations by using a nonlinear alternative of Leray-Schauder type for contraction maps on Fréchet spaces.

Keywords: partial hyperbolic differential equation, fractional order, left-sided mixed Riemann-Liouville integral, mixed regularized derivative, solution, Fréchet space, fixed point

Classification: 26A33

1. Introduction

The idea of fractional calculus and fractional order differential equations and inclusions has been a subject of interest not only among mathematicians, but also among physicists and engineers. Indeed, we can find numerous applications in rheology, control, porous media, viscoelasticity, electrochemistry, electromagnetism, etc. [13], [17], [18]. There has been a significant development in ordinary and partial fractional differential equations in recent years; see the monographs of Abbas et al. [5], Kilbas et al. [14], Miller and Ross [16], Samko et al. [19], and Podlubny [18], the papers of Abbas and Benchohra [2], [3], Abbas et al. [1], [4], Belarbi et al. [7], Benchohra et al. [8], [9], [10], Kilbas and Marzan [15], Vityuk [20], Vityuk and Golushkov [21], Vityuk and Mykhailenko [22], and the references therein. In [23] Vityuk and Mykhailenko used iterative method to obtain solution to problem (1)–(2) on bounded domain. By means of the Banach contraction principle and the nonlinear alternative of Leray-Schauder type Abbas et al. [6] present some existence as well as uniqueness results for problem (1)–(2) on bounded domain.

In this paper we are concerned with the global existence and uniqueness of solutions to fractional order IVP for the system

(1) D^r_θu(x, y) = f(x, y, u(x, y), D^r_θu(x, y)); if (x, y) ∈ J := [0, ∞) × [0, ∞),

∗ Corresponding author.

606 S. Abbas, M. Benchohra (2) { u(x, 0) = φ(x), u(0, y) = ψ(y); x, y ∈ [0, ∞), φ(0) = ψ(0),

where θ = (0, 0), D^r_θ is the mixed regularized derivative of order r = (r_1, r_2) ∈ (0, 1] × (0, 1], f : J × R^n × R^n → R^n is a given function and φ, ψ : [0, ∞) → R^n are absolutely continuous functions. We make use of the nonlinear alternative of Leray-Schauder type for contraction maps on Fréchet spaces [11]. Many properties of solutions for differential equations and inclusions, such as stability or oscillation, require global properties of solutions. This is the main motivation to look for sufficient conditions that ensure global existence of solutions for IVP (1)–(2). This paper initiates the study on unbounded domain of IVP (1)–(2).

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper. Let p ∈ N and J_0 = [0, p] × [0, p]. By C(J_0) we denote the Banach space of all continuous functions from J_0 into R^n with the norm ‖w‖_∞ = sup_{(x,y)∈J0} ‖w(x, y)‖,

where ‖ · ‖ denotes a suitable complete norm on R^n.

As usual, by AC(J_0) we denote the space of absolutely continuous functions from J_0 into R^n and L^1(J_0) is the space of Lebesgue-integrable functions w : J_0 → R^n with the norm

‖w‖_1 =

∫_p 0 ∫_p 0 ‖w(x, y)‖ dy dx.

Definition 2.1 ([14], [19]). Let α ∈ (0, ∞) and u ∈ L^1(J_0). The partial Riemann- Liouville integral of order α of u(x, y) with respect to x is defined by the expression

I^α_{0,x}u(x, y) = 1 Γ(α)

∫_x 0 (x − s)^{α−1}u(s, y) ds,

for almost all x ∈ [0, p] and almost all y ∈ [0, p].

Analogously, we define the integral

I^α_{0,y}u(x, y) = 1 Γ(α)

∫_y 0 (y − s)^{α−1}u(x, s) ds,

for almost all x ∈ [0, p] and almost all y ∈ [0, p].

Definition 2.2 ([14], [19]). Let α ∈ (0, 1] and u ∈ L^1(J_0). The Riemann-Liouville fractional derivative of order α of u(x, y) with respect to x is defined by

(D^α_{0,x}u)(x, y) = ∂ ∂x I^{1−α}_{0,x} u(x, y),

Partial differential equations of fractional order 607

for almost all x ∈ [0, p] and almost all y ∈ [0, p].

Analogously, we define the derivative

(D^α_{0,y}u)(x, y) = ∂ ∂y I^{1−α}_{0,y} u(x, y),

for almost all x ∈ [0, p] and almost all y ∈ [0, p].

Definition 2.3 ([14], [19]). Let α ∈ (0, 1] and u ∈ L^1(J_0). The Caputo fractional derivative of order α of u(x, y) with respect to x is defined by the expression

cD^α_{0,x}u(x, y) = I^{1−α}_{0,x} ∂ ∂x u(x, y), for almost all x ∈ [0, p] and almost all y ∈ [0, p].

Analogously, we define the derivative

cD^α_{0,y}u(x, y) = I^{1−α}_{0,y} ∂ ∂y u(x, y),

for almost all x ∈ [0, p] and almost all y ∈ [0, p].

Definition 2.4 ([21]). Let r = (r_1, r_2) ∈ (0, ∞) × (0, ∞), θ = (0, 0) and u ∈ L^1(J_0). The left-sided mixed Riemann-Liouville integral of order r of u is defined by (I^r_θ u)(x, y) = 1 Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1−1}(y − t)^{r2 −1}u(s, t) dt ds.

In particular,

(I^θ_θ u)(x, y) = u(x, y), (I^σ_θ u)(x, y) =

∫_x 0 ∫_y 0 u(s, t) dt ds;

for almost all (x, y) ∈ J_0, where σ = (1, 1).

For instance, I^r_θ u exists for all r_1, r_2 ∈ (0, ∞), when u ∈ L^1(J_0). Note also that when u ∈ C(J_0), then (I^r_θ u) ∈ C(J_0), moreover (I^r_θ u)(x, 0) = (I^r_θ u)(0, y) = 0; x, y ∈ [0, p].

Example 2.5. Let λ, ω ∈ (−1, ∞) and r = (r_1, r_2) ∈ (0, ∞) × (0, ∞), then

I^r_θ x^λy^ω =

Γ(1 + λ)Γ(1 + ω) Γ(1 + λ + r_1)Γ(1 + ω + r_2) x^{λ+r1} y^{ω+r2} , for all (x, y) ∈ J_0.

By 1 − r we mean (1 − r_1, 1 − r_2) ∈ [0, 1) × [0, 1). Denote by D^2_{xy} :=^{∂2}_{∂x∂y} the mixed second order partial derivative.

608 S. Abbas, M. Benchohra

Definition 2.6 ([21]). Let r ∈ (0, 1] × (0, 1] and u ∈ L^1(J_0). The mixed fractional Riemann-Liouville derivative of order r of u is defined by the expression D^r_θ u(x, y) = (D^2_{xy}I^{1−r}_θ u)(x, y) and the Caputo fractional-order derivative of order r of u is defined by the expression^cD^r_θ u(x, y) = (I^{1−r}_θ D^2_{xy}u)(x, y).

The case σ = (1, 1) is included and we have

(D^σ_θ u)(x, y) = (^cD^σ_θ u)(x, y) = (D^2_{xy}u)(x, y), for almost all (x, y) ∈ J_0.

Example 2.7. Let λ, ω ∈ (−1, ∞) and r = (r_1, r_2) ∈ (0, 1] × (0, 1], then

D^r_θ x^λy^ω =

Γ(1 + λ)Γ(1 + ω) Γ(1 + λ − r_1)Γ(1 + ω − r_2) x^{λ−r1} y^{ω−r2} , for almost all (x, y) ∈ J_0.

Definition 2.8 ([23]). For a function u : J_0 → R^n, we set

q(x, y) = u(x, y) − u(x, 0) − u(0, y) + u(0, 0).

By the mixed regularized derivative of order r = (r_1, r_2) ∈ (0, 1] × (0, 1] of a function u(x, y), we name the function

D^r_θu(x, y) = D^r_θ q(x, y).

The function D^{r1}_{0,x}u(x, y) = D^{r1}_{0,x}[u(x, y) − u(0, y)], is called the partial r_1–order regularized derivative of the function u(x, y) : J_0 → R^n with respect to the variable x. Analogously, we define the derivative

D^{r2}_{0,y}u(x, y) = D^{r2}_{0,y}[u(x, y) − u(x, 0)].

Let X be a Fréchet space with a family of semi-norms {‖ · ‖_n}_{n∈N}. We assume that the family of semi-norms {‖ · ‖_n} satisfies:

‖x‖_1 ≤ ‖x‖_2 ≤ ‖x‖_3 ≤ . . . for every x ∈ X.

Let Y ⊂ X, we say that Y is bounded if for every n ∈ N, there exists M_n > 0 such that ‖y‖_n ≤ M_n for all y ∈ Y.

To X we associate a sequence of Banach spaces {(X^n, ‖ · ‖_n)} as follows: For every n ∈ N, we consider the equivalence relation ∼_n defined by: x ∼_n y if and only if ‖x − y‖_n = 0 for x, y ∈ X. We denote by X^n = (X|_{∼n} , ‖ · ‖_n) the quotient space, the completion of X^n with respect to ‖ · ‖_n. To every Y ⊂ X, we associate a sequence {Y^n} of subsets Y^n ⊂ X^n as follows: For every x ∈ X, we denote by [x]_n the equivalence class of x of subset X^n and we defined Y^n = {[x]_n : x ∈ Y }. We denote by Y^n, int_n(Y^n) and ∂_nY^n, respectively, the closure, the interior and the boundary of Y^n with respect to ‖ · ‖_n in X^n. For more information about this subject see [11].

Partial differential equations of fractional order 609

Definition 2.9. Let X be a Fréchet space. A function N : X −→ X is said to be a contraction if for each n ∈ N there exists k_n ∈ [0, 1) such that ‖N(u) − N(v)‖_n ≤ k_n‖u − v‖_n for all u, v ∈ X.

Theorem 2.10 ([11]). Let X be a Fréchet space and Y ⊂ X a closed subset in X. Let N : Y −→ X be a contraction such that N(Y ) is bounded. Then one of the following statements holds:

(a) the operator N has a unique fixed point;

(b) there exists λ ∈ [0, 1), n ∈ N and u ∈ ∂_nY^n such that ‖u − λN(u)‖_n = 0. For each p ∈ N we define in C(J) the semi-norms by: ‖u‖_p = sup_{(x,y)∈J0} ‖u(x, y)‖.

Then C(J) is a Fréchet space with the family of semi-norms {‖u‖_p}_{p∈N}. 3. Existence of solutions

Let us start by defining what we mean by a solution of the problem (1)–(2). Definition 3.1. A function u ∈ C(J) such that D^{r1}_{0,x}u(x, y), D^{r2}_{0,y}u(x, y), D^r_θu(x, y) are continuous for (x, y) ∈ J and I^{1−r}_θ u(x, y) ∈ AC(J) is said to be a solution of (1)–(2) if u satisfies the equation (1) and the conditions (2) on J.

For the existence of solutions for the problem (1)–(2) we need the following lemma.

Lemma 3.2 ([23]). Let a function f(x, y, u, z) : J_0 ×R^n×R^n → R^n be continuous. Then problem (1)–(2) is equivalent to the problem of the solution of the equation (3) g(x, y) = f(x, y, μ(x, y) + I^r_θ g(x, y), g(x, y)), and if g ∈ C(J_0) is the solution of (6), then u(x, y) = μ(x, y) + I^r_θ g(x, y), where μ(x, y) = φ(x) + ψ(y) − φ(0).

In the sequel we use the following version of Gronwall’s Lemma for two independent variables and singular kernel.

Lemma 3.3 ([12]). Let υ : J → [0, ∞) be a real function and ω(·, ·) be a nonnegative, locally integrable function on J. If there are constants c > 0 and 0 < r_1, r_2 < 1 such that,

υ(x, y) ≤ ω(x, y) + c

∫_x 0 ∫_y 0 υ(s, t) (x − s)^{r1} (y − t)^{r2} dt ds,

then there exists a constant δ = δ(r_1, r_2) such that,

υ(x, y) ≤ ω(x, y) + δc

∫_x 0 ∫_y 0 ω(s, t) (x − s)^{r1} (y − t)^{r2} dt ds,

610 S. Abbas, M. Benchohra for every (x, y) ∈ J.

We are now in the position to give conditions for the existence and uniqueness of a solution of problem (1)–(2). Theorem 3.4. Assume

(H_1) the function f : J × R^n × R^n → R^n is continuous;

(H_2) for each p ∈ N, there exists constants k_p > 0 and 0 < l_p < 1 such that for each (x, y) ∈ J_0 ‖f(x, y, u, z) − f(x, y, v, w)‖ ≤ k_p‖u − v‖ + l_p‖z − w‖, for each u, v, w, z ∈ R^n. If (4) k_pp^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2)

< 1, then there exists a unique solution for IVP (1)–(2) on [0, ∞) × [0, ∞). Proof: Transform the problem (1)–(2) into a fixed point problem. Consider the operator N : C(J) → C(J) defined by, (5) N(u)(x, y) = μ(x, y) + I^r_θ g(x, y), where g ∈ C(J) such that g(x, y) = f(x, y, u(x, y), g(x, y)). The operator N is well defined, that is, for each u ∈ C(J) there exists a unique g ∈ C(J) such that (6) g(x, y) = f(x, y, u(x, y), g(x, y)) for each (x, y) ∈ J. Indeed, assume that for each u ∈ C(J) there exist g_1, g_2 ∈ C(J) satisfying (6). Then using (H_2) we get for each (x, y) ∈ J (1 − l_p)‖g_1(x, y) − g_2(x, y)‖ ≤ 0, which implies that g_1(x, y) = g_2(x, y) for each (x, y) ∈ J.

Let u be a possible solution of the problem u = λN(u) for some 0 < λ < 1. This implies that for each (x, y) ∈ J_0, we have (7) u(x, y) = λμ(x, y) + λ Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1−1}(y − t)^{r2−1}g(s, t) dt ds.

By (H_2) we get ‖g(x, y)‖ ≤ f^∗ + k_p‖u(x, y)‖ + l_p‖g(x, y)‖,

Partial differential equations of fractional order 611

where f^∗ = sup

(x,y)∈J_0

‖f(x, y, 0, 0)‖. Then ‖g(x, y)‖ ≤ f^∗ + k_p‖u(x, y)‖ 1 − l_p . Thus, (7) implies that

‖u(x, y)‖ ≤ ‖μ(x, y)‖ + 1 (1 − l_p)Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1−1}(y − t)^{r2−1} ( f^∗ + k_p‖u(s, t)‖ ) dt ds

≤ ‖μ‖_p + f^∗p^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2) + k_p (1 − l_p)Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1−1}(y − t)^{r2−1}‖u(s, t)‖ dt ds. Set w = ‖μ‖_p + f^∗p^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2) . Lemma 3.3 implies that there exists a constant δ = δ(r_1, r_2) such that ‖u(x, y)‖ ≤ w ( 1 + δk_p (1 − l_p)Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1 −1}(y − t)^{r2 −1} dt ds )

≤ w ( 1 + δk_pp^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2) ) := M_p.

Then for every p ∈ N we have ‖u‖_p ≤ M_p. Set U = {u ∈ C(J) : ‖u‖_p ≤ M_p + 1 for all p ∈ N}.

We shall show that N : U −→ C(J_0) is a contraction map. Indeed, consider v, w ∈ C(J_0). Then, for (x, y) ∈ J_0, we have

(8) ‖N(v)(x, y) − N(w)(x, y)‖ ≤ 1 Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1 −1}(y − t)^{r2 −1}‖g(s, t) − h(s, t)‖ dt ds, where g, h ∈ C(J_0) such that g(x, y) = f(x, y, v(x, y), g(x, y)) and h(x, y) = f(x, y, w(x, y), h(x, y)).

612 S. Abbas, M. Benchohra By (H_2), we get

‖g(x, y) − h(x, y)‖ ≤ k_p‖v(x, y) − w(x, y)‖ + l_p‖g(x, y) − h(x, y)‖. Then ‖g(x, y) − h(x, y)‖ ≤ k_p 1 − l_p

‖v − w‖_p.

Thus, (8) implies that

‖N(v) − N(w)‖_p ≤ k_p (1 − l_p)Γ(r_1)Γ(r_2)

∫_x 0 ∫_y 0 (x − s)^{r1 −1}(y − t)^{r2 −1}‖v − w‖_p dt ds ≤ k_pp^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2)

‖v − w‖_p. Hence

‖N(v) − N(w)‖_p ≤ k_pp^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2)

‖v − w‖_p.

By (4), N : U −→ C(J_0) is a contraction. By the choice of U, there is no u ∈ ∂_nU^n such that u = λN(u), for λ ∈ (0, 1). As a consequence of Theorem 2.10, we deduce that N has a unique fixed point u in U which is a solution to problem (1)–(2). □ 4. An example

As an application of our results we consider the following implicit partial hyperbolic fractional order differential equation of the form (9) D^r_θu(x, y) = 1 7e^{x+y+2}(1 + c_p|u(x, y)| + |D^r_θu(x, y)|)

; if (x, y) ∈ [0, ∞) × [0, ∞),

(10) u(x, 0) = x, u(0, y) = y^2; x, y ∈ [0, ∞), where c_p =

Γ(1 + r_1)Γ(1 + r_2) p^{r1+r2}

; p ∈ N^∗ := {1, 2, 3, . . .}. Define f by

f(x, y, u, v) = 1 7e^{x+y+2}(1 + c_p|u| + |v|)

; (x, y) ∈ [0, ∞) × [0, ∞) and u, v ∈ R.

Clearly, the function f is continuous. For each p ∈ N^∗ and (x, y) ∈ J_0 we have |f(x, y, u(x, y), v(x, y)) − f(x, y, u(x, y), v(x, y))| ≤ 1 7e^2

(c_p‖u − u‖ + ‖v − v‖),

Partial differential equations of fractional order 613

for each u, v, u, v ∈ R.

Hence condition (H_2) is satisfied with k_p =^{cp}_{7e2} and l_p =^1_{7e2} . We shall show that condition (4) holds for all p ∈ N^∗. Indeed

k_pp^{r1+r2} (1 − l_p)Γ(1 + r_1)Γ(1 + r_2) = c_pp^{r1+r2} (7e^2 − 1)Γ(1 + r_1)Γ(1 + r_2) = 1 7e^2 − 1

< 1.

Consequently, Theorem 3.4 implies that problem (9)–(10) has a unique solution defined on [0, ∞) × [0, ∞).

Acknowledgment. The authors are grateful to the referee for the careful reading of the paper and for his/her helpful remarks.

References

[1] Abbas S., Agarwal R.P., Benchohra M., Darboux problem for impulsive partial hyperbolic differential equations of fractional order with variable times and infinite delay, Nonlinear Anal. Hybrid Syst. 4 (2010), 818–829.

[2] Abbas S., Benchohra M., Partial hyperbolic differential equations with finite delay involving the Caputo fractional derivative, Commun. Math. Anal. 7 (2009), 62–72.

[3] Abbas S., Benchohra M., The method of upper and lower solutions for partial hyperbolic fractional order differential inclusions with impulses, Discuss. Math. Differ. Incl. Control Optim. 30 (2010), no. 1, 141–161.

[4] Abbas S., Benchohra M., Gorniewicz L., Existence theory for impulsive partial hyperbolic functional differential equations involving the Caputo fractional derivative, Sci. Math. Jpn. 72 (2010), 49–60.

[5] Abbas S., Benchohra M., N’Guérékata G.M., Topics in Fractional Differential Equations, Developments in Mathematics, 27, Springer, New York, 2012.

[6] Abbas S., Benchohra M., Vityuk A.N., On fractional order derivatives and Darboux problem for implicit differential equations, Fract. Calc. Appl. Anal. 15 (2) (2012), 168–182.

[7] Belarbi A., Benchohra M., Ouahab A., Uniqueness results for fractional functional differential equations with infinite delay in Fréchet spaces, Appl. Anal. 85 (2006), 1459–1470.

[8] Benchohra M., Graef J.R., Hamani S., Existence results for boundary value problems of nonlinear fractional differential equations with integral conditions, Appl. Anal. 87 (2008), no. 7, 851–863.

[9] Benchohra M., Hamani S., Ntouyas S.K., Boundary value problems for differential equations with fractional order, Surv. Math. Appl. 3 (2008), 1–12.

[10] Benchohra M., Henderson J., Ntouyas S.K., Ouahab A., Existence results for functional differential equations of fractional order, J. Math. Anal. Appl. 338 (2008), 1340–1350.

[11] Frigon M., Granas A., Résultats de type Leray-Schauder pour des contractions sur des espaces de Fréchet, Ann. Sci. Math. Québec 22 (1998), no. 2, 161–168.

[12] Henry D., Geometric Theory of Semilinear Parabolic Partial Differential Equations, Springer, Berlin-New York, 1989.

[13] Hilfer R., Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000. [14] Kilbas A.A., Srivastava H.M., Trujillo J.J., Theory and Applications of Fractional Differential Equations, North-Holland Mathematics Studies, 204, Elsevier Science B.V., Amsterdam, 2006.

[15] Kilbas A.A., Marzan S.A., Nonlinear differential equations with the Caputo fractional derivative in the space of continuously differentiable functions, Differ. Equ. 41 (2005), 84–89.

[16] Miller K.S., Ross B., An Introduction to the Fractional Calculus and Differential Equations, John Wiley, New York, 1993.

614 S. Abbas, M. Benchohra

[17] Oldham K.B., Spanier J., The Fractional Calculus, Academic Press, New York, London, 1974.

[18] Podlubny I., Fractional Differential Equation, Academic Press, San Diego, 1999. [19] Samko S.G., Kilbas A.A., Marichev O.I., Fractional Integrals and Derivatives. Theory and Applications, Gordon and Breach, Yverdon, 1993.

[20] Vityuk A.N., Existence of solutions of partial differential inclusions of fractional order, Izv. Vyssh. Uchebn. Zaved. Mat. 8 (1997), 13–19.

[21] Vityuk A.N., Golushkov A.V., Existence of solutions of systems of partial differential equations of fractional order, Nonlinear Oscil. 7 (2004), no. 3, 318–325.

[22] Vityuk A.N., Mykhailenko A.V., On a class of fractional-order differential equation, Nonlinear Oscil. 11 (2008), no. 3, 307–319.

[23] Vityuk A.N., Mykhailenko A.V., The Darboux problem for an implicit fractional-order differential equation, J. Math. Sci. 175 (4) (2011), 391–401.

Laboratoire de Mathématiques, Université de Saïda, B.P. 138, 20000, Saïda, Algérie E-mail: abbasmsaid@yahoo.fr

Laboratoire de Mathématiques, Université de Sidi Bel-Abbès, B.P. 89, 22000, Sidi Bel-Abbès, Algérie E-mail: benchohra@univ-sba.dz

(Received January 22, 2012, revised May 31, 2012)