Comment.Math.Univ.Carolin. 54,2 (2013) 197–217 197

Extremal pseudocompact Abelian groups: A unified treatment

W.W. Comfort, Jan van Mill

Dedicated to the 120th birthday anniversary of Eduard Čech.

Abstract. The authors have shown [Proc. Amer. Math. Soc. 135 (2007), 4039– 4044] that every nonmetrizable, pseudocompact abelian group has both a proper dense pseudocompact subgroup and a strictly finer pseudocompact group topology. Here they give a comprehensive, direct and self-contained proof of this result.

Keywords: pseudocompact topological group, extremal topological group, proper dense pseudocompact subgroup, abelian

Classification: 22A05, 22B05

1. Introduction

The aim of this paper is to present a proof of Theorem 1.1, obtained by the authors in [9].

Theorem 1.1. Let G be an abelian, nonmetrizable pseudocompact group. Then G is neither r- nor s-extremal.

With this paper, we hope that we have made good on the promise given in [9], namely “to present a polished, complete and self-contained proof of Theorem 1.1” — but subject to these boundary conditions: We omit proofs of theorems available in the familiar monographs [19], [20] and [25], and we omit also proofs of the following two basic results, given respectively by Weil [31] in 1938 and by Comfort and Ross [13] in 1966.

Theorem 1.2. A topological group is totally bounded if and only if it is a dense subgroup of a compact group.

Theorem 1.3. (a) Every pseudocompact group is totally bounded.

(b) A totally bounded group is pseudocompact if and only if it is G_δ -dense in its Weil completion.

Remarks 1.4. (a) À propos of Theorem 1.2, it is shown by Weil [31] that the compact group in which a totally bounded topological group G is dense is unique (in the obvious sense). That fact justifies the convention, which already we implemented in stating Theorem 1.3, of referring to this compactification of a totally bounded group G as the Weil completion of G; we denote this by the symbol G.

198 W.W. Comfort, J. van Mill

(b) It follows from (a) that for H a subgroup of a totally bounded group G, one may identify H with cl_G H. Often in what follows, we make that identification.

The plan of this paper is to give the proof of Theorem 1.1 in as brief and succinct a form as is compatible with the inclusion of all proofs; we postpone discursive remarks, commentary and historical perspective until Section 5. Since the raison d’être of this paper may not be immediately apparent to the reader — it contains, finally, a single theorem for which we gave in 2007 a detailed proof — a word is in order concerning its motivation and purpose.

As presented in [9], the proof of Theorem 1.1 has two independent parts which in their essentials are disjoint. First is the case, already treated in 1988 in [12], that G is a torsion group. The second step, where G is not a torsion group, reduced after some effort to the case that G is connected. For this reason, most published efforts to prove Theorem 1.1 following the publication of [12], including our own efforts [8], [7], concentrated on the connected case; indeed it had been speculated, but not proved, that if Theorem 1.1 were false then there was a connected counterexample. Once Theorem 1.1 was known to be true, it became appropriate to strive for a unified approach treating simultaneously the totally disconnected/torsion case and the connected/not-torsion case. That is the role of the present paper. We show that the main new idea in [8] can also be used to deal with all cases, resulting in the present coherent proof that we promised in [9]. It turns out that the most efficient bifurcation is not between the torsion and the connected cases, but between the cases in which the given (pseudocompact, abelian) group does or does not contain a closed G_δ -subgroup which is torsion.

2. Definitions and other preliminaries

We denote by Z, Q, R and C the set of integers, rational numbers, real numbers, and complex numbers, respectively, and

T := {t ∈ C : |t| = 1};

P is the set of primes. Each of these sets is given, as needed, its usual algebraic and topological properties.

Except for the circle group T, written multiplicatively as usual, we use additive notation for groups G known to be abelian (with identity 0 = 0_G), multiplicative notation for general groups G (with identity 1 = 1_G). For a group G and A ⊆ G, the symbol ⟨⟨A⟩⟩ denotes the subgroup of G generated by A. If A is a subgroup of G, then a subset X of G is called independent over A if for every x ∈ X we have ⟨⟨{x}⟩⟩ ∩ ⟨⟨X \ {x}⟩⟩ ∩ A = {1}. A set X independent over G itself is said simply to be independent. The cardinality of a maximal independent set of non-torsion elements of an abelian group G is called the torsion-free rank of G, here denoted r_0(G). It is known that r_0(G) is an invariant of G, well-defined in the sense that all such maximal independent subsets of G have the same cardinality ([20, 16.3], [25, A.11]). It is clear that if h : G ↠ H is a surjective homomorphism, then r_0(H) ≤ r_0(G). See [20, pp. 85–86] for additional details.

Pseudocompact groups 199

Already in Section 1 we have implicitly invoked the following convention, which pertains throughout this paper (and also in [9]): All hypothesized topological spaces, including topological groups, are assumed to be completely regular, Hausdorff spaces, i.e., to be Tychonoff spaces.

For a space X = (X, T ) and p ∈ X, we denote by N_X (p), or simply by N (p) if ambiguity is impossible, the set

N_X (p) = {U ⊆ X : p ∈ U ∈ T }.

When X = (X, T ) is a space and Y ⊆ X, we denote by (Y, T ) the set Y with the topology inherited from (X, T ).

The symbol wX denotes the weight of a topological space X. A subspace of a space X is G_δ -dense in X if it meets every nonempty G_δ -subset of X. If X is a set and κ a cardinal number, then [X]^{≤κ} denotes {A ⊆ X : |A| ≤ κ}.

For spaces X and Y with Y ⊆ X, we denote as usual by cl_X Y the closure of Y in X.

For a topological group G, we denote by ^G the set of continuous homomorphisms from G into T.

As indicated above, we avoid excess clutter and “noise” in the main body of this paper by giving explicit citations to the literature only to those needed results which are available in [19], [20] and [25]. Other credits and discursive comments are deferred until Section 5.

Although Theorem 1.1 is stated (and is known to be true) only for abelian groups, many of the preliminary lemmas and theorems hold without that algebraic restriction. To avoid unnecessary restrictions, throughout this paper we omit the abelian hypothesis whenever we know that we can legitimately do so. Definition 2.1. A space X is pseudocompact if each continuous real-valued function on X is bounded.

Definition 2.2. A pseudocompact group G = (G, T ) is

(a) r-extremal if no topology on G strictly finer than T makes G a pseudocompact topological group;

(b) s-extremal if G admits no proper dense pseudocompact subgroup. The symbols r and s were chosen (in [3]) to evoke the words refinement and subgroup.

Theorem 2.3. (a) A dense subgroup H of a topological group G is pseudocompact if and only if (i) G is pseudocompact and (ii) H is G_δ-dense in G; and (b) the product of any set of pseudocompact groups is pseudocompact.

Proof: Both statements follow from Theorem 1.3 and the uniqueness of the Weil completion. In (a) we have H = G, so 1.3(b) applies; and in (b) with G = Π_{i∈I} G_i with each G_i a pseudocompact group, we have that G is G_δ -dense in Π_{i∈I} G_i = G. □

First we establish the fact that metrizable pseudocompact groups are both rand s-extremal.

200 W.W. Comfort, J. van Mill

Theorem 2.4. For a pseudocompact group G, these conditions are equivalent.

(a) w(G) ≤ ω.

(b) {1} is a G_δ -subset of G. (c) G is compact and metrizable.

Proof: That (a) ⇒ (b) is clear, and (c) ⇒ (a) is familiar ([19, 4.2.9 and 4.2.8]); for those assertions, the pseudocompactness hypothesis is redundant. To see that (b) ⇒ (c), let {1} = ( � n<ω ~U_n)∩G with each ~U_n ∈ N_G(1). Then �_{n<ω} ~U_n = {1},

for otherwise � n<ω (~U_n\{1}) is a nonempty G_δ-set in G which misses G, contrary to Theorem 2.3(a) (with G and G replacing H and G, respectively). Thus {1} is a G_δ -set in the compact group G, so G is first-countable ([19, 3.3.4]) and hence metrizable ([25, 8.5]8.5). Like every metrizable space, G has no proper G_δ -dense subspace, so G = G and G is compact and metrizable. □

Corollary 2.5. Let G = (G, T ) be a pseudocompact group of countable weight. Then

(a) G is r-extremal; and (b) G is s-extremal.

Proof: (a) Let U ⊇ T be a pseudocompact group topology on G. The set {1} is a G_δ -set in (G, T ), hence also in (G, U), so by Theorem 2.4 both (G, T ) and (G, U) are compact and metrizable. Then the function id : (G, U) ↠ (G, T ) is a homeomorphism ([19, 3.1.13]), so U = T .

(b) Again by Theorem 2.4 the group (G, T ) is metrizable, so it has no proper G_δ -dense subspace. □

With Corollary 2.5 behind us, we turn to our principal assignment: showing that pseudocompact abelian groups of uncountable weight are neither r- nor sextremal. We proceed via a sequence of lemmas.

The following notation, suggested in [12] and used in several of our references [7], [8], [21], [5], [9], continues to be useful. Here and throughout this paper, the adjective normal (as applied to subgroups of a topological group) is intended in the algebraic sense.

Notation 2.6. Let G be a topological group. The symbol Λ(G) denotes the set of closed, normal, G_δ -subgroups of G.

The following useful statement, to be used frequently in what follows, is (a special case of) the Kakutani-Kodaira Theorem. See [25, 8.7] and its proof.

Lemma 2.7. Let K be a compact group and let {U_n : n < ω} ⊆ N_K (1). Then there is N ∈ Λ(K) such that N ⊆ � n<ω U_n and w(K/N) ≤ ω.

Lemma 2.8. Let G be a totally bounded topological group and let {U_n : n < ω} ⊆ N_G(1). Then there is N ∈ Λ(G) such that N ⊆ � n<ω U_n and {N} is a G_δ -set in G/N.

Pseudocompact groups 201

Proof: When G is compact the statement is immediate from Lemma 2.7. In the general case choose ~U_n ∈ N (1_G) such that ~U_n ∩ G = U_n, and using Lemma 2.7 choose ~N ∈ Λ(G) so that ~N ⊆ � n<ω ~U_n and { ~N} is a G_δ-set in G/ ~N, say { ~N} = � n<ω ~V_n with ~V_n open in G/ ~N and ~V_n ⊆ ~ϕ[~U_n] where ~ϕ : G ↠ G/ ~N is the usual map. Set N := ~N ∩ G and W_n := (~ϕ^{−1}(V_n)) ∩ G. Then N ∈ Λ(G) and it suffices, since the usual map ϕ : G ↠ G/N is an open map ([25, 5.17]), to show that {N} = � n<ω ϕ[W_n]. If aN ∈ � n<ω ϕ[W_n] with a ∈ G ⊆ G then for each n < ω there is w_n ∈ W_n ⊆ ~ϕ^{−1}(~V_n) such that w_nN = ϕ(w_n) = ϕ(a) = aN, and then w_n ~N = a ~N and a ~N ∈ � n<ω ~V_n = { ~N}. Then a ∈ ~N, so a ∈ N and aN = N, as required. □ Lemma 2.9. For a totally bounded topological group G, these conditions are equivalent.

(a) G is pseudocompact;

(b) N ∈ Λ(G) ⇒ G/N is compact metric; and (c) N ∈ Λ(G) ⇒ G/N is compact.

Proof: (a) ⇒ (b). Choose {~U_n : n < ω} ⊆ N_G (1_G) such that N = ( � n<ω ~U_n)∩ G, and use Lemma 2.7 to choose ~M ∈ Λ(G) such that ~M ⊆ � n<ω ~U_n and w(G/ ~M) ≤ ω. Then G/ ~M is compact and metrizable by Theorem 2.4((a) ⇒ (c)). Let ~ϕ : G ↠ G/ ~M be the natural homomorphism and set ϕ := ~ϕ|G. Since G is G_δ -dense in G the set ϕ[G] = ϕ[G] is G_δ -dense in the metrizable space G/ ~M, so ϕ[G] = ~G/M. With M := ~M ∩ G we have ϕ[G] ≃ G/ ker(ϕ) = G/M ([25, 5.34]), so G/M is compact metric. Then G/N, the continuous image of G/M ([25, 5.35]), is also compact and metrizable [19, 3.1.22].

(b) ⇒ (c). This is obvious.

(c) ⇒ (a). By Theorem 2.3(a) and Lemma 2.7, it suffices to show for each ~N ∈ Λ(G) and a ∈ G that a ~N ∩ G ≠ ∅. Again with the natural homomorphism ~ϕ : G ↠ G/ ~N, N := ~N ∩ G and ϕ := ϕ|G, we have ϕ[G] = G/ ~N (since G is dense in G and ϕ[G] ≃ G/ ker(ϕ) = G/N is compact by (c)). Thus there is x ∈ G such that ϕ(x) = a ~N, and then x ∈ a ~N ∩ G. □ Corollary 2.10. Let G be a pseudocompact topological group and let N ∈ Λ(G). Then N is pseudocompact.

Proof: By Lemma 2.9((c) ⇒(a)) it suffices to show for each M ∈ Λ(N) that N/M is compact. Since M is a G_δ -set of G with 1 ∈ M, there is by Lemma 2.7 E ∈ Λ(G) such that E ⊆ M. Since G/E is compact by Lemma 2.9, its closed subgroup N/E (that is, the kernel of the canonical homomorphism G/E ↠ G/N) is compact. Then N/M, the continuous image of N/E [25, 5.35], is compact. □ Lemma 2.11. Let G be a pseudocompact topological group such that w(G) > ω. Then

(a) |G| ≥ c;

202 W.W. Comfort, J. van Mill

(b) N ∈ Λ(G) ⇒ cl_G N = N ∈ Λ(G); and (c) N ∈ Λ(G) ⇒ w(N) = w(G).

Proof: (a) We have {1} /∈ Λ(G) since otherwise the space G ≃ G/{1} is compact metrizable, and then w(G) ≤ ω. Thus there is a sequence {N_n : n < ω} ⊆ Λ(G) such that G = N_0 ⊋ . . . ⊋ N_n ⊋ N_{n+1} ⊋ . . .. Then N := � n<ω N_n satisfies N ∈ Λ(G) and |G/N| ≥ ω. Since G is pseudocompact the set N is not open in G, so G/N is not discrete [25, 5.21], hence is dense-in-itself. A compact densein-itself metrizable space contains homeomorphically a copy of the usual Cantor set ([19, 4.5.5]), so |G| ≥ |G/N| ≥ c.

(b) Let ~ϕ : G ↠ G/N be the canonical homomorphism and set ϕ := ~ϕ|G. From the topological isomorphism ϕ[G] ≃ G/ ker(ϕ) = G/N ([25, 5.34]) and Lemma 2.9((a) ⇒ (b)) it follows that ϕ[G] is compact and metrizable. Since ϕ[G] is dense in ~ϕ[G], we have ϕ[G] = ~ϕ[G], so ϕ[G] = ~ϕ[G] = G/N is compact and metrizable. Then {N} is a G_δ-set in G/N, so N = ~ϕ^{−1}({N}) ∈ Λ(G).

(c) We recall three familiar facts. (1) For compact spaces X we have ψ(X) = χ(X) ([19, 3.1.F(a)]); (2) for compact topological groups K we have χ(K) = w(K) (to see that, note that if {U_η : η < χ(K)} is a base at 1 and finite F_η ⊆ K is chosen so that K = F_η · U_η, then {xU_η : η < χ(K), x ∈ F_η } is a base for K); (3) weight does not change upon passage from a (Tychonoff) space to a dense subspace ([19, 2.1.C(a)]). It is clear further that for a closed subgroup A of a group K we have ψ(K) ≤ ψ(A) + ψ(K/A). From that data we conclude in the present case that

ω < w(G) = w(G) = ψ(G) ≤ ψ(N) + ψ(G/N) = w(N ) + ω = w(N ) = w(N),

so w(G) ≤ w(N) ≤ w(G), as required. □

Lemma 2.12. Let G = (G, T ) be a totally bounded topological group and H a closed, normal subgroup of G. If H and G/H are pseudocompact, then G is pseudocompact.

Proof: Suppose first that H is compact. It is enough to show that

(1) no family U ∈ [T \{∅}]^ω is locally finite in G

— that is, each such family U accumulates at some x ∈ G in the sense that each neighborhood of x in G meets infinitely many of the sets U ∈ U ([19, 3.10.22]). Given such a family U there is, since G/H is pseudocompact and the usual map ϕ : G ↠ G/H is open, a point p ∈ G such that {ϕ[U] : U ∈ U} accumulates in G/H at pH. We claim then that U accumulates at some point x ∈ pH. If that fails then since pH is compact there is a set V , open in G, such that pH ⊆ V and V meets only finitely many U ∈ U. Then there is W ∈ N_G(1) such that pH ⊆ pW H = pHW ⊆ V ([25, 4.10]), and then ϕ[pW ] is a neighborhood in G/H of pH which meets ϕ[U] for only finitely many U ∈ U. Thus statement (1) is proved.

Pseudocompact groups 203

We turn to the general case: H is assumed pseudocompact but not necessarily compact. According to Lemma 2.9((c) ⇒ (a)) it suffices to show that G/N is compact for each N ∈ Λ(G). We begin with a weaker statement:

(2) N ∈ Λ(G) ⇒ G/N is pseudocompact.

Given such N, the groups G/H and (G/(H ∩ N))/(H/(H ∩ N)) are topologically isomorphic ([25, 5.35]); further, since H is pseudocompact and H ∩ N ∈ Λ(H), Lemma 2.9((a) ⇒ (c)) applies to show H/(H ∩ N) is compact. Then by the preceding paragraph, with G/(H ∩ N) and H/(H ∩ N) replacing G and H respectively, we have that G/(H ∩ N) is pseudocompact. Then G/N, the continuous image of G/(H ∩ N) ([25, 5.35]), is pseudocompact. So (2) is proved.

Since N is a G_δ-set of G, by Lemma 2.8 there is M ∈ Λ(G) such that M ⊆ N and {M} is a G_δ -set in G/M. Then (2) implies (with M replacing N) that G/M is pseudocompact, so Theorem 2.4((b) ⇒ (c)) implies that G/M is compact (and metrizable). Then G/N, the continuous image of G/M ([25, 5.35]), is compact, as required. □

Remark 2.13. Often in this paper the project of finding or constructing a proper G_δ -dense subgroup H of a hypothesized pseudocompact abelian group G proceeds in two stages: First, giving a proper G_δ-dense subgroup E of some N ∈ Λ(G); then, using N and E to construct H as required. The next two lemmas fit this two-step pattern. For another instance in a different context, see steps (B) and (C) in the proof of Theorem 4.1.

Lemma 2.14. Let G be a pseudocompact abelian group and let G = � n<ω A_n.

Then

(a) there exist N ∈ Λ(G), n < ω, and p ∈ G such that A_n ∩ (p + N) is G_δ -dense in p + N; and

(b) if {A_n : n < ω} is an increasing sequence of subgroups of G, the choice p = 0 is possible.

Proof: (a) We assume that (a) fails, and recursively for n < ω we will define p_n ∈ G and N_n ∈ Λ(G).

Since A_0 is not G_δ -dense in G there are p_0 ∈ G and N_0 ∈ Λ(G) such that A_0 ∩ (p_0 + N_0) = ∅. Suppose now that n < ω and that p_k ∈ G and N_k ∈ Λ(G) have been chosen for all k < n such that

A_k ∩ (p_k + N_k) = ∅ for all k < n, and

(p_k + N_k) ⊆ (p_{k−1} + N_{k−1}) when 1 ≤ k < n.

Since (by assumption) A_n ∩ (p_{n−1} + N_{n−1}) is not G_δ -dense in p_{n−1} + N_{n−1}, there are p_n ∈ (p_{n−1} + N_{n−1}) and N_n ∈ Λ(G) with N_n ⊆ N_{n−1} such that

(p_n + N_n) ∩ A_n ∩ (p_{n−1} + N_{n−1}) = ∅

204 W.W. Comfort, J. van Mill

and hence

(3) A_n ∩ (p_n + N_n) = ∅.

The recursive construction is complete.

Each set N_n is closed in G, so from (3) and the relation cl_G N_n = N_n ∈ Λ(G) (Lemma 2.11(b)) it follows that

(4) A_n ∩ (p_n + N_n) = ∅ for each n < ω.

The family {p_n + N_n : n < ω} is a descending sequence of nonempty compact G_δ -subsets of G. Thus S := � n<ω (p_n + N_n) is a nonempty G_δ -subset of G. Then from (4) we have

∅ = S ∩ ( � n<ω A_n) = S ∩ G, contradicting the fact that G is G_δ-dense in G (Theorem 2.3(a)). Thus the assumption that (a) fails cannot hold, and (a) is proved.

(b) We assume without loss of generality, with p, N and n as given by (a) and replacing n if necessary by a larger integer, that p ∈ A_n. Then

(A_n − p) ∩ N = A_n ∩ N is G_δ-dense in N, as required. □ Lemma 2.15. Let G be a pseudocompact abelian group such that some N ∈ Λ(G) has a G_δ -dense subgroup E such that r_0(N/E) ≥ c. Then G has a G_δ -dense subgroup H such that r_0(G/H) ≥ c.

Proof: Let X ∈ [N]^c be independent over E, let {X_0, X_1} be a partition of X with |X_0| = |X_1| = c, and let {x_η + N : η < λ} enumerate G/N, say with x_0 = 0. From Lemma 2.9(b) we have λ ≤ c. By recursion on η < λ we will choose y_η ∈ X_0 ∪ {0} such that

⟨⟨X_1⟩⟩ ∩ (⟨⟨{x_ξ + y_ξ : ξ ≤ η}⟩⟩ + E) = {0}.

Let y_0 = 0, for η < λ suppose that y_ξ has been defined for all ξ < η, set S_η := ⟨⟨x_ξ + y_ξ : ξ < η⟩⟩ and note that |S_η| < c and (from the inductive hypothesis) that

⟨⟨X_1⟩⟩ ∩ (S_η + E) = {0}.

We claim that there is y_η ∈ X_0 such that

⟨⟨X_1⟩⟩ ∩ (⟨⟨S_η ∪ {x_η + y_η}⟩⟩ + E) = {0}.

If the claim fails then for each y ∈ X_0 there are r_y ∈ ⟨⟨X_1⟩⟩, s_y ∈ S_η, n_y ∈ Z\{0}, and e_y ∈ E such that

(5) r_y = s_y + n_y(x_η + y) + e_y ≠ 0,

Pseudocompact groups 205

and then since |X_0| = c there are distinct y, y^′ ∈ X_0, n ∈ Z\{0}, and s ∈ S_η such that

n = n_y = n_y′ and s = s_y = s_y′ .

From the independence of X_0 over E (and 0 ∈ E) we have n(y − y^′) ≠ 0, so (5) gives

∅ ≠ n(y − y^′) = r_y − r_y′ − e_y + e_y′ ∈ ⟨⟨X_0⟩⟩ ∩ (⟨⟨X_1⟩⟩ + E), contradicting the hypothesis that X is independent over E.

The claim is proved and y_η is defined for all η < λ. Writing S := � η<λ S_η and then H := S + E we have

⟨⟨X_1⟩⟩ ∩ H = {0} and hence

r_0(G/H) ≥ |X_1| = c.

To see that H is G_δ -dense in G, note that each nonempty G_δ-set A ⊆ G meets some coset of the form x_η + N; then A meets x_η + E and we have ∅ ≠ A ∩ (x_η + E) ⊆ A ∩ H, as required. □

Theorem 2.16. Let G = (G, T ) be a pseudocompact abelian group. If G contains a dense pseudocompact subgroup H such that G/H can be mapped homomorphically onto some non-degenerate compact group, then G is not r-extremal.

Proof: We are to find a pseudocompact group topology on G which strictly refines T .

Let π : G ↠ G/H be the natural homomorphism, let h : G/H ↠ K be a homomorphism with K a non-degenerate compact (abelian) group, and using [25, 22.12, 22.17] let 1 ≠ χ ∈ ^K. Write ψ := χ ∘ h ∘ π : G ↠ S ⊆ T (with S a compact subgroup of T, |S| > 1) and define ϕ : G → G × S by ϕ(x) := (x, ψ(x)). From Theorem 2.3(b) the topological group (G, T ) × S is pseudocompact. We claim that ~G := graph(ϕ) is G_δ -dense in (G, T ) × S. Indeed each nonempty G_δ - set A ⊆ (G, T ) × S contains a set of the form B × {t} with B a nonempty G_δ set in (G, T ) and with t ∈ S, and since H ⊆ ker(ψ) = ψ^{−1}({1_T}) is G_δ -dense in (G, T ) by Theorem 2.3(a), also ψ^{−1}({t}) is G_δ -dense in (G, T ) and hence ∅ ≠ ~G ∩ B ⊆ ~G ∩ A. It follows from Theorem 2.3(a) that ~G is pseudocompact in the topology inherited from (G, T ) × S. Then the topology U on G, given by the requirement that ϕ : (G, U) ↠ ~G ⊆ (G, T ) × S is a homeomorphism, is a pseudocompact group topology on G. Since ~G is a proper dense subgroup of (G, T ) × S, it is not closed there, so ϕ is not continuous and the containment U ⊇ T is proper, as required. □

206 W.W. Comfort, J. van Mill

We conclude this section of preliminaries with four lemmas: two of algebraic flavor, one combinatorial, one topological.

Lemma 2.17. Let G be a pseudocompact abelian group. If r_0(G) < c then G is a torsion group, i.e., r_0(G) = 0.

Proof: Suppose first that G is compact. If some connected subspace of G contains distinct points x and y, then since ^G separates points ([25, 22.17]) there is χ ∈ ^G such that χ(x − y) ≠ 1; then χ[G], a nondegenerate connected subgroup of T, satisfies χ[G] = T and we have r_0(G) ≥ r_0(T) = c. If G contains no such connected subspace then, being (locally) compact, G is zero-dimensional in the sense that its topology has a basis of clopen sets (see [25, 3.5] or [19, 6.2.9]) and it follows from the structure theorem for zero-dimensional compact abelian groups ([25, 25.22]) that G, since it satisfies r_0(G) > 0, contains (both algebraically and topologically) either (1) for some prime p a copy of the set Δ_p of p-adic integers or (2) a product of the form K = Π_{n<ω} Z(p_n) with (p_n)_n a sequence of distinct primes; since Δ_p is a torsion group (see [25, 10.2] or [20, pp. 17-18] for the definition of addition in Δ_p), we have then r_0(G) ≥ |Δ_p| = c or r_0(G) ≥ |r_0(K)| = c.

Now let G be arbitrary (not necessarily compact), and suppose that G contains algebraically a copy Z of Z. Choosing N ∈ Λ(G) such that Z ∩ N = {0}, we have with the standard quotient map π : G ↠ G/N that π(Z) is isomorphic to Z, so the group G/N, which is compact by Theorem 2.9, satisfies 0 < r_0(G/N) < c. This contradicts the ‘compact’ case already treated. □

Lemma 2.18. Let G be a pseudocompact abelian torsion group. Then G is of bounded order.

Proof: For 0 < n < ω let G(n) := {x ∈ G : nx = 0}. Since G = � 0<n<ω G(n),

G is pseudocompact and each G(n) is closed, some G(n) has nonempty interior in G ([19, 3.10.F(e)]). Then G(n) is open in G ([25, 5.5]), hence closed, so G/G(n) is pseudocompact and discrete ([25, 5.26]), hence finite. If |G/G(n)| = m < ω then nmx = 0 for each x ∈ G. □

Lemma 2.19. Let κ ≥ ω and let A ⊆ P(2^κ) satisfy

(i) B ∈ [A]^{≤κ} ⇒ � B ∈ A; and (ii) A ∈ A ⇒ |A| = 2^κ.

Then there is a countable partition {I_n : n < ω} of 2^κ such that |A ∩ I_n| = 2^κ for each A ∈ A, n < ω.

Proof: Let 2^κ = {0, 1}^κ have the usual (compact) Tychonoff topology, let U be the set of its clopen subsets, and let

V := {U ∈ U : there is A(U) ∈ A such that |U ∩ A(U)| < 2^κ}.

Let B := {A(U) : U ∈ V}. Then B ⊆ A and |B| ≤ |V| ≤ |U| = κ, so B ∈ [A]^{≤κ} and hence � B ∈ A and | � B| = 2^κ by (i) and (ii).

Since |( � B) ∩ U| ≤ |A(U) ∩ U| < 2^κ for each U ∈ V and |V| ≤ κ < cf(2^κ), we have

Pseudocompact groups 207 |( � B) ∩ ( � V)| < 2^κ, hence with X := ( � B)\( � V) we have |X| = 2^κ.

As is the case for every subset of 2^κ of cardinality 2^κ, there is (for X) a pairwise disjoint sequence {U_n : n < ω} ⊆ U such that X ∩ U_n ≠ ∅ for each n < ω. (In detail: Let U_0 ∈ U satisfy U_0 ∩ X ≠ ∅ and |X\U_0| = 2^κ. Then recursively for n < ω if pairwise disjoint U_k ∈ U have been defined for k < n, choose U_n ∈ U so that X ∩ U_n ≠ ∅, U_n ∩ ( � k<n U_k) = ∅ and |X\( � k≤n U_k)| = 2^κ.)

With {U_n : n < ω} so defined, it is clear that |A ∩ U_n| = 2^κ for each A ∈ A, n < ω. Indeed if that fails for some A and n, then U_n ∈ V and we have the contradiction

∅ ≠ X ∩ U_n = (( � B)\( � V)) ∩ U_n ⊆ U_n\ � V ⊆ U_n\U_n = ∅.

To complete the proof, set

I_n := U_n for 0 < n < ω, I_0 := 2^κ\ � {U_n : 0 < n < ω}. □

Notation 2.20. For n ∈ Z and an abelian group G, let

G^{(n)} := {nx : x ∈ G}.

Remark 2.21. It is worth remarking that for N ∈ Λ(G) and 0 ≠ n ∈ Z the relation N^{(n)} ∈ Λ(G) can fail — indeed even with N = G and N^{(n)} = G^{(n)} compact. For an example, take G = (Z(n))^κ with κ > ω; then G^{(n)} = {0}, but {0} is not a G_δ-set in G.

Lemma 2.22. Let G be a pseudocompact abelian group, and let N ∈ Λ(G) and n ∈ Z. Then

(a) N^{(n)} ∈ Λ(G^{(n)});

(b) cl_G(N^{(n)}) = N^{(n)} ∩ G; and (c) cl_G(N^{(n)}) ∈ Λ(cl_G(G^{(n)})).

Proof: (a) The map f : G ↠ G^{(n)} given by x → nx is a continuous surjective homomorphism between compact groups, hence is open ([25, 5.29]). This implies, again by compactness, that the image under f of a closed G_δ -subset of G is a closed G_δ -subset of G^{(n)}. Then since N ∈ Λ(G) by Lemma 2.11(b), we have N^{(n)} ∈ Λ(G^{(n)}).

(b) Since N^{(n)} is dense in N^{(n)}, we have N^{(n)} = N^{(n)}, so using Remark 1.4(b)

N^{(n)} ∩ G = N^{(n)} ∩ G = (cl_G N^{(n)}) ∩ G = cl_G N^{(n)}.

(c) From (a) we have N^{(n)} ∩ G ∈ Λ(G^{(n)} ∩ G), and (b) then gives

(6) cl_G(N^{(n)}) ∈ Λ(G^{(n)} ∩ G).

208 W.W. Comfort, J. van Mill

Obviously, we have

(7) cl_G(N^{(n)}) ⊆ cl_G(G^{(n)}) ⊆ G^{(n)} ∩ G, and (c) is immediate from (6) and (7). □ Corollary 2.23. Let G be a pseudocompact abelian group and let n_0, n_1 ∈ Z\{0}. If cl_G(G^{(n0 )}) ∈ Λ(G) and cl_G(G^{(n1 )}) ∈ Λ(G) then cl_G(G^{(n0 n1 )}) ∈ Λ(G). Proof: From Lemma 2.11(b) we have G^{(n0 )} ∈ Λ(G) and G^{(n1 )} ∈ Λ(G), and then from Lemma 2.22(a) it follows that

(8) G^{(n0)(n1)} ∈ Λ(G^{(n1)}) ⊆ Λ(G).

Since G^{(n0 n1)} = (G^{(n0 )})^{(n1 )} is dense in the compact space G^{(n0 )(n1)} we have G^{(n0 )(n1)} = G^{(n0n1 )}, so (8) gives G^{(n0n1 )} ∈ Λ(G); then from Lemma 2.22(b) (taking N = G and n = n_0n_1 there) it follows that

cl_G(G^{(n0 n1)}) = G^{(n0 n1)} ∩ G ∈ Λ(G), as required. □ 3. The construction: preliminaries

In the interest of efficiency, we will use some helpful ad hoc notation. We describe this now.

Notation and Discussion 3.1. Throughout this section, G will be a pseudocompact abelian group, {H_i : i ∈ I} a set of nontrivial abelian groups, and T an abelian group. We set

H := � i∈I H_i ⊕ T .

For i ∈ I we denote by π_i : H ↠ H_i the projection, similarly by π_T : H ↠ T the projection.

For x ∈ H we denote by s(x) the I-support of x, i.e., s(x) := {i ∈ I : x_i ≠ 0_i}; and for E ⊆ H we set s(E) := � x∈E s(x).

With those conventions, we assume (1) G ⊆ H;

(2) π_i[G] = H_i for each i ∈ I; and, (3) |s(N)| ≥ c for each N ∈ Λ(G). Finally for ∅ ≠ A ⊆ I we set G(A) := G ∩ ( � i∈A H_i ⊕ � i∈I\A {0i} ⊕ T ) = {x ∈ G : s(x) ⊆ A},

and then

A := {A ⊆ I : G(A) contains an element of Λ(G)}.

Pseudocompact groups 209

Lemma 3.2. Assume the conventions of 3.1, and let A ∈ A. Then (a) |A| ≥ c; and (b) |I \ A| ≤ c.

Proof: Given A, fix N ∈ Λ(G) such that N ⊆ G(A).

(a) s(N) ⊆ A, so |A| ≥ c by (3).

(b) Since |G/N| ≤ c by Lemma 2.9(b), there is E ⊆ G such that |E| ≤ c and G = E + N. For each i ∈ I\s(N), by (2) of 3.1 there is x(i) ∈ G such that x(i)_i ≠ 0_i, say x(i) = e(i) + y(i) with e(i) ∈ E and y(i) ∈ N. Since y(i)_i = 0_i we have x(i)_i = e(i)_i ≠ 0_i, so i ∈ s(E). This shows

I\s(N) ⊆ s(E) = � e∈E s(e)

with |E| ≤ c and each |s(e)| < ω, so

|I\s(N)| ≤ |s(E)| ≤ c,

as required. □

Corollary 3.3. There is a countable partition I = {I_n : n < ω} of I such that |A ∩ I_n| ≥ c for each A ∈ A and n < ω.

Proof: Since Λ(G) is closed under countable intersections, the same is true of the family A. Furthermore A ≠ ∅ since G ∈ Λ(G), and with A ∈ A we have |I| ≥ |A| ≥ c by Lemma 3.2(a).

If |I| = c the required statement is then immediate from (the case κ = ω of) Lemma 2.19. If |I| > c let I = {I_n : n < ω} be an arbitrary partition of I with each |I_n| > c, and note that if some A ∈ A and n < ω satisfy |A ∩ I_n| < c then

|I\A| ≥ |I_n\A| = |I_n| > c,

contrary to Lemma 3.2(b). □

Lemma 3.4. Continue the notation of (3.1)–(3.3), and for n < ω set

J_n := � i≤n I_i and G_n := G(J_n).

Then there exist N ∈ Λ(G) and n < ω such that G_n ∩ N is a proper G_δ -dense subgroup of N.

Proof: The sequence {G_n : n < ω} is an increasing sequence of subgroups of G such that G = � n<ω G_n, so by Lemma 2.14 there exist N ∈ Λ(G) and n < ω such that G_n ∩ N is G_δ -dense in N. The inclusion G_n ∩ N ⊆ N is proper, since otherwise the relation

N ⊆ G_n = G(J_n)

would give J_n ∈ A and hence |J_n ∩ I_{n+1}| ≥ c, contradicting the fact that I is a partition of I. □

4. Proof of Theorem 1.1

With the requisite tools assembled, we proceed to the proof of Theorem 1.1. This partitions into two cases, depending on whether or not some N ∈ Λ(G) is

210 W.W. Comfort, J. van Mill

a torsion group. We treat these separately, in each case referring crucially to the context created in Discussion 3.1.

Theorem 4.1. Let G = (G, T ) be an abelian, nonmetrizable pseudocompact group. If some N ∈ Λ(G) is a torsion group, then G is neither r- nor s-extremal. Proof: We proceed via three statements, here called (A), (B) and (C).

(A) There is p ∈ P such that the group ~G := G/(cl_G(G^{(p)})) (with the usual quotient topology) is a nonmetrizable pseudocompact group.

(B) With p and ~G as in (A), the group ~G has a dense, pseudocompact subgroup K such that | ~G/K| = p.

(C) With p as in (A), G has a dense pseudocompact subgroup H such that |G/H| = p.

We prove (A). As with every pseudocompact abelian torsion group, N is of bounded order (Lemma 2.18), so there is an integer n ≠ 0 such that cl_N (N^{(n)}) = N^{(n)} = {0_N }. Since w(N) = w(G) > ω (Lemma 2.11(c)), the set {0} is not a G_δ -set in N (Theorem 2.4), so cl_N (N^{(n)}) = N^{(n)} /∈ Λ(N). It then follows from Theorem 2.23 that there is p ∈ P (with p a prime divisor of n) such that cl_N (N^{(p)}) /∈ Λ(N). Then cl_G(G^{(p)}) /∈ Λ(G), for otherwise from Lemma 2.22(c) we would have

cl_G(N^{(p)}) ∈ Λ(cl_G(G^{(p)})) ⊆ Λ(G) and then the contradiction

cl_N (N^{(p)}) = cl_G(N^{(p)}) = cl_G(N^{(p)}) ∩ N ∈ Λ(N).

Note that since cl_G(G^{(p)}) is closed in G, the group ~G := G/(cl_G(G^{(p)})) is indeed a (Hausdorff) topological group ([25, 5.26]). Since cl_G(G^{(p)}) is not a G_δ -set in G, the group ~G, being pseudocompact, is nonmetrizable (Theorem 2.4).

We prove (B). As with every abelian group G such that G^{(p)} = {0}, ~G has algebraically the form ~G = � i∈I Z(p)_i with each Z(p)_i = Z(p) = Z/pZ ([20, 8.5]). Then conditions (1) and (2) of 3.1 are satisfied (with ~G here in the role of G there and H = ~G + T with T = {0}); condition (3) also is satisfied since each N ∈ Λ(G) is pseudocompact (Corollary 2.10), hence satisfies |N| ≥ c by Lemma 2.11(a). Thus by Lemma 3.4 some M ∈ Λ( ~G) has a proper G_δ -dense subgroup, say E. Replacing E if necessary by a larger maximal proper subgroup of M, we may assume |M/E| = p. Fixing x ∈ M\E, we note that {E, x + E, 2x + E, . . . , (p − 1)x + E} enumerates the cosets of E in M; and that each such coset kx + E is G_δ -dense in M. Now choose a (necessarily discontinuous) homomorphism h : ~G → T such that h ≡ 1 on E, h(x) ≠ 1, say h(x) = t ∈ Z(p) ⊆ T. Continuing our algebraic convention (additive notation for generic abelian groups, multiplicative notation for T and its subgroups) we write K := ker(h) = h^{−1}({1}) and we claim that K is G_δ-dense in ~G.

Pseudocompact groups 211

Let A be a nonempty G_δ -subset of ~G, choose a ∈ A, say with h(a) = t^k ∈ Z(p), and note that since a ∈ A ∩ (a + M), the set A ∩ (a + M) is a nonempty G_δ -subset of a + M. Now −kx + E is G_δ -dense in M, so a − kx + E is G_δ -dense in a + M; hence

(A ∩ (a + M)) ∩ (a − kx + E) ≠ ∅.

Since h(a − kx) = t^k · t^{−k} = 1 and h ≡ 1 on E, we have a − kx + E ⊆ K and therefore

∅ ≠ (A ∩ (a + M)) ∩ (a − kx + E) ⊆ (A ∩ (a − kx + E)) ⊆ A ∩ K,

as asserted. It follows from Theorem 2.3(a) that K, a G_δ-dense subgroup of the pseudocompact group G, is itself pseudocompact.

We prove (C). With p, ~G and K as in (B), let ϕ : G ↠ ~G be the natural projection, recall that ϕ is both a continuous and an open map ([25, 5.16 and 5.17]), and set H := ϕ^{−1}(K). If H were closed in G it would be open (since |G/H| < ω), and then ϕ[H] = K would be open in ~G and hence closed in ~G, contrary to the fact that K is a proper, dense subgroup of ~G. So H is not closed in G and therefore, since no subgroup of G lies properly between G and H, H is dense in G.

To see that H is pseudocompact, let ϕ|H denote the restriction of ϕ to H, and using the relation H ⊇ cl_G(G^{(p)}) write

K = ϕ[H] = (ϕ|H)[H] ≃ H/ ker(ϕ|H) = H/ ker(ϕ) = H/cl_G(G^{(p)});

here the topological isomorphism indicated by the symbol ≃ is given by [25, 5.27].

Clearly the group G^{(p)}, and hence cl_G(G^{(p)}), is pseudocompact; and K is pseudocompact by (B). Identifying the topological groups K and H/cl_G(G^{(p)}), we deduce then from Lemma 2.12, replacing there G by H and H by cl_G(G^{(p)}), that H is pseudocompact.

Thus (C) is proved.

As is clear from (C), G is not s-extremal.

Let U be the smallest topology on G containing the hypothesized pseudocompact topology T such that H and each of its cosets in G is U-clopen. (In detail: For U ⊆ G we have U ∈ U if and only if

x ∈ G ⇒ U ∩ (x + H) is open in (x + H, T ).)

Then (G, U), the union of finitely many (pairwise disjoint) pseudocompact subspaces (that is, the cosets of H in G), is itself pseudocompact. The inclusion T ⊆ U is proper since H ∈ U\T , and we conclude that G = (G, T ) is not r-extremal. □

Theorem 4.2. Let G be an abelian, nonmetrizable pseudocompact group. If no N ∈ Λ(G) is a torsion group, then G is neither r- nor s-extremal.

Proof: Let H denote the divisible hull of G ([25, A.15-A.17], [20, 24.1–24.4]). We have then

212 W.W. Comfort, J. van Mill

G ⊆ H := � i∈I Q_i ⊕ tH,

with |I| = r_0(G), each Q_i being a copy of the group Q of rational numbers, and tH the torsion subgroup of H ([25, A.14] or [20, 23.1]). Again it is clear that conditions (1) and (2) of 3.1 hold. Condition (3) also holds: each N ∈ Λ(G) is pseudocompact (Theorem 2.10) and is not a torsion group, so r_0(N) ≥ c by Theorem 2.17 and then necessarily (in the notation of 3.1) one has |s(N)| ≥ c.

Let {I_n : n < ω}, N and n be as constructed in §3. We assume without loss of generality that n = 0, and we set E := G_n ∩ N.

We claim that r_0(N/E) ≥ c. To prove that, we show that there is X ∈ [N]^c, independent over E, such that each x ∈ X has infinite order.

To construct X, continuing the notation of §3, we use transfinite induction to choose for η < c a point x_η ∈ N such that

x_η /∈ G � I_0 ∪ � ξ<η s(x_ξ ) � .

Let 0 ≤ η < c, assume that x_ξ has been defined for all ξ < η, and set

W_η := I_0 ∪ � ξ<η s(x_ξ ).

Then

|I_1 ∩ W_η| = � �I1 ∩ � ξ<η s(x_ξ ) � � < c.

Since |I_1 ∩A| ≥ c for each A ∈ A we have W_η /∈ A, so the containment N ⊆ G(W_η ) fails and there is x_η ∈ N \ G(W_η ). This completes the transfinite construction.

To see that X = {x_η : η < c} is as required, let η_1 < η_2 < · · · < η_m < c, and n_1, n_2, · · · n_m ∈ Z \ {0} (repetitions allowed, possibly m = 1). By construction we have

x_{ηm} /∈ G � I_0 ∪ � ξ<η_m

s(x_ξ ) � , so the inclusion s(x_{ηm} ) ⊆ I_0 ∪ � ξ<η_m s(xξ ) fails; let ı ∈ s(xη ) witness that failure.

Then (x_{ηm} )_ı ≠ 0_ı and (x_ξ + e)_ı = 0_ı for every ξ < η_m and e ∈ E. Then clearly x_{ηm} has infinite order, and

n_mx_{ηm} /∈ ⟨⟨{x_ξ : ξ < η}⟩⟩ + E,

as required.

Since r_0(N/E) ≥ c, we have from Lemma 2.15 that there is a (proper) G_δ -dense pseudocompact subgroup M of G such that r_0(G/M) ≥ c.

That proves that G is not s-extremal. To see that G is not r-extremal, note from the relation r_0(G/M) ≥ c that G/M contains a subgroup F which is isomorphic to � η<c Z_η. There is a surjective homomorphism ϕ : F ↠ T, and since T is divisible

Pseudocompact groups 213

the map ϕ extends to a homomorphism h : G/M ↠ T ([25, Theorem A.7]). Theorem 2.16 then applies to show that G is not r-extremal. □

Finally in the interest of completeness we restate Theorem 1.1.

Theorem 4.3. Let G be an abelian, nonmetrizable pseudocompact group. Then G is neither r- nor s-extremal.

Proof: The statement is immediate from Theorems 4.1 and 4.2. □

5. References to the literature

Pseudocompact spaces were introduced and defined as in Definition 2.1 by Hewitt [24]. He showed inter alia that a (Tychonoff) space is pseudocompact if and only if it is G_δ-dense in its Stone-Čech compactification, hence in every Tychonoff space in which it is densely embedded. Pseudocompact spaces were subsequently characterized by Glicksberg [22] as those in which each locally finite family of open subsets is finite. (See also [19, 3.10.22] for a verification of this equivalence.) The authors of [13] used Glicksberg’s characterization en route to the characterization given in Theorem 1.3(b). For topological groups G, this latter criterion has proved so useful that for practical purposes many authors have adopted it as the definition of pseudocompactness, suppressing completely all mention of the function ring C(G, R) and locally finite families.

So far as the authors can determine, the terms r-extremal and s-extremal were introduced and defined explicitly (as in Definition 2.2) in [3], but the term extremal had been used in this general context already in [12]. The authors there conjectured Theorem 1.1 in full generality ([12, p. 25]), and they gave the proof for pseudocompact abelian torsion groups. (Indeed, as indicated in [12, 7.3], the “torsion” hypothesis may be weakened to “zero-dimensional”.)

Together with Gladdines [7, 4.5], we showed subsequently that no pseudocompact abelian group G such that r_0(G) > c is s-extremal; extending the analysis of [7], Comfort and Galindo showed in addition that such groups G are not rextremal [5, 5.10], [21, 7.3]. In our initial proof [9] of Theorem 1.1 we simply cited these results, thus achieving license to restrict attention to the case of groups with nontrivial connected subspaces. (For clarity, we reiterate the principal contribution of the present paper: To give a unified, self-contained proof of Theorem 1.1 which is not dependent upon treating separately ab initio the zero-dimensional and the connected cases.)

Theorem 2.3 was established in [13] in company with the additional result (not needed here) that a totally bounded topological group G is pseudocompact if and only if G = βG. The proof of these results in [13] proceeds by using work of Kakutani and Kodaira [27], Halmos [23, §64], and Ross and Stromberg [29] to show that for every Baire set E in a compact topological group K there is N ∈ Λ(K) such that E = EN. A more direct approach to these theorems of [13], avoiding any appeal to the works [27], [23] and [29], was given subsequently by

214 W.W. Comfort, J. van Mill

de Vries [30]; the treatment of these matters in the expository paper [2] invokes and duplicates the essentials of de Vries’ argument.

The literature contains generalizations of Theorems 1.3 and 2.3 which reach far beyond the boundaries anticipated in [13]; some of these more recent developments are treated by Arhangel’skii and Tkachenko [1, Chapter 6].

It may be remarked concerning Theorem 2.3 that only (a) requires serious proof, since when (a) is known then (b) follows from the uniqueness of the Weil completion of a totally bounded group.

The fact that a pseudocompact metrizable space is compact, as in Theorem 2.4, follows from [25, 8.3] and [19, 8.5.13(c)]. Alternatively one may argue, as in the proof of [12, 2.3], in the wider context of topological spaces which are not necessarily topological groups, that such a space, being metrizable, is normal [19, 4.1.13]; and then, being pseudocompact and normal, it is countably compact [19, 3.10.21]; and a countably compact metrizable space is compact [19, 3.11.1 and 3.11.3].

The fact that a pseudocompact group in which {0} is a G_δ -set must be (compact and) metrizable was apparently first noted in [14, 3.1]; the proof there invokes from [13] the fact that G = βG for such G. The present proof that (b) ⇒ (c) in Theorem 2.4 seems more direct.

Corollary 2.5, reducing the study of r- and s-extremal pseudocompact abelian groups G to the case w(G) > 0, is given in [12, 2.4 and 3.6, respectively].

Lemma 2.7 is established in [27]; see also [25, 8.7]. Lemma 2.8 is given in [12, 1.6(b)].

The conclusion of Lemma 2.9 is given in [14, 3.3] under weaker hypotheses. See also [12, 6.1].

Corollary 2.10 is from [12, 6.2].

Van Douwen [18] proved that every infinite pseudocompact space X without isolated points satisfies |X| ≥ c. Lemma 2.11(a), a weaker result, was established in [11, 2.5(a)] using Lemma 2.7 and elementary properties of Haar measure on the group G. The present proof of Lemma 2.11(a) is taken from [8, 2.12(a)]; part (b) is from [8, 2.7(c)], given here with a more direct proof; part (c) is from [8, 2.7(e)].

Lemma 2.12 is given in [12, Theorem 6.3(c)]. This proof is new. Lemma 2.14 is from [8, 2.13(b),(c)]. The proof given there depended on the fact that not only every pseudocompact group G, but also G in its so-called P -space modification (that is, G in the smallest group topology in which each N ∈ Λ(G) is open) has the property that the intersection of countably many dense open subsets remains dense ([11, 2.4]).

We proved Lemma 2.15 in [9, 3.1]. A more general result, developed independently, is given by Dikranjan, Giordano Bruno and Milan [17, 4.11]. That paper takes as its point of departure the familiar result given here as Corollary 2.5, namely that pseudocompact metrizable groups are both r- and s-extremal. That fact presents metrizability as a strong form of extremality, thus motivating the authors of [17] to define and investigate weak forms of metrizability and their relation to new extremality concepts.

Pseudocompact groups 215

Theorem 2.16 is proved in [5, 4.4(a)], [21, 3.7.1], where the authors resolved this question ([5, 3.10], [21, 3.4, 3.6]): Given a pseudocompact abelian group (G, T ), for which (discontinuous) h ∈ Hom(G, T) is the smallest topology U refining T and making h continuous also pseudocompact? The use of an isomorphism ϕ : G → (G, T ) × K as in the proof of Theorem 2.16 to define a strict pseudocompact refinement U of T goes back (at least) to [10, 3.3].

Lemma 2.17 is familiar for compact abelian groups [15, 2.3], [6, 4.1]. The extension to pseudocompact groups was noted in [8, 2.17], with a brief indication of proof. See also [17, 2.14], and see [16, 2.17 and 3.17] for a more comprehensive statement.

So far as the authors are aware, Lemma 2.18, a simple application of the fact that every pseudocompact space satisfies the conclusion of the Baire category theorem ([19, 3.10(f)(e)]), was first noted in [12, 7.4].

Lemma 2.19 is [9, 3.2]. An alternative proof of an equivalent statement, based on the fact that c is not a measurable cardinal, is given in [4, Proof of (9)].

En route to partial results about r- and s-extremality, several authors have considered groups of the form nG and nN (with N ∈ Λ(G)) and their closures in G, N, G or N; see for example [12, §7], [8, §5], [7, §4], [21, §6] and see in particular [5, 5.6], where Lemma 2.22 for groups G assumed to be either r- or s-extremal is proved. The key to Lemma 2.22 is the simple observation that a continuous open surjection between compact spaces preserves closed G_δ -sets, a fact we noted with proof in [8, 3.2].

The essentials of Lemma 3.2(a) appear already in [9, 4.3], but it should be noted that Lemma 3.2(b) gives a crucially stronger conclusion than we achieved in §3 of [9] (which treated only the “connected case”): indeed, now using Lemma 3.2(b) we find in Lemma 3.4, much as in [9, §4], a G_δ-dense subgroup of some N ∈ Λ(G) — but now we see that this may be chosen proper, a condition invoked in the proof of statement (B) in Theorem 4.1. The essentials of the argument used to prove statement (C) in Theorem 4.1 are given (in the restricted context treated there) in [12, p. 39].

References

[1] Arhangel’skii A., Tkachenko M., Topological Groups and Related Structures, Atlantis Studies in Mathematics, 1, Atlantis Press, Paris and World Scientific Publ. Co., Hackensack, New Jersey, 2008.

[2] Comfort W.W., Topological groups, in: Handbook of Set-theoretic Topology (Kenneth Kunen and Jerry E. Vaughan, eds.), pp. 1143–1263, North-Holland, Amsterdam, 1984.

[3] Comfort W.W., Tampering with pseudocompact groups, Topology Proc. 28 (2004), 401– 424.

[4] Comfort W.W., Pseudocompact groups: progress and problems, Topology Appl. 155 (2008), 172–179.

[5] Comfort W.W., Jorge Galindo J., Extremal pseudocompact topological groups, J. Pure Appl.

Algebra 197 (2005), 59–81.

[6] Comfort W.W., Remus D., Pseudocompact refinements of compact group topologies, Math.

Z. 215 (1994), 337–346.

216 W.W. Comfort, J. van Mill

[7] Comfort W.W., Gladdines H., van Mill J., Proper pseudocompact subgroups of pseudocompact Abelian groups, in: Papers on General Topology and Applications, Annals of the New York Academy of Sciences 728 (1994), 237–247. [Note: This is Proc. June, 1992 Queens College Summer Conference on General Topology and Applications (Susan Andima, Gerald Itzkowitz, T. Yung Kong, Ralph Kopperman, Prabud Ram Misra, Lawrence Narici, and Aaron Todd, eds.).]

[8] Comfort W.W., van Mill J., Concerning connected, pseudocompact Abelian groups, Topology Appl. 33 (1989), 21–45.

[9] Comfort W.W., van Mill J., Extremal pseudocompact abelian groups are compact metrizable, Proc. Amer. Math. Soc. 135 (2007), 4039–4044.

[10] Comfort W.W., Robertson L.C., Proper pseudocompact extensions of compact Abelian group topologies, Proc. Amer. Math. Soc 86 (1982), 173–178.

[11] Comfort W.W., Robertson L.C., Cardinality constraints for pseudocompact and for totally dense subgroups of compact Abelian groups, Pacific J. Math. 119 (1985), 265–285.

[12] Comfort W.W., Robertson L.C., Extremal phenomena in certain classes of totally bounded groups, Dissertationes Math. 272 (1988), 48 pages; Rozprawy Mat. Polish Scientific Publishers, Warszawa, 1988.

[13] Comfort W.W., Ross K.A., Pseudocompactness and uniform continuity in topological groups, Pacific J. Math. 16 (1966), 483–496.

[14] Comfort W.W., Soundararajan T., Pseudocompact group topologies and totally dense subgroups, Pacific J. Math. 100 (1982), 61–84.

[15] Dikranjan D.N., Shakhmatov D.B., Products of minimal abelian groups, Math. Z. 204 (1990), 583–603.

[16] Dikranjan D.N., Shakhmatov D.B., Algebraic structure of the pseudocompact groups, 1991, Report 91–19, pp. 1–37; York University, Ontario, Canada.

[17] Dikranjan D., Giordano Bruno A., Milan C., Weakly metrizable pseudocompact groups, Appl. Gen. Topol. 7 (2006), 1–39.

[18] van Douwen E.K., The weight of a pseudocompact (homogeneous) space whose cardinality has countable cofinality, Proc. Amer. Math. Soc. 80 (1980), 678–682.

[19] Engelking R., General Topology, Heldermann Verlag, Berlin, 1989. [20] Fuchs L., Infinite Abelian Groups. Vol. I , Academic Press, New York, 1970. [21] Galindo J., Dense pseudocompact subgroups and finer pseudocompact group topologies, Scientiae Math. Japonicae 55 (2002), 627–640.

[22] Glicksberg I., The representation of functionals by integrals, Duke Math. J. 19 (1952), 253–261.

[23] Halmos P.R., Naive Set Theory, Springer-Verlag, New York–Heidelberg–Berlin, 1960. [24] Hewitt E., Rings of real-valued continuous functions I , Trans. Amer. Math. Soc. 64 (1948), 45–99.

[25] Hewitt E., Ross K.A., Abstract Harmonic Analysis, vol. I , Springer Verlag, Berlin- Göttingen-Heidelberg, 1963.

[26] Hewitt E., Ross K.A., Abstract Harmonic Analysis, vol. II , Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen, 152, Springer-Verlag, Berlin-Heidelberg- New York, 1970.

[27] Kakutani S., Kodaira K., Über das Haarsche Mass in der lokal bikompacten Gruppen, Proc.

Imperial Acad. Tokyo 20 (1944), 444–450, reprinted in: Selected papers of Shizuo Kakutani volume 1, edited by Robert R. Kallman, pp. 68–74, Birkhäuser, Boston-Basel-Stuttgart, 1986.

[28] Mycielski J., Some properties of connected compact groups, Colloq. Math. 5 (1958), 162– 166.

[29] Ross K.A., Stromberg K.R., Baire sets and Baire measures, Arkiv för Matematik 6 (1967), 151–160.

Pseudocompact groups 217

[30] de Vries J., Pseudocompactness and the Stone-Čech compactification for topological groups, Nieuw Archief voor Wiskunde (3) 23 (1975), 35–48.

[31] Weil A., Sur les Espaces à Structure Uniforme et sur la Topologie Générale, Publ. Math.

Univ. Strasbourg, vol. 551, Hermann & Cie, Paris, 1938.

Department of Mathematics, Wesleyan University, Middletown, CT 06459, USA E-mail: wcomfort@wesleyan.edu URL: http://wcomfort.web.wesleyan.edu

Faculty of Sciences, VU University Amsterdam, De Boelelaan 1081A, 1081 HV Amsterdam, The Netherlands and Faculty of Electrical Engineering, Mathematics and Computer Science, TU Delft, Postbus 5031, 2600 GA Delft, The Netherlands and Department of Mathematical Sciences, University of South Africa, P.O. Box 392, 0003 Unisa, South Africa E-mail: j.van.mill@vu.nl URL: http://www.few.vu.nl/~vanmill

(Received December 10, 2012)