Comment.Math.Univ.Carolin. 55,1 (2014) 73–99 73

On characterized subgroups of Abelian topological groups X and the group of all X-valued null sequences

S.S. Gabriyelyan

Abstract. Let X be an Abelian topological group. A subgroup H of X is characterized if there is a sequence u = {u_n} in the dual group of X such that H = {x ∈ X : (u_n, x) → 1}. We reduce the study of characterized subgroups of X to the study of characterized subgroups of compact metrizable Abelian groups. Let c_0(X) be the group of all X-valued null sequences and u_0 be the uniform topology on c_0(X). If X is compact we prove that c_0(X) is a characterized subgroup of X^N if and only if X ∼= T^n × F , where n ≥ 0 and F is a finite Abelian group. For every compact Abelian group X, the group c_0(X) is a g-closed subgroup of X^N. Some general properties of (c_0(X), u_0) and its dual group are given. In particular, we describe compact subsets of (c_0(X), u_0).

Keywords: group of null sequences; T -sequence; characterized subgroup; T -characterized subgroup; g-closed subgroup

Classification: Primary 22A10, 43A40; Secondary 54H11

1. Introduction

Notation and preliminaries. In the article all topological groups are assumed to be Hausdorff. Let X be an Abelian topological group. The filter of all open neighborhoods at zero we denote by N (X). As usual, X^N denotes the group of all sequences x = (x_n)_{n∈N} and X^{(N)} denotes the subgroup of X^N of all sequences eventually equal to zero. Unless otherwise stated we consider X^N with the product topology p_X and write simply X^N = (X^N, p_X ).

It is easy to check that the collection {V^N : V ∈ N (X)} forms a basis at 0 for a group topology in X^N. This topology is called the uniform topology and is denoted by u_X [21]. Following [21], denote by c_0(X) the following subgroup of X^N

c_0(X) := � (x_n)_{n∈N} ∈ X^N : lim_n x_n = 0 � . The uniform group topology on c_0(X) induced from (X^N, u_X ) we denote by u_0. If X = R, then (c_0(R), u_0) coincides with the classical Banach space c_0. The groups of the form (c_0(X), u_0) were thoroughly studied in [21].

For an Abelian topological group X we denoted by ^X the group of all continuous characters on X. The group ^X endowed with the compact-open topology is denoted by X^∧. Recall that X is called minimally almost periodic (MinAP) if

^X = {0}, and X is called maximally almost periodic (MAP) if ^X separates the points of X.

Let u = {u_n}_{n∈ω} be a sequence in an Abelian group G. We say that a sequence u = {u_n}_{n∈ω} in G is trivial if there is g ∈ G such that u_n = g for almost all indices n. In the case g = 0 we say that u is eventually equal to zero. For a nontrivial u, in general, no Hausdorff group topology may exist in which u converges to zero. A very important question of whether there exists a Hausdorff group topology τ on G such that u_n → 0 in (G, τ), especially for the integers, has been studied by many authors — Graev [32], Nienhuys [39], and others. A complete answer to this question was given by Protasov and Zelenyuk in [41]. Following [41], we say that a sequence u = {u_n}_{n∈ω} in an Abelian group G is a T -sequence if there is a Hausdorff group topology on G in which u_n converges to zero. The finest group topology with this property we denote by τ_u.

The counterpart of the above question for precompact group topologies on Z is studied by Raczkowski [42]. Recall that an Abelian topological group X is called precompact if it is Hausdorff and for every open neighborhood U of zero there exists a finite subset F of X such that U + F = X. Following [5], [6] and motivated by [42], we say that a sequence u = {u_n}_{n∈ω} is a T B-sequence in an Abelian group G if there is a precompact Hausdorff group topology on G in which u_n converges to zero. Clearly, every T B-sequence is a T -sequence, but the converse assertion, in general, does not hold. Note that the sequence e = {e_n}_{n∈N}, where e_1 = (1, 0, 0, . . . ), e_2 = (0, 1, 0, . . . ), . . . , is a T B-sequence in Z^{(N)}. The topology τ_e and the dual group of (Z^{(N)}, τ_e) are described in [26] explicitly.

Main results. Let u = {u_n}_{n∈ω} be a sequence in the dual group X^∧ of an Abelian topological group X. Following [22], set

(1) s_u(X) = {x ∈ X : (u_n, x) → 1}.

In [5] the following simple criterion for u to be a T B-sequence was obtained:

Fact 1 ([5]). A sequence u in a (discrete) Abelian group G is a T B-sequence if and only if the subgroup s_u(X) of the (compact) dual X = G^∧ is dense.

The subgroups of the form s_u(X) of a compact metrizable abelian group X have been studied by many authors, especially in the case X = T, see [3], [7], [9], [10], [11], [13], [24], [37], [38]. It was proved by Borel [13] that every countable subgroup of T has the form (1) for an appropriate u. Larcher [38] proved (see also [5]) that for the celebrated Fibonacci’s sequence f = {f_n}, defined by f_0 = f_1 = 1 and f_{n+2} = f_{n+1} + f_n for all n ∈ N, one has s_f (T) = ⟨α⟩, where α is the positive solution of the equation x^2 −x−1 = 0 (namely, the Golden Ratio) taken modulo 1. Note that the interest in the study of the groups of the form s_u(X) is motivated also by some applications to Diophantine approximation, dynamical systems and ergodic theory (see [12], [40], [45]).

Motivated by the above circumstances, the following notion was proposed in [22]:

Definition 2 ([22]). Let H be a subgroup of a topological Abelian group X. If there exists a sequence u = {u_n}_{n∈ω} of characters of X such that H = s_u(X) we say that H is characterized (by u) and that u characterizes H.

Note that for the torus T this notion was already defined in [11]. Characterized subgroups has been studied by many authors, see, for example, [8], [11], [19], [20], [22], [27]. In particular, the main theorem of [20] and [8] asserts that every countable subgroup of a compact metrizable Abelian group is characterized.

It is important to emphasize that there is no restriction on a sequence u in Definition 2. Let X be a compact Abelian group. If a characterized subgroup H of X is dense, then a characterizing sequence is also a T B-sequence by Fact 1. On the other hand, if X is not connected, then every open proper subgroup H of X is characterized [19], but any characterizing sequence for H is not a T -sequence [30]. The question for which characterized subgroups of compact Abelian groups one can find characterizing sequences which are also T -sequences is considered in [30]. This question is of independent interest because every T -sequence u naturally defines the Protasov-Zelenyuk topology τ_u satisfying the following dual property: Fact 3 ([27], [28]). Let H be a T -characterized subgroup of an infinite compact

Abelian group X by a T -sequence u. Then ^( ^X, τ_u) = H(= s_u(X)). Moreover, if X is metrizable, then ( ^X, τ_u)^∧ is Polish.

This motivates us to introduce the following notion:

Definition 4 ([30]). Let H be a subgroup of a compact Abelian group X. We say that H is a T -characterized subgroup of X if there exists a T -sequence u = {u_n}_{n∈ω} in ^X such that H = s_u(X).

Note that every Abelian topological group X is a T -characterized subgroup of X by the zero sequence. Clearly, every T -characterized subgroup of X is also a characterized subgroup of X. Nevertheless, as it was noticed above, there are compact groups which have characterized non-T -characterized subgroups.

The previous discussion emphasizes the importance of the following general problem:

Problem 5. Describe the characterized and T -characterized subgroups of an Abelian topological group.

As it was noticed in [16], [18], every characterized subgroup H of an Abelian topological group X is an F_{σδ} -subgroup of X, and hence H is a Borel subset of X. In [19], [30], the Borel hierarchy of characterized and T -characterized subgroups of compact Abelian groups is studied in detail, where the authors reduced the study of characterized and T -characterized subgroups of compact Abelian groups to the study of characterized and T -characterized ones of compact metrizable Abelian groups. It is natural to ask whether such a reduction can be given in the general case. In the next theorem we give a positive answer to this question:

Theorem 6. For a subgroup H of an Abelian topological group X, the following statements are equivalent.

(i) H is a characterized (respectively, T -characterized) subgroup of X. (ii) H has a subgroup H_0 such that

(1) H_0 is a closed G_δ-subgroup of X;

(2) there exists a continuous monomorphism i from X/H_0 into a compact metrizable Abelian group K with dense image such that i(H/H_0) = i(X/H_0) ∩ s_{~u}(K) for some sequence (respectively, T -sequence) ~u in ^K.

(iii) There exists a continuous homomorphism p of X into a compact metrizable Abelian group K with dense image and a characterized (respectively, T -characterized) subgroup H^′ of K such that H = p^{−1}(H^′).

Note that in the proofs of Lemma 11 and Theorem 6 we describe explicitly the groups H_0 and K and homomorphisms i and p.

Let X be a nontrivial Abelian topological group. To check that a given subgroup H of X is characterized is one of the most interesting constituent of Problem 5. The subgroup c_0(X) is a very natural subgroup of the direct product X^N (note that, as a dense subgroup, c_0(X) is never a direct summand of X^N). So one can ask:

Problem 7. For which Abelian topological groups X the group c_0(X) is a characterized (respectively, T -characterized) subgroup of X^N?

An answer to this question is of independent interest since it determines also one of the properties of the group (c_0(X), u_0).

Our interest in the study of groups of the form (c_0(X), u_0) is explained by the following arguments. Firstly, the assignment [21]

X → F_0(X) := (c_0(X), u_0)

defines a functor F_0 : TopAb → TopAb, where TopAb is the category of Hausdorff Abelian topological groups and continuous homomorphisms. By Proposition 3.4 and Remark 3.5 in [21], this functor preserves many important topological properties as (sequential) completeness, metrizability, separability, maximal almost periodicity, local quasi-convexity and connectedness. Secondly, if X is metrizable and connected, then the Bohr modification of (c_0(X), u_0) is a connected precompact metrizable non-Mackey group by Theorem 1.8 in [21] (the definition of Mackey groups and their basic properties see [15], [21]). Thirdly, Rolewicz in [43] observed that a complete metrizable group (c_0(T), u_0) is monothetic (see a proof of this fact in [23, pp. 20–21]). So monothetic Polish groups need not be compact nor discrete. Moreover, the dual group of (c_0(T), u_0) is countable [26]. In particular, the last two arguments show that the groups of the form (c_0(X), u_0) represent a nice source of (counter)examples in different areas of topological algebra. Fourthly, the group (c_0(T), u_0) plays an essential role in the theory of characterized subgroups of compact Abelian groups due to Theorem 1.28 of [28].

Taking into account a role of compact groups in TopAb, it is natural to consider Problem 7 for compact Abelian groups. By Theorem 1 of [26], we have (Z^{(N)}, τ_e)^∧ = (c_0(T), u_0). Hence c_0(T) = s_e(T^N) is a T -characterized subgroup of T^N by Fact 3. The next theorem gives a complete answer to Problem 7 for compact X.

Theorem 8. For a compact Abelian group X the following are equivalent:

(i) c_0(X) is a characterized subgroup of X^N; (ii) c_0(X) is a T -characterized subgroup of X^N;

(iii) X ∼= T^n ×F , where n ≥ 0 and F is a finite Abelian group (maybe trivial).

Theorem 8 shows that to be a characterized subgroup is a very strong property for c_0(X). Let us consider a weaker one.

Let H be a subgroup of an Abelian topological group X. Following [22] we say that H is g-closed if H = � u∈ ^X^N

{s_u(X) : H ≤ s_u(X)} .

The set of all T -sequences in the dual group ^X of a compact Abelian group X we denote by T_s( ^X). In analogy to the closure operator g, the operator g_T is defined as follows [30]

g_T (H) := � u∈T_s( ^X)

{s_u(X) : H ≤ s_u(X)} ,

and we say that H is g_T -closed if H = g_T (H).

Clearly, if H is a characterized (respectively, T -characterized) subgroup of an Abelian topological group X, then it is also g-closed in X. Thus the property to be g-closed is weaker than the property to be characterized. So it is natural to ask:

Problem 9. For which Abelian topological groups X the group c_0(X) is a gclosed (respectively, g_T -closed) subgroup of X^N?

It is easy to show (see Proposition 45 below) that, if c_0(X) is g-closed in X^N, then X is MAP.

In the next theorem we give a complete answer to Problem 9 for compact groups (see Theorem 48 for a more general statement):

Theorem 10. For every compact Abelian group X the group c_0(X) is g_T -closed in X^N.

The article is organized as follows. Theorem 6 is proved in Section 2. Also in this section we characterize Abelian topological groups which have no proper characterized or proper T -characterized subgroups (see Proposition 12). The case when X is itself a characterized subgroup of X by a nontrivial sequence is of independent interest. We call such groups self-characterized. A complete description of self-characterized Abelian topological groups is given in Theorem 19. In Theorem 21 we show that a locally compact Abelian group X is self-characterized if and only if X is not compact.

Some general properties of the groups of the form (c_0(X), u_0) are obtained in Section 3. In particular, we give a complete description of compact subsets of (c_0(X), u_0) (see Proposition 31). In Section 4 we prove some general assertions concerning the dual group of (c_0(X), u_0). Making use of these results we prove Theorems 8 and 10 in Sections 5 and 6 respectively.

2. On characterized subgroups of Abelian topological groups

Let G be an Abelian group. The subgroup of G generated by a subset A we denote by ⟨A⟩. The group G endowed with the discrete topology we denote by G_d.

Let p : X → Y be a continuous homomorphism of Abelian topological groups. The mapping p^∧ : Y^∧ → X^∧, defined by p^∧(χ) = χ ∘ p for χ ∈ Y^∧, is called the adjoint homomorphism of p.

For a subset A of an Abelian topological group X, the annihilator of A in ^X is A^⊥ := {u ∈ ^X : (u, x) = 1, ∀x ∈ A}, while for a subset B of ^X, the annihilator of B in X is B^⊤ := {x ∈ X : (u, x) = 1, ∀u ∈ B}.

Let X be a MAP Abelian topological group and G be an arbitrary subgroup of X^∧ which separates the points of X. Denote by T_G := σ(X, G) the weakest (Hausdorff) topology on X such that all characters of G are continuous with respect to T_G. Then T_G is a precompact group topology on X. The weak* group topology on ^X we denote by σ( ^X, X).

For a sequence u = {u_n}_{n∈ω} in the dual group of X, set [19]

K_u := � n∈ω ker(u_n).

In what follows we use the next generalization of Lemma 2.2 in [19] and Lemma 2.4 of [30].

Lemma 11. For an Abelian topological group X, let u = {u_n}_{n∈ω} be a sequence (respectively, a T -sequence) in ^X. Then the following holds.

(i) The subgroup K_u is a closed G_δ-subgroup of X such that K_u ⊆ s_u(X) and K_u = ⟨u⟩^⊤.

(ii) There is a sequence (respectively, a T -sequence) ~u in (X/K_u)^∧ such that:

(a) u = q^∧(~u), where q^∧ is the adjoint homomorphism of the quotient map q : X → X/K_u;

(b) s_u(X)/K_u = s_{~u}(X/K_u), i.e., ~u characterizes s_u(X)/K_u in X/K_u; (c) there exists a continuous monomorphism i from X/K_u into the compact metrizable Abelian group K, where K = ⟨~u⟩^∧_d , with dense image such that i(s_u(X)/K_u) = i(X/K_u) ∩ s_{~u}(K).

Proof: (i) It is trivial that K_u is a closed subgroup of X contained in s_u(X). Let us prove the equality K_u = ⟨u⟩^⊤. Clearly, ⟨u⟩^⊤ ⊆ K_u. Conversely, if h ∈ K_u, then (u_n, h) = 1 for every n ∈ ω. Hence (g, h) = 1 for every g ∈ ⟨u⟩. Thus K_u ⊆ ⟨u⟩^⊤. We will prove that K_u is a G_δ-subgroup of X at the end of the proof of item (ii).

(ii) For every n ∈ ω, define the character ~u_n of X/K_u as follows: (~u_n, q(x)) = (u_n, x) (~u_n is well-defined since K_u ⊆ ker u_n). Then ~u = {~u_n}_{n∈ω} is a sequence of continuous characters of X/K_u such that q^∧(~u_n) = u_n. Assume now that u is a T -sequence. Then, taking into account that q^∧ is injective, ~u is a T -sequence in (X/K_u)^∧ by Lemma 2.2 of [30]. This proves item (a).

Let us show that s_u(X)/K_u = s_{~u}(X/K_u). Indeed, for every h + K_u ∈ s_u(X)/K_u, by definition, we have (~u_n, h+K_u) = (u_n, h) → 1. Thus s_u(X)/K_u ⊆ s_{~u}(X/K_u). Conversely, if x + K_u ∈ s_{~u}(X/K_u), then (~u_n, x + K_u) = (u_n, x) → 1. This yields x ∈ s_u(X). Therefore x+K_u ∈ s_u(X)/K_u, and the item (b) is proved.

Let us prove item (c). For the sake of simplicity we set H := X/K_u and G := ⟨~u⟩.

We claim that H is MAP and G separates the points of H. Indeed, if x+K_u ≠ 0, then, by the definition of K_u, there exists n ∈ ω such that (~u_n, x + K_u) = (u_n, x) ≠ 1.

Since G separates the points of H, T_G is a precompact group topology on H. Clearly, the identity inclusion r from H onto (H, T_G) is continuous. Denote by K^′ the completion of (H, T_G). Since ^K^′ = ^(H, T_G) = G [17], by Pontryagin’s duality theorem we obtain that K^′ = G^∧_d = K. Since G is countable, K is a metrizable compact Abelian group. Let j : (H, T_G) → K be the natural embedding.

Set i := j ∘ r. Then i is an injective continuous homomorphism from H into K with dense image. Naturally identifying ^K with ^H, we obtain that (~u_n, i(h)) = (~u_n, h) for every h ∈ H and every n ∈ N. So that ~u is a T -sequence in ^K if it is a T -sequence in ^H.

Let us show that i(s_u(X)/K_u) = i(X/K_u) ∩ s_{~u}(K). Let x + K_u ∈ s_u(X)/K_u. By item (b), x + K_u ∈ s_{~u}(X/K_u), and hence

(~u_n, i(x + K_u)) = (~u_n, x + K_u) → 1.

So i(x + K_u) ∈ s_{~u}(K). Thus i(s_u(X)/K_u) ⊆ i(X/K_u) ∩ s_{~u}(K).

Conversely, let i(x + K_u) ∈ i(X/K_u) ∩ s_{~u}(K) for an x ∈ X. Then

(~u_n, x + K_u) = (~u_n, i(x + K_u)) → 1,

and hence x + K_u ∈ s_{~u}(X/K_u). So x + K_u ∈ s_u(X)/K_u by item (b). Thus i(X/K_u) ∩ s_{~u}(K) ⊆ i(s_u(X)/K_u). The item (c) is proved.

Since K is a metrizable compact group, the trivial subgroup Z = {0} is a G_δ -subgroup of K. Hence K_u = (i ∘ q)^{−1}(Z) is a G_δ -subgroup of X. □

Proof of Theorem 6: (i)⇒(ii) Let H = s_u(X) for a sequence (respectively, a T -sequence) u in ^X. Set H_0 := K_u. Then the assertion follows from Lemma 11.

(ii)⇒(i) Denote by q the quotient map from X onto X/H_0. Let ~u = {~u_n}_{n∈ω} be a sequence (respectively, T -sequence) in ^K such that i(H/H_0) = i(X/H_0)∩s_{~u}(K).

Set p := i ∘ q. Since i has dense image, the adjoint map p^∧ of p is injective. Set u := p^∧(~u). Then u is a sequence (respectively, a T -sequence by Lemma 2.2 of [30]) in ^X. Let us show that H = s_u(X).

If x ∈ H, then

(u_n, x) = (p^∧(~u_n), x) = (~u_n, p(x)) → 1,

because p(x) ∈ s_{~u}(K). Thus H ⊆ s_u(X).

Conversely, if x ∈ s_u(X), then

(u_n, x) = (~u_n, p(x)) = (~u_n, i(x + H_0)) → 1,

and hence i(x+H_0) ∈ i(X/H_0)∩s_{~u}(K). By hypothesis, we obtain that i(x+H_0) ∈ i(H/H_0). Since i is injective, we have x + H_0 ∈ H/H_0. So x ∈ H because H_0 is a subgroup of H. Thus s_u(X) ⊆ H.

(ii)⇒(iii) Let p := i ∘ q, where q : X → X/H_0 is the quotient map, and H^′ := s_{~u}(K). Since ker(p) = H_0 ⊆ H and p(H) = i(H/H_0) = s_{~u}(K) ∩ p(X) = H^′ ∩ p(X), we obtain that H = p^{−1}(H^′).

(iii)⇒(ii) Set H_0 := ker(p) and i : X/H_0 → K, i(x + H_0) := p(x). Then H_0 = p^{−1}({0}) is a closed G_δ-subgroup of X (since {0} is a G_δ -subgroup of K). This proves (1). Clearly, i is a continuous monomorphism with dense image and

i(H/H_0) = p(H) = p(X) ∩ H^′ = i(X/H_0) ∩ H^′.

Thus (2) is fulfilled. The theorem is proved. □

In the next proposition we describe all Abelian topological groups X which have only one characterized (respectively, T -characterized) subgroup, namely, X itself (cf. the paragraph before Theorem 1.10 in [30]). Note that, by the definition of T -sequences, every T -sequence either is eventually equal to zero or has infinitely many elements.

Proposition 12. Let X be an Abelian topological group.

(i) X is the unique characterized subgroup of X if and only if X is MinAP. (ii) X is the unique T -characterized subgroup of X if and only if ^X is finite.

Proof: (i) Assume that X is the unique characterized subgroup of X. Suppose for a contradiction that X has a non-zero continuous character g. Set u = {u_n}_{n∈ω}, where u_n = g for every n ∈ ω. Clearly, s_u(X) ≠ X. This contradiction shows that X is MinAP.

Conversely, if X is MinAP, it is clear that X is the unique characterized subgroup of X.

(ii) Let ^X be finite. Then every T -sequence u in ^X is eventually equal to zero. Hence s_u(X) = X. Thus X is the unique T -characterized subgroup of X.

Assume that X is the unique T -characterized subgroup of X. We have to show that ^X is finite. Suppose for a contradiction that ^X is infinite. It is wellknown that ^X contains a countably infinite subgroup G which either has infinite exponent or is isomorphic to the direct sum of the form F^{(N)} for some non-zero finite group F . By Corollary 4.7 of [29], G admits a MinAP group topology generated by a T -sequence ~u = {~u_n}_{n∈ω} in G. Since s_{~u}(G^∧_d ) = ^(G, τ_{~u}) by Fact 3, we obtain that s_{~u}(G^∧_d ) = {0}. Corollary 2 in [26] implies that G = ⟨~u⟩. Consider the sequence ~u as a sequence u in ^X. By Lemma 2.2 of [30], u is also a T -sequence in ^X. Now Lemma 11(i) yields that K_u is a proper subgroup of X. To obtain a contradiction with our supposition it is enough to show that K_u = s_u(X).

We have to prove only that s_u(X) ⊆ K_u. Note that u = q^∧(~u), where q^∧ is the adjoint homomorphism of the quotient map q : X → X/K_u. Since s_{~u}(K) = {0}, where K = ⟨~u⟩^∧_d = G^∧_d , Lemma 11(ii) implies s_u(X)/K_u = {0}. Hence K_u = s_u(X) is a proper T -characterized subgroup of X. This contradiction shows that ^X must be finite. □

In Corollary 3 of [27] it is proved that for every metrizable compact Abelian group X, the equality s_u(X) = X implies that the sequence u is eventually equal to zero. An analogous result is known for every compact Abelian group (although we do not know any exact reference to this). In Theorem 21 below we show that this property characterizes compact groups in the class of all locally compact Abelian groups. The last fact justifies the next definition.

Definition 13. An Abelian topological group X is called self-characterized if there exists a nontrivial sequence u = {u_n}_{n∈ω} in ^X such that

s_u(X) = X.

The next proposition follows easily from definitions.

Proposition 14. Let X be an Abelian topological group.

(1) X is self-characterized if and only if the precompact group ( ^X, σ( ^X, X)) contains a nontrivial convergent sequence.

(2) X is self-characterized by a sequence u in ^X if and only if u is a nontrivial sequence converging to zero in the weak* topology σ( ^X, X). In this case, u is a T B-sequence in ^X and it contains infinitely many different elements.

Proof: Let X be self-characterized by a nontrivial sequence u = {u_n}_{n∈ω} in ^X. So that (u_n, x) → 1 for every x ∈ X. This is equivalent to the fact that u is nontrivial and u_n → 0 in the weak* group topology σ( ^X, X) on ^X, which proves (1) and (2). Since the topology σ( ^X, X) is precompact, u is a T B-sequence in ^X. The sequence u contains infinitely many different elements because it is nontrivial and the topology σ( ^X, X) is Hausdorff. □

Since weak* topology is weaker than the compact-open one, Proposition 14 immediately implies the next useful sufficient condition for X to be self-characterized:

Corollary 15. Let X be an Abelian topological group such that X^∧ contains a nontrivial convergent sequence. Then X is self-characterized.

We use the next example to prove Theorem 21.

Example 16. Let X be an Abelian topological group.

(1) If X = R, then X is self-characterized.

(2) If X is a locally compact non-compact Abelian group containing an open compact subgroup K, then X is self-characterized.

(3) If X is MinAP, then X is not self-characterized.

Proof: (1) follows from Corollary 15.

(2) Since X is not compact, X^∧ contains an infinite open compact subgroup which is topologically isomorphic to (X/K)^∧ by [35, 23.25]. It is well-known that every infinite compact Abelian group contains a nontrivial convergent sequence. Now the assertion follows from Corollary 15.

(3) is trivial. □

Remark 17. Note that there is a self-characterized precompact Abelian group H such that H^∧ does not contain nontrivial convergent sequences. In other words, there exists a precompact Abelian group H such that ^H has no nontrivial convergent sequences in the compact-open topology, but ^H has nontrivial convergent sequences in the weak* topology. Indeed, let H be an arbitrary dense proper characterized subgroup of a compact metrizable Abelian group X (such subgroups exist by Lemma 3.6 in [19]). So H = s_u(X) for some sequence u = {u_n}_{n∈ω} in X^∧. Since H is proper, u is nontrivial by Corollary 3 in [27]. Let τ be the induced topology on H from X. Clearly, u ⊂ (H, τ)^∧. Since (u_n, h) → 1 for every h ∈ H by definition, (H, τ) is self-characterized. On the other hand, (H, τ)^∧ is discrete by [4], [14], and hence (H, τ)^∧ does not contain any nontrivial convergent sequence.

Proposition 18. If an Abelian topological group X is self-characterized, then the direct product X × Y is self-characterized for every Abelian topological group Y .

Proof: Let s_u(X) = X for some nontrivial sequence u = {u_n}_{n∈ω} in ^X. Set v = {v_n}_{n∈ω} ∈ ^X × Y , where v_n = (u_n, 0_{^Y} ) for every n ∈ ω. Then v is nontrivial. Clearly, s_v(X × Y ) = X × Y . □

In the next theorem we describe all self-characterized Abelian groups.

Theorem 19. For an Abelian topological group X, the following statements are equivalent.

(1) X is self-characterized.

(2) There exists an infinite compact metrizable Abelian group K and a continuous homomorphism p from X into K with dense image such that p(X) is contained in a proper characterized subgroup of K.

Proof: (1)⇒(2) Let s_u(X) = X for some nontrivial sequence u in ^X. Then u is a T B-sequence in ^X containing infinitely many different elements by Proposition 14. Hence ⟨u⟩ is a countably infinite Abelian group.

By Lemma 11(ii), there exists a T -sequence ~u in (X/K_u)^∧ such that s_u(X)/K_u = s_{~u}(X/K_u) and u = q^∧(~u), where q^∧ is the adjoint homomorphism of the quotient map q : X → X/K_u.

Set K := ⟨~u⟩^∧_d and p := i ∘ q, where the injective homomorphism i is defined in Lemma 11(ii). Since q^∧ is injective the group ⟨~u⟩ is countably infinite, and hence K is an infinite compact metrizable Abelian group. Now Lemma 11(ii) implies that p is a continuous homomorphism from X into K with dense image such that p(X) ⊆ s_{~u}(K). Since ~u is nontrivial, Corollary 3 of [27] implies that s_{~u}(K) is a proper subgroup of K.

(2)⇒(1) Let p(X) be contained in a proper characterized subgroup s_v(K) of K, where v = {v_n}_{n∈ω} is a sequence in K^∧. The dual homomorphism p^∧ of p is injective because p(X) is dense in K. Since s_v(K) is proper, v is nontrivial by Corollary 3 in [27]. Set u = {u_n}_{n∈ω}, where u_n = p^∧(v_n) for every n ∈ ω. Then u is nontrivial because p^∧ is injective and v is nontrivial.

Let us show that s_u(X) = X. Indeed, for every x ∈ X, we have p(x) ∈ s_v(K), and hence

(u_n, x) = (v_n, p(x)) → 1.

Thus s_u(X) = X. Since u is nontrivial the group X is self-characterized. □

Remark 20. Let X be an Abelian topological group. Then X is not selfcharacterized if and only if from the equality s_u(X) = X for a sequence u in X^∧ it follows that u is eventually equal to zero. Indeed, if X is not self-characterized and s_u(X) = X for a sequence u in X^∧, then u is trivial by definition. So X = ker(u_n) for all sufficiently large n. Hence u_n = 0 for all sufficiently large n. Thus u is eventually equal to zero. The converse is trivial.

Theorem 21. For a locally compact Abelian group X, the following statement are equivalent.

(i) X is not self-characterized, i.e., if s_u(X) = X for a sequence u in X^∧, then u is eventually equal to zero.

(ii) X is compact.

Proof: (i)⇒(ii) Assume that X is not self-characterized. It is well-known [35, 24.30] that X ∼= R^n × H, where n ∈ ω and H is a locally compact Abelian group containing an open compact subgroup. If X is not compact, then either n > 0 or n = 0 and H is not compact. Now Example 16 and Proposition 18 imply that X is self-characterized. This contradiction shows that X is compact.

(ii)⇒(i) Assume that X is compact. For every continuous homomorphism p from X into a compact metrizable Abelian group K with dense image, we have p(X) = K. So p(X) is not a proper subgroup of K. Thus X is not selfcharacterized by Theorem 19. □

Remark 22. There exist also precompact non-compact Abelian groups which are not self-characterized. Indeed, Hart and Kunen [33], [34] showed that every infinite compact Abelian group X has a dense Borel subgroup H such that H is not contained in any proper characterized subgroup of X (subgroups with this property are called g-dense [22]). Let us show that the precompact non-compact group H = (H, T_{^X} ) is not self-characterized.

Let a sequence u in (H, T_{^X} )^∧ be such that s_u(H) = H. Since ^(H, T_{^X} ) = ^X by [17], we obtain that u ⊂ ^X. Hence H considered as a subgroup of X is contained in s_u(X). By the choice of H, we obtain that s_u(X) = X. Now Theorem 21 implies that u is eventually equal to zero. Thus H is not self-characterized.

3. Some general properties of the groups of the form (c_0(X), u_0)

In this section, for an Abelian topological group X, we obtain some general properties of the groups of the form c_0(X) endowed with the uniform topology u_0. In particular, we describe all compact subsets of the group (c_0(X), u_0).

Proposition 23. For every Abelian topological groups X and Y , the groups (c_0(X) × c_0(Y ), u^X_0 × u^Y_0 ) and (c_0(X × Y ), u_0) are topologically isomorphic.

Proof: For every (x_n)_{n∈N} ∈ c_0(X) and every (y_n)_{n∈N} ∈ c_0(Y ), set

i ((x_n), (y_n)) := ((x_n, y_n))_{n∈N} .

Clearly, i is an algebraic isomorphism from c_0(X) × c_0(Y ) onto c_0(X × Y ). It is easy to check that, for every U ∈ N (X) and each V ∈ N (Y ), we have i � (U^N ∩ c_0(X)) × (V^N ∩ c_0(Y )) � = (U × V )^N ∩ c_0(X × Y ).

Thus i is a topological isomorphism. □

Proposition 24. Let H be a (respectively, closed or open) subgroup of an Abelian topological group X. Then the identity map

i : (c_0(H), u_0) → (c_0(X), u_0), where i(h_n) = (h_n) for every (h_n)_{n∈N} ∈ c_0(H),

is an embedding (respectively, onto a closed subgroup or an open one).

Proof: Clearly, i is well-defined. For every U ∈ N (H) choose V ∈ N (X) such that U = V ∩ H. Then i � U^N ∩ c_0(H) � = {(h_n) ∈ c_0(X) : h_n ∈ U, ∀n ∈ N, and h_n → 0}

= V^N ∩ i(c_0(H)).

Thus i is an embedding.

Assume that H is a closed subgroup of X. For every (x_n) ∈ c_0(X) \ c_0(H) there exists an index m such that x_m /∈ H. Choose V ∈ N (X) such that (x_m + V ) ∩ H = ∅. Then ((x_n) + V^N) ∩ c_0(H) = ∅. Thus i(c_0(H)) is a closed subgroup of (c_0(X), u_0).

Suppose now that H is an open subgroup of X. Then c_0(H) = H^N ∩ c_0(X) is open in (c_0(X), u_0). □

In what follows we identify (c_0(H), u_0) with its image i(c_0(H)) and say that (c_0(H), u_0) is a subgroup of (c_0(X), u_0).

Let A be an arbitrary Abelian group. For every n ∈ N, define an injective homomorphism ν_n : A → A^{(N)} by

ν_n(a) = (0, . . . , 0, a, 0 . . . ),

where a ∈ A is placed in the position n. Define projections p_n : A^N → A^N and π_n : A^N → A by

p_n(a) := (0, . . . , 0_n, a_{n+1}, a_{n+2}, . . . ) and π_n(a) := a_n,

and set

a_n := (a_1, . . . , a_n, 0, . . . ) = n� i=1 ν_i(a_i) = a − p_n(a) ∈ A^{(N)},

where a = (a_n)_{n∈N} ∈ A^N. Clearly, if A is an Abelian topological group, then the restrictions of p_n and π_n onto c_0(X) are continuous in the uniform topology u_0.

For the convenience of the reader we prove the next lemma from [21]:

Lemma 25 ([21, Lemma 3.3(b)]). Let x = (x_n)_{n∈N} ∈ (c_0(X), u_0) for an Abelian topological group X. Then x_n → x in (c_0(X), u_0). In particular, X^{(N)} is dense in (c_0(X), u_0).

Proof: Let V ∈ N (X). Choose n_0 ∈ N such that x_n ∈ V for every n > n_0. Then x − x_n = p_n(x) ∈ V^N, ∀n > n_0.

Thus x_n → x in u_0. □

In the next proposition we consider the completion of the groups of the form (c_0(X), u_0).

Proposition 26. Let X̄ be a completion of an Abelian topological group X. Then (c_0(X̄), u_0) is a completion of (c_0(X), u_0). In particular, algebraically, ^ (c_0(X), u_0) = ^

(c_0(X̄), u_0) (and ^X = ^X̄).

Proof: By Proposition 3.4 of [21], the group (c_0(X̄), u_0) is complete. Since (c_0(X), u_0) is a dense subgroup of (c_0(X̄), u_0) by Proposition 24 and Lemma 25, the group (c_0(X̄), u_0) is a completion of (c_0(X), u_0) by Theorem 3.6.14 of [2]. The last assertion follows from Corollary 3.6.17 in [2]. □

Let X and Y be topological groups. Following Siwiec [44], a continuous homomorphism p : X → Y is called sequence-covering if it is surjective and for every sequence {y_n} converging to the unit e_Y there is a sequence {x_n} converging to e_X such that p(x_n) = y_n.

Proposition 27. Let H be a closed subgroup of an Abelian topological group X and q : X → X/H be the quotient map. Then the quotient group (c_0(X), u_0)/c_0(H) embeds into (c_0(X/H), u_0) as a dense subgroup under the natural map j defined by the formula

j(x + c_0(H)) := (q(x_n))_{n∈N} ∈ c_0(X/H), ∀x = (x_n)_{n∈N} ∈ c_0(X).

If, in addition, the quotient map q is sequence-covering, then j is a topological isomorphism.

Proof: For every x = (x_n)_{n∈N} ∈ c_0(X), we have q(x_n) → 0 in X/H. Thus j is well-defined. Clearly, j is injective. Since (X/H)^{(N)} = j(X^{(N)}) Lemma 25 implies that j has dense image. Denote by G the image of j.

To prove that j is an embedding, it is enough to show that for every V ∈ N (X),

(2) j � c_0(X) ∩ V^N � + c_0(H) � = U^N ∩ G, where U := q(V ).

The inclusion “⊆” is clear. Let us prove the converse one. Let ~x = (x_n +H)_{n∈N} ∈ (U^N∩G). Since ~x ∈ G we can find x^′ = (x^′_n)_{n∈N} in c_0(X) such that q(x^′_n) = x_n +H for every n ∈ N. Since x^′_n → 0_X there exists a natural number m such that x^′_n ∈ V for every n > m. And since x_n + H ∈ q(V ), we can choose y_1, . . . , y_m ∈ V such that q(y_n) = x_n + H for every 1 ≤ n ≤ m. Set

z := (z_n)_{n∈N}, where z_n = � y_n, if 1 ≤ n ≤ m, x^′_n, if m < n.

By construction, z ∈ c_0(X) ∩ V^N and j(z + c_0(H)) = ~x. This proves the equality (2). Thus j is an embedding.

Assume now that the quotient map q is sequence-covering. To prove that j is a topological isomorphism it is enough to show that j is surjective. Let ~x = (x_n + H)_{n∈N} ∈ c_0(X/H). Since x_n + H → 0 in X/H and q is sequence covering, there exists a sequence {x^′_n}_{n∈N} in X such that x^′_n → 0_X and q(x^′_n) = x_n + H for every n ∈ N. So x^′ := (x^′_n)_{n∈N} belongs to c_0(X) and j(x^′ + c_0(H)) = ~x. Thus j is surjective. □

Corollary 28. Let H be a closed subgroup of an Abelian Čech-complete topological group X. Then the quotient group (c_0(X), u_0)/c_0(H) is topologically isomorphic to (c_0(X/H), u_0).

Proof: Every quotient homomorphism of a Čech-complete topological group is sequence-covering by Theorem 1.2 of [1]. So the assertion follows from Proposition 27. □

For example, if X = R and H = Z, we obtain that c_0/Z^{(N)} ∼= (c_0(T), u_0) (see [26]).

To describe compact subsets in (c_0(X), u_0) we need the next notion which is used repeatedly in the article.

Definition 29. Let {K_n}_{n∈N} be a decreasing sequence of closed subsets of a topological group X. We say that {K_n} is a null-sequence of closed subsets in X, if for every open neighborhood U of the unit, K_n ⊆ U for all sufficiently large n ∈ N.

Lemma 30. Let {K_n}_{n∈N} be a null-sequence of compact subsets of an Abelian topological group X. Set K := � n∈N K_n. Then K is a compact subset of (c_0(X), u_0).

Proof: Let us show first that K ⊂ c_0(X). Let x = (x_n) ∈ K. For every U ∈ N (X), choose m ∈ N such that K_n ⊆ U for every n > m. Then x_n ∈ U for every n > m. Thus x ∈ c_0(X).

To show that K is compact we have to prove that every net S = {x_i}_{i∈I} , where I is a directed set, has a cluster point [25, 3.1.23]. By the Tychonoff theorem, S has a cluster point x in the product topology p on K. For our purpose it is enough to show that x is a cluster point of S also in the uniform topology u_0. Fix arbitrarily U ∈ N (X) and i^′ ∈ I. Choose a natural number m such that K_n ⊆ U for every n > m. Since x is a cluster point of S in p, there exists an index i_0 ∈ I, i_0 > i^′, such that x_{i0} ∈ x + (U^m × � n>m K_n). By the choice of m we have also x_{i0} ∈ x + (U^N ∩ c_0(X)). Thus x is a cluster point of S in the topology u_0. Therefore K is compact in u_0 (and u_0|_K = p). □

In the next proposition we describe compact subsets in (c_0(X), u_0).

Proposition 31. Let X be an Abelian topological group. For a closed subset K of (c_0(X), u_0), the following statements are equivalent.

(1) K is compact.

(2) the sequence {π_n(K)}_{n∈N} is a null-sequence of compact subsets of X.

Proof: (1)⇒(2) Since π_n is continuous, π_n(K) is a compact subset of X for every n ∈ N. Suppose for a contradiction that {π_n(K)}_{n∈N} is not a null-sequence. So that there exists a U ∈ N (X) and an increasing sequence of indices {n_l}_{l∈N} such that π_{nl} (K) ⊄ U. For every l ∈ N take an element x_l ∈ K such that

(3) π_{nl} (x_l) /∈ U.

Since K is compact, the sequence {x_l}_{l∈N} has a cluster point x = (x_n) in K. Choose arbitrarily V ∈ N (X) such that V + V ⊆ U. Since x ∈ c_0(X) we can choose m ∈ N such that π_n(x) ∈ V for every n ≥ m. Since the set {x_l}_{l∈N} ∩ (x + V^N) is infinite, we can find l_0 ∈ N such that n_{l0} > m and x_{l0} ∈ x + V^N. In particular, π_{nl0} (x_{l0} ) ∈ x_{nl0} + V ⊆ V + V ⊆ U, which contradicts (3).

(2)⇒(1) The set K^′ := � n∈N π_n(K) is a compact subset of (c_0(X), u_0) by Lemma 30. Hence K is compact in u_0 as a closed subset of K^′. □

4. On the dual group of (c_0(X), u_0)

In this section we consider some general properties of the dual group of (c_0(X), u_0) which we use in the sequel.

Let X be an Abelian topological group. We denote by b_X the box topology on X^N. Clearly, u_X ≤ b_X . Set

p^′ := p_X |_X (N) , u^′ := u_X |_X (N) = u_0|_X (N) and b^′ := b_X |_X (N) .

Then p^′ ≤ u^′ ≤ b^′. In what follows we shall omit the subscript X. Recall that we defined an injective homomorphism ν_n : X → X^{(N)} by

ν_n(x) = (0, . . . , 0, x, 0, . . . ),

where x ∈ X is placed in the position n. Clearly, ν_n is an embedding for every group topology p^′, u^′ or b^′ on X^{(N)}. Also we consider ν_n as an embedding of X into (X^N, p), (X^N, u) or (X^N, b).

Let us note that by Kaplan’s theorem [36], the map η → (η ∘ ν_n)_{n∈N} is a topological isomorphism of (X^{(N)}, b^′)^∧ onto ((X^∧)^N, p) such that

(4) (η, x) = � n∈N (η, ν_n(x_n)) , ∀x = (x_n) ∈ X^{(N)}, ∀η ∈ (X^{(N)}, b^′)^∧.

Also Kaplan [36] proved that (X^N, p)^∧ and ((X^∧)^{(N)}, b^′) are topologically isomorphic by the topological isomorphism χ → (χ ∘ ν_n)_{n∈N} for which

(5) (χ, x) = � n∈N (χ, ν_n(x_n)) , ∀x = (x_n) ∈ X^N, ∀χ ∈ (X^N, p)^∧.

So we will identify (X^{(N)}, b^′)^∧ with ((X^∧)^N, p) and (X^N, p)^∧ with ((X^∧)^{(N)}, b^′).

Note that the projection π_n : (X^∧)^N → X^∧ onto nth coordinate is the adjoint homomorphism of ν_n : X → (X^{(N)}, b^′). Indeed, for every g = (g_n) ∈ (X^∧)^N and every x ∈ X, by (4) and (5), we have

(π_n(g), x) = (g_n, x) = (g, ν_n(x)). Set t : � X^{(N)}, b^′ � → (c_0(X), u_0), t(x) = x, ∀x ∈ X^{(N)}, and j : (c_0(X), u_0) → � X^N, p � , j(x) = x, ∀x ∈ c_0(X).

Then j ∘ t is a continuous inclusion of (X^{(N)}, b^′) into (X^N, p) such that

(6) (j ∘ t)^∧(g) = g, ∀g ∈ � (X^∧)^{(N)}, b^′ � , since

((j ∘ t)^∧(g), x) = (g, j ∘ t(x)) = (g, x), ∀x ∈ � X^{(N)}, b^′ � .

Proposition 32. Let X be an Abelian topological group. Then the following holds.

(1) The identity inclusion t : (X^{(N)}, b^′) → (c_0(X), u_0) is a continuous monomorphism with dense image.

(2) The adjoint homomorphism t^∧ of t is a continuous monomorphism with dense image from (c_0(X), u_0)^∧ to (X^∧)^N. Moreover, if χ ∈ (c_0(X), u_0)^∧, then t^∧(χ) = (g_n)_{n∈N} ∈ (X^∧)^N, where g_n := χ ∘ ν_n for every n ∈ N.

Proof: (1) follows from the inequality u^′ ≤ b^′ and Lemma 25.

(2) Since t has dense image, t^∧ is a continuous monomorphism. The homomorphism t^∧ has dense image because, by (6),

^X^{(N)} = t^∧ � j^∧( ^X^{(N)}) � ⊆ t^∧ ((c_0(X), u_0)^∧) ,

and ^X^{(N)} is dense in (X^∧)^N. Further, for every natural number n and every x ∈ X, we have

(π_n(t^∧(χ)), x) = (t^∧(χ), ν_n(x)) = (χ, t ∘ ν_n(x)) = (χ, ν_n(x)) = (χ ∘ ν_n, x) = (g_n, x). □

Moreover, in Proposition 39 below we show that also j^∧ has dense image. Taking into account Proposition 32, in what follows we identify (algebraically) the dual group (c_0(X), u_0)^∧ with its image t^∧((c_0(X), u_0)^∧) ⊆ ^X^N. We also say that an element g = (g_n)_{n∈N} ∈ ^X^N determines a character of (c_0(X), u_0) if g belongs to (c_0(X), u_0)^∧. It is natural to ask:

Question 33. Let X be an Abelian topological group. Which elements of ^X^N determine continuous characters of (c_0(X), u_0)?

Below we give a necessary condition and a sufficient one for g ∈ ^X^N to determine a continuous character of (c_0(X), u_0). We start from the necessary condition. The next proposition is proved in [21] (see item (2) before Notation 4.5 and Proposition 5.1(b)). We give its proof to make the paper more self-contained.

Proposition 34 ([21]). Let X be an Abelian topological group.

(1) If an element g = (g_n)_{n∈N} ∈ ^X^N determines a continuous character χ of (c_0(X), u_0), then g satisfies the condition:

(α) for every x = (x_n)_{n∈N} ∈ c_0(X) there exists a limit

lim_{n→∞} n� i=1 (g_i, x_i).

(2) If an element g = (g_n)_{n∈N} ∈ ^X^N satisfies the condition (α), then g determines a character χ of (c_0(X), u_0) by the formula

(χ, x) := lim_{n→∞} n� i=1 (g_i, x_i), ∀x = (x_n)_{n∈N} ∈ c_0(X).

Proof: (1) Fix arbitrarily x = (x_n)_{n∈N} ∈ (c_0(X), u_0). By Lemma 25, we have x_n =

�_n i=1 ν_i(x_i) → x in (c_0(X), u_0). Let g = t^∧(χ) for some χ ∈ (c_0(X), u_0)^∧.

Then Proposition 32(2) implies

(χ, x) = lim_{n→∞}(χ, x_n) = lim_{n→∞} n� i=1 (χ, ν_i(x_i)) = lim_{n→∞} n� i=1 (g_i, x_i).

Thus g satisfies condition (α).

(2) is trivial. □

Now we give a simple sufficient condition.

Proposition 35. Let X be an Abelian topological group and let g = (g_n)_{n∈N} ∈ ^X N satisfy the following condition

(∗) there exists an open subgroup H of X and a natural number m such that g_n ∈ H^⊥ for every n ≥ m.

Then g determines a continuous character χ of (c_0(X), u_0) by the formula

(χ, x) := lim_{n→∞} n� i=1 (g_i, x_i), ∀x = (x_n)_{n∈N} ∈ c_0(X).

Proof: Let us show first that g determines a character χ of (c_0(X), u_0). Indeed, for every x = (x_n)_{n∈N} ∈ c_0(X) choose a natural number n_0 such that x_n ∈ H for every n > n_0. Then

lim_{n→∞} n� i=1 (g_i, x_i) =

n_0�

i=1 (g_i, x_i).

Thus g defines a character χ of (c_0(X), u_0) by Proposition 34(2).

We claim that χ is continuous. Indeed, fix arbitrarily ε > 0. Choose U ∈ N (X) such that U ⊆ H and � � � � � 1 − m� i=1 (g_i, x_i) � � � � � < ε, for every x_1, . . . , x_m ∈ U,

where m is taken from condition (∗). Then for every x = (x_n) ∈ U^N ∩ c_0(X) we obtain

|1 − (χ, x)| = � � � � 1 − m� i=1 (g_i, x_i) � � � � < ε.

So χ is continuous on (c_0(X), u_0). □

Let X be an Abelian topological group. Following [21], define

c_0(X)^β := � g = (g_n)_{n∈N} ∈ ^X^N : ∃ lim_{m→∞} m� n=1 (g_n, x_n), ∀x = (x_n)_{n∈N} ∈ c_0(X) � . Taking into account Proposition 34 we set

c_0(X)^H := � g = (g_n)_{n∈N} ∈ ^X^N : g satisfies condition (∗) � . Clearly, every g ∈ ^X^{(N)} satisfies condition (∗). Now Propositions 34 and 35 imply

(7) ^X^{(N)} ⊆ c_0(X)^H ⊆ ^(c_0(X), u_0) ⊆ c_0(X)^β.

In what follows the next notion will be useful. Let g = (g_n)_{n∈N} ∈ ^X^N for an Abelian topological group X. We say that g is equicontinuous if the sequence {g_n}_{n∈N} in X^∧ is equicontinuous, i.e., for every ε > 0 there is U ∈ N (X) such that |1 − (g_n, x)| < ε, ∀x ∈ U, ∀n ∈ N.

Note that, if X is discrete (in particular, finite), then every g ∈ ^X^N is trivially equicontinuous.

Lemma 36. Let g = (g_n)_{n∈N} ∈ ^X^N for an Abelian topological group X. If g ∈ ^

(c_0(X), u_0), then g is equicontinuous.

Proof: Take arbitrarily ε > 0. Since g ∈ ^(c_0(X), u_0) there exists U ∈ N (X) such that |1 − (g, x)| < ε, ∀x ∈ U^N ∩ c_0(X).

In particular, for every x ∈ U, we have ν_n(x) ∈ U^N ∩ c_0(X) and |1 − (g_n, x)| = |1 − (g, ν_n(x))| < ε.

Thus g is equicontinuous. □ It is natural to ask (cf. Conjecture 8.2 in [21]):

Question 37. For an Abelian topological group X, let g = (g_n) belong to c_0(X)^β and be equicontinuous. Does g determine a continuous character of (c_0(X), u_0)?

Let us recall (see [2]) that a topological group X is called a P -group if every G_δ -subset in X is open.

Proposition 38. Let X be an Abelian P -group (in particular, discrete). Then (1) c_0(X) = X^{(N)}; (2) c_0(X)^H = ^

(c_0(X), u_0) = ^X^N.

Proof: (1) It is well-known that every compact subset of X is finite [2, §4.4]. So X does not contain nontrivial convergent sequences. Thus c_0(X) = X^{(N)}.

(2) By Proposition 35 it is enough to show that ^X^N ⊆ c_0(X)^H. Let g = (g_n)_{n∈N} ∈ ^X^N. Since X has a linear topology [2, Lemma 4.4.1], for every n ∈ N we can choose an open subgroup U_n of X such that g_n|_{Un} = 0. Set U = ∩_{n∈N}U_n. Then U is an open subgroup of X by the definition of P -groups. Since g_n ∈ U^⊥ for every n ∈ N, we have g ∈ c_0(X)^H. □

In the next proposition we prove that ^X^{(N)} is dense in (c_0(X), u_0)^∧ for every Abelian topological group X.

Proposition 39. Let g = (g_n)_{n∈N} ∈ (c_0(X), u_0)^∧ for an Abelian topological group X. Then g_n → g in (c_0(X), u_0)^∧. Therefore, ^X^{(N)} is dense in (c_0(X), u_0)^∧.

Proof: We have to show that for every compact subset K of (c_0(X), u_0) and every ε > 0 there exists n_0 ∈ N such that, for every n > n_0,

g − g_n ∈ P (K, ε) := {h ∈ (c_0(X), u_0)^∧ : |1 − (h, x)| < ε, ∀x ∈ K}.

Choose a U ∈ N (X) such that

|1 − (g, x)| < ε, ∀x = (x_n)_{n∈N} ∈ U^N ∩ c_0(X).

By Proposition 31 we can choose n_0 ∈ N such that π_n(K) ⊆ U for every n > n_0. In particular, p_n(x) ∈ U^N ∩ c_0(X) for every x ∈ K and every n > n_0. Then, for every x ∈ K and every n > n_0, we have

|1 − (g − g_n, x)| = |1 − (g, p_n(x))| < ε.

So g_n → g in (c_0(X), u_0)^∧. □

5. The proof of Theorem 8

In what follows we use the next lemma.

Lemma 40. Let X and Y be Abelian topological groups. If c_0(X) and c_0(Y ) are characterized in X^N and Y^N respectively, then c_0(X × Y ) is a characterized subgroup of (X × Y )^N.

Proof: Let c_0(X) = s_u(X^N) and c_0(Y ) = s_u(Y^N) for some sequences u = {u_n}_{n∈ω} in �X^N and v = {v_n}_{n∈ω} in ^Y^N, where u_n = (g^n_k )_{k∈N} and v_n = (h^n_k )_{k∈N}. Define the sequence d = {d_n}_{n∈ω} in ( ^X × ^Y )^{(N)} as follows (n ∈ ω)

d_{2n+1} = � (g^n_1 , 0_{^Y} ), (g^n_2 , 0_{^Y} ), . . . � and d_{2n} = � (0_{^X} , h^n_1 ), (0_{^X} , h^n_2 ), . . . � . Then

((x_k, y_k))_{k∈N} ∈ s_d � (X × Y )^N � ⇔ � d_{2n+1}, ((x_k , y_k))_{k∈N} � = (u_n, (x_k)) → 1 and � d_{2n}, ((x_k , y_k))_{k∈N} � = (v_n, (y_k)) → 1 ⇔ (x_k ) ∈ c_0(X) and (y_k) ∈ c_0(Y ) ⇔ ((x_k , y_k))_{k∈N} ∈ c_0(X × Y ).

Thus c_0(X × Y ) is a characterized subgroup of (X × Y )^N by the sequence d. □ Let X be an Abelian topological group and let u = (g_m)_{m∈N} ∈ ^X^{(N)}. If u ≠ 0, we set

N(u) := {m ∈ N : g_m ≠ 0}, q(u) := min{N(u)}, w(u) := max{N(u)}, and if u = 0, we set N(u) := ∅ and q(u) = w(u) := ∞. Put

C_u := � m∈N ker(g_m).

Let u = {u_n}_{n∈ω} be a sequence in ^X^{(N)}. For every r ∈ ω, set

C_r(u) := � n≥r C_{un} .

Then {C_r(u)}_{r∈ω} is an increasing sequence of closed G_δ -subgroups of X by Lemma 11.

To prove Theorem 8 we need some lemmas.

Lemma 41. For every Abelian topological group X and each sequence u = {u_n}_{n∈ω} in �X^N we have � r∈ω (C_r(u))^N ⊆ s_u(X^N).

Proof: Let u_n = (g^n_m)_{m∈N} for every n ∈ ω. Fix r ∈ ω and let x = (x_m) ∈ X^N, where x_m ∈ C_r(u) for all m ∈ N. Then, for every n ≥ r, we have

(u_n, x) = � m∈N (g^n_m, x_m) = 1.

Hence x ∈ s_u(X^N). Thus (C_r(u))^N ⊆ s_u(X^N) for every r ∈ ω. □ Lemma 42. Let an Abelian topological group X be not self-characterized and u = {u_n}_{n∈ω} be a sequence in �X^N. If c_0(X) ⊆ s_u(X^N), then q(u_n) → ∞. Proof: Let u_n = (g^n_m)_{m∈N} for every n ∈ ω. Suppose for a contradiction that q(u_n) ↛ ∞. This means that there exists a natural number k and an increasing sequence of natural numbers {n_s} such that the sequence v := {g^{ns}_k }_{s∈N} ∈ X^∧ contains only non-zero elements. Since X is not self-characterized we have s_v(X) ≠ X (see Remark 20). Take an arbitrary x ∈ X \ s_v(X) and put x := (x_n), where x_k = x and x_n = 0 if n ≠ k.

Clearly, x ∈ c_0(X). Since (u_{ns} , x) = (g^{ns}_k , x) ↛ 1 by the choice of x, we obtain that c_0(X) ⊄ s_u(X^N), a contradiction. Thus q(u_n) → ∞. □

Recall that a decreasing sequence of closed subgroups {K_n}_{n∈N} of an Abelian topological group X is a null-sequence if, for every U ∈ N (X), K_n ⊆ U for all sufficiently large n ∈ N.

Lemma 43. Let an Abelian topological group X be not self-characterized and u = {u_n}_{n∈ω} be a sequence in �X^N. If c_0(X) ⊆ s_u(X^N), then for every nullsequence {K_n}_{n∈N} of closed subgroups of X there exist natural numbers r and n such that

K_n ⊆ C_r(u).

Proof: If u is eventually equal to zero the lemma is trivial. Let u contain infinitely many non-zero elements. Passing to the subsequence of u containing all non-zero elements of u, without loss of generality we can suppose that u_n ≠ 0 for every n ∈ ω. Let u_n = (g^n_m)_{m∈N} for every n ∈ ω. Since u_n ≠ 0 we have N(u_n) ≠ ∅ for every n ∈ ω.

Suppose for a contradiction that there exists a null-sequence {K_n}_{n∈N} of closed subgroups of X such that for every natural numbers r and n

(8) K_n \ C_r(u) ≠ ∅.

Step 1. Let us show that there exists an increasing sequence of natural numbers 1 ≤ r_1 < r_2 < . . . such that, for every k ∈ N,

(9) w(u_{rk} ) < q(u_{rk+1} ), and

(10) K_k \ C_{urk} = K_k \ � � � m∈N(u_{rk} )

ker (g^{rk}_m ) � � ≠ ∅.

We build such a sequence by induction. Let n = 1. Then (8) implies that K_1 \ C_r(u) ≠ ∅ for every r ∈ N. So there exists r_1, 1 ≤ r_1, such that

K_1 \ C_{ur1} = K_1 \ � � � m∈N(u_{r1} )

ker (g^{r1}_m ) � � ≠ ∅.

Assume now that we found r_1 < · · · < r_n satisfying (9), for 1 ≤ k ≤ n − 1, and (10), for 1 ≤ k ≤ n. Lemma 42 implies that there is r^′_n, r^′_n > r_n, such that w(u_{rn} ) < q(u_s) for every natural number s ≥ r^′_n. By (8), there is r^{′′}_n, r^{′′}_n ≥ r^′_n, such that K_{n+1} \ C_r(u) ≠ ∅ for every natural number r ≥ r^{′′}_n. This means that there exists r_{n+1}, r_{n+1} > r^{′′}_n > r^′_n > r_n, such that

K_{n+1} \ C_{urn+1} = K_{n+1} \ � � � m∈N(u_{rn+1} )

ker (g^{rn+1}_m ) � � ≠ ∅.

By the choice of r_{n+1} we have also w(u_{rn} ) < q(u_{rn+1} ). So (9) and (10) are fulfilled.

Step 2. By (10), for every natural number n we can find m_n ∈ N(u_{rn} ) such that

(11) K_n ⊄ ker � g^{rn}_{mn} � . Since K_n is a subgroup of X, (11) implies that there exists x_{mn} ∈ K_n such that

(12) � �1 − �g^rn_{mn} , x_{mn} � � � ≥ 0.25.

It follows from (9) that m_1 < m_2 < . . . . So we can define

x := (x_k ), where x_k = � x_{mn} , if k = m_n for some n ∈ N, 0, otherwise.

Since {K_n} is a null-sequence of closed subgroups of X, clearly, x ∈ c_0(X). Now the choice of x, (9) and (12) imply

|1 − (u_{rn} , x)| = � 1 − � g^{rn}_{mn} , x_{mn} � ≥ 0.25.

Hence x /∈ s_u(X^N) and c_0(X) ⊄ s_u(X^N). This contradiction proves the lemma. □ Proposition 44. Let an Abelian topological group X be not self-characterized. If c_0(X) is a characterized subgroup of X^N, then X has no nontrivial null-sequences of closed subgroups.

Proof: Let u be a characterizing sequence for c_0(X). Suppose for a contradiction that X has a nontrivial null-sequence of closed subgroups. By Lemma 43, C_r(u) ≠ {0} for some natural number r. So (C_r (u))^N ⊆ s_u(X^N) by Lemma 41. Since (C_r (u))^N ⊄ c_0(X) trivially, we obtain that u does not characterize c_0(X). This contradiction shows that X has no nontrivial null-sequences of closed subgroups. □ Now we are in position to prove Theorem 8.

Proof of Theorem 8: (i)⇔(ii) immediately follows from Fact 1 since c_0(X) is dense in X^N.

(i)⇒(iii) Let u = {u_n}_{n∈ω} characterize c_0(X), where u_n = (g^n_m)_{m∈N} ∈ �X^N. Denote by S the countable subgroup of ^X generated by all the elements g^n_m, where n ∈ ω and m ∈ N.

Let us show first that X is metrizable. Indeed, suppose for a contradiction that X is not metrizable. By Lemma 11, we obtain that C_0(u) = S^⊤ is a closed

G_δ -subgroup of X. Since X is compact, ^(X/C_0(u)) = S. Hence the quotient compact group X/C_0(u) is metrizable. Since X is not metrizable we obtain that C_0(u) is not trivial. Now Lemma 41 implies that (C_0(u))^N ⊆ s_u(X^N). Hence c_0(X) ≠ s_u(X^N). This contradiction shows that X is metrizable.

Since X is compact, Theorem 21 and Proposition 44 imply that X has no nontrivial null-sequences of closed subgroups. Since X is metrizable, this means that X has no small subgroups. Thus X is a commutative compact Lie group. It is well-known that X ∼= T^n × F , where n ≥ 0 and F is a finite group (maybe trivial).

(iii)⇒(i) Let X ∼= T^n × F for some integer n ≥ 0 and a finite group F . As it was noticed in the introduction, c_0(T) is a characterized subgroup of T^N.

Since c_0(F^N) = F^{(N)} is a countable subgroup of the compact metrizable group F^N, c_0(F^N) is a characterized subgroup of F^N by [8], [20]. Now Lemma 40 implies that c_0(X) is a characterized subgroup of X^N. □

6. The proof of Theorem 10

We start from the next proposition:

Proposition 45. Let X be an Abelian topological group. If c_0(X) is g-closed in X^N, then X is MAP.

Proof: Suppose for a contradiction that X is not MAP. Denote by H the von Neumann radical of X, i.e., H = ∩_{χ∈ ^X} ker(χ). So that H ≠ 0. Clearly, H^N ⊄

c_0(X). On the other hand, for every sequence u ∈ �X^N we have H^N ⊆ s_u(X^N) by equality (5). Hence H^N ⊆ g(c_0(X)). Thus c_0(X) � g(c_0(X)), a contradiction. □

Let X be an Abelian topological group. For every g ∈ ^X and every natural number n, set

u^g_n := ν_n(g) = (0, . . . , 0, g, 0, . . . ) ∈ ^X^{(N)}, where g is placed in the position n. For every g ∈ ^X, set u_g = {u^g_n}_{n∈N} ⊂ ^X^{(N)}.

Lemma 46. Let X be an Abelian topological group. For every g ∈ ^X, the sequence u_g converges to zero in (c_0(X), u_0)^∧.

Proof: Let K be a compact subset of (c_0(X), u_0) and ε > 0. We have to show that there exists m ∈ N such that, for every n > m,

u^g_n ∈ P (K, ε) := {g ∈ (c_0(X), u_0)^∧ : |1 − (g, x)| < ε, ∀x ∈ K}.

Since g ∈ ^X, we can choose U ∈ N (X) such that

(13) |1 − (g, x)| < ε, ∀x ∈ U.

By Proposition 31, choose m ∈ N such that π_n(K) ⊆ U for every n > m. Then, by (13), for every n > m and every x ∈ K, we have

|1 − (u^g_n, x)| = |1 − (g, π_n(x))| < ε.

Thus u^g_n → 0 in (c_0(X), u_0)^∧. □ Lemma 47. Let X be an Abelian topological group. Then

(i) c_0(X) ⊆ � g∈ ^X su^g (X N); (ii) x = (x_n)_{n∈N} ∈ � g∈ ^X su^g (X

N) if and only if x_n → 0 in σ(X, ^X).

Proof: (i) Let x = (x_k ) ∈ c_0(X). Since x_n → 0 in X, for every g ∈ ^X we have

(u^g_n, x) = (g, x_n) → 1.

Hence x ∈ s_{ug} (X^N) for every g ∈ ^X. Thus c_0(X) ⊆ � g∈ ^X su^g (X N). (ii) By definition, x = (x_n)_{n∈N} ∈ � g∈ ^X su^g (X

N) if and only if (u^g_n, x) = (g, x_n) → 1 for every g ∈ ^X. But this exactly means that x_n → 0 in σ(X, ^X). □ Let us recall that a MAP Abelian group (X, τ) respects compactness if the compact subsets of (X, τ) and (X, σ(X, ^X)) coincide. In analogy to this property we say that a MAP Abelian group (X, τ) respects sequentiality if (X, τ) and (X, σ(X, ^X)) have the same set of convergent sequences. Clearly, if X respects compactness, then it respects sequentiality. Glicksberg [31] proved that every locally compact Abelian group X respects compactness, and hence X respects sequentiality.

Theorem 48. Let (X, τ) be a MAP Abelian group which respects sequentiality. Then c_0(X) is a g-closed subgroup of X^N. More precisely,

(14) c_0(X) = � g∈ ^X

s_{ug} (X^N).

Proof: The inclusion c_0(X) ⊆ � g∈ ^X su^g (X

N) follows from Lemma 47(i). Let us prove the converse inclusion in (14).

Let x = (x_k) ∈ � g∈ ^X su^g (X

N). Lemma 47(ii) implies that x_n → 0 in σ(X, ^X).

Since X respects sequentiality, x_n → 0 in τ as well. Thus x ∈ c_0(X) and (14) is proved. □ Now we are in position to prove Theorem 10.

Proof of Theorem 10: Since c_0(X) is dense in X^N, every sequence u such that c_0(X) ≤ s_u(X^N) is a T -sequence by Fact 1. Now the theorem immediately follows from Theorem 48 and the above-mentioned Glicksberg’s theorem [31]. □ We end with the following problems:

Problem 49. Let X be an Abelian topological group such that c_0(X) is g-closed in X^N. Does X respect sequentiality?

Problem 50. Characterize MAP Abelian groups which respect sequentiality. Acknowledgment. I wish to thank Professor Dikran Dikranjan for discussion of the problems posed in the article.

98 S.S. Gabriyelyan

References

[1] Arhangel’skii A.V., Open and close-to-open mappings. Relations among spaces, Trudy Moskov. Mat. Obsch. 15 (1966), 181–223.

[2] Arhangel’skii A.V., Tkachenko M.G., Topological Groups and Related Structures, Atlantis Press/World Scientific, Amsterdam-Paris, 2008.

[3] Armacost D., The Structure of Locally Compact Abelian Groups, Monographs and Textbooks in Pure and Applied Mathematics, 68, Marcel Dekker, Inc., New York, 1981.

[4] Aussenhofer L., Contributions to the duality theory of Abelian topological groups and to the theory of nuclear groups, Dissertation, Tübingen, 1998; Dissertationes Math. (Rozprawy Mat.) 384 (1999), 113p.

[5] Barbieri G., Dikranjan D., Milan C., Weber H., Answer to Raczkowski’s question on convergent sequences of integers, Topology Appl. 132 (2003), 89–101.

[6] Barbieri G., Dikranjan D., Milan C., Weber H., Convergent sequences in precompact group topologies, Appl. Gen. Topol. 6 (2005), 149–169.

[7] Barbieri G., Dikranjan D., Milan C., Weber H., Topological torsion related to some recursive sequences of integers, Math. Nachr. 281 (2008), 930–950.

[8] Beiglböck M., Steineder C., Winkler R., Sequences and filters of characters characterizing subgroups of compact Abelian groups, Topology Appl. 153 (2006), 1682–1695.

[9] Biró A., Strong characterizing sequences for subgroups of compact groups, J. Number Theory 121 (2006), 324–354.

[10] Biró A., Characterizations of groups generated by Kronecker sets, J. Théor. Nombres Bordeaux 19 (2007), 567–582.

[11] Bíró A., Déshouillers J.-M., Sós V.T., Good approximation and characterization of subgroups of R/Z, Studia Sci. Math. Hungar. 38 (2001), 97–113.

[12] Biró A., Sós V.T., Strong characterizing sequences in simultaneous Diophantine approximation, J. Number Theory 99 (2003), 405–414.

[13] Borel J.P., Sous-groupes de R liés à répartition modulo 1 de suites, Ann. Fac. Sci. Toulouse Math. 5 (1983), 217–235.

[14] Chasco M.J., Pontryagin duality for metrizable groups, Arch. Math. 70 (1998), 22–28. [15] Chasco M.J., Martín-Peinador E., Tarieladze V., On Mackey topology for groups, Studia Math. 132 (1999), 257–284.

[16] Comfort W.W., Raczkowski S.U., Trigos-Arrieta F.J., Making group topologies with, and without, convergent sequences, Appl. Gen. Topol. 7 (2006), 109–124.

[17] Comfort W.W., Ross K.A., Topologies induced by groups of characters, Fund. Math. 55 (1964), 283–291.

[18] Comfort W., Trigos-Arrieta F.-J., Ta Sun Wu, The Bohr compactification, modulo a metrizable subgroup, Fund. Math. 143 (1993), 119–136.

[19] Dikranjan D., Gabriyelyan S.S., On characterized subgroups of compact abelian groups, Topology Appl. 160 (2013), 2427–2442.

[20] Dikranjan D., Kunen K., Characterizing subgroups of compact abelian groups, J. Pure Appl.

Algebra 208 (2007), 285–291.

[21] Dikranjan D., Martín-Peinador E., Tarieladze V., Group valued null sequences and metrizable non-Mackey groups, Forum Math. DOI: 10.1515/forum-2011-0099, February 2012.

[22] Dikranjan D., Milan C., Tonolo A., A characterization of the MAP abelian groups, J. Pure Appl. Algebra 197 (2005), 23–41.

[23] Dikranjan D., Prodanov I., Stojanov L., Topological groups. Characters, Dualities, and Minimal Group Topologies, Marcel Dekker, Inc., New York-Basel, 1990.

[24] Eggleston H.G., Sets of fractional dimensions which occur in some problems of number theory, Proc. London Math. Soc. 54 (1952), 42–93.

[25] Engelking R., General Topology, Panstwowe Wydawnictwo Naukowe, Waszawa, 1977. [26] Gabriyelyan S.S., Groups of quasi-invariance and the Pontryagin duality, Topology Appl.

157 (2010), 2786–2802.

[27] Gabriyelyan S.S., On T -sequences and characterized subgroups, Topology Appl. 157 (2010), 2834–2843.

[28] Gabriyelyan S.S., On a generalization of Abelian sequential groups, Fund. Math. 221 (2013), 95–127.

[29] Gabriyelyan S.S., Minimally almost periodic group topologies on infinite countable Abelian groups: A solution to a question by Comfort, preprint, 2010, arXiv.org/abs/1002.1468.

[30] Gabriyelyan S.S., On T -characterized subgroups of compact Abelian groups, preprint, 2012. [31] Glicksberg I., Uniform boundedness for groups, Canad. J. Math. 14 (1962), 269–276. [32] Graev M., Free topological groups, Izv. Akad. Nauk SSSR Ser. Mat. 12 (1948), 278–324. [33] Hart J.E., Kunen K,, Limits in function spaces and compact groups, Topology Appl. 151 (2005), 157–168.

[34] Hart J.E., Kunen K., Limits in compact Abelian groups, Topology Appl. 153 (2006), 991– 1002.

[35] Hewitt E., Ross K.A., Abstract Harmonic Analysis, Vol. I, 2nd ed., Springer, Berlin, 1979. [36] Kaplan S., Extensions of the Pontryagin duality, I: Infinite products, Duke Math. J. 15 (1948), 649–658.

[37] Kraaikamp C., Liardet P., Good approximations and continued fractions, Proc. Amer.

Math. Soc. 112 (1991), 303–309.

[38] Larcher G., A convergence problem connected with continued fractions, Proc. Amer. Math.

Soc. 103 (1988), 718–722.

[39] Nienhuys J., Construction of group topologies on Abelian groups, Fund. Math. 75 (1972), 101–116.

[40] Petersen K., Shapiro L., Induced flows, Trans. Amer. Math. Soc. 177 (1973), 375–390. [41] Protasov I.V., Zelenyuk E.G., Topologies on abelian groups, Math. USSR Izv. 37 (1991), 445–460; Russian original: Izv. Akad. Nauk SSSR 54 (1990), 1090–1107.

[42] Raczkowski S.U., Totally bounded topological group topologies on the integers, Topology Appl. 121 (2002), 63–74.

[43] Rolewicz S., Some remarks on monothetic groups, Colloq. Math. 13 (1964), 28–29. [44] Siwiec F., Sequence-covering and countably bi-quotient mapping, General Topology Appl.

1 (1971), 143–154.

[45] Winkler R., Ergodic group rotations, Hartman sets and Kronecker sequences, Monatsh.

Math. 135 (2002), 333–343.

Department of Mathematics, Ben-Gurion University of the Negev, Beer- Sheva P.O. 653, Israel E-mail: saak@math.bgu.ac.il

(Received December 10, 2012, revised September 22, 2013)