Comment.Math.Univ.Carolin. 55,1 (2014) 101–109 101

Strong pseudocompact properties

S. García-Ferreira, Y.F. Ortiz-Castillo

Abstract. For a free ultrafilter p on N, the concepts of strong pseudocompactness, strong p-pseudocompactness and pseudo-ω-boundedness were introduced in [Angoa J., Ortiz-Castillo Y.F., Tamariz-Mascarúa A., Ultrafilters and properties related to compactness, Topology Proc. 43 (2014), 183–200] and [García-Ferreira S., Ortiz-Castillo Y.F., Strong pseudocompact properties of certain subspaces of N^∗, submitted]. These properties in a space X characterize the pseudocompactness of the hyperspace K(X) of compact subsets of X with the Vietoris topology. In this paper, we study the strong pseudocompactness and strong p-pseudocompactness of certain spaces. Besides, we established a relationship between these kind of properties and a result involving topological groups of I. Protasov [Discrete subsets of topological groups, Math. Notes 55 (1994), no. 1–2, 101–102].

Keywords: p-pseudocompactness; ultrapseudocompactness; strongly pseudocompactness; strongly p-pseudocompactness; weak P -points; c − OK points; Rudin- Keisler pre-order

Classification: Primary 54A20, 54D99; Secondary 54D80

Preliminaries and introduction

In this article, every space will be Tychonoff and infinite. The Greek letter ω represents the first infinite cardinal number. For a space X, we let D(X) be the set of all discrete subsets of X. If X is a topological space and A ⊆ X, then we denote by cl_X (A) (or simply cl(A)) the closure of A in X. The Stone-Čech compactification βN of the discrete space of natural numbers N will be identified with the set of all ultrafilters on N and its remainder N^∗ will be identified with the set of all free ultrafilters on N. If A ⊆ N, then Â = cl_{β(N)}A = {p ∈ β(N) : A ∈ p} is a basic clopen subset of β(N), and A^∗ = Â \ A = {p ∈ N^∗ : A ∈ p} is a basic clopen subset of N^∗. Given two ultrafilters p, q ∈ βN, we say that p ≤_{RK} q if there exists a function f : N −→ N such that f̄(q) = p, where f̄ is the Stone extension of f to βN. This relation is known as the Rudin-Keisler pre-order on βN. We say that two ultrafilters p and q are ≤_{RK} -equivalent if p ≤_{RK} q and q ≤_{RK} p (in symbols, p ∼ q); they are ≤_{RK} -comparable if either p ≤_{RK} q or q ≤_{RK} p; and they are ≤_{RK} -incomparable if they are not ≤_{RK} -comparable. For p, q ∈ N^∗, it is known that p and q are RK-equivalent iff there is a bijection f : N → N such that

Research of the first-named author was supported by CONACYT grant no. 176202 and PAPIIT grant no. IN-101911.

f̄(p) = q (see [6]). The type of p ∈ N∗ is the set T (p) = {q ∈ N∗ : p ∼ q}. For an infinite set X, we write [X]^ω := {A ⊆ X : |A| = ω}. Those notions used and not defined in this article have the meaning given to them in [7].

Following the paper [11], given a space X, p ∈ N^∗ and a sequence (S_n)_{n∈N} of nonempty subsets of X, we say that x ∈ X is a p-limit of (S_n)_{n∈N}, in symbols x = p − lim_{n→∞} S_n, if {n ∈ N : S_n ∩ W ≠ ∅} ∈ p for each neighborhood W of x. In particular, if (x_n)_{n∈N} is a sequence of points of X and x is a p-limit point of this sequence, then the point x is unique and we simply write x = p − lim_{n→∞} x_n rather than x = p−lim_{n→∞}{x_n}. In some cases, the set of p-limit points, denoted by L(p, (S_n)_{n∈N}), of a sequence (S_n)_{n∈N} of nonempty subsets of X can have more than one point. The concept of p-limit point of a sequence of points has been around in the mathematical literature for a long time and has been considered by several mathematicians (for instance, R.A. Bernstein [4], H. Furstenberg [8, p. 179] and E. Akin [1, p. 5, 61]). For p ∈ N^∗, a topological space X is named p-pseudocompact if every sequence of nonempty open subsets of X has a p-limit point. This concept of p-pseudocompactness was introduced by Ginsburg and Saks [11]. In the literature, a space X is called pseudo-ω-bounded if for each sequence (U_n)_{n∈N} of nonempty open subsets of X there is a compact subset K of X such that K ∩ U_n ≠ ∅ for each n ∈ N, a space X is called ultrapseudocompact if X is p-pseudocompact for all p ∈ N^∗. As in the paper [3], a space X is called strongly p-pseudocompact, for p ∈ N^∗, if for each sequence (U_n)_{n∈N} of nonempty open subsets of X there are a sequence (x_n)_{n∈N} of points in X and x ∈ X such that x = p−lim_{n→∞} x_n and x_n ∈ U_n for all n ∈ N. Base on this notion, a space X is called strongly pseudocompact if for each sequence (U_n)_{n∈N} of nonempty open subsets of X there are p ∈ N^∗, a sequence (x_n)_{n∈N} of points in X and x ∈ X such that x = p − lim_{n→∞} x_n and x_n ∈ U_n for all n ∈ N (see [9]). All this notions arose from the following result concerning hyperspaces. Given a space X, K(X) denotes the hyperspace of compact subsets of X with the Vietoris topology.

Theorem 0.1 ([2, Theorem 2.2]). Let X be a topological space. Then the following statements are equivalent:

(1) X is pseudo-ω-bounded, (2) K(X) is pseudocompact, (3) K(X) is p-pseudocompact for some p ∈ N^∗, and (4) K(X) is strongly p-pseudocompact for some p ∈ N^∗.

It is easy to check that the strong pseudocompactness of K(X) is equivalent to any statement of the previous theorem. Also, the properties of p-pseudocompact-ness and strong p-pseudocompactness are equivalent under locally compactness, and for every space X satisfying N ⊆ X ⊆ βN (see [3]). The first examples of p-pseudocompact spaces non-strongly p-pseudocompact, was given in [9] (actually, ultrapseudocompact non-strongly pseudocompact spaces). An example of a strongly pseudocompact non-ultrapseudocompact space is a countable compact space whose square is not pseudocompact. In Section 1, we give an example of a strongly pseudocompact, ultrapseudocompact non-strongly p-pseudocompact space for several p ∈ N^∗. In the second section, we use some ideas of I. Protasov [12] to give an approach to the answer to the next question:

Question 0.2. Is it true that every pseudocompact group G is strongly pseudocompact?

Unfortunately, we could not answer this question.

1. Strong pseudocompactness and p-pseudocompactness

Clearly, strong pseudocompactness is stronger than pseudocompactness and weaker than countable compactness. It is proved in [3] that the set of RKpredecessors P_{RK} (p) of p is a strongly p-pseudocompact, non-p-compact space, for any p ∈ N^∗. Also it is showed in [9] that the subspace of weak P -points of N^∗ is an ultrapseudocompact, non-strongly pseudocompact space. The only missing implication between these properties is from the strong pseudocompactness to the p-pseudocompactness. In the present section, we will show that this implication is false. To construct our example we shall need the following two lemmas. The first one is a well-known result due to Z. Frolík (for a proof see [5, Lemma 8.2]).

Lemma 1.1. Let S, T ∈ [N^∗]^ω. If cl(S) ∩ cl(T ) ≠ ∅, then either cl(S) ∩ T ≠ ∅ or S ∩ cl(T ) ≠ ∅.

To the rest of this paper, we simplify our notation introducing the following definition.

Definition 1.2. Let X be a space. Given S ∈ [P(X) \ {∅}]^ω and p ∈ N^∗, the p-boundary of S in X is the set

B_p(S) = {x ∈ X : x = p − lim_{n→∞} x_n, {x_n : n ∈ N}^1 ⊆ ⋃ S and

∀A ∈ S(|{n : x_n ∈ A}| < ω)}.

Lemma 1.3. Let U be an infinite family of nonempty pairwise disjoint clopen sets of N^∗ and let p, q ∈ N^∗. If there exist two countable sets S_1, S_2 ⊆ U such that B_p(S_1) ∩ B_q(S_2) ≠ ∅, then p and q are RK-equivalent.

Proof: Fix z ∈ B_p(S_1) ∩ B_q (S_2). Choose {x_n : n ∈ N} ⊆ ⋃ S_1 and {y_m :

m ∈ N} ⊆ ⋃ S_2 satisfying the conditions of Definition 1.2. In particular, z = p − lim_{n→∞} x_n = q − lim y_m. Consider the sets

A = {n ∈ N : ∃m ∈ N(x_n = y_m)} and B = {m ∈ N : ∃n ∈ N(y_m = x_n)}.

Claim: We have that A ∈ p, B ∈ q, {m ∈ N : ∃n ∈ A ∩ C(y_m = x_n)} ∈ q for every C ∈ p, and {n ∈ N : ∃m ∈ B ∩ D(x_n = y_m)} ∈ p for every D ∈ q.

Proof of Claim: Suppose A /∈ p. Since p is an ultrafilter, N \ A ∈ p and hence p − lim_{n∈N\A} x_n = z. So, without loss of generality, we can assume that A = ∅.

1In the set notation {xn : n ∈ N}, we shall undertand that xn ≠ xm whenever n ≠ m.

But, on the other hand, by Lemma 1.1, cl({x_n : n ∈ N}) ∩ {y_m : m ∈ N} ≠ ∅ or {x_n : n ∈ N} ∩ cl({y_m : m ∈ N}) ≠ ∅. Then {x_n : n ∈ N} ∩ {y_m : m ∈ N} ≠ ∅ which is a contradiction. This prove that A ∈ p and, in a similar way, we can prove that B ∈ q.

Now, let C ∈ p. Let S_1 = {U_n : n ∈ N}. For each n ∈ A \ C choose a_n ∈ U_n \ {y_m : m ∈ N} and let a_n = x_n in other case. Of course, z = p − lim_{n→∞} a_n. Applying the part of the Claim already proved, we obtain that {m ∈ N : ∃n ∈ A ∩ C(y_m = a_n)} = {m ∈ N : ∃n ∈ N(y_m = a_n)} ∈ q. The proof of {n ∈ N : ∃m ∈ B ∩ D(x_n = y_m)} ∈ p is similar.

Let f : N → N be a function such that f|_A : A → B is the bijection defined by f(n) = m iff x_n = y_m. By the Claim, we have that f(p) = q and so q ≤_{RK} p. Therefore, by [6, Theorem 9.2], p and q are RK-equivalent. □

We are ready to construct our example.

Example 1.4. Let {C_η : η < c} be a family of subsets of N^∗ such that:

(1) p and q are RK-incomparable provided that p ∈ C_η , q ∈ C_ζ where η < ζ < c; and (2) |C_η | = 2^c for each η < c.

There is a strongly pseudocompact, ultrapseudocompact space that it is not strongly p-pseudocompact for all p ∈ ⋃ η<c C_η.

Proof: Fix a MAD family A of size c and let S be a partition of {A^∗ : A ∈ A} in subsets of size ω. Enumerate ⋃ η<c C_η by {p_ξ : ξ < 2^c} and S by {S_η : η < c}.

Now re-enumerate S by {S_ξ : ξ < 2^c} in such a way that p_ξ ∈ C_η iff S_ξ = S_η, for η < c and for ξ < 2^c. For each ξ < 2^c, let X_ξ = N^∗ \ B_{pξ} (S_ξ). The space will be X = ⋂ ξ<2^c Xξ with the topology inherited from N

∗. Observe that A^∗ ⊆ X for all A ∈ A. Thus, X has dense interior in N^∗. Since X contains the subspace of weak P -points of N^∗ and this space is ultrapseudocompact [9], we obtain that X is ultrapseudocompact too. We shall prove that X is strongly pseudocompact and it is not strong p-pseudocompact for any p ∈ ⋃ η<c C_η . First, we shall prove that X is not strong p-pseudocompact for any p ∈ ⋃ η<c C_η . Fix η < c and p ∈ C_η.

We know that p = p_ξ for some ξ < 2^c. Let {V_n : n ∈ N} be an enumeration of S_ξ. Suppose that (x_n)_{n∈N} is any sequence of points such that x_n ∈ V_n for every n ∈ N. Then the p-limit point of (x_n)_{n∈N} belongs to B_{pξ} (S_ξ). This shows that X cannot be strongly p-pseudocompact. To prove that X is strongly pseudocompact, we let (U_n)_{n∈N} be a sequence of nonempty open subsets of X. Without loss of generality, we may assume that for each n ∈ N there is A_n ∈ A such that U_n ⊆ A^∗_n and U_n is clopen in N^∗. We need to consider three cases:

Case I. There is m ∈ N such that |{n ∈ N : A_n = A_m}| = ω. In this case just pick any sequence (x_n)_{n∈N} in X so that x_n ∈ U_n \ {x_i : i < n}. Since A^∗_m is compact, any accumulation point of {x_n : n ∈ N and A_n = A_m} lies in A^∗_m ⊆ X.

Case II. There are an infinite set B ⊆ N and an injective function ϕ : B → S such that U_n ∩( ⋃ ϕ(n)) ≠ ∅ for every n ∈ B. Now choose a sequence (x_n)_{n∈N} in X so that x_1 ∈ U_1 and x_n ∈ [U_n ∩ ϕ(n)] \ {x_i : i < n} for every n ∈ B \ {1}. Let q be any accumulation point of the set {x_n : n ∈ B} in N^∗. Suppose that q /∈ X. Then there is ξ < 2^c such that q ∈ B_{pξ} (S_ξ). Hence, there exists a sequence (y_n)_{n∈N} in ⋃ S_ξ such that q = p_ξ − lim_{n→∞} y_n. By Lemma 1.1, we must have that either cl_N∗ ({x_n : n ∈ B}) ∩ {y_n : n ∈ N} ≠ ∅ or {x_n : n ∈ B} ∩ cl_N∗ ({y_n : n ∈ N}) ≠ ∅. Hence, we obtain that {x_n : n ∈ B} ∩ cl_N∗ ({y_n : n ∈ N}) ≠ ∅, but this contradicts the assumption ϕ(n) ∩ S_ξ is finite for all n ∈ B. Therefore, q ∈ X.

Case III. The first two cases do not hold. Then there is η < c such that {V ∈ S_η : ∃n ∈ N(U_n ⊆ V )} is infinite and each U_n and each element of S_η contains finitely many U_n’s. Without loss of generality, we may assume that for every n ∈ N there is V ∈ S_η such that U_n ⊆ V . As before, pick x_1 ∈ U_1 and x_n ∈ U_n \ {x_i : i < n} for each n > 1. Choose ζ < c so that C_η ≠ C_ζ and fix q ∈ C_ζ . Then, z = q − lim_{n→∞} x_n ∈ B_q(S_η ). Suppose that z /∈ X. Then there exists ξ < 2^c such that z ∈ B_{pξ} (S_ξ). Let {y_n : n ∈ N} ⊆ ⋃ S_ξ such that z = p_ξ − lim y_n. It follows from Lemma 1.1 that {x_n : n ∈ N} ∩ {y_n : n ∈ N} ≠ ∅, and so S_ξ = S_η. This implies that p_ξ ∈ C_η . Since η ≠ ζ, we must have that p_ξ and q are RK-incomparable. On the other hand, as z ∈ B_q (S_η ) ∩ B_{pξ} (S_ξ ), by Lemma 1.3, q and p_ξ are RK-equivalent which is impossible. Therefore, z ∈ X and it is an accumulation point of the set {x_n : n ∈ N}. This shows that X is strongly pseudocompact. □

So far, we do not know whether or not there is a strongly pseudocompact space that it is not strongly p-pseudocompact for all p ∈ N^∗. This will be true when N^∗ = ⋃ η<c C_η and the family {C_η : η < c} satisfies the two conditions from the previous example. But we know that there are models of ZF C where N^∗ = ⋃ η<c C_η does not hold (see for instance the book [13] that describes a model of ZF C in which there is a free ultrafilter on N^∗ which is RK-below any free ultrafilter on N). By using the 2^c-many weak P -points of N^∗ pairwise RKincomparable constructed in [14], we can see that there is, in ZF C, a family of C_η ’s satisfying the conditions of Example 1.4.

2. Pseudocompact groups

I. Protasov [12] has shown that every infinite totally bounded group contains a nonclosed discrete subset. Inspired in the proof of his result we introduce the following notions.

Definition 2.1. We say that a space X is:

(1) D-pseudocompact if for every infinite countable family {U_n : n ∈ N} of nonempty pairwise disjoint open subsets, there is a discrete set D ⊆ ⋃ n∈N U_n such that cl(D) \ ⋃ n∈N cl(U_n) ≠ ∅ and |U_n ∩ D| ≤ ω for all n ∈ N;

(2) F-pseudocompact if for every infinite countable family {U_n : n ∈ N} of nonempty pairwise disjoint open subsets, there is a non-closed discrete set D ⊆ ⋃ n∈N U_n such that |U_n ∩ D| < ω for all n ∈ N.

These two properties are closely related to the strong pseudocompactness which is equivalent to: for every sequence (U_n)_{n∈N} of nonempty pairwise disjoint open sets, there exists a discrete set D such that cl(D) \ ⋃ n∈N U_n ≠ ∅ and |D ∩ U_n| = 1 for all n ∈ N. Clearly, by definition,

strongly pseudocompact ⇒ F -pseudocompact ⇒ D-pseudocompact. An example of a pseudocompact non-D-pseudocompact space is given in [9]. Next, we give an example of a D-pseudocompact, non-F -pseudocompact space X.

Example 2.2. There is a D-pseudocompact space X that is not F -pseudocompact.

Proof: Fix a free ultrafilter p on N and let {A_n : n ∈ N} be a partition of N in infinite sets. Define

B_n = T (p) ∩ A^∗_n, and P_n = {p − lim_{n→∞} x_n : {x_n : n ∈ N} ∈ [D(B_n)]^ω}

for each n ∈ N. Clearly, for every n ∈ N and all S ∈ [D(B_n)]^ω, we can choose a point q(n, S) ∈ cl(S) \ P_n. Let

Q_n = {q(n, S) : S ∈ [D(B_n)]^ω }, for each n ∈ N.

Observe that ( ⋃ n∈N P_n ) ∩ T (p) = ∅. The desired space will be: X = ( ⋃ n∈N (B_n ∪ Q_n) ) ∪ B_p ( {P_n : n ∈ N} ) . To prove that X is D-pseudocompact, let {U_i : i ∈ N} be a pairwise disjoint family of nonempty open sets. Without loss of generality, assume that ⋃ i∈N U_i ⊆ ⋃ n∈N A^∗_n. We will verify two cases:

Case I. There is n ∈ N such that |{i ∈ N : U_i ∩ A^∗_n ≠ ∅}| = ω. In this case there is an infinite subset T of N such that U_i ∩ A^∗_n ≠ ∅ iff i ∈ T . As B_n is dense in A^∗_n, it is possible to pick some x_i ∈ B_n ∩ U_i for each i ∈ T . Since {x_i : i ∈ T } ∈ [D(B_n)]^ω, by definition, q(n, {x_i : i ∈ T }) ∈ Q_n \ ⋃ i∈N cl(U_i).

Case II. The first case does not hold, i.e. |{i ∈ N : U_i ∩ A^∗_n ≠ ∅}| < ω for each n ∈ N. Then, |{n ∈ N : ∃i ∈ N(U_i ∩ A^∗_n ≠ ∅)}| = ω. In this case there is {k_n : n ∈ N} ⊆ N and there is {i_n : n ∈ N} ⊆ N such that k_0 < k_1 < . . . < k_n < . . . and A_{kn} ∩ U_{in} ≠ ∅ for each n ∈ N. Choose S^n ∈ [D(B_{kn} ∩ U_{in} )]^ω such that x_n = p − lim_{n→∞} S^n ∈ U_{in} for each n ∈ N, thus x_n ∈ P_{kn} ∩ U_{in} for each n ∈ N. Let z = p − lim_{n→∞} x_n and D = ⋃ n∈N S^n. Then D is a countable discrete subset of ⋃ n∈N U_i such that z ∈ B_p({P_n : n ∈ N}) ∩ cl(D).

Since B_p ( {P_n : n ∈ N} ) ∩ ( ⋃ n∈N A^∗_n ) = ∅, z ∈ cl(D) \ ⋃ i∈N cl(U_i). Therefore, X is D-pseudocompact.

Now, suppose that X is F -pseudocompact and let U_n = B_n ∪Q_n for each n ∈ N. Then there are a discrete set D ⊆ ⋃ n∈N U_n and one point z ∈ cl(D) \ ⋃ n∈N U_n such that |D ∩ U_n| < ω for each n ∈ N. Thus z ∈ B_p({P_n : n ∈ N}). Let {y_i : i ∈ N} ⊆ {P_n : n ∈ N} such that z = p − lim_{n→∞} y_i. By Lemma 1.1, cl({y_i : i ∈ N}) ∩ D ≠ ∅ or {y_i : i ∈ N} ∩ cl(D) ≠ ∅. Since cl({y_i ∈ N}) \ B_p ( {P_n :

n ∈ N} ) = {y_i : i ∈ N} and cl(D) \ B_p ( {P_n : n ∈ N} ) = D, we obtain that {y_i : i ∈ N} ∩ D ≠ ∅ but this is a contradiction because of {y_i : i ∈ N} ∩ X = ∅. Thus X cannot be F -pseudocompact. □

We could not answer the next question.

Question 2.3. Is there an F -pseudocompact non-strongly pseudocompact space?

We can see that in the proof of I. Protasov it is shown that every totally bounded topological group is D-pseudocompact. On the other side, it is wellknown that every pseudocompact group is totally bounded. All these remarks make Question 0.2 be natural and interesting. By using the basic idea of the construction of Protasov, we can prove the following.

Theorem 2.4. Every pseudocompact topological group is F -pseudocompact.

Proof: Let G be a pseudocompact group and let (U_n)_{n∈N} be a sequence of nonempty pairwise disjoint open sets of G. Since G is pseudocompact we can find an accumulation point x for the sequence (U_n)_{n∈N}. Without loss of generality, assume that x = e. By the proof of Lemma from [12], we can find a discrete set {a_n : n ∈ N} such that:

(1) The set {a_na^{−1}_m : n, m ∈ N and n < m} is discrete, (2) {a_na^{−1}_m : m ∈ N} ⊆ U_n for each n ∈ N, and (3) e ∈ cl({a_na^{−1}_m : n, m ∈ N and n < m}).

Let D = {a_na^{−1}_m : n, m ∈ N and n < m ≤ 2n}. It is evident that |D ∩ U_n| < ω for every n ∈ N. Now, let U be an open set such that e ∈ U. Fix a symmetric open neighborhood V of e so that V^2 ⊆ U. Since G is totally bounded, there is a finite set F such that {a_n : n ∈ N} ⊆ V F . If i > |F |, then, there are n, m ∈ N and g ∈ F such that i ≤ n < m ≤ 2i ≤ 2n and a_n, a_m ∈ V g. So a_na^{−1}_m ∈ D and a_na^{−1}_m ∈ (V g)(V g)^{−1}. As (V g)(V g)^{−1} = V^2 ⊆ U, we obtain that D ∩ U ≠ ∅. Since e /∈ D, D is not closed. Therefore, G is F -pseudocompact. □

When we tried to construct an example of an F -pseudocompact, non-strongly pseudocompact group, we ran into the following obstacle.

Recall that an ultrafilter p ∈ N^∗ is a Q-point if for every infinite partition {P_n : n ∈ N} of N in finite sets, there is A ∈ p such that |A ∩ P_n| = 1 for each n ∈ N (we remark that the existence of Q-points is independent from the axioms of ZF C).

Proposition 2.5. Let (U_n)_{n∈N} be a sequence of nonempty open sets of X. Suppose that {y_m : m ∈ N} ⊆ ⋃ n∈N U_n satisfies that |U_n ∩ {y_m : m ∈ N}| < ω, for all n ∈ N, and (y_m)_{m∈N} has a p-limit x ∈ X for some Q-point p. Then there is a set {x_n : n ∈ N} ⊆ {y_m : m ∈ N} such that U_m ∩ {x_n : n ∈ N} = {x_m} for each m ∈ N and x ∈ cl({x_n : n ∈ N}).

Proof: Without loss of generality, we can suppose that the sets U_n’s are pairwise disjoint. For each n ∈ N, we let P_n = {m : y_m ∈ U_n}. It is evident that the family

{P_n : n ∈ N} is a partition of N in finite sets. Since p is a Q-point, there is a set A ∈ p such that |A ∩ P_n| = 1 for every n ∈ N. Define N(n) as the unique natural number in A∩P_n and let x_n = y_{N(n)}. Clearly, U_m ∩{x_n : n ∈ N} = {x_m} for each m ∈ N. Let x = p − lim_{n→∞} y_m. We are going to prove that x ∈ cl({x_n : n ∈ N}). Suppose that this assertion is false. Let V be an open set such that x ∈ V and V ∩ {x_n : n ∈ N} = ∅. Since x = p − lim_{n→∞} y_m,

{m ∈ N : y_m ∈ V } \ A = {m ∈ N : y_m ∈ V } ∈ p,

but this is a contradiction because of A ∈ p and p is an ultrafilter. So, x ∈ cl({x_n : n ∈ N}). □

This proposition was the main problem to construct a pseudocompact group that is not strongly pseudocompact. In the way towards a possible construction inside of the Cantor cube {0, 1}^c we showed the following.

Given a product X = ∏ i∈I X_i and J ⊆ I, we define X_J := ∏ i∈J X_i and let π_J : X → X_J be the projection map. For A ⊆ X we set sup(A) := {i ∈ I : π_i[A] ≠ X_i}.

Theorem 2.6. Let {X_i : i ∈ I} be a family of compact metric spaces and let X = ∏ i∈I X_i. Then, every pseudocompact dense subspace of X is ultrapseudocompact.

Proof: Assume that Y ⊆ X is a pseudocompact dense subspace of X. Fix a sequence of open sets (U_n)_{n∈N} in Y and p ∈ ω^∗. For each n ∈ N, choose an open set W_n of X such that U_n = Y ∩ W_n. Let S = ⋃ n∈N sup(W_n). For each n ∈ N pick u_n ∈ U_n and let z_n = π_S (u_n). Since X_S is compact there exists z = p − lim_{n→∞} z_n. Let V = {x ∈ X : π_S (x) = z}. Note that V is a G_δ set of X. Since Y is a pseudocompact dense subset of the compact space X, Y must be G_δ -dense in X. Hence, we obtain that V ∩ Y ≠ ∅. Pick any y ∈ V ∩ Y .

Claim: y ∈ L(p, (U_n)_{n∈N}).

Proof of Claim: Let B be an open set of X with y ∈ B. Then

{n ∈ N : (B ∩ Y ) ∩ U_n ≠ ∅} = {n ∈ N : (B ∩ W_n) ∩ Y ≠ ∅} = {n ∈ N : B ∩ W_n ≠ ∅} ⊇ {n ∈ N : z_n ∈ π_S [W_n] ≠ ∅} ∈ p.

So y ∈ L(p, (U_n)_{n∈N}). □

Thus, every dense pseudocompact subgroup of a Cantor cube {0, 1}^α, for any uncountable cardinal α, is actually ultrapseudocompact. Indeed, this assertion is also a direct consequence of the fact that every pseudocompact topological group is ultrapseudocompact (for a proof see [10]).

To finish the paper we state a particular case of Question 0.2.

Question 2.7. Given an uncountable cardinal α, is every dense pseudocompact subgroup of {0, 1}^α strongly pseudocompact?

Acknowledgment. The authors would like to thank the anonymous referee for careful reading and very useful suggestions and comments that help to improve the presentation of the paper.

References

[1] Akin E., Recurrence in Topological Dynamics: Furstenberg Families and Ellis Actions, The University Series in Mathematics, Plenum Press, New York, 1997.

[2] Angoa J., Ortiz-Castillo Y.F., Tamariz-Mascarua A., Compact like properties on hyperspaces, Mat. Vesnik 65 no. 3 (2013), 306–318.

[3] Angoa J., Ortiz-Castillo Y.F., Tamariz-Mascarúa A., Ultrafilters and properties related to compactness, Topology Proc. 43 (2014), 183–200.

[4] Bernstein A., A new kind of compactness for topological spaces, Fund. Math. 66 (1970), 185–193.

[5] Comfort W.W., Ultrafilters: some old and some new results, Bull. Amer. Math. Soc. 83 (1977), no. 4, 417–455.

[6] Comfort W.W., Negrepontis S., The theory of ultrafilters, Die Grundlehren der mathematischen Wissenschaften, 211, Springer, New York-Heidelberg, 1974.

[7] Engelking R., General Topology, Heldermann Verlag, Berlin, 1989.

[8] Furstenberg H., Recurrence in Ergodic Theory and Combinatorial Number Theory, Princeton University Press, Princeton, 1981.

[9] García-Ferreira S., Ortiz-Castillo Y.F., Strong pseudocompact properties of certain subspaces of N^∗, submitted.

[10] García-Ferreira S., Sanchiz M., On C-compact subsets, Houston J. Math. 23 (1997), 65–86. [11] Ginsburg J., Saks V., Some applications of ultrafilters in topology, Pacific J. Math. 57 (1975), 403–418.

[12] Protasov I.V., Discrete subsets of topological groups, Math. Notes 55 (1994), no. 1–2, 101– 102.

[13] Shelah S., Proper Forcing, Lecture Notes in Mathematics, 940, Springer, Berlin-New York, 1982.

[14] Simon P., Applications of independent linked families, Topology, Theory and Applications (Eger, 1983), Colloq. Math. Soc. János Bolyai 41, North-Holland, Amsterdam-New York, 1985, pp. 561–580.

Centro de Ciencias Matemáticas, Universidad Nacional Autónoma de México, Campus Morelia, Apartado Postal 61–3, Santa María, 58089, Morelia, Michoacán, México E-mail: yasserfoc@yahoo.com.mx

sgarcia@matmor.unam.mx

(Received January 17, 2013, revised August 2, 2013)