Comment.Math.Univ.Carolin. 55,4 (2014) 523–536 523

Mapping theorems on countable tightness and a question of F. Siwiec

Shou Lin, Jinhuang Zhang

Abstract. In this paper ss-quotient maps and ssq-spaces are introduced. It is shown that (1) countable tightness is characterized by ss-quotient maps and quotient maps; (2) a space has countable tightness if and only if it is a countably bi-quotient image of a locally countable space, which gives an answer for a question posed by F. Siwiec in 1975; (3) ssq-spaces are characterized as the ss-quotient images of metric spaces; (4) assuming 2^ω < 2^{ω1} , a compact T_2-space is an ssq-space if and only if every countably compact subset is strongly sequentially closed, which improves some results about sequential spaces obtained by M. Ismail and P. Nyikos in 1980.

Keywords: countable tightness; strongly sequentially closed sets; sequentially closed sets; quotient maps; countably bi-quotient maps; locally countable spaces

Classification: 54B15, 54D55, 54E40

1. Introduction

Topologists obtained many interesting characterizations of spaces by mappings, in particular some images of metric spaces [13]. For example, a space is a sequential space if and only if it is a quotient image of a metric space [7]. E. Michael [19] gave a systematic study for certain quotient images of metric spaces. F. Siwiec [27] gave a survey about first-countable spaces, and posed some questions about the images of metric spaces. One of the most basic and natural generalizations of first countability is countable tightness. Every sequential space has countable tightness, and countable tightness can be characterized as a quotient image of a locally countable space as follows.

Theorem 1.1 ([27]). The following are equivalent for a space X.

(1) X has countable tightness.

(2) X is a pseudo-open image of the topological sum of some countable spaces. (3) X is a quotient image of the topological sum of some countable spaces.

Recently, some questions of Siwiec in [27] caused attention once again [14], [16], [17], [18], [21], [25]. Every open map is countably bi-quotient, and every

The project is supported by the NSFC (No. 11171162, 11201414). DOI 10.14712/1213-7243.014.403

countably bi-quotient map is pseudo-open. The following question was posed by F. Siwiec in [27, p. 33].

Question 1.2. How can one characterize the image of the topological sum of some countable spaces under countably bi-quotient maps?

A key to the question above is the characterization of countable tightness by certain maps. W.C. Hong [11] introduced the concepts of strongly sequentially closed sets, and the spaces of countable tightness can be characterized as follows.

Theorem 1.3 ([11]). The following are equivalent for a space X.

(1) X has countable tightness.

(2) Every strongly sequentially closed set in X is closed. (3) Every strongly sequentially open set in X is open.

Maps related to quotient maps and sequentially quotient maps are introduced in this paper; we call them ss-quotient maps (see Definition 2.2). Countable tightness is characterized by these maps. On the other hand, it is obvious that in any space closed subsets are strongly sequentially closed, and strongly sequentially closed subsets are sequentially closed. The following question is natural.

Question 1.4. How can one characterize by maps the spaces in which each sequentially closed subset is strongly sequentially closed?

It is proved in this paper that the spaces in which each sequentially closed subset is strongly sequentially closed can be characterized as the ss-quotient images of metric spaces, so these spaces are called ssq-spaces in this paper (see Definition 3.1).

In this paper all spaces are topological spaces, and they are not required to satisfy any axioms of separation. All maps are continuous and onto. Readers may refer to [6] for unstated notations and terminologies.

2. Countable tightness

In this section countable tightness is characterized by certain maps, and Question 1.2 is answered.

Definition 2.1. Let X be a space and A ⊂ X.

(1) A is a sequentially closed subset [7] in X if no sequence of points of A converges to a point not in A; A is sequentially open [7] in X if X−A is sequentially closed.

(2) A is a strongly sequentially closed subset [11] in X if no sequence of points of A accumulates to a point not in A; A is strongly sequentially open [11] in X if X − A is strongly sequentially closed.

Definition 2.2. Let f : X → Y be a map.

(1) f is an almost-open map if for every y ∈ Y there is x ∈ f^{−1}(y) such that f(U) is a neighborhood of y in Y when U is a neighborhood of x in X.

(2) f is a quotient map [6] if, whenever F ⊂ Y and f^{−1}(F ) is closed in X, then F is closed in Y .

(3) f is a sequentially quotient map [4] if, whenever F ⊂ Y and f^{−1}(F ) is sequentially closed in X, then F is sequentially closed in Y .

(4) f is an ss-quotient map if, whenever F ⊂ Y and f^{−1}(F ) is strongly sequentially closed in X, then F is strongly sequentially closed in Y .

Open maps are not necessarily ss-quotient maps, and ss-quotient maps are not necessarily sequentially quotient maps (see Examples 5.4 and 5.1).

Definition 2.3. Let X be a space.

(1) X is determined by countable subsets [20] or has countable tightness [19] if for each subset A of X and each x ∈ A, there exists a countable subset C of A such that x ∈ C.

(2) X is a sequential space [7] if each sequentially closed subset of X is closed.

Lemma 2.4 ([19]). (1) Every sequential space has countable tightness.

(2) Spaces of countable tightness are preserved by quotient maps.

Lemma 2.5. Every space is an ss-quotient image of the topological sum of some countable spaces.

Proof: Let X be a space and let {C_α : α ∈ Λ} be the family of all countable subsets in X. For each α ∈ Λ, put M_α = C_α × {α} and define f_α : M_α → C_α by f_α(x, α) = x for each x ∈ C_α. Then M_α is countable and f_α is homeomorphic. Set the topological sum M = ⨁ α∈Λ M_α and define f : M → X by f|_{Mα} = f_α for each α ∈ Λ. It is obvious that f is continuous and onto. We will show that f is an ss-quotient map.

Let H ⊂ X and f^{−1}(H) be strongly sequentially closed in M. If a sequence {x_n} in H has an accumulation point x in X, put C = {x_n : n ∈ N}. Then C is countable, and there exists α ∈ Λ such that C_α = {x}∪C. It follows that (x, α) is an accumulation point of the sequence {(x_n, α)} in M and each (x_n, α) ∈ f^{−1}(H), thus (x, α) ∈ f^{−1}(H), since f^{−1}(H) is strongly sequentially closed. So, x ∈ H. Hence, H is strongly sequentially closed in X. Therefore, f is an ss-quotient map. □

Some relations between ss-quotient maps and quotient maps give the characterization of countable tightness as follows. A space X is called locally countable if for each x ∈ X, there is a neighborhood U of x in X such that U is a countable set. Every locally countable space has countable tightness.

Theorem 2.6. The following are equivalent for a space X.

(1) X has countable tightness.

(2) Every ss-quotient map onto X is quotient. (3) Every quotient map of X is ss-quotient. (4) Every almost-open map of X is ss-quotient.

Proof: (1) ⇒ (2). Let f : M → X be an ss-quotient map, where X has countable tightness. If F ⊂ X and f^{−1}(F ) is closed in M, then f^{−1}(F ) is strongly sequentially closed in M. Since f is ss-quotient, F is strongly sequentially closed in X. Since X has countable tightness, F is closed in X by Theorem 1.3. Hence, f is quotient.

(2) ⇒ (3). Suppose that every ss-quotient map onto X is quotient. Let g : X → Y be a quotient map. By Lemma 2.5, there are a locally countable space M and an ss-quotient map f : M → X. Then f is quotient, and M has countable tightness. Thus X has countable tightness by Lemma 2.4. If F ⊂ Y and g^{−1}(F ) is strongly sequentially closed in X, then g^{−1}(F ) is closed in X by Theorem 1.3. Thus F is closed in Y , and it is strongly sequentially closed in Y . Hence, g is ss-quotient.

(3) ⇒ (4) is obvious. Next, we show that (4) ⇒ (1). If X is not of countable tightness, there is a non-closed subset H in X which is strongly sequentially closed by Theorem 1.3. Define a function f : X → {0, 1} as follows: Put f(H) = {0}, and f(X − H) = {1}. Let Y = {0, 1} have the quotient topology induced by f. Then f is an almost-open map. In fact, since H is not closed, there is a point x_1 ∈ H − H. Then f(U_1) = {0, 1} for each open neighborhood U_1 of x_1 in X. If H is open in X, then {0} is open in Y , thus f(U) is open in Y for each open neighborhood U of x_0 ∈ H. If H is not open in X, there is a point x_0 ∈ H−int(H), then f(U_0) = {0, 1} for each open neighborhood U_0 of x_0 in X. Thus f is almostopen.

Since 1 is an accumulation point of the set {0}, {0} is not strongly sequentially closed in Y . Since f^{−1}({0}) = H is strongly sequentially closed, f is not ssquotient. □

Next, more maps are related to countable tightness and locally countable spaces. Recall some of them.

Definition 2.7. Let f : X → Y be a map.

(1) f is pseudo-open [1] if whenever y ∈ Y and f^{−1}(y) ⊂ U with U being open in X, then f(U) is a neighborhood of y in Y .

(2) f is countably bi-quotient [26] if for each y ∈ Y and for each countable cover U of f^{−1}(y) by open subsets of X there exists some finite family U^′ of U such that y ∈ int(f( ⋃ U^′)).

(3) f is strictly countably bi-quotient [16] or a w-map [29] if for each y ∈ Y and for each countable cover U of f^{−1}(y) by open subsets of X there exists U ∈ U such that y ∈ int(f(U)).

It is obvious that almost-open maps ⇒ strictly countably bi-quotient maps ⇒ countably bi-quotient maps ⇒ pseudo-open maps ⇒ quotient maps.

Theorem 2.8. The following are equivalent for a space X.

(1) X has countable tightness.

(2) X is a strictly countably bi-quotient image of the topological sum of some countable spaces.

(3) X is a strictly countably bi-quotient image of a locally countable space. (4) X is a countably bi-quotient image of a locally countable space.

(5) X is a pseudo-open image of a locally countable space. (6) X is a quotient image of a locally countable space.

Proof: By Lemma 2.4 and Definition 2.7, it is enough to prove that (1) ⇒ (2). Suppose a space X has countable tightness. Let {C_α : α ∈ Λ} be the family of all countable subsets in X. By Lemma 2.5, there are the topological sum M = ⨁ α∈Λ M_α and the ss-quotient map f : M → X. Then f is strictly countably bi-quotient.

In fact, let x ∈ X and {U_n : n ∈ N} be a cover of f^{−1}(x) by open subsets of M. If x /∈ int(f(U_n)) for each n ∈ N, then x ∈ X − f(U_n), and there exists a countable subset C_n of X − f(U_n) such that x ∈ C_n. Put C = {x} ∪ ⋃ n∈N C_n.

Then C is countable, and C = C_α for some α ∈ Λ, and x ∈ C_n ⊂ C_α − f(U_n) for each n ∈ N. Since (x, α) ∈ f^{−1}(x) ⊂ ⋃ n∈N U_n, (x, α) ∈ U_k for some k ∈ N. Then in X we have

x ∈ C_α − f(U_k) ∩ C_α ⊂ C_α − f_α(U_k ∩ M_α) ∩ C_α = cl_{Cα} (C_α − f_α(U_k ∩ M_α)).

Therefore, (x, α) ∈ M_α − U_k ∩ M_α in M, thus U_k ∩(M_α−U_k) ≠ ∅, a contradiction. □ Remark 2.9. (1) The equivalences (1) ⇔ (5) ⇔ (6) in Theorem 2.8 were obtained in [27].

(2) Theorem 2.8 gives a positive answer for Question 1.2.

(3) A map f : X → Y is bi-quotient [19] if for each y ∈ Y and for each cover U of f^{−1}(y) by open subsets of X there exists some finite family U^′ of U such that y ∈ int(f( ⋃ U^′)). Every bi-quotient map is countably bi-quotient. It is easy to see that the following are equivalent for a space X.

(a) X is a locally countable space.

(b) X is an open image of the topological sum of some countable spaces. (c) X is an open image of a locally countable space. (d) X is an almost-open image of a locally countable space. (e) X is a bi-quotient image of a locally countable space.

Example 2.10. There exists an ss-quotient map f : M → X such that f is not pseudo-open, where M is a countable metric space and X has countable tightness.

Put X = {0} ∪ N ∪ (N × N). Define a topology for X as follows: each point in N × N is isolated; U ⊂ X is a neighborhood of n ∈ N in X if and only if V (n, m) = {n} ∪ {(n, k) ∈ N × N : k ≥ m} ⊂ U for some m ∈ N; U ⊂ X is a neighborhood of 0 in X if and only if {0} ∪ ⋃ n≥i V (n, m_n) ⊂ U for some i, m_n ∈ N. The set X endowed with this topology is called Arens’ space S_2 [9, Example 9.10].

There exist a countable metric space M and a quotient map f : M → X such that f is not pseudo-open [9, Example 9.10]. Since X is countable, X has countable tightness. Finally, f is ss-quotient by Theorem 2.6.

3. ssq-spaces

In this section we will answer Question 1.4, and characterize the ss-quotient images of metric spaces. The following concept is introduced.

Definition 3.1. A space X is an ssq-space if and only if each sequentially closed subset of X is strongly sequentially closed.

By Theorem 1.3 and Definition 2.3 the following are obvious.

Proposition 3.2. A space is sequential if and only if it is an ssq-space with countable tightness.

Proposition 3.3. Let f : X → Y be a map.

(1) If f is an ss-quotient map and X is an ssq-space, then f is sequentially quotient and Y is an ssq-space.

(2) If f is a sequentially quotient map and Y is an ssq-space, then f is ssquotient.

Proof: (1) If G ⊂ Y and f^{−1}(G) is sequentially closed in X, then f^{−1}(G) is strongly sequentially closed in X because X is an ssq-space. Since f is an ssquotient map, G is strongly sequentially closed in Y , then G is sequentially closed in Y . Hence, f is a sequentially quotient map.

If H is sequentially closed in Y , then f^{−1}(H) is sequentially closed in X because f is continuous. Since X is an ssq-space, f^{−1}(H) is strongly sequentially closed in X, then H is strongly sequentially closed in Y because f is an ss-quotient map, thus Y is an ssq-space.

(2) If H ⊂ Y and f^{−1}(H) is strongly sequential closed in X, then f^{−1}(H) is sequentially closed in X. Since f is sequentially quotient, H is sequentially closed in Y . Since Y is an ssq-space, H is strongly sequentially closed in Y , then f is ss-quotient. □

Corollary 3.4. (1) ssq-spaces are preserved by ss-quotient maps.

(2) Every ss-quotient map of an ssq-space is sequentially quotient.

Lemma 3.5 ([15]). Every space is a sequentially quotient image of a locally compact metric space.

Theorem 3.6. The following are equivalent for a space X.

(1) X is an ssq-space.

(2) Every sequentially quotient map onto X is an ss-quotient map. (3) X is an image of a locally compact metric space under an ss-quotient map.

(4) X is an image of a metric space under an ss-quotient map.

Proof: (1) ⇒ (2). Let f : M → X be a sequentially quotient map, where X is an ssq-space. By Proposition 3.3, f is an ss-quotient map.

(2) ⇒ (3). By Lemma 3.5, X is a sequentially quotient image of a locally compact metric space. The map is an ss-quotient map by (2).

(3) ⇒ (4) is obvious, and (4) ⇒ (1) follows from Corollary 3.4. □

Question 3.7. Are ssq-spaces preserved by quotient maps?

A space X is Fréchet [7] if, whenever x ∈ A ⊂ X there is a sequence {x_n} in A such that {x_n} converges to x in X.

Every Fréchet space is sequential, and every Fréchet space is preserved by a pseudo-open map [19]. Next, a functional characterization of Fréchet spaces is given using ss-quotient maps.

Theorem 3.8. A T_2-space X is Fréchet if and only if every ss-quotient map onto X is pseudo-open.

Proof: Suppose that X is a T_2 and Fréchet space. Let f : M → X be an ssquotient map. By Theorem 2.6, f is quotient. Since X is T_2 and Fréchet, f is pseudo-open [1].

Conversely, suppose that every ss-quotient map onto X is pseudo-open. By Theorem 2.6, X has countable tightness. By Lemma 3.5, there exist a locally compact metric space M and a sequentially quotient map f : M → X. By Theorem 3.6, f is ss-quotient. Thus f is pseudo-open and X is Fréchet. □

Example 3.9. There are a first-countable T_1-space X and an ss-quotient map f : M → X such that f is not pseudo-open.

Let X be the set N endowed with the finite-complement topology. Then X is a first-countable T_1-space. Take X_0 = X − {0} and X_1 = {2n : n ∈ N} as the subspaces of X. Let M = X_0 ⊕ X_1 and f : M → X be the obvious map. It is easy to check that f is a non-pseudo-open, quotient map. But f is ss-quotient by Theorem 2.6.

Recall that a class of maps is said to be hereditary [1], [4] if whenever f : X → Y is in the class, then for each subspace H of Y , the restriction of f to f^{−1}(H) is in the class. Pseudo-open maps are precisely hereditarily quotient [1]. Sequentially quotient maps are hereditarily sequentially quotient [4].

Example 3.10. We show that ss-quotient maps are not hereditary.

Consider a quotient f : M → X from Example 2.10. Since M is metric, X is sequential, thus X is an ssq-space. Let X_0 = X − N, M_0 = f^{−1}(X_0) and g = f|_{M0} : M_0 → X_0. The subspace X_0 of X is called the Arens-Fort space in [28, Example 26]. Since N×N is sequentially closed, and non-strongly sequentially closed in X_0, X_0 is not an ssq-space. By Corollary 3.4, g is not ss-quotient. Thus ss-quotient maps are not hereditary, and ssq-spaces are not hereditary.

Countable tightness is hereditary. It is well-known that every hereditarily sequential T_2-space is Fréchet. The following question is raised.

Question 3.11. How can one characterize hereditary ssq-spaces?

Example 3.12. There is a compact, Hausdorff and hereditary ssq-space which has not countable tightness.

Let X = [0, ω_1] be endowed with the usual ordinal topology. Then X is a compact, Hausdorff space which has not countable tightness. Next, we will show that X is a hereditary ssq-space. Let A ⊂ Y ⊂ X and A be sequentially closed in Y . If A is not strongly sequentially closed in Y , there exists a sequence {x_n} in A such that {x_n} has an accumulation point α ∈ Y − A. If α = ω_1, then x_n ≠ ω_1 for each n ∈ N, thus x_n < ω_1. There is β < ω_1 such that x_n < β for each n ∈ N. Then a neighborhood (β, ω_1] ∩ Y of α in Y contains no x_n for each n ∈ N, a contradiction. Therefore, α < ω_1. Since [0, ω_1) ∩ Y is open and first-countable in Y , there is a subsequence {x_{ni} } of {x_n} such that x_{ni} → α in Y , then α ∈ A because A is sequentially closed, a contradiction. Hence, A is strongly sequentially closed in Y . Therefore, Y is an ssq-space, and X is a hereditary ssq-space.

4. Strongly sequentially closed sets in compact spaces

It is well-known that every countably compact and sequential space is sequentially compact. The most classic problem about countable tightness is the following Moore-Mrowka Problem [20], [22]: Is every compact T_2-space of countable tightness sequential?

It was shown that the answer to the Moore-Mrowka Problem is No from the set-theoretic principle ♦ [24]. On the other hand, the answer of the Moore-Mrowka Problem is Yes under the Shelah’s Proper Forcing Axiom (PFA) as follows.

Lemma 4.1 ([2, Theorem 2.3]). Assuming (PFA). If X is a compact T_2-space of countable tightness, then every non-isolated point in X has a non-trivial sequence converging to the point.

It is also a question whether there is a compact space of countable tightness that is not sequentially compact [22].

It is obvious that (1) if X is countably compact, then each strongly sequentially closed subset of X is countably compact; (2) each countably compact subset of a T_2-space is sequentially closed. We can discuss strongly sequentially closed sets in countably compact or compact spaces.

Theorem 4.2. Let X be a countably compact and T_2-space. Then X is an ssqspace if and only if X is sequentially compact space in which every countably compact subset is strongly sequentially closed.

Proof: Let X be a countably compact and ssq-space. If X is not sequentially compact, there exists a sequence {x_n} in X which has not any convergent subsequence. Put A = {x_n : n ∈ N}. Then A is sequentially closed, thus A is strongly sequentially closed. Since X is countably compact, {x_n} has an accumulation point x in X, we can assume that x_n ≠ x for each n ∈ N. Since A is strongly sequentially closed, x ∈ A, a contradiction. Hence, X is sequentially compact. Let B be countably compact in X. If B is not strongly sequentially closed in X, then B is not sequentially closed, i.e., there is a sequence {y_n} in B such that y_n → y /∈ B. Since X is T_2, {y_n} has no accumulation point in B, thus B is not countably compact, a contradiction.

Conversely, let X be sequentially compact space in which every countably compact subset is strongly sequentially closed. Suppose that a subset S of X is not strongly sequentially closed. Then S is not countably compact, there is a sequence {z_n} in S such that {z_n} has no accumulation point in S. Since X is sequentially compact, there is a subsequence {z_{nk} } of {z_n} converging to a point z ∈ X, then z /∈ S, and S is not sequentially closed. Hence, X is an ssq-space. □

Remark 4.3. By the proof of Theorem 4.2, the T_2-condition is used only to show that every countably compact subset is strongly sequentially closed in an ssqspace. The condition is essential. There is a sequentially compact and ssq-space X such that X has a countably compact subset which is not strongly sequentially closed. For example, let X be the set N endowed with the finite-complement topology. Then X is a compact, first-countable and T_1-space. Thus X is a sequentially compact and ssq-space, and {2n : n ∈ N} is a countably compact subset in X which is not strongly sequentially closed in X.

Example 4.4. (1) Assuming CH, an example of a sequentially compact, T_2-space X is given such that X has countable tightness and is not sequential in [8, Example 1.2]. By Proposition 3.2, X is not an ssq-space.

(2) There is a separable, sequentially compact, sequential T_2-space which is not compact by [23, Theorem 3.2]

A space X is called C-closed [12] if every countably compact subset of X is closed in X. C-closed property is discussed in [12]. By Theorems 1.3 and 4.2, the following result is obtained.

Corollary 4.5 ([12]). A countably compact T_2-space is sequential if and only if it is a sequentially compact and C-closed space.

Proof: Let X be a countably compact T_2-space. If X is sequential, then X is an ssq-space of countable tightness. Thus X is a sequentially compact space in which every countably compact subspace is closed by Theorems 4.2 and 1.3.

Conversely, if X is a sequentially compact space in which every countably compact subspace is closed, then X is an ssq-space by Theorem 4.2. Let A be strongly sequentially closed in X. Since X is countably compact, then A is countably compact in X, thus A is closed. Hence, X has countable tightness by Theorem 1.3. Therefore, X is sequential. □

Lemma 4.6. Let X be a countably compact T_1-space in which every countably compact subset of X is strongly sequentially closed. If X is separable, then |X| ≤ 2^ω.

Proof: If A is an infinite subset of X, denote an accumulation point in X for some sequence of points of A by α(A). Let T (B) = {α(A) : A ⊂ B, and |A| ≤ ω} for each B ⊂ X. It is easy to see that |T (B)| ≤ |B|^ω .

Now, let D be a countable dense subset of X, and put B_0 = D. If α < ω_1 and for every β < α we have defined B_β with |B_β | ≤ 2^ω, let B_α = ⋃ β<α B_β ∪ T ( ⋃ β<α B_β ). Then |B_α| ≤ 2^ω. Let C = ⋃ α<ω_1 Bα. Then C is countably compact

and |C| ≤ 2^ω, thus C is strongly sequentially closed. Since X is a T_1-space and D is countable, D ⊂ C. Hence X = C, and |X| ≤ 2^ω. □

Remark 4.7. Since the Stone-Čech compactification βN is a separable compact T_2-space with |βN| = 2^c [6], there is a countably compact subset which is not strongly sequentially closed in βN by Lemma 4.6.

Lemma 4.8 ([5] (see [6, 3.12.11])). Let X be a compact T_2-space. If χ(x, X) ≥ m ≥ ω for each x ∈ X, then |X| ≥ 2^m.

Theorem 4.9. Let X be a compact T_2-space in which every countably compact subset of X is strongly sequentially closed. Then X is an ssq-space if one of the following conditions is satisfied.

(1) Assuming 2^ω < 2^{ω1} . (2) |X| < 2^{ω1} .

Proof: Let A be a non-strongly sequentially closed subset in X. Then A is not countably compact in X, and there is a sequence {x_n} in A which has no accumulation point in A. Put B = {x_n : n ∈ N}, and Y = B. Then Y is a separable compact T_2-subspace in which every countably compact subset of X is strongly sequentially closed. By Lemma 4.6, |Y | ≤ 2^ω. Note that Y − B is a compact G_δ -subset of Y , χ(y, Y ) = χ(y, Y − B) for each y ∈ Y − B [6].

Suppose one of the conditions above holds, then |Y | < 2^{ω1} . There is y ∈ Y − B such that χ(y, Y ) ≤ ω by Lemma 4.8. Therefore, there is a subsequence of {x_n} converging to y. Since {x_n} has no accumulation point in A, y ∈ X − A. Thus, A is not sequentially closed. Hence, X is an ssq-space. □

Corollary 4.10 ([12]). Assuming 2^ω < 2^{ω1} . A compact T_2-space is sequential if and only if it is C-closed.

Proof: Let X be a compact T_2-space which is C-closed. X is an ssq-space by Theorem 4.9. Let A be strongly sequentially closed in X. Since X is compact, then A is countably compact in X, thus A is closed. Hence, X has countable tightness by Theorem 1.3. Therefore, X is sequential. □

Let X be a space. A set H ⊂ X is called k-closed [3] in X if H ∩K is relatively closed in K for each compact subset K of X. A space is a k-space [6] if each of its k-closed subset is closed. A space is a kq-space [15] if each of its sequentially closed subset is k-closed. It is obvious that a space is sequential if and only if it is a k-space and kq-space.

Proposition 4.11. Assuming (PFA). Every T_2-space of countable tightness is a kq-space.

Proof: Let X be a T_2-space of countable tightness, and A ⊂ X. If A is not k-closed in X, there is a compact subset K of X such that K ∩ A is not closed in K. Since countable tightness is hereditary, K has countable tightness. By Lemma 4.1, there is a sequence {x_n} in K ∩ A converging to a point x ∈ K − A, thus A is not sequentially closed in X. Hence, X is a kq-space. □

Example 4.12. There is a countably compact, kq-space which is not sequentially compact.

There is an infinite, completely regular, countably compact space X in which all compact subsets are finite by [9, Example 9.1]. It is obvious that X is not sequentially compact. Since each compact subset of X is finite, each subset of X is k-closed, then X is a kq-space. Moreover, X is not an ssq-space by Theorem 4.2.

Example 4.13. (1) k-spaces ⇏ sq-spaces, kq-spaces, C-closed spaces, spaces of countable tightness.

βN is a compact space, thus it is a k-space. Since N is sequentially closed, non-strongly sequentially closed and non-k-closed in βN, βN is not an ssq-space, not a kq-space. βN is not a C-closed space by Remark 4.7. βN is not of countable tightness by [10, Example 7.22].

(2) C-closed, ssq-spaces, kq-spaces ⇏ k-spaces, spaces of countable tightness. Let X be an uncountable set, p ∈ X be a particular point. Define a topology on X by declaring sets whose complement is either countable or includes p to be open. The space is called the Fortissimo space in [28, Example 25]. Since every countable subset of X is closed, then X has not countable tightness, every subset of X is strongly sequentially closed, and each countably compact subset is finite. Thus X is a C-closed, ssq, and kq-space which is not a k-space.

(3) ssq-spaces, k-spaces ⇏ C-closed, kq-spaces, spaces of countable tightness. Let X be the ordinal topological space [0, ω_1]. Then X is a non-sequential, k-space. Thus X is not a kq-space. By Example 3.12, X is an ssq-space which has not countable tightness. Since [0, ω_1) is a countably compact subset which is not closed in X, X is not C-closed.

(4) kq-spaces, C-closed spaces, spaces of countable tightness ⇏ k-spaces, ssqspaces.

Continue Example 2.10. Let X_0 = X − N. It is obvious that X_0 has countable tightness. Since each countably compact subset of X_0 is finite, X_0 is a C-closed, kq-space which is not a k-space. Since N × N is sequentially closed, and nonstrongly sequentially closed in X_0, X_0 is not an ssq-space.

The authors do not know whether (1) there is a space of countable tightness which is not C-closed; (2) there is a C-closed space which is not a kq-space; (3) there is a kq-space which is not C-closed.

5. Examples and questions about maps

Let f : X → Y be a map. The map f is a k-quotient map [3] if, whenever F ⊂ Y and f^{−1}(F ) is k-closed in X, then F is k-closed in Y .

Example 5.1. ss-quotient maps ⇏ sequentially quotient.

Let X = βN be the Stone-Čech compactification of N, and Y = N ∪ {∞} the one point compactification of N. Define a function f : X → Y as follows: f(n) = n for each n ∈ N, and f(x) = ∞ for each x ∈ βN − N. Then f is a map. Since the sequence {n} converges to ∞ in Y and X has no non-trivial convergent sequence, f is not sequentially quotient. On the other hand, if F ⊂ Y is not strongly sequentially closed, then F is infinite and ∞ /∈ F , thus f^{−1}(F ) ⊂ N and each non-trivial sequence in f^{−1}(F ) has an accumulation point in X − N, i.e., f^{−1}(F ) is not strongly sequentially closed in X. Therefore, f is ss-quotient.

Example 5.2. Sequentially quotient maps ⇏ ss-quotient.

Let X be the set βN endowed with the discrete topology. Define a map f : X → βN by f(x) = x for each x ∈ X. Here βN is endowed with the topology of Stone-Čech compactifications. Since βN has no non-trivial convergent sequence, f is sequentially quotient. Since f^{−1}(N) is strongly sequentially closed in X and N is not strongly sequentially closed in βN, f is not ss-quotient.

Example 5.3. ss-quotient maps ⇏ quotient, k-quotient.

Let Y = [0, ω_1] be endowed with the ordinal topology. Put X = [0, ω_1] endowed with the following topology: ω_1 is isolated; the rest points in X have the usual neighborhoods of the ordinal topology. Define a function f : X → Y by the identity map. Then f is a map. Since f^{−1}({ω_1}) = {ω_1} is open in X and {ω_1} is not open in Y , f is not quotient. Let F = [0, ω_1). Since Y is compact, F is not k-closed in Y . Since f^{−1}(F ) is closed in X, it is k-closed in X. Thus f is not k-quotient.

On the other hand, if B ⊂ Y is not strongly sequentially closed in Y , there is a sequence {y_n} in B which has an accumulation point b ∈ Y − B. Since [0, ω_1) is strongly sequentially closed in Y , b < ω_1. We can assume that y_n < ω_1 for each n ∈ N. Then the sequence {y_n} has an accumulation point y /∈ f^{−1}(B) in X, thus f^{−1}(B) is not strongly sequentially closed in X. Therefore, f is ss-quotient.

Example 5.4. Open maps ⇏ ss-quotient.

Let X = [0, ω_1] be endowed with the following topology: ω_1 has the usual neighborhoods of the ordinal topology; each point in [0, ω_1) is isolated. Define a function f : X → {0, 1} by f(ω_1) = 1 and f(x) = 0 for each x ∈ [0, ω_1). The set {0, 1} is endowed with the quotient topology induced by f, then f is open. Since 1 is an accumulation point of the set {0}, {0} is not strongly sequentially closed in {0, 1}. Since f^{−1}({0}) = [0, ω_1) is strongly sequentially closed in X, f is not ss-quotient.

Example 5.5. k-quotient maps ⇏ ss-quotient.

Continue Example 2.10. Let X be the Arens’ space S_2, and X_0 = X − N. Then each compact subset of X_0 is finite. Take D as the set X_0 with the discrete topology. Define a map h : D → X_0 by the identity map. Since each subset of X_0 is k-closed, h is k-quotient. Since N × N is not strongly sequentially closed in X_0 and h^{−1}(N × N) is closed in D, h is not ss-quotient.

Question 5.6. How can one characterize a space such that every ss-quotient map of the space is sequentially quotient?

Question 5.7. How can one characterize a space such that every ss-quotient map onto the space is sequentially quotient?

Question 5.8. How can one characterize a space such that every quotient map onto the space is ss-quotient?

Question 5.9. How can one characterize a space such that every quotient map onto the space is sequentially quotient?

Question 5.10. How can one characterize a space with C-closed property by certain maps?

Acknowledgments. We wish to thank the reviewers for the detailed list of corrections, suggestions to the paper, and all her/his efforts in order to improve the paper.

References

[1] Arhangel’skiǐ A.V., Some types of factor mappings and the relations between classes of topological spaces (in Russian), Dokl. Akad. Nauk SSSR 153 (1963), 743–746.

[2] Balogh Z., On compact Hausdorff spaces of countably tightness, Proc. Amer. Math. Soc.

105 (1989), 755–764.

[3] Boone J.R., On k-quotient mappings, Pacific J. Math. 51 (1974), 369–377. [4] Boone J.R., Siwiec F., Sequentially quotient mappings, Czechoslovak Math. J. 26 (1976), 174–182.

[5] Čech E., Pospíšil B., Sur les espaces compacts, Publ. Fac. Sci. Univ. Masaryk Brno 258 (1938), 3–7.

[6] Engelking R., General Topology (revised and completed edition), Heldermann, Berlin, 1989. [7] Franklin S.P., Spaces in which sequences suffice, Fund. Math. 57 (1965), 107–115. [8] Franklin S.P., Rajagopalan M., Some examples in topology, Trans. Amer. Math. Soc. 155 (1971), 305–314.

[9] Gruenhage G., Michael E.A., Tanaka Y., Spaces determined by point-countable covers, Pacific J. Math. 113 (1984), 303–332.

[10] Hodel R., Cardinal functions I , in: K. Kunen and J.E. Vaughan, eds., Handbook of Settheoretic Topology, Elsevier Science Publishers B.V., Amsterdam, 1984, pp. 1–61.

[11] Hong W.C., A note on spaces which have countable tightness, Commun. Korean Math.

Soc. 26 (2011), 297–304.

[12] Ismail M., Nyikos P., On spaces in which countably compact subsets are closed, and hereditary properties, Topology Appl. 10 (1980), 281–292.

[13] Lin S., Generalized Metric Spaces and Maps, Second Edition, China Science Press, Beijing, 2007.

[14] Lin S., Li K., Ge Y., Convergent-sequence spaces and sequence-covering mappings, Houston J. Math. 39 (2013), 1367–1384.

[15] Lin S., Zheng C., The k-quotient images of metric spaces, Commun. Korean Math. Soc.

27 (2012), 377–384.

[16] Lin S., Zhu Z., A note on countably bi-quotient mappings, Kodai Math. J. 35 (2012), 392–402.

[17] Lin S., Zhu Z., Workshop lecture on the images of some metric spaces (in Chinese), Adv.

Math. (China) 42 (2013), 129–137.

[18] Liu C., Notes on closed mappings, Houston J. Math. 33 (2007), 249–259. [19] Michael E.A., A quintuple quotient quest, General Topology Appl. 2 (1972), 91–138. [20] Moore R.C., Mrowka S.G., Topologies determined by countable objects, Notices Amer.

Math. Soc. 11 (1964), 554.

[21] Mynard F., First-countability, sequentiality and tightness of the upper Kuratowski convergence, Rocky Mountain J. Math. 34 (2004), 733–758.

[22] Nyikos P.J., Problem section, Topology Proc. 2 (1977), 658–688.

[23] Nyikos P.J., Vaughan J.E., The Scarborough-Stone problem for Hausdorff spaces, Topology Appl. 44 (1992), 309–316.

536 S. Lin, J. Zhang

[24] Ostaszewski A., On countably compact, perfectly normal spaces, J. London Math. Soc. 14 (1976), 505–516.

[25] Sakai M., Quotient maps onto submaximal spaces, Topology Appl. 164 (2014), 248–258. [26] Siwiec F., Sequence-covering and countably bi-quotient mappings, General Topology Appl.

1 (1971), 143–154.

[27] Siwiec F., Generalizations of the first axiom of countability, Rocky Mountain J. Math. 5 (1975), 1–60.

[28] Steen L.A., Seebach J.A., Jr., Counterexamples in Topology, reprint of the second (1978) edition, Dover Publications Inc., Mineola, NY, 1995.

[29] Zhu J.P., w-spaces and w-maps, Science Bull. (China) 32 (1987), 68–69.

Institute of Mathematics, Ningde Normal University, Ningde 352100, P.R. China and School of Mathematics and Statistics, Minnan Normal University, Zhangzhou 363000, P.R. China E-mail: shoulin60@163.com, shoulin60@aliyun.com

Department of Mathematics, Fujian Jiangxia University, Fuzhou 350108, P.R. China E-mail: jacyjin@163.com

(Received September 14, 2013, revised December 17, 2013)