Comment.Math.Univ.Carolin. 55,4 (2014) 499–507 499

Some properties of Eulerian lattices

R. Subbarayan, A. Vethamanickam

Abstract. In this paper, we prove that Eulerian lattices satisfying some weaker conditions for lattices or some weaker conditions for 0-distributive lattices become Boolean.

Keywords: Eulerian lattices; 0-distributive lattices; pseudo-0-distributive lattices; super-0-distributive lattices

Classification: 06A06, 06A07, 03G10

1. Introduction

The aim of this paper is to prove some results on Eulerian lattices. We start with the concept of Möbius function [7] defined on a partially ordered set (Poset) which we need in this investigation for the definition of an Eulerian lattice. All lattices in this chapter are assumed to be finite with 0 and 1.

Let P be a finite poset. The Möbius function μ is an integer valued function defined on P × P by the formulae:

μ(x, y) =

1 if x = y 0 if x ≮ y − ∑ x≤z<y μ(x, z) if x < y

Let us recall the height of an element of a lattice L. For a ∈ L, the height of a, ht(a) is the length of the longest maximal chain in [0, a].

For Boolean lattices, the Möbius function assumes the value

μ(x, y) = (−1)^{ht(y)−ht(x)}.

A natural question arises for what larger class of lattices this condition is true. A lattice L is said to be graded if all its maximal chains have same length. An Eulerian lattice is a finite graded lattice L in which μ(x, y) = (−1)^{ht(y)−ht(x)}, for every x ≤ y in L.

For the concept of Eulerian lattices we refer to [15]. Several results on Eulerian lattices are known. For instance, an interval of an Eulerian lattice is Eulerian, an Eulerian lattice is atomistic, finite product of Eulerian lattices is Eulerian, etc.

DOI 10.14712/1213-7243.014.401

500 R. Subbarayan, A. Vethamanickam

Example. Every Boolean algebra of rank n is Eulerian and the lattice C_4 of Figu-

re 1 is an example of a non-modular Eulerian lattice. Also, every C_n is Eulerian

for n ≥ 4.

•

• • • •

• • • •

•

� � � � � � � � � � � � � � � �

� � � � � �

� � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � �

� � � � �

� � � � � �

Figure 1

We note that in an Eulerian lattice L, any element of rank 2 is greater than

exactly two atoms. Dually, any element of rank r(L) − 2 is less than exactly two

co-atoms. We also know that dual of an Eulerian lattice is Eulerian. A modular

Eulerian lattice turns out to be Boolean [12]. This result inspires one to ask what

the resulting lattice would be if one takes weaker class of lattices than modular

Eulerian lattices.

Our interest in this endeavour has originated from this result. In this paper, we

are going to examine the classes of semimodular lattices, supersolvable lattices,

consistent lattices, 0-distributive lattices and 0-modular lattices, 0-semi modular

lattices and weaker conditions of 0-distributive lattices.

Let us first recall the definitions of these lattices.

Definition 1.1. Semimodular lattice.

A lattice L is called semimodular if whenever a covers a ∧ b then a ∨ b covers b,

for all a, b ∈ L.

Definition 1.2. Supersolvable lattice.

A lattice L is said to be supersolvable, if it contains a maximal chain called an M-

chain in which every element is modular. An element m in a lattice L is modular,

if (m ∨ x) ∧ y = (m ∧ y) ∨ x, whenever x ≤ y in L.

Definition 1.3. 0-distributive lattice.

A lattice L is said to be 0-distributive if for all x, y, z ∈ L, whenever x ∧ y = 0

and x ∧ z = 0, then x ∧ (y ∨ z) = 0.

Definition 1.4. 0-modular lattice.

A lattice L is said to be 0-modular if whenever x ≤ y and y ∧ z = 0, then

x = (x ∨ z) ∧ y for all x, y, z ∈ L.

Some properties of Eulerian lattices 501

Definition 1.5. 0-semimodular lattice.

A lattice L is 0-semimodular if whenever a is an atom of L and x is an element of L satisfying a ∧ x = 0 then x ∨ a covers x.

Definition 1.6. Consistent lattice.

A lattice L is said to be consistent if whenever j is a join-irreducible element in L, then for every x ∈ L, x ∨ j is join-irreducible in the upper interval [x, 1].

Definition 1.7. Connectedness of a poset.

A finite poset P is said to be connected if for any two elements x and y in P , there is a path (in the undirected Hasse diagram) connecting x and y.

For example, C_4 which is given in Figure 1 is connected. We note that any interval of a semimodular, supersolvable and consistent lattice also has the corresponding property, see [7], [16] and [6]. So we can liberally apply inductive proof for the above lattices on the rank of the lattices.

The only Eulerian lattice of rank 2 is Boolean. So, hereafter we assume the rank of the lattices are greater than or equal to 3.

Lemma 1.8. The meet of all co-atoms of an Eulerian lattice is 0.

Proof: We prove this by induction on the rank of the lattice. The claim is obviously true in the only Eulerian lattice of rank 2, namely B_2.

Assume that r(L) = d + 1 and that the result is true for any Eulerian lattice of rank ≤ d. Now, let a ∈ L be an atom. Then [a, 1] is an Eulerian lattice of rank d. So, by induction hypothesis, a is the meet of all the co-atoms in [a, 1]. We have 0 = a ∧ b, where b ≠ a is an atom of L. Therefore, 0 is the meet of the co-atoms containing a and b. So, 0 is the meet of all co-atoms of L. Hence we prove the result. □

Definition 1.9. Simplicial poset.

Let P be a poset with 0. P is said to be simplicial if for every element t ∈ P , [0, t] is Boolean.

Dual simplicial poset is defined dually.

Lemma 1.10 ([12]). An Eulerian lattice P of rank d + 1 in which P \ {1} is simplicial, P \ {0} is dual simplicial and P \ {0, 1} is connected is a Boolean algebra, for d ≥ 3.

The following lemma is not in print yet and the result is due to V.K. Santhi [12].

Lemma 1.11 ([12]). Let L be an Eulerian lattice of rank d + 1. Then a_i ≥

(_{d+1} i ) , 1 ≤ i ≤ d, where a_i is the number of elements of height i in L. Also if a_i =

(_{d+1} i ) for some i, 1 ≤ i ≤ d, then L ≈ B_{d+1}, where B_{d+1} is a finite Boolean algebra of rank d + 1.

Proof: We prove this result by induction on d.

502 R. Subbarayan, A. Vethamanickam

Claim: a_i ≥

(_{d+1} i ) . For d = 1, the result is true. If d = 2, the only Eulerian lattice of rank 3 are either B_3 or C_n, n ≥ 4 or their disjoint unions. Now let d ≥ 3. Let us assume that the result is true for all the Eulerian lattices of rank d. Let x_1, · · · , x_{a1} be the atoms and y_1, · · · , y_j be the elements of height d. Let y be a co-atom and x an atom, which is not contained below y. This is possible since L is atomistic. Let 1 ≤ i ≤ d. Now consider the elements of height i in L. We know that an element of height i in [0, y] is also of height i in L. Since [0, y] is Eulerian of rank d, by induction hypothesis the number of elements of height i in [0, y] is at least

(_d i ) . Similarly, an element of height i − 1 in [x, 1] is an element of height i in L. Since [x, 1] is Eulerian of rank d, by induction hypothesis the number of elements of height i − 1 in [x, 1] is at least

(_d i−1 ) . The set of all elements of height i contains the above mentioned elements in [0, y] and [x, 1] as a subset. Consequently, a_i ≥

(_d i ) + (_d i−1 ) = (_{d+1} i ) . Next we prove that if a_i =

(_{d+1} i ) for some i, 1 ≤ i ≤ d, then L is Boolean.

Case (i): a_1 = d + 1 or a_d = d + 1.

If a_1 = d + 1 then [0, y_i] is an Eulerian lattice of rank d. Therefore, as claimed above [0, y_i] should contain at least d atoms. Since L is atomistic, all the d + 1 atoms cannot be inside [0, y_i]. Therefore (d + 1)-th atom should be outside [0, y_i]. That is, [0, y_i] contains exactly d atoms. Therefore, [0, y_i] is Boolean, by induction hypothesis for all 1 ≤ i ≤ a_d. Therefore L \ {1} is simplicial. So it is clear that L is the lattice of all subsets of x_i, · · · , x_{d+1}. Thus L ≈ B_{d+1}. For a_d = d + 1, by considering the dual lattice, we have L ≈ B_{d+1}. Case (ii): a_i =

(_{d+1} i ) for some i, 2 ≤ i ≤ d − 1.

Let y_1 be a coatom and x_1 an atom which is not contained below y_1. The number of height i elements in [0, y_1] is at least

(_d i ) and the number of elements of height i − 1 in [x_l, 1] is at least

(_d i−1 ) . But since a_i =

(_{d+1} i ) , the number of height i elements in [0, y_1] is

(_d i ) and the number of height i − 1 elements in [x_l, 1] is (_d i−1 ) . So by induction, [0, y_1] and [x_l, 1] are Boolean. Similarly [0, y_j ] is Boolean for every j, 1 ≤ j ≤ a_d and [x_i, 1] is Boolean for every i, 1 ≤ i ≤ a_1. Hence, L\{1} is simplicial and L \ {0} is dual simplicial. As a_i =

(_{d+1} i ) , L \ {1} is simplicial and L \ {0} is dual simplicial, L \ {0, 1} is connected. Thus, by Lemma 1.10, L ≈ B_{d+1}. □

Lemma 1.12. For an Eulerian lattice L of rank at least three satisfying any one of the following conditions:

(i) semimodularity, (ii) supersolvability, (iii) 0-distributivity, (iv) 0-modularity, (v) 0-semimodularity and (vi) consistency,

Some properties of Eulerian lattices 503

L \ {0, 1} is connected.

Proof: Let L be an Eulerian lattice. Suppose L \ {0, 1} is not connected. Then there exist two elements x, y ∈ L \ {0, 1} such that x ∧ y = 0 and x ∨ y = 1. Without loss of generality we can assume that x and y are atoms. We also note that any element of L\{0, 1} which is connected with one of them is not connected with the other.

(i) If L is semimodular, x covers 0 = x ∧ y while y being an atom cannot be covered by 1 = x ∨ y. This is a contradiction with semimodularity. So, L \ {0, 1} is connected.

(ii) If L is supersolvable, no element of an M-chain of L is connected with both x and y. So, every element of an M-chain can be connected with at most one of x and y. Let m be an element in an M-chain of L. Let m be connected with x, say. Now take an element z ∈ L \ {0, 1} such that y ≤ z. We have (m ∨ y) ∧ z = z ≠ y = y ∨ (m ∧ z), which contradicts the modularity of m. Similar argument works, if m is connected with y. Let m be connected with neither x nor y. Then the above argument also holds. So, L \ {0, 1} is connected.

(iii) Suppose L is 0-distributive. Since L is Eulerian, we can find one more atom, say, z not connected with y. Then we have that x ∧ y = 0 and x ∧ z = 0 imply that x ∧ (y ∨ z) = 0, by 0-distributivity. That is, x ∧ 1 = 0 and x = 0, which is a contradiction. Therefore, L \ {0, 1} is connected.

(iv) Let L be 0-modular. Suppose L \ {0, 1} is not connected. Consider an element z > x, such that z ≠ 1. Now z ∧ y = 0. But by 0-modularity, x = (x ∨ y) ∧ z = z which is impossible. So, L \ {0, 1} is connected.

(v) Let L be 0-semimodular. Now x is an atom, y being an atom is not covered by 1 = x ∨ y, which contradicts the 0-semimodularity of L. So, L \ {0, 1} is connected.

(vi) Let L be consistent. The atom x is join-irreducible and [y, 1] is an Eulerian lattice in its own right. So, we can find two co-atoms a, b in [y, 1] whose join is 1 = x∨y in [y, 1]. This says that x∨y is not join-irreducible in [y, 1] contradicting the consistency of L. Therefore, L \ {0, 1} is connected. □

Theorem 1.13. The following conditions are equivalent in an Eulerian lattice L:

(a) L is Boolean, (b) L is 0-distributive, (c) L is 0-modular, (d) L is 0-semimodular, (e) L is consistent, (f) L is supersolvable.

Proof: Let r(L) = d + 1.

(a)⇒(b), (c), (d), (e), and (f) are trivial.

(b)⇒(a): Let L be a 0-distributive Eulerian lattice. Let a be an atom in L. We claim that there exists a unique co-atom c in L which is not comparable with a. First, note that there is a co-atom not greater than a. Indeed, if all the co-atoms of L are greater than a, then as [a, 1] is an Eulerian lattice, by Lemma 1.8, a is

504 R. Subbarayan, A. Vethamanickam

the meet of all the co-atoms of L. But the meet of all the co-atoms of L is 0, by Lemma 1.8. That is a = 0, which is a contradiction. Therefore, there is a co-atom c_1 such that c_1 ≯ a. Suppose that there is one more co-atom c_2 ≯ a then we have a ∧ c_1 = 0 and a ∧ c_2 = 0 which is by 0-distributivity gives, a ∧ (c_1 ∨ c_2) = 0, that is, a ∧ 1 = 0. That is, a = 0, which is absurd. So, there is a unique co-atom not greater than a. We call it c.

When d = 1, 2, L is Boolean, since C_n is not 0-distributive, for n ≥ 4. By induction hypothesis, for the co-atom c, [0, c] being an Eulerian 0-distributive lattice is Boolean of rank d. So, [0, c] contains exactly d atoms. Now L being an Eulerian lattice of rank d + 1, must have at least d + 1 atoms, by Lemma 1.8. Let a be a (d + 1)-th atom, outside [0, c]. If L has one more atom b ≠ a such that b /∈ [0, c], then since [a, 1] and [b, 1] are Eulerian and by the uniqueness of the co-atom c ≯ a, b, we have that both a and b are less than every other co-atom. So by Lemma 1.8, a is the meet of all co-atoms except c and b is the meet of all co-atoms except c which means, a = b. That is, there is only a unique atom of L outside [0, c]. So L contains exactly d + 1 atoms. Therefore, L is Boolean (by Lemma 1.10).

(c)⇒(a): Suppose, L is a 0-modular Eulerian lattice of rank d + 1. When d = 1, 2, then since L \ {0, 1} is connected, it is easy to see that the non-Boolean Eulerian lattices of rank 3 are not 0-modular. So L is Boolean. Assume all the Eulerian 0-modular lattices of rank ≤ d are Boolean. By induction hypothesis, [0, x] is Boolean, for x ∈ L of height d. We claim that L is Boolean of rank d + 1.

Suppose, L is not Boolean. So, as L is of rank d + 1, the number of atoms of L must be at least d + 2, by Lemma 1.11. Let x and y be two co-atoms in L whose meet z is of rank d − 1. So, [0, x] ∪ [0, y] ≈ [0, z] ≈ B_{d−1}. So, [0, x] and [0, y] have d − 1 atoms in common. So the number of atoms in [0, x] ∪ [0, y] is d + 1. Since L has at least d + 2 atoms, we can find one more atom a in L other than these such that a ≮ x and a ≮ y. So, we have (z ∨ a) ∧ x = 1 ∧ x = x ≠ z, contradicting 0-modularity. Therefore, our assumption that L is not Boolean is not wrong. So, L is Boolean.

(d)⇒(a): When d = 1, 2, L is clearly Boolean, since L \ {0, 1} is connected and the only non-Boolean Eulerian lattices C_n, n ≥ 4 or rank 3 are not 0-semimodular. Indeed, we can find two atoms in C_n, n ≥ 4, whose meet is 0 and whose join is 1, which does not cover the atom. The remaining part of the proof is the same as that for (c) => (a), replacing 0-modularity with 0-semimodularity.

(e)⇒(a): When d = 1, 2, L is clearly Boolean since L \ {0, 1} is connected by Lemma 1.12 and the only non-Boolean Eulerian lattices L with L \ {0, 1} being connected and of rank 3 are C_n, n ≥ 4, which is not consistent. Assume the result is true for d. Now, let x ∈ L \ {1} be such that r(x) ≤ d. The interval [0, x] is an Eulerian, consistent lattice of rank ≤ d, which by induction hypothesis is Boolean. So, L \ {1} is simplicial.

Similarly, for any atom a ∈ L, the interval [a, 1] is an Eulerian, consistent lattice of rank d which is Boolean by induction hypothesis. Therefore, L \ {0} is

Some properties of Eulerian lattices 505

dual simplicial. By Lemma 1.12(vi), L \ {0, 1} is connected. So, by Lemma 1.10, L is Boolean. The proof for (f)⇒(a) is similar. □

2. Weaker conditions for 0-distributive lattices

In this section, we examine the classes of pseudo-0-distributive lattices and super-0-distributive lattices, which have appeared in the paper [3].

Definition 2.1 ([3]). A lattice L is said to be pseudo-0-distributive if for all a, b, c ∈ L, a ∧ b = 0 and a ∧ c = 0 imply that (a ∨ b) ∧ c = b ∧ c.

Definition 2.2 ([3]). A lattice L is said to be super-0-distributive if for a, b, c ∈ L, a ∧ b = 0 implies that (a ∨ b) ∧ c = (a ∧ c) ∨ (b ∧ c).

Remark 2.3 ([3]). If a lattice L is super-0-distributive then it is pseudo-0- distributive. Also if L is pseudo-0-distributive then it is 0-modular. Any pseudocomplemented 0-modular lattice is pseudo-0-distributive.

Lemma 2.4. For an Eulerian lattice L of rank at least 3 satisfying any one of the following conditions:

(i) pseudo-0-distributive, (ii) super-0-distributive, L \ {0, 1} is connected.

Proof: Case (i): Let L be a pseudo-0-distributive lattice. Let us assume that the rank of L is greater than 2. Suppose L \ {0, 1} is not connected. Then there exist two elements x, y ∈ L \ {0, 1} such that x ∨ y = 1 and x ∧ y = 0. Without loss of generality we can assume that x and y are atoms. Since L is Eulerian, we can find one more atom z in L. That is, x ∧ y = 0 and x ∧ z = 0 imply that (x ∨ y) ∧ z = z ≠ y ∧ z = 0, which is a contradiction to the pseudo-0-distributivity. Therefore, L \ {0, 1} is connected.

Case (ii) follows from Case (i), since every super-0-distributive is pseudo-0-distributive. □

Theorem 2.5. The following conditions are equivalent in an Eulerian lattice L:

(a) L is Boolean, (b) L is Super-0-distributive, (c) L is Pseudo-0-distributive.

Proof: (a)⇒(b) and (b)⇒(c) are trivial.

(c)⇒(a): Let the rank of L be d + 1. We prove the result by induction on d. When d = 1, 2, L is clearly Boolean, since L \ {0, 1} is connected by Lemma 2.4. and the only non-Boolean Eulerian lattice of rank 3 with L \ {0, 1} connected are C_n, n ≥ 4. However the lattices C_n, n ≥ 4 are not pseudo-0-distributive.

Assume that the result is true for d. Let a be an atom of L. Then there exists a co-atom c such that c ≯ a. Therefore, a ∧ c = 0 and a ∨ c = 1. We show the

506 R. Subbarayan, A. Vethamanickam

uniqueness of c. If c_1 is another co-atom not greater than a then

(a ∨ c) ∧ c_1 = c ∧ c_1 (by pseudo-0-distributivity of L), 1 ∧ c_1 = c ∧ c_1, c_1 = c ∧ c_1.

That is, c_1 ≤ c. Since both c and c_1 are co-atoms, c_1 = c. So there exists a unique co-atom c such that c ≯ a.

Now, by induction hypothesis [0, c] is Boolean. So, [0, c] contains exactly d atoms and a is a (d + 1)-th atom of L. Now, the rank of L is d + 1. So L being Eulerian must contain at least d+1 atoms. If b is another atom such that b /∈ [0, c] and b ≠ a and b ≮ a, by uniqueness of co-atom c, both a and b are less than every other co-atom. Therefore, a is the meet of all co-atoms other than c and b is the meet of all co-atoms other than c. So, a = b. Therefore, there is a unique atom of L outside [0, c]. So, L contains exactly d + 1 atoms. Consequently, it is Boolean by Lemma 1.10. □

Acknowledgment. We are thankful to the referee for his helpful comments and suggestions while revising this paper.

References

[1] Balasubramani P., Stone topologies of the set of prime filters of a 0-distributive lattice, Indian J. Pure Appl. Math. 35 (2004), no. 2, 149–158.

[2] Bayer M., Billera J., Counting chains and faces in polytopes and posets, Contemporary Mathematics 34 (1984), 207-252.

[3] Chajda I., Radeleczki S., 0-conditions and tolerance schemes, Acta Math. Univ. Comenian.

72 (2003), no. 2, 177–184.

[4] Crawley P., Dilworth R.P., Algebraic Theory of Lattices, Prentice-Hall, Inc., Englewod.

Cliffs, New Jersey, 1973.

[5] Davey B.A., Priestley H.A., Introduction to Lattices and Order, Second Edition, Cambridge University Press, Cambridge, 2002.

[6] Gragg K.M., Kung J.P.S., Consistent dually semimodular lattices, J. Combin. Theory Ser.

A 60 (1992), 246–263.

[7] Grätzer G., General Lattice Theory, Birkhäuser, Basel, 1978. [8] Grünbaum B., Convex Polytopes, Interscience, London-New York, 1967. [9] Pawar Y.S., 0-1-distributive lattices, Indian J. Pure Appl. Math. 24 (1993), no. 3, 173–178. [10] Mckenzie R.N., Mcnulty G.E., Tayler W.F., Algebras, Lattices, Varieties, Vol I , Wardswoth and Brooks/Cole, Monterey, California, 1987.

[11] Rota G.C., On the foundations of combinatorial theory I. Theory of Möbius functions, Z.

Wahrschainlichkeitstheorie und Verw. Gebiete 2 (1964), 340-368.

[12] Santhi V. K., Topics in Commutative Algebra, Ph.D. thesis, Madurai Kamaraj University, 1992.

[13] Subbarayan R., Lattice Theory, Ph.D thesis, Bharathidasan University, 2008. [14] Stanley R.P., Some aspects of groups acting on finite posets, J. Combin. Theory Ser. A 32 (1982), 131–161.

[15] Stanley R.P., Enumerative Combinatorics, Vol. 1 , Wordsworth and Brooks/Cole, Monterey, CA, 1986.

[16] Stanley R.P., Supersolvable lattices, Algebra Universalis 4 (1974), 361–371.

Some properties of Eulerian lattices 507

[17] Varlet J.C., A generalization of the notion of pseudo-complimentedness, Bull. Soc. Roy.

Sci. Liège, 37 (1968), 149–158.

[18] Vethamanickam A., Topics in Universal Algebra, Ph.D. thesis, Madurai Kamaraj University, 1994.

[19] Vethamanickam A., Subbarayan R., Some simple extensions of Eulerian lattices, Acta Math. Univ. Comenianae 79 (2010), no. 1, 47–54.

[20] Walendziak A., On consistent lattices, Acta Sci. Math. (Szeged) 59 (1994), 49–52.

Ratnavel Subramaniam College of Engineering and Technology, Dindigul, Tamilnadu, India 624005 E-mail: rsubbarayan2010@gmail.com

Department of Mathematics, Kamarajar Govt. Arts College, surandai, Tamilnadu, India E-mail: dr vethamanickam@yahoo.co.in

(Received June 7, 2013, revised May 12, 2014)