Comment.Math.Univ.Carolin. 56,3 (2015) 377–399 377

Module-valued functors preserving the covering dimension

Jan Spěvák

Abstract. We prove a general theorem about preservation of the covering dimension dim by certain covariant functors that implies, among others, the following concrete results.

(i) If G is a pathwise connected separable metric NSS abelian group and X, Y are Tychonoff spaces such that the group-valued function spaces C_p(X, G) and C_p(Y, G) are topologically isomorphic as topological groups, then dim X = dim Y .

(ii) If free precompact abelian groups of Tychonoff spaces X and Y are topologically isomorphic, then dim X = dim Y .

(iii) If R is a topological ring with a countable network and the free topological R-modules of Tychonoff spaces X and Y are topologically isomorphic, then dim X = dim Y .

The classical result of Pestov [The coincidence of the dimensions dim of lequivalent spaces, Soviet Math. Dokl. 26 (1982), no. 2, 380–383] about preservation of the covering dimension by l-equivalence immediately follows from item (i) by taking the topological group of real numbers as G.

Keywords: covering dimension; topological group; function space; topology of pointwise convergence; free topological module; l-equivalence; G-equivalence

Classification: 54H11, 54H13

All topological spaces in this paper are assumed to be Tychonoff . Throughout this paper, by dimension we mean Čech-Lebesgue (covering) dimension dim. By N we denote the set of all natural numbers, Z stands for the discrete additive group of integers and R is the additive group (ring, field) of reals with its usual topology.

1. Introduction

Let X and Y be topological spaces. We denote by C(X, Y ) the set of all continuous functions from X to Y . If G is a topological group, then C_p(X, G) denotes the (topological) subgroup C(X, G) of the topological group G^X taken with the subspace topology.

Following [12], we say that spaces X and Y are G-equivalent provided that the topological groups C_p(X, G) and C_p(Y, G) are topologically isomorphic.

Let us recall the classical notion of Arhangel’skiĭ. Spaces X and Y are said to be l-equivalent if the topological vector spaces C_p(X, R) and C_p(Y, R) (with

DOI 10.14712/1213-7243.2015.131 The author was supported by grant P201-12-P724 of GAČR.

the standard scalar multiplication by real numbers) are topologically isomorphic. Tkachuk noticed in [14] that l-equivalence coincides with R-equivalence.

Based on this observation, the following notion was introduced in [12]. A topological property T is said to be preserved by G-equivalence within a given class C of topological spaces if for every pair X, Y of G-equivalent topological spaces such that X, Y ∈ C , the space X has property T whenever Y has it. Extending the well-established line of research in the classical C_p-theory of Arhangel’skiĭ, in [12] the authors showed that many important topological properties and cardinal invariants are preserved by G-equivalence for certain classes of topological groups G (that include the real line R).

Our main motivation for writing this manuscript was to present some classes of topological groups G for which the Čech-Lebesgue (covering) dimension dim is preserved by G-equivalence within the class of all Tychonoff spaces. Since this class contains also the additive group R of reals with its standard topology, our result covers also the famous theorem of Pestov who accomplished the effort of a great number of mathematicians (see [1], [5], [9], [15], [16]) by proving that l-equivalence (that is R-equivalence in our notation) preserves the covering dimension. This result was later generalized by Gulko for u-equivalence (see [4] for details). Very recently M. Krupski generalized this result even for t-equivalence in [7].

The manuscript is structured as follows. In Section 2 a topological version of our main theorem is proved. We present this topological version in order to emphasize that in the background of our main theorem (Theorem 4.2) no algebra is needed. Section 3 collects some technical lemmas needed in the sequel. In Section 4 our main general result (Theorem 4.2) is stated an proved. Roughly speaking, this theorem says that if there exists a covariant functor F from some subcategory of the category of Tychonoff spaces into a certain category of “topologized” R-modules, and if certain technical conditions on F are satisfied, then spaces with the same image under F must have the same covering dimension. In order to prove this theorem, we further develop the technique of Pestov from [10].

The rest of the paper is devoted to applications of Theorem 4.2. A typical example of a functor satisfying the conditions of Theorem 4.2 is a functor that assigns to each Tychonoff space its free topological module in certain class of topological modules. In Section 5 we recall the definition of the free topological module over a topological space in a given class M of topological R-modules that is closed under taking arbitrary products and R-submodules, and we prepare the ground for application of our main theorem in Section 6. There we prove that if the class M satisfies that the unit interval is M -Hausdorff (see Definition 5.4(i)) and for every space of countable weight its free topological R-module in M has countable network, then any two Tychonoff spaces having topologically isomorphic their free R-modules in M must have the same dimension (Theorem 6.1). In particular, if R is a topological ring with countable network and M is a class of topological R-modules such that the closed unit interval is M -Hausdorff, then every two Tychonoff spaces having topologically R-isomorphic their free topological modules in M must have the same dimension (Corollary 6.2). Replacing general ring R with the discrete ring Z we obtain Corollary 6.3 in which free topological modules in a given class of topological R-modules are replaced by free abelian topological groups in a given class G of abelian topological groups. In particular, we prove that if two Tychonoff spaces have topologically isomorphic their free precompact abelian groups, then their dimensions must coincide; Corollary 6.4.

For a space X and a topological group G we associate in Section 8 the group C_p(X, G) with certain topological module and prove that under some simple assumption this module is a free topological module over X (Theorem 7.10). In Section 8 we then use this result to derive that if a nontrivial abelian separable metrizable pathwise connected group G is NSS or has self-slender completion, then G-equivalence preserves dimension; Theorem 8.5. In order to extend this result for a wider class of topological groups, we show in Section 9 that if the pathwise connected component c_0(G) of identity of a topological group G is closed in G, then G-equivalence implies c_0(G)-equivalence; see Corollary 9.3. Finally, we use the latter fact to prove our most general result about preservation of covering dimension by G-equivalence. Namely we prove that if G is a topological group such that its pathwise connected component c_0(G) is closed in G and c_0(G) = H^κ, where κ is an arbitrary nonzero cardinal, and H is a nontrivial abelian separable metrizable group that is either NSS, or has self-slender completion, then G-equivalence preserves the covering dimension.

2. Topological version of the main theorem

Definition 2.1. Let (P, ≤) be a partially ordered set (poset). For P ⊆ P an element q ∈ P is called the supremum of P provided that the following conditions hold:

(i) p ≤ q for every p ∈ P ;

(ii) if r ∈ P is such that p ≤ r for every p ∈ P , then q ≤ r. If the supremum of P exists, then it is unique, and we denote it by sup P .

Definition 2.2. A subset P of a poset (P, ≤) is:

(i) closed in (P, ≤) provided that sup{p_n : n ∈ N} ∈ P for every sequence {p_n : n ∈ N} ⊆ P such that p_0 ≤ p_1 ≤ · · · ≤ p_n ≤ p_{n+1} ≤ . . . , (ii) unbounded in (P, ≤) provided that for every q ∈ P there exists p ∈ P such that q ≤ p, (iii) a club in (P, ≤) if P is both closed and unbounded in (P, ≤).

Our next lemma is a part of folklore. We include its proof for the reader’s convenience.

Lemma 2.3. Let {P_n : n ∈ N} be a sequence of clubs in a poset (P, ≤). Then P = � {P_n : n ∈ N} is a club in (P, ≤).

Proof: Obviously, P is closed. To prove that it is unbounded fix an arbitrary q ∈ P. Since each P_n is unbounded, using the standard diagonal argument we can find a sequence {p_i : i ∈ N} ⊆ P such that q ≤ p_0 ≤ p_1 ≤ · · · ≤ p_i ≤ p_{i+1} ≤ . . . and the set I_n = {i ∈ N : p_i ∈ P_n} is infinite for every n ∈ N. Fix n ∈ N. Let I_n = {i(j, n) : j ∈ N} be the order preserving one-to-one enumeration of the infinite set I_n. Then p_{i(0,n)} ≤ p_{i(1,n)} ≤ · · · ≤ p_{i(j,n)} ≤ p_{i(j+1,n)} ≤ . . . is the sequence of elements of P_n. Since P_n is closed in (P, ≤), we have r_n = sup{p_i : i ∈ I_n} = sup{p_{i(j,n)} : j ∈ N} ∈ P_n.

Clearly, q ≤ p_{i(0,0)} ≤ r_0. It remains only to check that r_n = r_0 for every n ∈ N \ {0}, as this would yield r_0 ∈ � {P_n : n ∈ N}.

Fix n ∈ N \ {0}. Let j ∈ N. Since I_0 is infinite, there exists i_0 ∈ I_0 such that p_{i(j,n)} ≤ p_{i0} . From this and r_0 = sup{p_i : i ∈ I_0}, we conclude that p_{i(j,n)} ≤ r_0. Since this inequality holds for every j ∈ N, it follows that r_n = sup{p_{i(j,n)} : j ∈ N} ≤ r_0. The reverse inequality is proved similarly, using the fact that the set I_n is infinite. □

Definition 2.4. Let X be a space.

(i) We denote by Q(X) the class of all continuous functions from X onto spaces with countable weight.

(ii) For f, f^′ ∈ Q(X) we write f ⪯ f^′ provided that there exists a continuous map h : f^′(X) → f(X) such that f = h ∘ f^′.

(iii) For f, f^′ ∈ Q(X) we write f ≈ f^′ provided that both f ⪯ f^′ and f^′ ⪯ f hold.

(iv) For f ∈ Q(X) we denote by [f] the equivalence class of f with respect to the equivalence relation ≈ on Q(X).

(v) Define P_X = {[f] : f ∈ Q(X)}. For [f], [f^′] ∈ P_X we define [f] ≤ [f^′] by f ⪯ f^′.

Clearly, P_X is a poset. With a certain abuse of notation, in the sequel, we will not distinguish between f ∈ Q(X) and its equivalence class [f].

Our next lemma shows among others that the poset P_X is closed under taking suprema of countable subsets. Its straightforward proof is left to the reader.

Lemma 2.5. Let X be a space and S a countable subset of P_X . Let f = △S : X → f(X) ⊆ � g∈S g(X) be the diagonal product of the set S. Then f ∈ P_X and f = sup S.

Definition 2.6. Let X be a space. For f ∈ P_X we define |f| to be the function from the set X to the set f(X). (In other words, |f| is an image of f under the forgetful functor from the category of topological spaces to the category of sets.) We put |P_X | = {|f| : f ∈ P_X }. If f, g ∈ |P_X | we write f ⪯ g provided that there exists a function h : g(X) → f(X) such that f = h ∘ g.

Lemma 2.7. Let X be a space and f, g^′ ∈ P_X . Assume that |f| ⪯ |g^′|. Then there exists g ∈ P_X such that f ≤ g, g^′ ≤ g and |g^′| = |g| (and consequently |g|(X) = |g^′|(X)).

Proof: Let B_g′ , B_f be countable bases of the topology of g^′(X) and f(X) respectively. By our assumptions there exists function h : |g^′|(X) → |f|(X), such that |f| = h ∘ |g^′|. Put B = B_g′ ∪ {h^{−1}(U) : U ∈ B_f }. Then B is a countable subbase of some topology T on |g^′|(X). We claim that the function g : X → (|g^′|(X), T ) is continuous. Indeed, for V ∈ B there are two cases. If V ∈ B_g′ , then g^{−1}(V ) is open since g^′ is continuous. If V = h^{−1}(U) for some U ∈ B_f , then g^{−1}(V ) = f^{−1}(U) is open due to the continuity of f. Thus g ∈ P_X . By the construction of g, we get |g^′| = |g|. Since T is stronger then the topology of g^′(X), we get g^′ ≤ g. By the construction of T , the function h : g(X) → f(X) is continuous. This gives us f ≤ g. □

The following simple lemma can be derived from Lemmas 2.7 and 2.5. It verifies that the condition (iii) of Theorem 2.11 makes sense.

Lemma 2.8. Let X be a space. If f, g ∈ |P_X | are such that f ⪯ g and g ⪯ f, then f = g. In particular, |P_X | is a poset. Furthermore, if S ⊆ P_X is countable, then sup |S| = |sup S|.

The next two lemmas form an essence of the proof of Theorem 2.11.

Lemma 2.9. Let X be a Tychonoff space, n ∈ N and S_n(X) = {f ∈ P_X : dim f(X) ≤ n} then the following conditions are equivalent:

(i) dim X ≤ n;

(ii) S_n(X) is unbounded in P_X ; (iii) S_n(X) is a club in P_X .

Proof: The equivalence of (i) and (ii) is proved in [10, Theorem 2]. The implication (ii)→(iii) can be found for example in [11, Lemma 11]. The implication (iii)→(ii) is trivial. □

Let X, Y be sets and 2^Y be a set of all nonempty subsets of Y . We call a mapping F : X → 2^Y a set-valued mapping from X to Y and denote this fact by the symbol F : X ⇒ Y . A mapping F : X ⇒ Y is called finite-valued provided that F (x) is finite for every x ∈ X. When X and Y are spaces, a setvalued mapping F : X ⇒ Y is called lower semi-continuous (abbreviated by lsc) provided that the set

F^{−1}(U) = {x ∈ X : F (x) ∩ U ≠ ∅}

is open in X for every open set U ⊆ Y .

The next lemma is a particular case of [13, Corollary 5.4].

Lemma 2.10. For i ∈ {0, 1} let X_i be a separable metric space, and φ_i : X_i ⇒ X_{1−i} a finite-valued lsc mapping such that for every x_1 ∈ X_1 there exists x_0 ∈ φ_1(x_1) with x_1 ∈ φ_0(x_0). Then dim X_1 ≤ dim X_0.

Theorem 2.11. For i ∈ {0, 1} let X_i be a Tychonoff space and f_i : P_{Xi} → P_{X1−i} a map satisfying the following conditions:

(i) |f_i(f)| ⪯ |f_i(g)| for all f, g ∈ P_{Xi} such that |f| ⪯ |g|;

(ii) for h_i = f_{1−i} ∘ f_i we have |f| ⪯ |h_i(f)| for every f ∈ P_{Xi} ; (iii) sup{|f_i(f)| : f ∈ s} = |f_i(sup s)| for every increasing sequence s ⊆ P_{Xi} ; (iv) for each f ∈ P_{Xi} there exists finite-valued lsc mapping φ_{|f |,i} : f_i(f)(X_{1−i}) ⇒ f(X_i) (that depends only on |f|) such that if f ∈ P_{X0} , then for every x_1 ∈ X_1 there exists x_0 ∈ φ_{|f |,0}(x_1) satisfying x_1 ∈ φ_{|f0(f )|,1}(x_0) whenever |h_0(f)| = |f|;

(v) for every increasing sequence s_i = (f_0, f_1, . . .) in P_{Xi} and every increasing sequence s_{1−i} = (g_0, g_1, . . .) in P_{X1−i} such that |f_i(f_n)| = |g_n| and φ_{|fn|,i} : g_n(X_{1−i}) ⇒ f_n(X_i) is lsc for all n ∈ N, the mapping φ_{|f |,i} : f_i(f)(X_{1−i}) ⇒ f(X_i) is lsc, where f = sup s_i.

Then dim X_1 ≤ dim X_0.

Proof: If dim X_0 is infinite, the desired inequality follows. Otherwise dim X_0 = n for some n ∈ N. Let P be a subset of P_{X0} × P_{X1} consisting of all pairs (f_0, f_1) such that |f_{1−i}| = |f_i(f_i)| holds for some i ∈ {0, 1}. We take P with the product order inherited from P_{X0} × P_{X1} .

Claim 1. Let i ∈ {0, 1}, and assume that K is a club in P_{Xi} . Then the set A_K = {(f_0, f_1) : f_i ∈ K, |f_{1−i}| = |f_i(f_i)|}, is a club in P .

Proof: To show that A_K is unbounded fix (f_0, f_1) ∈ P arbitrarily. By our assumption, there exists g_i ∈ K such that f_i ≤ g_i. Put g^′_{1−i} = f_i(g_i). Then |f_{1−i}| ⪯ |g^′_{1−i}|. Indeed, if |f_{1−i}| = |f_i(f_i)|, then the inequality follows directly from (i) and if |f_i| = |f_{1−i}(f_{1−i})|, then |f_{1−i}| ⪯ |h_{1−i}(f_{1−i})| ⪯ |g^′_{1−i}| by (ii). Thus, by Lemma 2.7, there exists g_{1−i} ∈ P_{X1−i} such that f_{1−i} ≤ g_{1−i} and |g^′_{1−i}| = |g_{1−i}|. Clearly, (g_0, g_1) ∈ A_K and (f_0, f_1) ≤ (g_0, g_1).

The fact that A_K is closed follows immediately from the assumption that K is closed in P_{Xi} and from (iii). □

Claim 2. The set B ⊆ P consisting of all pairs (f_0, f_1) ∈ P such that dim f_0(X_0) ≤ n and |f_1| = |f_0(f_0)| is a club in P .

Proof: By Lemma 2.9, S_n(X_0) is a club in P_{X0} . Hence the conclusion follows from Claim 1. □

Claim 3. For both i ∈ {0, 1} the set C_i ⊆ P consisting of all pairs (f_0, f_1) such that |f_{1−i}| = |f_i(f_i)| and the function φ_{|fi|,i} : f_{1−i}(X_{1−i}) ⇒ f_i(X_i) is lsc is a club in P .

Proof: By Claim 1, the set A_i = {(f_0, f_1) ∈ P : |f_{1−i}| = |f_i(f_i)|} is a club in P . Since C_i ⊆ A_i, it suffices to prove that C_i is a club in A_i. To show that C_i is unbounded, pick (f_0, f_1) arbitrarily. Put g_i = f_i and g^′_{1−i} = f_i(f_i). By (iv), the finite valued mapping φ_{|fi |,i} : g^′_{1−i}(X_{1−i}) ⇒ f_i(X_i) is lsc. Since |f_{1−i}| = |f_i(f_i)| = |g^′_{1−i}|, Lemma 2.7 implies existence of g_{1−i} ∈ P_{X1−i} such that f_{1−i} ≤ g_{1−i}, |g^′_{1−i}| = |g_{1−i}| and g^′_{1−i} ≤ g_{1−i}. In particular, the topology of g_{1−i}(X_{1−i}) is stronger then that of g^′_{1−i}(X_{1−i}). Hence φ_{|fi|,i} : g_{1−i}(X_{1−i}) ⇒ f_i(X_i) is lsc, and (f_0, f_1) ≤ (g_0, g_1) ∈ C_i.

The fact that C_i is closed follows directly from (iii) and (v). □

By Lemma 2.9, to show that dim X_1 ≤ n we have to prove that S_n(X_1) is unbounded in P_{X1} . To do so, pick f_1 ∈ P_{X1} arbitrarily and put f_0 = f_1(f_1). Then (f_0, f_1) ∈ P . Put D = B ∩ C_0 ∩ C_1. Then D is a club in P by Lemma 2.3. Therefore, there exists (g_0, g_1) ∈ D such that (f_0, f_1) ≤ (g_0, g_1). By the definition of D it follows that dim g_0(X_0) ≤ n, φ_{|gi |,i} : g_{1−i}(X_{1−i}) ⇒ g_i(X_i) is lsc for both i ∈ {0, 1}, and h_0(g_0) = g_0. Now, from (iii) we get that for every x_1 ∈ X_1 there exists x_0 ∈ φ_{|g0 |,0}(x_1) satisfying x_1 ∈ φ_{|g1 |,1}(x_0). Applying Lemma 2.10, we conclude that dim g_1(X_1) ≤ dim g_0(X_0) ≤ n. Thus, g_1 ∈ S_n(X_1) satisfies f_1 ≤ g_1. This finishes the proof. □

3. Technical lemmas

Lemma 3.1. Let X be a separable metric space and Y a space with a countable network. Assume that φ : Y ⇒ X is an lsc mapping. Then there exists weaker separable metrizable topology T on the underlying set |Y | of Y such that φ : (|Y |, T ) ⇒ X is lsc.

Proof: Since (Y, T_Y ) is a space with a countable network, there is a topology T^′ on Y with a countable base B such that T^′ ⊆ T_Y . (A proof of this simple folklore fact can be found, for example, in the appendix of [6].)

Let C be a countable base of the topology of X. Then {φ^{−1}(U) : U ∈ C} ∪ B is a countable subbase of topology T on |Y |. Since φ is lsc, it follows that T ⊆ T_Y . By the definition of T , φ : (|Y |, T ) ⇒ X is lsc. □

An R-module is a left module over a ring R. The additive identities of a ring R and a module M will be denoted by 0_R and 0_M respectively. Having R-modules M, M^′ and a mapping f : M → M^′, it may happen that f is a homomorphism with respect to the (abelian) group structure of M and M^′ but it is not a homomorphism with respect to their module structure. To avoid confusion, we will call a homomorphism with respect to the R-module structure an R-homomorphism, while the term homomorphism will be reserved for a group homomorphism. In the same spirit we shall use the terms like R-isomorphism or R-isomorphic.

Definition 3.2. For an R-module M, a set X ⊆ M is called:

(i) generating if every element of M is a finite sum of elements of X multiplied by coefficients in R, or equivalently, if M is the smallest R-submodule of M containing X;

(ii) free if

�_k i=1 r_ix_i = 0_M implies r_1 = r_2 = . . . = r_k = 0_R whenever k ∈ N, r_1, . . . , r_k ∈ R and the elements x_1, . . . , x_k ∈ X are pairwise distinct;

(iii) a basis of M if X is both generating and free. A free R-module is an R-module that has a free basis.

Definition 3.3. Let M be a free R-module with a free basis X. It follows from items (i) and (ii) of Definition 3.2 that for every a ∈ M there exist the unique finite set K_a ⊆ X and the unique family {r_x : x ∈ K_a} ⊆ R \ {0_R} of scalars such that

(1) a = � x∈K_a

r_xx.

We shall call (1) the canonical representation of a with respect to X and we define the support function φ_X : M ⇒ X by φ_X (a) = K_a for all a ∈ M.

The straightforward proof of the following lemma is left to the reader.

Lemma 3.4. Let M, N be R-modules and let X be a free basis of M. Then:

(i) for every function f : X → N there exists the unique R-homomorphism ^f : M → N extending f;

(ii) if Y is a free basis of N and f : M → N is an R-homomorphism such that f(X) = Y , then φ_Y (f(a)) ⊆ f(φ_X (a)) for every a ∈ M;

(iii) if Z is a free basis of M, then for every x ∈ X there exists z ∈ φ_Z (x) such that x ∈ φ_X (z).

Lemma 3.5. Let M be an R-module with a free basis X. For every i ∈ N let M_i be an R-module, f_i : M → M_i be an R-homomorphism and p_i : M_{i+1} → M_i be an R-homomorphism such that f_i = p_i ∘ f_{i+1} and f_i(X) is the free basis of M_i. Let f = △{f_i : i ∈ N} be the diagonal product of the family {f_i : i ∈ N}. For every i ∈ N let π_i : f(M) → M_i be the unique R-homomorphism satisfying f_i = π_i ∘ f. Then:

(i) f(X) is the free basis of f(M);

(ii) for every z ∈ f(M) there exists n ∈ N such that π_m(φ_{f (X)}(z)) = φ_{fm (X)}(π_m(z)) for all integers m ≥ n.

Furthermore, let T be a topology on M and for every i ∈ N let T_i be a topology on M_i such that the maps f_i : (M, T ) → (M_i, T_i) and p_i : (M_{i+1}, T_{i+1}) → (M_i, T_i) are continuous and the map φ_i = φ_{fi (X)} : M_i ⇒ f_i(X) is lsc with respect to T_i. Then:

(iii) the support function φ_{f (X)} : f(M) ⇒ f(X) is lsc with respect to the subspace topology inherited by f(M) from the Tychonoff product � i∈N(M_i, T_i).

Proof: For every finite set Y ⊆ f(M) one can easily choose n ∈ N such that

(2) π_m(y) ≠ π_m(y^′) whenever m ∈ N, m ≥ n, y, y^′ ∈ Y and y ≠ y^′.

This easily implies (i). To check (ii), pick z ∈ f(M) arbitrarily. Apply the above observation to Y = φ_{f (X)}(z) ⊆ f(X) to fix n ∈ N satisfying (2). Fix m ∈ N with m ≥ n. Let z = � y∈Y r_yy be the canonical representation of z with respect to f(X). Since f_m(X) is the free basis of M_m = π_m(M), {π_m(y) : y ∈ Y } ⊆ π_m(f(X)) = f_m(X) and π_m(z) = π_m( � y∈Y r_yy) = � y∈Y r_yπ_m(y), it follows that φ_{fm (X)}(π_m(z)) = {π_m(y) : y ∈ Y } = π_m(Y ) = π_m(φ_{f (X)}(z)).

To prove (iii), fix an open subset U of f(X). We have to show that the set φ^{−1}_{f (X)}(U) is open in f(M). Without loss of generality, we may assume that U is a basic open set; that is, U = π^{−1}_k (U_k) for some k ∈ N and an open subset U_k of f_k(X). For every integer m ≥ k the set U_m = (p_k ∘ p_{k+1} ∘ . . . ∘ p_{m−1})^{−1}(U_k) is open in f_m(X) and π^{−1}_m (U_m) = U.

Let z ∈ φ^{−1}_{f (X)}(U). Then φ_{f (X)}(z) ∩ U ≠ ∅. By (ii), there exists an integer m ≥ k such that π_m(φ_{f (X)}(z)) = φ_{fm(X)}(π_m(z)) = φ_m(π_m(z)). From φ_{f (X)}(z)∩U ≠ ∅ we get

π_m(φ_{f (X)}(z)) ∩ π_m(U) = π_m(φ_{f (X)}(z)) ∩ U_m = φ_m(π_m(z)) ∩ U_m ≠ ∅.

Consequently, z ∈ π^{−1}_m (φ^{−1}_m (U_m)). Since φ_m is lsc and U_m is open in X_m, the set φ^{−1}_m (U_m) is open in M_m. Since π_m is continuous, V = π^{−1}_m (φ^{−1}_m (U_m)) is an open subset of f(M). To finish the proof, it remains to show that V ⊆ φ^{−1}_{f (X)}(U). Let x ∈ V . Then π_m(x) ∈ φ^{−1}_m (U_m), and so φ_m(π_m(x)) ∩ U_m ≠ ∅. Since φ_m(π_m(x)) ⊆ π_m(φ_{f (X)}(x)) by Lemma 3.4(ii), this yields π_m(φ_{f (X)}(x))∩U_m ≠ ∅. Therefore, φ_{f (X)}(x) ∩ π^{−1}_m (U_m) = φ_{f (X)}(x) ∩ U ≠ ∅, and so x ∈ φ^{−1}_{f (X)}(U). □

4. Main theorem

Let us first recall several basic notions from the category theory. Let A, B be categories. We use Ob(A) to denote the class of all objects of A, and Mor(A) to denote the class of all morphisms of A. If X, Y ∈ Ob(A), then hom(X, Y ) stays for the set of all A-morphisms from X to Y and id_X ∈ hom(X, X) denotes the identity morphism on X. If f ∈ hom(X, Y ) then we call X a domain and Y a codomain of f. We say that a functor U : A → B is faithful provided that it is injective on hom(A, B) for all A, B ∈ Ob(A). By Id_A we denote the identity functor from A to A. If F, G : A → B are functors, then a natural transformation η from F to G is a map that assigns to each A ∈ Ob(A) a morphism η_A ∈ hom(F (A), G(A)) in such a way that for every morphism f ∈ hom(A, A^′) ⊆ Mor(A) it holds

η_A′ ∘ F (f) = G(f) ∘ η_A.

As usual Top stays for the category of all topological spaces and their continuous mappings and Tych for its full subcategory of all Tychonoff spaces.

Here comes the definition of an embedding functor in terms of natural transformation.

Definition 4.1. Let T be a subcategory of the category Top. We say that a functor F : T → Top is an embedding functor provided that there exists a natural transformation η between Id_T and F such that η_X ∈ hom(X, F (X)) is a homeomorphic embedding for each X ∈ Ob(T).

Now we can state the main theorem in a categorial fashion:

Theorem 4.2. Let T be some full subcategory of Tych containing all separable metrizable spaces. Let M be some subcategory of Tych consisting of R-modules and R-homomorphisms. Let F : T → M be an embedding functor with natural transformation η such that for all X ∈ Ob(T)

(i) η_X (X) is a free basis of F (X) and (ii) if X has a countable weight, then F (X) has countable network and the support function φ_{ηX (X)} : F (X) ⇒ η_X (X) is lsc.

Let X_0, X_1 ∈ Ob(T), and assume that F (X_0) and F (X_1) are isomorphic in M. Then dim X_0 = dim X_1.

Proof: Without loss of generality, we may identify X with η_X (X) for every X ∈ T, and we may assume that F (X_0) = F (X_1) = M. Thus both, X_0 and X_1, form a free basis of M and every (continuous) function f : X_i → f(X_i), where f(X_i) ∈ Ob(T), can be uniquely extended to a (continuous) R-homomorphism F (f) : M → F (M) for both i ∈ {0, 1}.

It suffices to prove that dim X_1 ≤ dim X_0 since the other inequality follows then from symmetry.

For both i ∈ {0, 1} and every f ∈ P_{Xi} consider the space Y_{1−i} = F (f)(X_{1−i}). By (ii) it has a countable network and the finite-valued function φ_{|f |,i} = φ_{f (Xi )}↾_{Y1−i} is lsc. By Lemma 3.1 there exists a weaker separable metric topology T on the underlining set |Y_{1−i}| of Y_{1−i} such that φ_{|f |,i} : (|Y_{1−i}|, T ) ⇒ f(X_i) is lsc. Let ι_{f,i} : Y_{1−i} → (|Y_{1−i}|, T ) be the (continuous) identity mapping. Define f_i(f) = ι_{f,i} ∘ F (f) ↾_{X1−i} . Clearly, f_i(f) ∈ P_{X1−i} . We claim that X_i, the map f_i : P_{Xi} → P_{X1−i} and the finite-valued mapping φ_{|f |,i} : f_i(f)(X_{1−i}) ⇒ f(X_i) satisfy conditions (i)–(v) of Theorem 2.11 for every i ∈ {0, 1} and every f ∈ P_{Xi} .

Conditions (i) and (ii) follow immediately from Lemma 3.4(i). Condition (iii) follows from Lemmas 3.5(i) and 2.5. The first part of condition (iv) is satisfied by the definition of φ_{|f |,i} and the second part follows from Lemma 3.4(iii). Finally, condition (v) is satisfied by Lemmas 2.5 and 3.5(iii). Applying Theorem 2.11 gives us dim X_1 ≤ dim X_0. □

5. Background on free topological modules

Recall that a topological ring is a ring R which is also a topological space such that both the addition and the multiplication are continuous as maps from R × R to R. By a topological R-module we mean a module M over a topological ring R which carries at the same time a topology that makes M with the group operations a topological group and the scalar multiplication (r, x) → rx continuous as a map from R × M to M.

Definition 5.1. Let M be a class of topological R-modules. By M_R we denote the smallest class of topological R-modules containing M that is closed under taking arbitrary products and (topological) R-submodules.

If M = M_R, then we will say that the class M is R-closed.

Definition 5.2. Let M be an R-closed class of topological modules. We say that F ∈ M is a free topological module over a space X in M provided that there exists η ∈ C(X, F ) called a unit of F such that, for every M ∈ M and each f ∈ C(X, M), one can find a unique continuous R-homomorphism ^f : F → M satisfying f = ^f ∘ η.

The next proposition about existence and uniqueness of free topological modules is a well-known particular case of the Freyd Adjoint Functor Theorem [3]. For the construction of free topological modules we refer the reader to the proof of Proposition 5.7.

Proposition 5.3. Let M be an R-closed class of topological modules and X a topological space. Then there exists a free topological module F over X in M with a unit η. Furthermore, if F^′ is a free topological module over X in M with a unit η^′, then there exists a topological R-isomorphism ϕ : F → F^′ such that η^′ = ϕ ∘ η.

Definition 5.4. Let M be some class of topological R-modules. We say that a topological space X is:

(i) M -Hausdorff provided that for every y ∈ X, each x ∈ X \ {y} and all r ∈ R \ {0_R}, there exist M ∈ M and f ∈ C(X, M) such that f(y) = 0_M and rf(x) ≠ 0_M ;

(ii) M -regular if for every closed A ⊆ X, every x ∈ X \ A and each r ∈ R \ {0_R}, there exist M ∈ M and f ∈ C(X, M) such that f(A) ⊆ {0_M } and rf(x) ≠ 0_M .

Lemma 5.5. Let M be some class of topological R-modules. Suppose that the closed unit interval [0, 1] is M -Hausdorff. Then every Tychonoff space is M - regular.

Proof: Let X be Tychonoff, A ⊆ X closed, x ∈ X \ A and r ∈ R \ {0_R}. Then there exists f ∈ C(X, [0, 1]) such that f(A) ⊆ {0} and f(x) = 1. Since [0, 1] is M -Hausdorff, there exist M ∈ M and g ∈ C([0, 1], M) such that g(0) = 0_M and rg(1) ≠ 0_M . Then the function g ∘ f ∈ C(X, M) witnesses that X is M - regular. □

Proposition 5.6. Let M be an R-module with a free basis X and T some topology on M. Assume that for every T ↾_X -closed subset A of X, all x ∈ X \ A and each scalar r ∈ R \ {0_R}, there exist some R-module M^′ with a topology T^′ and a continuous R-homomorphism f : (M, T ) → (M^′, T^′) such that f(A) ⊆ {0_M ′ } and rf(x) ≠ 0_M ′ . Then φ_X : (M, T ) ⇒ (X, T ↾_X ) is lsc.

Proof: Let U be an arbitrary open subset of X (with respect to T ↾_X ), and assume that z ∈ φ^{−1}_X (U). We have to show that there exists an open set V in (M, T ) such that z ∈ V ⊆ φ^{−1}_X (U). Let z =

�_n i=1 r_ix_i, where n ∈ N, x_1, . . . , x_n ∈ X are pairwise distinct and r_1, . . . , r_n ∈ R \ {0_R}. Since φ_X (z) is finite, there is some open set U^′ ⊆ U such that U^′ ∩ φ_X (z) = {x_k} for some k ∈ {1, . . . , n}. Put A = X \ U^′. By our assumption, there exist an R-module M^′ with a topology T^′ and a continuous R-homomorphism f : (M, T ) → (M^′, T^′) such that f(A) ⊆ {0_M ′ } and r_kf(x_k ) ≠ 0_M ′ . Thus we get

f(z) = f

�_n � i=1 r_ix_i � = n� i=1 r_if(x_i) = r_k f(x_k) ≠ 0_M ′ .

It follows that z ∈ V = f^{−1}(M^′ \ {0_M ′ }), where V is open by the continuity of f. Pick z^′ ∈ V arbitrarily. Observe that φ_X (z^′) ⊆ A would imply f(z^′) = 0_M ′ , because f(A) ⊆ {0_M ′ }. Therefore, since f(z^′) ≠ 0_M ′ , we get φ_X (z^′) ∩ U^′ ≠ ∅. Consequently, V ⊆ φ^{−1}_X (U), and φ_X is lsc. □

Proposition 5.7. Let M be an R-closed class of topological modules, X an M - regular topological space and F the free topological module over X in M with a unit η. Then:

(i) η is a homeomorphic embedding, (ii) η(X) is a free basis of F , and (iii) the support function φ_{η(X)} : F ⇒ η(X) is lsc.

Proof: There exists an indexed set {(M_s, f_s) : s ∈ S} such that:

(a) for each s ∈ S, M_s ∈ M , f_s : X → M_s is continuous and f_s(X) generates M_s;

(b) if M ∈ M and f : X → M is a continuous function, then there exist t ∈ S, a submodule M^′_t of M and a topological R-isomorphism i_t : M_t → M^′_t such that f = i_t ∘ f_t.

The diagonal product η^′ = △_{s∈S} f_s : X → � s∈S M_s of the family {f_s : s ∈ S} is a continuous function. Let F^′ be the R-submodule generated by η^′(X) in the topological R-module � s∈S M_s. Since M is R-closed, we have F^′ ∈ M .

Let M ∈ M and f ∈ C(X, M). Let t ∈ S and i_t be as in the conclusion of item (b), and let π_t : � s∈S M_s → M_t be the projection on t’s coordinate.

Then g = i_t ∘ π_t ↾_F ′ : F^′ → M^′_t is a continuous R-homomorphism such that g ∘ η = i_t ∘ π_t ↾_F ′ ∘η^′ = i_t ∘ f_t = f. Since η^′(X) generates F^′, it follows that g is unique. We have verified that F^′ is a free topological module over X in M with a unit η^′.

By Proposition 5.3, the free topological module F over X in M and its unit η are unique up to a topological R-isomorphism. Thus, we may assume, without loss of generality, that F = F^′ and η = η^′.

(i) Since X is M -regular, continuous functions from X to elements of M separate points and closed sets. Consequently, the unit η : X → F , being the diagonal mapping, is a homeomorphic embedding.

(ii) The set η(X) is generating for F by the construction of η and F . To show that it is a free set, take pairwise distinct points x_1, . . . , x_n ∈ η(X) and scalars r_1, . . . , r_n ∈ R such that

�_n i=1 r_ix_i = 0_F . Suppose, for contradiction, that r_k ≠ 0_R for some integer k satisfying 1 ≤ k ≤ n. Since X is M -regular, so is η(X) by (i). Thus, there exist M ∈ M and f ∈ C(η(X), M) such that r_kf(x_k) ≠ 0_M and f(x_j ) = 0_M for all j ≠ k.

Since F is the free module over X, there exists a unique continuous R-homo-morphism ^f : F → M that extends f ∘ η. Now

0_M = ^f(0_F ) = ^f � � n� j=1 r_j x_j � � = n� j=1 r_j f(x_j ) = r_kf(x_k) ≠ 0_M

gives a contradiction.

(iii) Since η(X) is a free basis of F , the support function φ_{η(X)} is well defined. Finally, observe that since η(X) is M -regular and every f ∈ C(X, M) can be extended to a continuous R-homomorphism for all M ∈ M , conditions of Proposition 5.6 are satisfied (with F at the place of M and η(X) at the place of X). Item (iii) follows. □

6. Applications to free topological modules

Theorem 6.1. Let M be an R-closed class of topological modules. Assume that the closed unit interval [0, 1] is M -Hausdorff and the free topological module F (Z) over Z in M has countable network whenever Z has countable weight. If X, Y are Tychonoff spaces and F (X), F (Y ) are topologically R-isomorphic free topological modules over X and Y in M respectively, then dim X = dim Y .

Proof: Let T be the category of all Tychonoff spaces and for every X ∈ Ob(T) let F (X) denote the free topological module over X in M .

Let M be the category having as objects the class M and as morphisms all continuous R-homomorphisms between objects of M. Since the closed unit interval is M -Hausdorff, every X ∈ Ob(T) is M -regular by Lemma 5.5. Therefore, Proposition 5.7 verifies that the functor F : T → M that assigns to each X ∈ Ob(T) the free topological module F (X) and to each f ∈ Mor(T) the unique extension F (f) ∈ Mor(M) of f satisfies the conditions of Theorem 4.2. Consequently, if F (X) and F (Y ) are topologically R-isomorphic Tychonoff spaces, then dim X = dim Y . □

Corollary 6.2. Let R be a topological ring with a countable network, M be an Rclosed class of topological modules, and assume that the closed unit interval [0, 1] is M -Hausdorff. If X, Y are Tychonoff spaces and F (X), F (Y ) are topologically R-isomorphic free topological modules over X and Y in M respectively, then dim X = dim Y .

Proof: Let Z be a space with a countable weight, F (Z) the free topological module over Z in M , and η_Z a unit of F (Z). Since network weight is preserved by continuous mappings, η_Z (Z) has a countable network. Since F (Z) is generated by η_Z (Z) (see the proof of Proposition 5.7), and R has a countable network, F (Z) has a countable network. It remains to apply Theorem 6.1. □

Since every abelian topological group can be viewed as a topological Z-module, where Z is taken with the discrete topology, we immediately obtain the following result (for a definition of the free abelian topological group over a space X in a given class of topological groups see [12]).

Corollary 6.3. Let G be a Z-closed class of abelian topological groups, and assume that the closed unit interval [0, 1] is G -Hausdorff. If X, Y are Tychonoff spaces and F (X), F (Y ) are topologically isomorphic free abelian topological groups over X and Y in G respectively, then dim X = dim Y .

Recall that a topological group is called precompact if it is a subgroup of some compact topological group. The free topological group over a space X in the class of all (abelian) precompact groups is then called the free precompact (abelian) group over X.

Corollary 6.4. If Tychonoff spaces X and Y have topologically isomorphic their free precompact abelian groups, then dim X = dim Y .

Proof: Obviously, the class P of all precompact abelian groups is closed under taking arbitrary products and (topological) subgroups. In order to apply Corollary 6.3, we have to show that the closed unit interval [0, 1] is P-Hausdorff. The group T = R/Z is (pre)compact, abelian and pathwise connected. Let t be an arbitrary non-torsion element of T, and x and y be two distinct points of [0, 1]. Since T is pathwise connected, there exists a continuous function f : [0, 1] → T such that f(x) = t and f(y) = 0_T. Since t is non-torsion, we have rf(x) ≠ 0_T for every r ∈ Z \ {0}. Thus, the closed unit interval [0, 1] is P-Hausdorff. □

Corollary 6.3 can be further generalized for some non-abelian free topological groups. It was proved in [12, Theorem 9.9] that if G^′ ⊆ G are two classes of topological groups, and X and Y topological spaces such that the free topological groups over X and Y in G are topologically isomorphic, then the free topological groups over X and Y in G^′ are topologically isomorphic as well. This together with Corollary 6.3 gives the following result.

Corollary 6.5. Let G^′ be a Z-closed class of abelian topological groups, and assume that the closed unit interval [0, 1] is G^′-Hausdorff. Suppose that G is some class of topological groups containing G^′.

If X, Y are Tychonoff spaces and F (X), F (Y ) are topologically isomorphic free topological groups over X and Y in G respectively, then dim X = dim Y .

Remark 6.6. Let us note that Theorem 4.2 can be stated in a more general way, where the R-module structure can be replaced by a more general algebraic structure that includes free groups as well. Stronger version of Corollary 6.5 would then follow from such a generalization. However, this topic exceeds the scope of this paper, since we are mostly interested in applications to G-equivalence.

7. Hom_p(C_p(X, G), G) as a free module

For a topological group H we denote by Hom(G, H) the subset of C(G, H) consisting of all continuous group homomorphisms. It is well known and easy to observe that if H is abelian, then Hom(G, H) is a subgroup of C(G, H).

Let G be an abelian topological group. For f, g ∈ C(G, G) define the multiplication fg ∈ C(G, G) by fg(x) = f ∘ g(x) for all x ∈ G. The group Hom(G, G) together with such multiplication forms a ring that is called the endomorphism ring of G and denoted by End(G). If not stated otherwise, we will consider End(G) with the discrete topology.

For topological groups G and H, we denote by Hom_p(G, H) the set Hom(G, H) equipped with the topology of pointwise convergence (so that Hom_p(G, H) becomes the topological subgroup of C_p(G, H)).

Recall that every abelian topological group G can be naturally considered as a topological End(G)-module. Indeed, for r ∈ End(G) and g ∈ G the scalar multiplication of r and g is defined by rg = r(g).

Similarly, if X is a set, then G^X , being the product of topological End(G)- modules, is itself a topological End(G)-module. Here the scalar multiplication for r ∈ End(G) and f ∈ G^X is defined pointwisely; that is, rf(x) = r(f(x)) for all x ∈ X.

Lemma 7.1. Let G be an abelian topological group and X a topological space. Then C_p(X, G) is an End(G)-submodule of G^X , and Hom_p(C_p(X, G), G) is an End(G)-submodule of G^{Cp(X,G)}.

Definition 7.2. Let G be an abelian topological group, X a set, and H a subspace of G^X .

(i) By π_B : G^X → G^B , where B ⊆ X, we denote the projection. (ii) We define ψ_H : X → C(H, G) by ψ_H (x) = π_{{x}} ↾_H for x ∈ X. If M and N are topological R-modules, we denote by Hom_R(M, N) the subgroup of Hom(M, N) consisting of all continuous R-homomorphisms from M to N. Lemma 7.3. Let G be an abelian topological group, X a set and H an End(G)- submodule of G^X . Then π_B is a continuous End(G)-homomorphism for every B ⊆ X. Consequently, π_B ↾_H is a continuous End(G)-homomorphism for all B ⊆ X. In particular, ψ_H (X) ⊆ Hom_{End(G)}(H, G).

Given an R-module M and its subset X, we denote by ⟨X⟩_R the R-submodule of M generated by X.

Proposition 7.4. Let G be an abelian topological group and X a space. Put η = ψ_{Cp(X,G)}, and consider the End(G)-submodule M = ⟨η(X)⟩_{End(G)} of the End(G)-module Hom_p(C_p(X, G), G). Then M is the free topological module over X in the class {G}_{End(G)} of topological End(G)-modules, and η is its unit.

Proof: It suffices to prove that

(i) M ∈ {G}_{End(G)}, and (ii) for every H ∈ {G}_{End(G)} and each f ∈ C(X, H) there exists a unique continuous End(G)-homomorphism f̄ : M → H such that f = f̄ ∘ η.

Since M is an End(G)-submodule of Hom_p(C_p(X, G), G) and the latter module is an End(G)-submodule of G^{C(X,G)} by Lemma 7.1, item (i) follows from the fact that {G}_{End(G)} is End(G)-closed.

To prove (ii), fix H ∈ {G}_{End(G)} and f ∈ C(X, H). Since H ∈ {G}_{End(G)}, there exists a set A such that H is an End(G)-submodule of G^A. For every a ∈ A put f_a = π_a ∘ f, where π_a : G^A → G is the projection on ath coordinate. Clearly, f_a ∈ C_p(X, G) for all a ∈ A, and f = △{f_a : a ∈ A} is the diagonal product. For each a ∈ A define f̄_a : M → G by f̄_a(μ) = μ(f_a) for every μ ∈ M. That is, f̄_a is the projection at f_a. Thus, by Lemma 7.3 (with M instead of H and C(X, G) instead of X), f̄_a ∈ Hom_{End(G)}(M, G).

By the definition of η we have

f_a(x) = π_{{x}}(f_a) = f̄_a(π_{{x}}) = f̄_a(η(x)) = f̄_a ∘ η(x)

for every x ∈ X. Consequently, f̄ = △{f̄_a : a ∈ A} is a continuous End(G)- homomorphism from M to G^A such that f = f̄ ∘η. Since H is an End(G)-module, M = ⟨η(X)⟩_{End(G)} and f̄(η(X)) ⊆ H, it follows that f̄ is the unique continuous End(G)-homomorphism satisfying f = f̄ ∘ η and f̄(M) ⊆ H. □

Lemma 7.5. Let G be an abelian topological group, B a finite set and ν : G^B → G a continuous homomorphism. Then for every b ∈ B there exists a unique r_b ∈ End(G) such that ν = � b∈B r_b ∘ π_b, where π_b : G^B → G is the projection defined by π_b(g) = g(b) for b ∈ B.

Proof: For a ∈ B let θ_a : G → G^B be the unique homomorphism satisfying π_a ∘ θ_a(g) = g and π_b ∘ θ_a(g) = 0 for every g ∈ G and b ∈ B \ {a}. Then the endomorphisms r_b = ν ∘ θ_b ∈ End(G) (b ∈ B) are as required. □

Definition 7.6. Let X be a set, G a topological group, H a subgroup of G^X and μ ∈ Hom(H, G).

(i) We say that B ⊆ X is a supporting set for μ, or B supports μ, provided that f(B) ⊆ {e} implies μ(f) = e for every f ∈ H.

(ii) By S(μ) we denote the set {B ⊆ X : B supports μ}.

(iii) We say that μ is finitely supported provided there exists some finite K ∈ S(μ).

Lemma 7.7. Let X be a set, G a topological group, H a subgroup of G^X , μ ∈ Hom(H, G) and B ∈ S(μ). If f, g ∈ H and f ↾_B = g ↾_B , then μ(f) = μ(g).

Proof: Since (fg^{−1})(B) ⊆ {e}, it follows that μ(fg^{−1}) = e. Consequently, μ(f) = μ(fg^{−1}g) = μ(fg^{−1})μ(g) = μ(g). □

Proposition 7.8. Let G be an abelian topological group, X a set and H a subgroup of G^X such that π_K ↾_H is surjective for every finite set K ⊆ X. Then ⟨ψ_H (X)⟩_{End(G)} = Hom(H, G) if and only if every μ ∈ Hom(H, G) is finitely supported.

Proof: We start with the “only if” part. Take μ ∈ ⟨ψ_H (X)⟩_{End(G)} = Hom(H, G). Then μ =

�_n i=1 r_iψ_H (x_i) for some n ∈ N, x_1, . . . , x_n ∈ X and r_1, . . . , r_n ∈ End(G). Clearly, {x_1, . . . , x_n} ∈ S(μ), and thus μ is finitely supported.

To prove the “if” part, take μ ∈ Hom(H, G) and a finite set B ∈ S(μ). By our assumption on H, χ = π_B ↾_H is surjective, so for every g ∈ G^B we can chose f_g ∈ χ^{−1}(g). Define ν : G^B → G by ν(g) = μ(f_g ) for g ∈ G^B . By Lemma 7.7, μ(f) = μ(f_g) whenever f ∈ H and χ(f) = χ(f_g), so ν is welldefined. A straightforward verification shows that ν : G^B → G is a continuous homomorphism. Clearly, μ = ν ∘ χ. For b ∈ B let r_b ∈ End(G) be as in the conclusion of Lemma 7.5. Then μ = � b∈B r_b ∘ π_b ∘ χ. Since π_b ∘ χ = ψ_H (b), we get μ = � b∈B r_b ∘ ψ_H (b). Thus μ ∈ ⟨ψ_H (X)⟩_{End(G)}. □

We will need the notion of G^{⋆⋆}-regularity from [12]. Given a topological group G, a topological space X is called G^{⋆⋆}-regular provided that, whenever g ∈ G, x ∈ X and F is a closed subset of X satisfying x /∈ F , there exists f ∈ C_p(X, G) such that f(x) = g and f(F ) ⊆ {e}.

Lemma 7.9. Let G be a topological group and X a G^{⋆⋆}-regular space. Then π_K ↾_{Cp(X,G)} is surjective for every finite set K ⊆ X. In particular, C_p(X, G) is dense in G^X .

Theorem 7.10. Let G be an abelian topological group, and X a G^{⋆⋆}-regular space such that every μ ∈ Hom_p(C_p(X, G), G) is finitely supported. Then Hom_p(C_p(X, G), G) is the free topological module over X in the class {G}_{End(G)}.

Proof: Since X is G^{⋆⋆}-regular, the conclusion of Lemma 7.9 shows that the assumptions of Proposition 7.8 are satisfied. Therefore, Hom_p(C_p(X, G), G) = ⟨ψ_{Cp(X,G)}(X)⟩_{End(G)}. Now the conclusion of our theorem follows from Proposition 7.4. □

8. Application to G-equivalence

Theorem 8.1. Let G be a nontrivial abelian separable metrizable pathwise connected group. Assume that every μ ∈ Hom_p(C_p(X, G), G) is finitely supported for every Tychonoff space X. Then G-equivalence preserves the covering dimension.

Proof: Let X be a Tychonoff space. Since G is pathwise connected and nontrivial, X is G^{⋆⋆}-regular [12, Proposition 2.3(i)]. By Theorem 7.10, Hom_p(C_p(X, G), G) is the free topological module over X in the class M = {G}_{End(G)} of topological End(G)-modules.

Clearly, M is End(G)-closed. Since G is pathwise connected, the closed unit interval is M -Hausdorff.

Suppose that Z is a space with a countable base. It is well known that nw(C_p(X, Y )) ≤ nw(X) for every space Y with a countable base. Applying this fact twice, we conclude that both C_p(Z, G) and C_p(C_p(Z, G), G) have a countable network. Since Hom_p(C_p(Z, G), G) is a subspace of C_p(C_p(Z, G), G), it follows that Hom_p(C_p(Z, G), G) has a countable network.

From Theorem 6.1 we conclude that dim X = dim Y whenever X and Y are Tychonoff spaces such that Hom_p(C_p(X, G), G) is topologically End(G)-isomorphic to Hom_p(C_p(Y, G), G). Finally, it remains to observe that if X and Y are Gequivalent, that is, C_p(X, G) and C_p(Y, G) are topologically isomorphic, then Hom_p(C_p(X, G), G) and Hom_p(C_p(Y, G), G) are topologically End(G)-isomorphic. □ Next we will present some classes of topological groups G for which the condition that every μ ∈ Hom_p(C_p(X, G), G) is finitely supported for every Tychonoff space X is satisfied. The following definition comes from [8]. Definition 8.2. We say that a topological group G is self-slender provided that for every set X and each continuous homomorphism μ : G^X → G there exist a finite set K ⊆ X and a continuous homomorphism φ : G^K → G such that μ = φ ∘ π_K , where π_K : G^X → G^K is the projection.

Lemma 8.3. A topological group G is self-slender if and only if each continuous homomorphism ϕ : G^X → G is finitely supported for every set X. Proof: Fix a set X and a continuous homomorphism ϕ : G^X → G. If G is self-slender, then there exist some finite K ⊆ X and a continuous homomorphism φ : G^K → G such that ϕ = φ ∘ π_K . Obviously, K ∈ S(ϕ) and thus ϕ is finitely supported. On the other hand, if ϕ is finitely supported, then there is some finite K ∈ S(ϕ). For every f ∈ G^K pick f^′ ∈ G^X such that π_K (f^′) = f, and define φ(f) = ϕ(f^′). Since K ∈ S(ϕ), it follows from Lemma 7.7 that φ : G^K → G is a well-defined homomorphism. Obviously, ϕ = φ ∘ π_K . It remains to observe that φ is continuous. For every V ⊆ G we have φ^{−1}(V ) = π_K (ϕ^{−1}(V )). Consequently, the continuity of φ follows from the continuity of ϕ and from the fact that π_K is an open mapping. □

Recall that a topological group is called NSS provided that there exists a neighborhood of the identity containing no nontrivial subgroup. Lemma 8.4. Let G be a topological group, X be a set and H be a subgroup of G^X such that one of the following conditions hold:

(i) G is NSS, (ii) the Raikov completion ^G of G is self-slender and H is dense in G^X .

Then every μ ∈ Hom(H, G) is finitely supported. Proof: Assume that (i) holds.

Fix μ ∈ Hom(H, G) and a neighborhood U of the identity e in G containing no nontrivial subgroup. Since μ is continuous, there exist a finite set K ⊆ X and an open neighborhood V ⊆ G of e such that for A = {f ∈ H : f(K) ⊆ V } we have μ(A) ⊆ U. We claim that K ∈ S(μ). Indeed, if g ∈ H satisfies g(K) ⊆ {e}, then g^z ∈ A, and consequently, μ(g)^z ⊆ U for every z ∈ Z. In other words, U contains the subgroup generated by μ(g). Therefore μ(g) = e. It follows that K ∈ S(μ).

Suppose now that (ii) holds. Since H is dense in G^X , it follows that ^H = ^G^X . Pick μ ∈ Hom(H, G) and take the unique continuous homomorphism ^μ : ^G^X → ^G extending μ. Then ^μ is finitely supported by Lemma 8.3. Obviously, μ = ^μ ↾_H is finitely supported as well. □

Theorem 8.5. Let G be a nontrivial abelian separable metrizable pathwise connected group. Assume that G is either an NSS group or the completion ^G of G is self-slender. Then G-equivalence preserves the covering dimension.

Proof: If G is NSS, then every μ ∈ Hom_p(C_p(X, G), G) is finitely supported for every Tychonoff space X by Lemma 8.4. If the completion of G is self-slender, then C_p(X, G) is dense in G^X for every Tychonoff space X by Lemma 7.9. Here we are using the fact that every Tychonoff space is G^{⋆⋆}-regular because G is pathwise connected. Therefore, by Lemma 8.4 also in this case every μ ∈ Hom_p(C_p(X, G), G) is finitely supported for every Tychonoff space X. Thus, the conclusion follows from Theorem 8.1. □

Since R is an NSS, pathwise connected, separable metrizable, abelian group, Theorem 8.5 implies the following result of Pestov [10].

Corollary 8.6 (Pestov). The covering dimension is preserved by l-equivalence.

9. Further generalizations

If H is a subgroup of a topological group G, then C_p(X, H) is a subgroup of C_p(X, G) for every space X. If we succeed to prove that each topological isomorphism between C_p(X, G) and C_p(Y, G) must map C_p(X, H) onto C_p(Y, H), then this would mean that G-equivalence implies H-equivalence. This usually happens when H is a “significant” subgroup of G, for example, its center or (arcwise) connected component.

Recall that the set Z(G) = {g ∈ G : gh = hg for every h ∈ G} is called the center of a group G. Obviously, Z(G) is an abelian subgroup of G.

Proposition 9.1. Let G be a topological group. Then G-equivalence implies Z(G)-equivalence.

Proof: Assume that spaces X and Y are G-equivalent, and let φ : C_p(X, G) → C_p(Y, G) be a topological isomorphism. One can easily check that Z(C_p(X, G)) = C_p(X, Z(G)) and Z(C_p(Y, G)) = C_p(Y, Z(G)). Since an isomorphism between topological groups maps the center onto the center, we must have φ(C_p(X, Z(G))) = C_p(Y, Z(G)). Thus, X and Y are Z(G)-equivalent. □

Given a topological group G, we denote by c(G) the connected component of the identity of G and by c_0(G) the pathwise connected component of the identity of G. Recall that both, c(G) and c_0(G) are topological subgroups of G.

If X is a topological space and A ⊆ X, then by Cl_X (A) we will denote the closure of A in X.

Proposition 9.2. Let X be a space and G a topological group. Then Cl_{Cp(X,G)}(c_0(C_p(X, G))) = C_p(X, Cl_G(c_0(G))).

Proof: First let us prove the inclusion “⊆”. Pick f ∈ Cl_{Cp(X,G)}(c_0(C_p(X, G))) and x ∈ X. Let π : C_p(X, G) → G be the projection at x. Since a continuous image of a pathwise connected space is pathwise connected and π is continuous, it follows that π(c_0(C_p(X, G))) ⊆ c_0(G) and consequently, π(Cl_{Cp(X,G)}(c_0(C_p(X, G)))) ⊆ Cl_G(c_0(G)). Thus, f ∈ C_p(X, Cl_G(c_0(G))).

To show the reverse inclusion “⊇”, fix f ∈ C_p(X, Cl_G(c_0(G))), and let O be an open neighborhood of f in C_p(X, Cl_G(c_0(G))). We must show that O ∩ c_0(C_p(X, G)) ≠ ∅. There exist n ∈ N, pairwise distinct elements x_1, . . . , x_n ∈ X and a sequence U_1, . . . , U_n of open subsets of Cl_G(c_0(G)) with

(3) f ∈ n� i=1 W (x_i, U_i) ⊆ O,

where W (x_i, U_i) = {g ∈ C(X, Cl_G(c_0(G))) : g(x_i) ∈ U_i}. Fix an integer i satisfying 1 ≤ i ≤ n. From (3) it follows that U_i ⊆ Cl_G(c_0(G)) is nonempty. Thus we can choose g_i ∈ U_i ∩ c_0(G). Therefore, there exists a continuous map φ_i : [0, 1] → G such that

(4) φ_i(0) = e and φ_i(1) = g_i.

Let ψ_i : X → [0, 1] be a continuous function such that

(5) ψ_i(x_i) = 1 and ψ_i(x_j ) = 0 for every j ∈ {1, . . . , n} with j ≠ i.

Let φ : [0, 1] → C_p(X, G) be the map which assigns to every t ∈ [0, 1] the function φ(t) ∈ C_p(X, G) defined by

(6) φ(t)(x) = n� i=1 φ_i(tψ_i(x)) for x ∈ X.

From (4) and (6) we conclude that φ(0) is the identity element of C_p(X, G). One can easily check that φ is continuous, so φ([0, 1]) is a path between φ(0) = e and h = φ(1) ∈ C_p(X, G). Therefore, h ∈ c_0(C_p(X, G)). Finally, from (4), (5) and (6) we conclude that h(x_i) = g_i ∈ U_i for every integer i with 1 ≤ i ≤ n. That is, h ∈

�_n i=1 W (x_i, U_i). Combining this with (3), we conclude that h ∈ O. Hence h ∈ O ∩ c_0(C_p(X, G)) ≠ ∅. □

Since a closure of a subgroup of a topological group G is again a subgroup of G, it follows that Cl_G(c_0(G)) is a subgroup of G.

Corollary 9.3. G-equivalence implies Cl_G(c_0(G))-equivalence for every topological group G.

Proof: Assume that spaces X and Y are G-equivalent, and let φ : C_p(X, G) → C_p(Y, G) be a topological isomorphism. Since a topological isomorphism between topological groups maps the pathwise connected component onto the pathwise connected component, we must have

φ(Cl_{Cp(X,G)}(c_0(C_p(X, G)))) = Cl_{Cp(Y,G)}(c_0(C_p(Y, G))).

From this and Proposition 9.2 we obtain that

C_p(X, Cl_G(c_0(G))) = Cl_{Cp(X,G)}(c_0(C_p(X, G))) ∼= Cl_{Cp(Y,G)}(c_0(C_p(Y, G))) = C_p(Y, Cl_G(c_0(G))).

Thus, X and Y are Cl_G(c_0(G))-equivalent. □

Corollary 9.4. Let G be a topological group such that c_0(G) is dense in c(G). Then G-equivalence implies c(G)-equivalence.

Proof: Since c(G) is closed in G, from our assumption we get c(G) = Cl_G(c_0(G)). It remains to apply Corollary 9.3. □

Theorem 9.5. Let G be a topological group. Assume that c_0(G) is closed in G and c_0(G) = H^κ, where κ is an arbitrary nonzero cardinal, and H is a nontrivial abelian separable metrizable group that is either NSS, or has self-slender completion. Then G-equivalence preserves the covering dimension.

Proof: It follows from Corollary 9.3 that G-equivalence implies c_0(G)-equivalence (that is, H^κ-equivalence). It follows from [12, Corollary 2.14] that H^κequivalence preserves the covering dimension if and only if H-equivalence does. Since H^κ is pathwise connected, so is H, and thus H-equivalence preserves dimension by Theorem 8.5. □

Remark 9.6. Examples of compact abelian self-slender groups that are not NSS can be found in [2]. Therefore, conditions from items (i) and (ii) of Lemma 8.4, as well as the corresponding assumptions in Corollary 8.5 and Theorem 9.5, cannot be “merged” into a single general statement.

Remark 9.7. In [12] we presented some classes G , H of topological groups for which G-equivalence implies H-equivalence whenever G ∈ G and H ∈ H . Using these results as well as Proposition 9.1 together with Theorem 9.5 can result into extending the class of topological groups G for which it is known that Gequivalence preserves the covering dimension.

10. Final remarks

Given a space X (no separation axioms are assumed) and a topological group G, we say that X is G-Tychonoff provided that it can be embedded in some power of G. Consider the image of X under the diagonal product r_G of all maps f ∈ C(X, G). A straightforward check shows that the map Ψ : C_p(r_G(X), G) → C_p(X, G) defined by Ψ(f) = f ∘ r_G is a topological isomorphism. In particular, X and r_G(X) are G-equivalent. Obviously, r_G(X) is always G-Tychonoff while X is G-Tychonoff if and only if it is homeomorphic to r_G(X). A reader familiar with the theory of categories can readily recognize that r_G is a reflection of the category of all topological spaces in the category of all G-Tychonoff spaces.

Let us give a simple example showing that the requirement on H to be nontrivial in Theorem 9.5 cannot be omitted.

Example 10.1. Let G be the discrete two-point group Z(2). Then G is separable metric and NSS but G-equivalence does not preserve dimension within the class of compact metric spaces.

Indeed, for the closed unit interval I its reflection r_G(I) is a singleton, because every continuous Z(2)-valued function on I is constant. Since r_G(I) is G-equivalent to I the conclusion follows.

The previous extreme example shows that in order to obtain meaningful theorems about preservation of dimension by G-equivalence we have to restrict ourselves only to the class of G-Tychonoff spaces. Therefore, when investigating the preservation of dimension by G-equivalence within the class of all Tychonoff spaces it is reasonable to require all Tychonoff spaces to be G-Tychonoff which happens if and only if I is G-Tychonoff if and only if c_0(G) is nontrivial.

Question 10.2. (i) Can “separable metrizable” be omitted in Theorem 8.5 and Theorem 9.5?

(ii) Does G-equivalence preserve the covering dimension for every NSS abelian group G within the class of G-Tychonoff spaces?

(iii) Does G-equivalence preserve the covering dimension for every compact self-slender abelian group G within the class of G-Tychonoff spaces?

(iv) Can the assumption that c_0(G) is closed be omitted in Theorem 9.5?

Acknowledgment. I would like to thank Dmitri Shakhmatov for providing me with generous advices resulting in a better exposition of this paper. Further, I would like to thank Taras Banakh for letting me know about the recent paper [7].

References

[1] Arhangel’skiĭ A.V., The principle of T approximation and a test for equality of dimension of compact Hausdorff spaces (Russian), Dokl. Akad. Nauk SSSR 252 (1980), no. 4, 777-780.

[2] Dikranjan D., Shakhmatov D., Spěvák J., NSS and TAP properties in topological groups close to being compact, ArXiv prerpint arXiv:0909.2381v1 [math.GN].

[3] Freyd P., Abelian Categories. An Introduction to the Theory of Functors, Harper’s Series in Modern Mathematics, Harper & Row, New York, 1964, 11+164 pp.

[4] Gul’ko S.P., On uniform homeomorphisms of spaces of continuous functions (Russian), Trudy Mat. Inst. Steklov. 193 (1992), 82–88; English translation: Proc. Steklov Inst. Math. 193 (1993), 87–93.

[5] Joiner Ch., Free topological groups and dimension, Trans. Amer. Math. Soc. 220 (1976), 401–418.

[6] Kelley J.L., Obshchaya Topologiya (Russian), [General topology], translated from English by A.V. Arhangel’skiĭ, edited by P.S. Aleksandrov, Izdat. “Nauka”, Moscow, 1968.

[7] Krupski M., Topological dimension of a space is determined by the pointwise topology of its function space, ArXiv prerpint arXiv:1411.1549v1 [math.GN].

[8] Menini C., Orsatti A., Dualities between categories of topological modules, Comm. Algebra 11 (1983), no. 1, 21–66.

[9] Pavlovskiĭ D.S., Spaces of continuous functions (Russian), Dokl. Akad. Nauk SSSR 253 (1980), no. 1, 38–41.

[10] Pestov V.G., The coincidence of the dimensions dim of l-equivalent spaces, Soviet Math.

Dokl. 26 (1982), no. 2, 380–383.

[11] Shakhmatov D.B., Baire isomorphisms at the first level and dimension, Topology Appl.

107 (2000), 153–159.

[12] Shakhmatov D.B., Spěvák J., Group-valued continuous functions with the topology of pointwise convergence, Topology Appl. 157 (2010), 1518–1540.

[13] Spěvák J., Finite-valued mappings preserving dimension, Houston J. Math. 31 (2011), no. 1, 327–348.

[14] Tkachuk V.V., Duality with respect to the functor C_p and cardinal invariants of the type of the Souslin number (Russian), Mat. Zametki 37 (1985), no. 3, 441–451.

[15] Zambahidze L.G., On relations between dimensional and cardinal functions of spaces imbedded in spaces of a special type (Russian), Soobshch. Akad. Nauk Gruzin. SSR 100 (1980), no. 3, 557–560.

[16] Zambahidze L.G., Relations between dimensions of free bases of free topological groups (Russian), Soobshch. Akad. Nauk Gruzin. SSR 97 (1980), no. 3, 569–572.

Department of Mathematics, Faculty of Science, J.E. Purkinje University, České mládeže 8, 400 96 Ústí nad Labem, Czech Republic

E-mail: jan.spevak@ujep.cz

(Received November 12, 2014, revised April 14, 2015)