Comment.Math.Univ.Carolin. 57,2 (2016) 253–260 253

On a question of C_c(X)

A.R. Olfati

Abstract. In this short article we answer the question posed in Ghadermazi M., Karamzadeh O.A.S., Namdari M., On the functionally countable subalgebra of C(X), Rend. Sem. Mat. Univ. Padova 129 (2013), 47–69. It is shown that C_c(X) is isomorphic to some ring of continuous functions if and only if υ_0X is functionally countable. For a strongly zero-dimensional space X, this is equivalent to say that X is functionally countable. Hence for every P -space it is equivalent to pseudo-ℵ_0-compactness.

Keywords: zero-dimensional space; strongly zero-dimensional space; N-compact space; Banaschewski compactification; character; ring homomorphism; functionally countable subring; functional separability

Classification: Primary 54C30, 54D35, 46E25; Secondary 54D60, 54C40

1. Introduction

For topological spaces X and E, the space X is called E-completely regular provided that it can be topologically embedded into the product space E^κ, for some cardinal number κ. If we consider the particular case where E = N (i.e., the set of all natural numbers with the discrete topology), then one can verify that X is zero-dimensional and Hausdorff (i.e., a T_2-space with a base consisting of clopen sets) if and only if X is N-completely regular. We also recall that a topological space X is E-compact if it is embeddable as a closed subset into the product space E^τ for some cardinal number τ. The notions of E-completely regular and E-compact spaces were introduced by Mrówka and Engelking in [7]. Mrówka continued to investigate the properties of such spaces in [17], [19]. For a special case E = N, see [15], [16]. He also wrote a survey on E-compact spaces in [18]. The reader is referred to [22] for terminology and notions about E-compactness. The following theorem is needed in the sequel, see e.g., [18, Theorem 4.14].

Theorem 1.1. For every E-completely regular space X there exists a space υ_E (X) such that:

(a) υ_E (X) is E-compact and it contains X as a dense subspace; (b) every continuous function f : X → Y , where Y is an arbitrary E-compact space, admits a continuous extension f^∗ : υ_E (X) → Y .

DOI 10.14712/1213-7243.2015.161

Any E-compact space Z containing X as a dense subspace with the properties (a) and (b) of Theorem 1.1, is homeomorphic with υ_E (X). As a special case, for every zero-dimensional space X there exists an N-compact space υ_0X such that every continuous function f : X → Y , with Y an N-compact space, has a unique extension f^∗ : υ_0X → Y . Also, we could replace an arbitrary N-compact space Y with the fixed discrete space Z (i.e., the set of all integer numbers), and have the following characterization of N-compactification of a zero-dimensional space, see e.g., [22, 5.4(d)].

Theorem 1.2. An N-compact extension T of a zero-dimensional space X is homeomorphic with υ_0X if and only if for each continuous function f : X → Z, there exists F : T → Z such that F |_X = f.

A topological space X is called strongly zero-dimensional if X is a nonempty completely regular Hausdorff space and every finite cozero-set cover {U_i}^k_{i=1} of the space X has a finite open refinement {V_i}^m_{i=1} such that V_i ∩ V_j = ∅, whenever i ≠ j. Equivalently, a nonempty completely regular Hausdorff space X is strongly zero-dimensional if and only if for every pair A, B of completely separated subsets of the space X, there exists a clopen set U in X such that A ⊆ U ⊆ X \ B, see e.g., [10].

It is well-known that every strongly zero-dimensional realcompact space is Ncompact. It is also easy to see that every countable subset of R is Lindelöf and zero-dimensional and hence is strongly zero-dimensional. Therefore every countable subset of R is N-compact. So we have the following trivial lemma. Lemma 1.3. Let X be a zero-dimensional Hausdorff space. For each continuous function f : X → R with countable image, there exists an extension f^∗ : υ_0X → R such that the image of f^∗ is equal to the image of f.

For an arbitrary completely regular Hausdorff space X, we denote by C_c(X) the set of all continuous real-valued functions on X with countable image. The set C_c(X) forms a subring of C(X) (i.e., the set of all continuous real valued functions on X) with pointwise addition and multiplication. Ghadermazi, Karamzadeh and Namdari showed in [9] that for a completely regular Hausdorff space X there exists a zero-dimensional space Y such that C_c(X) ∼= C_c(Y ). In view of this fact, in the present article we restrict our attention to zero-dimensional spaces. In the same article, the authors required to find an example of a zero-dimensional space X for which C_c(X) is not isomorphic to any C(Y ). They remarked that for an uncountable discrete space X, the ring C_c(X) is not isomorphic to any ring of continuous functions. They also remained an unsettled question to determine completely regular Hausdorff spaces X for which C_c(X) is isomorphic to some ring of continuous functions. The reader may consult [9] for all prerequisites and unfamiliar notions for the functionally countable algebras.

In the present article, we give a complete answer to the aforementioned question and by virtue of it, we will show that not only for discrete spaces but for various kinds of zero-dimensional spaces X the algebra C_c(X) is not isomorphic to any ring of continuous functions.

We remind the reader that β_0X is the unique (up to homeomorphism) zerodimensional compact space which contains X as a dense subset such that every continuous two-valued function f : X → {0, 1} has a unique extension to β_0X.

Bhattacharjee, Knox and McGovern have found that the maximal ideal space of C_c(X) is homeomorphic with β_0X, see [4]. They remarked that the proof of this fact can be modeled after [11, Theorem 5.1].

We conclude this section with the following proposition. We also remind the reader that a subset Y ⊆ X is C_c-embedded in X if for each f ∈ C_c(Y ), there exists F ∈ C_c(X) such that F |_Y = f.

Proposition 1.4. An N-compact extension T of a zero-dimensional space X is homeomorphic with υ_0X if and only if X is C_c-embedded in T .

Proof: By Lemma 1.3, the necessity is trivial. For sufficiency, it is enough to show that for each continuous function f : X → N, there exists a continuous function F : T → N such that F |_X = f. Since f ∈ C_c(X), there exists h ∈ C_c(T ) such that h|_X = f. The subset h(T ) of R is countable. Hence there exists an increasing sequence r_1 < r_2 < · · · < r_n < · · · such that for each n ∈ N, r_n /∈ h(T ) and r_n < n < r_{n+1}.

Define W_1 = F^{−1}(−∞, r_2) and for each n > 2, W_n = F^{−1}(r_n, r_{n+1}). Each W_n is clopen and T = ⋃ n∈N W_n. Define the map k : T → N to be such that for each n ∈ N, k|_{Wn} = n. Clearly k is continuous and k|_X = f. So we are done. □

2. When is C_c(X) ∼= C(Y )?

We recall that a completely regular Hausdorff topological space X is functionally countable if each continuous real-valued function on X has countable image. It was mentioned in [14] that X is functionally countable if and only if every second countable continuous image of X is countable. Moreover, X is functionally countable if and only if every metrizable image of X is countable. All functionally countable spaces are zero-dimensional and pseudo-ℵ_1-compact space (i.e., every discrete family of non empty open sets is at most countable). In the literature of rings of continuous functions, functional countability appeared in [1], [2], [3], [13], [21], [23]. To achieve our main theorem we need the following proposition. Before, we recall that a character on C_c(X) is a non zero algebra homomorphism from C_c(X) onto R. For example, the evaluation δ_x at a point x ∈ X, which is defined by δ_x(f) = f(x), for all f ∈ C_c(X), is a character on C_c(X). The following proposition is basic for the rest of this section. We remind the reader that there are several proofs for determining all the characters on C(X), whenever X is a realcompact space, see e.g., [8], [5]. We adapt the latest proof which appeared in [5] to determine all the characters on C_c(X), whenever X is an Ncompact space. The referee noted that the procedure of the proof of the following proposition is somehow similar to the proof of [12, Proposition 2.7].

Proposition 2.1. Let X be an N-compact space and Φ be a character on C_c(X). There exists a unique x ∈ X such that Φ(f) = f(x), for all f ∈ C_c(X).

Proof: (Uniqueness) Since for each two distinct elements x, y in X there exists a clopen set U such that x ∈ U and y /∈ U, the uniqueness of the point x is trivial.

(Existence) For every f ∈ C_c(X), f(X) is a countable subset of R and therefore is N-compact. The space X is N-compact and since C_c(X) separates points from closed sets, X can be embedded as a closed subset of the product space ∏ f ∈Cc (X) f(X). Thus, we can identify each point of X with the point (f(x))f ∈Cc (X)

of the product space. For every f ∈ C_c(X) consider the projection π_f ∈ C_c(X) where

π_f (x) = f(x), for x = (f(x))_{f ∈Cc (X)} . Note that for each f ∈ C_c(X), Φ(f) ∈ f(X). To see this, we have Φ(f − Φ(f)) = 0 and therefore f − Φ(f) is a nonunit in C_c(X) and hence there exists t ∈ X such that f(t) = Φ(f).

Consider the point

z = (Φ(f))_{f ∈Cc(X)} ∈ ∏ f ∈Cc (X)

f(X).

First we claim that z ∈ X. Otherwise, since X is a closed set in ∏ f ∈Cc (X) f(X),

there would exist ϵ > 0 and a nonempty finite subset J ⊆ C_c(X) such that the set Ω = ⋂ g∈J {(x_f )_{f ∈Cc (X)} : |x_g − Φ(π_g )| < ϵ}

is empty. Define k = ∑ g∈J (π_g − Φ(π_g ))^2 ∈ C_c(X),

and observe that Φ(k) = 0. Hence, k is a nonunit in C_c(X) and thus k(z_k) = 0 for some z_k ∈ X. Then, |π_g (z_k) − Φ(π_g )| = 0 for all g ∈ J and so z_k ∈ Ω = ∅, which is a contradiction. We derive that z ∈ X, as desired. Now pick f ∈ C_c(X) and ϵ > 0. Since z ∈ X and f is continuous on X, there exists δ > 0 and a nonempty finite subset J ⊆ C_c(X) such that, for x ∈ X,

(∗) |π_g (x) − Φ(π_g )| < δ ∀g ∈ J =⇒ |f(x) − f(z)| < ϵ.

Now define

h = (f − Φ(f))^2 + ∑ g∈J (π_g − Φ(π_g ))^2 ∈ C_c(X).

Clearly Φ(h) = 0 and hence there exists z_h ∈ X such that f(z_h) = Φ(f) and π_g (z_h) = Φ(π_g ) for all g ∈ J. These equalities together with (∗) yield that

|Φ(f) − f(z)| = |f(z_h) − f(z)| < ϵ.

Therefore Φ(f) = f(z) and the proof is complete. □

We recall that a maximal ideal M in C_c(X) is real if^{Cc(X)}_M is isomorphic with the field R.

Theorem 2.2. Let X be a zero-dimensional space. Then X is N-compact if and only if every real maximal ideal M in C_c(X) is fixed (i.e., there exists p ∈ X such that M = {f ∈ C_c(X) : f(p) = 0}).

Proof: Let X be N-compact (i.e., υ_0X = X) and M be a real maximal ideal in C_c(X). Then M is the kernel of some character on C_c(X). Hence by Proposition 2.1, the ideal M must be fixed. Conversely, assume that every real maximal ideal of C_c(X) is fixed and υ_0X ≠ X. Consider a point p ∈ υ_0X \ X. By Lemma 1.3, we have the ring isomorphism Φ from C_c(X) to C_c(υ_0(X)), which maps each f ∈ C_c(X) to its unique extension on υ_0X. Clearly the ideal

M^p_c = {f ∈ C_c(υ_0X) : f(p) = 0}

is a fixed maximal ideal of C_c(υ_0X). Therefore the ideal Φ^{−1}(M^p_c ) is a real maximal ideal of C_c(X). But we have

Φ^{−1}(M^p_c ) = {f ∈ C_c(X) : f^∗(p) = 0},

which clearly is not a fixed ideal of C_c(X) and this is a contradiction. □

We remind the reader that an ideal I of C_c(X) is a contraction of an ideal J of C(X) provided that I = J ∩ C_c(X).

Remark 2.3. For a zero-dimensional space X, Theorem 2.2 shows that every real maximal ideal of C_c(X) is a contraction of a unique fixed maximal ideal in C(X) if and only if X is N-compact. P. Nyikos gave an example of a realcompact and zero-dimensional space which is not N-compact, see [20]. Therefore we infer that there exists a zero-dimensional space X for which the subring C_c(X) has a real maximal ideal that is not a contraction of a real maximal ideal of the ring C(X).

Theorem 2.4. Let X be an N-compact space. Then C_c(X) is isomorphic to some ring of continuous functions if and only if X is functionally countable.

Proof: Suppose that there exists a topological space Y such that C_c(X) ∼= C(Y ). We denote the maximal ideal spaces of C_c(X) and C(Y ) by M_c(X) and M(Y ), respectively. Since C_c(X) and C(Y ) are isomorphic, M_c(X) must be homeomorphic with M(Y ). The Gelfand-Kolmogoroff theorem states that M(Y ) is homeomorphic with the Stone-Čech compactification of Y , denoted by βY . On the other hand M_c(X) is homeomorphic with the Banaschewski compactification of X, see [11], [4]. Hence β_0X is homeomorphic with βY . Therefore Y must be strongly zero-dimensional. Without loss of generality we can assume that Y is also realcompact. Now let Φ : C(Y ) → C_c(X) be our ring isomorphism. For each x ∈ X, define the character Φ_x : C(Y ) → R such that for each f ∈ C(Y ),

Φ_x(f) = Φ(f)(x). Since Y is real compact, by [10, 10.5(c)], there exists a unique point π(x) ∈ Y such that

Φ_x(f) = f(π(x)),

for each f ∈ C(Y ). The mapping π from X into Y , thus defined, evidently satisfies

Φ(f) = f ∘ π,

for each f ∈ C(Y ). We need to show that π is a homeomorphism.

The map π is one to one. For p ≠ q ∈ X there exists a clopen set U such that p ∈ U and q /∈ U. Consider the characteristic function χ_U . There exists f ∈ C(Y ) such that Φ(f) = f ∘ π = χ_U . Hence f(π(p)) = 1 and f(π(q)) = 0. Therefore π(p) ≠ π(q).

The map π is continuous. Suppose that V is a clopen subset of Y . Consider the characteristic function χ_V ∈ C(Y ). Since the function Φ(χ_V ) = χ_V ∘ π is continuous and two valued, the subset

(χ_V ∘ π)^{−1} (1) = π^{−1}(V ),

is open in X. Therefore the map π is continuous.

The image π(X) is dense in Y . For if y ∈ Y \ cl_Y π(X), there exists a clopen set V such that y ∈ V and V ∩ cl_Y π(X) = ∅. Evidently Φ takes the characteristic function χ_V to zero and this is a contradiction, for Φ is one to one.

Now we show that the map π : X → π(X) is open. If W is a clopen subset of X, for the characteristic function χ_W ∈ C_c(X), there exists f ∈ C(Y ) such that

Φ(f) = f ∘ π = χ_W .

Note that f(π(W )) = {1} and f(π(X \ W )) = {0}. Hence π(W ) and π(X \ W ) are two closed and disjoint subsets of π(X) and their union is π(X). Therefore π(W ) is open in π(X). Thus X is homeomorphic with π(X).

We claim that Y is functionally countable. Consider the ring homomorphism

Φ^{−1} : C_c(X) → C(Y ).

For each y ∈ Y , define the character Φ^{−1}_y : C_c(X) → R by

Φ^{−1}_y (g) = Φ^{−1}(g)(y).

Since X is N-compact, there exists a unique point σ(y) ∈ X such that

Φ^{−1}_y (g) = Φ^{−1}(g)(y) = g(σ(y)).

Hence the function σ : Y → X, thus defined, satisfies Φ^{−1}(g) = g ∘ σ, for all g ∈ C_c(X). Since Φ^{−1} is onto, for each f ∈ C(Y ) there exists g ∈ C_c(X) such that Φ^{−1}(g) = g ∘σ = f. Note that g has a countable image and hence f ∈ C_c(Y ).

If we show that the image π(X) is C_c-embedded in Y , then by Proposition 1.4, we observe that π(X) = Y . To see this, let h ∈ C_c(π(X)). Then h ∘ π ∈ C_c(X). There exists T ∈ C_c(Y ) = C(Y ) (for Y is functionally countable) such that

Φ(T ) = T ∘ π = h ∘ π.

The restriction of T to π(X) is h. Hence by Proposition 1.4, π(X) = Y . Therefore X is homeomorphic with Y . For completing the proof we observe that X and Y are homeomorphic, Y is functionally countable and hence X is functionally countable. □

By Lemma 1.3, one can deduce that for a zero-dimensional space X we have C_c(X) ∼= C_c(υ_0X). Therefore the following result is immediate.

Corollary 2.5. For a zero-dimensional space X, the ring C_c(X) is isomorphic to some ring of continuous functions if and only if υ_0X is functionally countable.

Remark 2.6. It is well-known that a realcompact strongly zero-dimensional space is N-compact. Also since each continuous real valued function on a completely regular Hausdorff space X has an extension to υX with the same image, we have υ_0X = υX.

Theorem 2.4 together with Remark 2.6, imply the following corollary.

Corollary 2.7. Let X be a strongly zero-dimensional space. Then C_c(X) is isomorphic to some ring of continuous functions if and only if X is functionally countable.

As an application of Corollary 2.7, consider the space of irrational numbers, denoted by P. The ring C_c(P) is not isomorphic to any ring of continuous functions. Notice that for showing this fact, all ring theoretic methods which were chosen in [9] are not applicable here.

Remark 2.8. In [13], it is shown that a P -space is functionally countable if and only if X is pseudo-ℵ_1-compact. Since every P -space is strongly zero-dimensional, Corollary 2.7 shows that for an arbitrary P -space X, the ring C_c(X) is isomorphic to some ring of continuous functions if and only if X is pseudo-ℵ_1-compact.

Remark 2.9. With regard to Theorem 2.4 and Corollary 2.7, for a strongly zerodimensional space X, υ_0X is functionally countable if and only if X is functionally countable. The interested reader is encouraged to find an example of a zerodimensional non functionally countable space X, for which υ_0X is functionally countable.

Acknowledgments. The author would like to thank the referee. His/her careful reading of the manuscript combined with some very useful suggestions have improved the quality of the paper.

260 Olfati A.R.

References

[1] Barr M., Kennison F., Raphael R., Searching for absolute CR-epic spaces, Canad. J. Math.

59 (2007), 465–487.

[2] Barr M., Burgess W.D., Raphael R., Ring epimorphisms and C(X), Theory Appl. Categ.

11 (2003), no. 12, 283–308.

[3] Burgess W.D., Raphael R., Compactifications, C(X) and ring epimorphisms, Theory Appl.

Categ. 16 (2006), no. 21, 558–584.

[4] Bhattacharjee P., Knox M.L., McGovern W.W., The classical ring of quotients of C_c(X), Appl. Gen. Topol. 15 (2014), no. 2, 147–154.

[5] Boulabiar K., Characters on C(X), Canad. Math. Bull. 58 (2015), 7–8. [6] Engelking R., General Topology, PWN-Polish Sci. Publ., Warsaw, 1977. [7] Engelking R., Mrówka S., On E-compact spaces, Bull. Acad. Polon. Sci. 6 (1958), 429-436. [8] Ercan Z., Onal S., A remark on the homomorphism on C(X), Proc. Amer. Math. Soc. 133 (2005), 3609–3611.

[9] Ghadermazi M., Karamzadeh O.A.S., Namdari M., On the functionally countable subalgebra of C(X), Rend. Sem. Mat. Univ. Padova 129 (2013), 47–69.

[10] Gillman L., Jerison M., Rings of Continuous Functions, Graduate Texts in Mathematics, 43, Springer, New York-Heidelberg, 1976.

[11] Hager A., Kimber C., McGovern W.W., Unique a-closure for some ℓ-groups of rational valued functions, Czechoslovak Math. J. 55 (2005), 409–421.

[12] Hušek M., Pulgarín A., C(X) as a real ℓ-group, Topology Appl. 157 (2010), 1454–1459. [13] Levy R., Rice M.D., Normal P -spaces and the G_δ -topology, Colloq. Math. 44 (1981), 227– 240.

[14] Levy R., Matveev M., Functional separability, Comment. Math. Univ. Carolin. 51 (2010), no. 4, 705–711.

[15] Mrówka S., Structures of continuous functions III. Rings and lattices of integer-valued continuous functions, Vehr. Nederl. Akad. Wetensch. Sect. I 68 (1965), 74–82.

[16] Mrówka S., Shore S.D., Structures of continuous functions V. On homomorphisms of structures of continuous functions with zero-dimensional compact domain, Vehr. Nederl. Akad. Wetensch. Sect. I 68 (1965), 92–94.

[17] Mrówka S., On E-compact spaces II , Bull. Acad. Polon. Sci. 14 (1966), 597–605. [18] Mrówka S., Further results on E-compact spaces I , Acta. Math. 120 (1968), 161–185. [19] Mrówka S., Structures of continuous functions I , Acta. Math. Acad. Sci. Hungar. 21 (1970), 239–259.

[20] Nyikos P., Not every 0-dimensional realcompact space is N-compact, Bull. Amer. Math.

Soc 77 (1971), 392–396.

[21] Pelczyński A., Semadeni Z., Spaces of continuous functions III. Spaces C(Ω) for Ω without perfect subsets, Studia Math. 18 (1959), 211-222.

[22] Porter J.R., Woods R.G., Extensions and Absolutes of Hausdorff Spaces, Springer, New York, 1988.

[23] Rudin W., Continuous functions on compact spaces without perfect subsets, Proc. Amer.

Math. Soc. 8 (1957), 39–42.

Department of Mathematics, Yasouj University, Yasouj, Iran E-mail: alireza.olfati@yu.ac.ir

olfati.alireza@gmail.com

(Received June 18, 2015, revised August 14, 2015)