Comment.Math.Univ.Carolin. 57,3 (2016) 289–300 289

Local convergence of a one parameter fourth-order Jarratt-type method in Banach spaces

I.K. Argyros, D. González, S.K. Khattri

Abstract. We present a local convergence analysis of a one parameter Jarratttype method. We use this method to approximate a solution of an equation in a Banach space setting. The semilocal convergence of this method was recently carried out in earlier studies under stronger hypotheses. Numerical examples are given where earlier results such as in [Ezquerro J.A., Hernández M.A., New iterations of R-order four with reduced computational cost, BIT Numer. Math. 49 (2009), 325–342] cannot be used to solve equations but our results can be applied.

Keywords: Banach space; Newton’s method; local convergence; radius of convergence

Classification: 65D10, 65D99

1. Introduction

Let X, Y be Banach spaces and D be a convex open subset of X. In this study, we are concerned with the problem of approximating a solution x^⋆ of the nonlinear equation

(1.1) F(x) = 0,

where F : D → Y is a Fréchet-differentiable operator. Many problems can be formulated as equations like (1.1) using Mathematical Modelling [1]–[22]. The solutions of such equations can rarely be found in closed form. That is why most solution methods for such equations are usually iterative. The study about convergence of iterative methods is usually centered on two types: semilocal and local convergence analysis. The semilocal convergence analysis is based on the information around an initial point to give criteria ensuring the convergence of iterative procedures. While the local analysis is based on the information around a solution to find estimates of the radii of convergence balls. There exist many studies which deal with the local and the semilocal convergence analysis of Newton-like methods such as [1]–[22].

DOI 10.14712/1213-7243.2015.171

J.A. Ezquerro and M.A. Hernández in [11] studied the semilocal convergence of the R-order four method defined for each n = 0, 1, 2, . . . by

(1.2) y_n = x_n − F^′(x_n)^{−1}F(x_n),

z_n = y_n + 1 3 F^′(x_n)^{−1}F(x_n)

H_n = F^′(x_n)^{−1}(F^′(z_n) − F^′(x_n))

x_{n+1} = y_n − 3α 4 (I + 3 2 H_n)^{−1}H_n(y_n − x_n), α ≠ 0

where x_0 is an initial point. They assumed that there exist constants β_1, β_2, β_3, β_4 and M such that (C_1): ‖ ‖F ′(x_0)−1F(x_0) ‖ ‖ ≤ β_1, (C_2): ‖ ‖F ′(x_0)−1F ′′(x) ‖ ‖ ≤ β_2 for each x ∈ D, (C_3): ‖ ‖F^′(x_0)^{−1}F^{′′′}(x) ‖ ‖ ≤ β_3 for each x ∈ D, (C_4): ‖ ‖F^′(x_0)^{−1}(F^{′′′}(x) − F^{′′′}(y)) ‖ ‖ ≤ β_4‖x − y‖ for each x, y ∈ D, (C_5): ‖ ‖F^′(x_0)^{−1}F^′(x) ‖ ‖ ≤ M.

The assumptions used in [11] were given in non-affine invariant form but we present them here in an affine invariant form.

The conditions for the local convergence analysis are obtained from the preceding ones by replacing x_0 by x^⋆. However some of the (C) conditions may not be satisfied even for simple scalar functions. As a motivational example, let us define function f on D = [−1/2, 5/2] by

(1.3) f(x) = { x^3 ln x^2 + x^5 − x^4, x ≠ 0 0, x = 0.

Then, we have

f^{′′′}(x) = 6 ln x^2 + 60x^2 − 24x + 22.

Notice that conditions (C_3) or (C_4) are not satisfied. Hence, the results depending on (C_3) or (C_4) cannot be applied in this case.

In the present paper, we drop the conditions (C_2)–(C_4) to study the local convergence of method (1.2). This way we expand the applicability of these methods. The conditions used involve only the first Fréchet-derivative (see (2.8)– (2.11)).

The rest of the paper is organized as follows. In Section 2, we present the local convergence analysis for method (1.2). The numerical examples are given in the concluding Section 3.

2. Local convergence analysis

We present the local convergence analysis of method (1.2) in this section.

Let L_0, L > 0, α ≠ 0 and M ≥ 1 be given parameters. It is convenient for the local convergence analysis of method (1.2) that follows to define functions on [0, 1/L_0) by

g_1(r) = L r 2(1 − L_0 r) , g_2(r) = 1 1 − L_0r ( Lr 2 + M 3 ) , g_3(r) =

3L_0(1 + g_2(r)) 2(1 − L_0r) , g_4(r) = g_3(r)r, h_4(r) = g_4(r) − 1,

g_5(r) = 1 2 [ L 1 − L_0r + |α| g_3(r)(1 + g_1(r)) 1 − g_3(r)r ] r and h_5(r) = g_5(r) − 1.

Notice that

g_2(r) = g_1(r) + M 3(1 − L_0r) = Lr 2(1 − L_0r) + M 3(1 − L_0r) . Suppose that (2.1) 1 ≤ M < 3. Then, we get

(2.2) r_2 :=

3 − M 3(^L_2 + L_0)

< r_A := 1 L 2 + L_0 . We have that (2.3) 0 ≤ g_1(r) < 1 and 0 < g_2(r) < 1 for each r ∈ [0, r_2). Using the definition of functions g_4 and h_4, we get that

h_4(0) = −1 < 0 and h_4(r) → +∞ as r →

1^− L_0 . It follows from the intermediate value theorem that function h_4 has zeros in the interval (0, 1/L_0). Denote by r_4 the smallest such root. Then, we have that (2.4) 0 < g_4(r) < 1 for each r ∈ (0, r_4). Moreover, we have that (2.5) h_5(0) = −1 < 0 and h_5(r) → +∞ as r → r^−_4 .

Hence, function h_5 has zeros in the interval (0, r_4). Denote by r_5 the smallest such zero. Then, we have that

(2.6) 0 < g_5(r) < 1 for each r ∈ (0, r_5).

Define

(2.7) r^⋆ = min(r_2, r_5).

Notice that functions g_i, i = 1, 2, . . . , 5 are increasing.

Denote by U(q, ρ) and U(q, ρ) the open and closed balls in X of center q ∈ X and radius ρ > 0, respectively.

Next, we present the local convergence analysis of method (1.2).

Theorem 2.1. Let F : D ⊆ X −→ Y be a Fréchet differentiable operator. Suppose that there exist x^⋆ ∈ D and L_0 > 0 such that for each x ∈ D

F(x^⋆) = 0, F^′(x^⋆)^{−1} ∈ L(Y, X),

(2.8) ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(x) − F^′(x^⋆)) ‖ ‖ ‖ ≤ L0‖x − x^⋆‖ .

(2.9)

Moreover, suppose that there exist parameters L > 0 and M ∈ [1, 3) such that for all x ∈ D_0 := D ∩ U(x^⋆, 1/L_0) ‖ ‖ ‖F^′(x^⋆)^{−1}(F(x) − F(x^⋆) − F^′(x)(x − x^⋆)) ‖ ‖ ‖ ≤ L 2 ‖x − x^⋆‖^2 ,

(2.10) ‖ ‖ ‖F^′(x^⋆)^{−1}F^′(x) ‖ ‖ ‖ ≤ M,

(2.11)

U(x^⋆, r^⋆) ⊆ D

(2.12)

hold, where the convergence radius r^⋆ is defined in equation (2.7). Then, sequence {x_n} generated by method (1.2) for x_0 ∈ U(x^⋆, r^⋆) is well defined, remains in U(x^⋆, r^⋆) for each n = 0, 1, 2, . . . and converges to x^⋆. Moreover, the following estimates hold for each n = 0, 1, 2, . . .

‖y_n − x^⋆‖ ≤ g_1(‖x_n − x^⋆‖)‖x_n − x^⋆‖ ≤‖x_n − x^⋆‖ < r^⋆,

(2.13) ‖z_n − x^⋆‖ ≤ g_2(‖x_n − x^⋆‖)‖x_n − x^⋆‖ ≤‖x_n − x^⋆‖ ,

(2.14) 3 2 ‖H_n‖ ≤ g_3(‖x_n − x^⋆‖)‖x_n − x^⋆‖ < 1,

(2.15)

‖x_{n+1} − x^⋆‖ ≤ g_5(‖x_n − x^⋆‖)‖x_n − x^⋆‖ ≤‖x_n − x^⋆‖ ,

(2.16)

where the “g” functions are defined previously. Furthermore, for T ∈ [r^⋆, 2/L_0), the limit point x^⋆ is the only solution of equation F(x) = 0 in D_1 := U(x^⋆, T )∩D.

Proof: Using (2.9), the definition of r^⋆ and the hypothesis x_0 ∈ U(x^⋆, r^⋆), we get that

(2.17) ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(x0) − F^′(x^⋆)) ‖ ‖ ‖ ≤ L0‖x0 − x^⋆‖ < L0r^⋆ < 1.

It follows from (2.17) and the Banach lemma on invertible operators [4], [6], [11] that

(2.18)

F^′(x_0)^{−1} ∈ L(Y, X) and ‖ ‖F_′(x_0)_{−1}F_′(x_⋆) ‖ ‖ ≤ 1 1 − L_0‖x_0 − x^⋆‖ . Hence, y_0 and z_0 are well defined. We have from the first sub-step in method (1.2) for n = 0 that

y_0 − x^⋆ = x_0 − x^⋆ − F^′(x_0)^{−1}F(x_0)

= F^′(x_0)^{−1}[−F(x_0) + F^′(x_0)(x_0 − x^⋆)]

= −F^′(x_0)^{−1}F^′(x^⋆)F^′(x^⋆)^{−1}[F(x_0) − F(x^⋆) − F^′(x_0)(x_0 − x^⋆)] so, ‖y_0 − x^⋆‖ ≤ ‖ ‖ ‖F^′(x0)^{−1}F^′(x^⋆) ‖ ‖ ‖ ‖ ‖ ‖F^′(x^⋆)^{−1}[F(x0) − F(x^⋆) − F^′(x0)(x0 − x^⋆)] ‖ ‖ ‖ ≤ L‖x_0 − x^⋆‖^2 2(1 − L_0‖x_0 − x^⋆‖)

= g_1(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ ≤‖x_0 − x^⋆‖ < r^⋆,

which shows (2.13) and y_0 ∈ U(x^⋆, r^⋆). Consequently, from the second substep in method (1.2) for n = 0, we obtain that

‖z_0 − x^⋆‖ ≤‖y_0 − x^⋆‖ + 1 3 ‖ ‖F_′(x_0)_{−1}F_′(x_⋆) ‖ ‖

× ‖ ‖ ‖ ‖ ‖ ∫_1 0 F^′(x^⋆)^{−1}F^′(x^⋆ + t(x_0 − x^⋆))(x_0 − x^⋆) dt ‖ ‖ ‖ ‖ ‖ ≤ L‖x_0 − x^⋆‖^2 2(1 − L_0‖x_0 − x^⋆‖) + M‖x_0 − x^⋆‖ 3(1 − L_0‖x_0 − x^⋆‖) = g_2(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ ≤‖x_0 − x^⋆‖ < r^⋆,

which shows (2.14) for n = 0 and z_0 ∈ U(x^⋆, r^⋆).

Next we need an estimate of ‖H_0‖. We have by (2.4), (2.9), (2.13) and (2.18) that 3 2 ‖H_0‖ ≤ 3 2 ‖ ‖F^′(x0)^{−1}F^′(x^⋆) ‖ ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(z0) − F^′(x0)) ‖ ‖ ≤ 3 2 ‖ ‖ ‖F^′(x0)^{−1}F^′(x^⋆) ‖ ‖ ‖ (‖ ‖F^′(x^⋆)^{−1}(F^′(z0) − F^′(x^⋆)) ‖ ‖ ‖ + ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(x0) − F^′(x^⋆)) ‖ ‖ ‖ )

≤ 3L_0(‖z_0 − x^⋆‖ +‖x_0 − x^⋆‖)

2(1 − L_0‖x_0 − x^⋆‖)

≤ 3L_0(1 + g_2(‖x_0 − x^⋆‖))‖x_0 − x^⋆‖ 2(1 − L_0‖x_0 − x^⋆‖) = g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ = g_4(‖x_0 − x^⋆‖) < 1,

which shows (2.15) for n = 0. It follows that (1 + 3/2H_0)^{−1} exists and

(2.19) ‖ ‖ ‖ ‖ ( I + 3 2 H_0 )_{−1}‖ ‖ ‖ ≤ 1 1 − g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ .

Hence, x_1 is well defined. Then, using the last substep in method (1.2) for n = 0, (2.13) and (2.19) that

‖x_1 − x^⋆‖ ≤‖y_0 − y^⋆‖ + |α| 2 g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ (‖y_0 − x^⋆‖ +‖x_0 − x^⋆‖) 1 − g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ ≤ 1 2 [ L 1 − L_0‖x_0 − x^⋆‖

+|α| g_3(‖x_0 − x^⋆‖)(1 + g_1(‖x_0 − x^⋆‖)) 1 − g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ ] ‖x_0 − x^⋆‖^2

= g_5(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ = c‖x_0 − x^⋆‖ < r^⋆,

where c = g_5(‖x_0 −x^⋆‖) ∈ [0, 1), which shows (2.16) for n = 0 and x_1 ∈ U(x^⋆, r^⋆). By simply replacing y_0, z_0, x_1 by y_k, z_k, x_{k+1} in the preceding estimates we arrive at (2.13)–(2.16). In particular, we have that since function g_5 is increasing,

(2.20)

‖x_2 − x^⋆‖ ≤ g_5(‖x_1 − x^⋆‖)‖x_1 − x^⋆‖ ≤ g_5(‖x_0 − x^⋆‖)‖x_1 − x^⋆‖ = c‖x_1 − x^⋆‖

and by induction for ‖x_k − x^⋆‖ ≤ c‖x_{k−1} − x^⋆‖

(2.21)

‖x_{k+1} − x^⋆‖ ≤ g_5(‖x_k − x^⋆‖)‖x_k − x^⋆‖ ≤ g_5(‖x_{k−1} − x^⋆‖)‖x_k − x^⋆‖ ≤ g_5(‖x_0 − x^⋆‖)‖x_k − x^⋆‖ = c‖x_k − x^⋆‖ ≤ c^{k+1}‖x_0 − x^⋆‖,

so lim_{k→+∞} x_k = x^⋆ and x_{k+1} ∈ U(x^⋆, r).

Finally, to show the uniqueness part, let y^⋆ ∈ D_1 be such that F(y^⋆) = 0. Set Q = ∫_1 0 F^′(x^⋆ + θ(y^⋆ − x^⋆)) dθ. Then, using (2.9), we get that ‖ ‖F^′(x^⋆)^{−1}(Q − F^′(x^⋆)) ‖ ‖ ≤ L0

∫_1 0 θ‖x^⋆ − y^⋆‖ dθ ≤

L_0T 2 < 1.

Hence, Q^{−1} ∈ L(Y, X). Then, by the identity 0 = F(x^⋆) − F(y^⋆) = Q(x^⋆ − y^⋆), we deduce x^⋆ = y^⋆. □

It turns out that we can use another approach. Indeed, define functions g_5 and h_5 on the interval [0, r_4) by

(2.22) g_5(r) = 1 2(1 − L_0r) [ L + 3|α| ML_0(1 − L_0r + Lr/2 + M/3) 2(1 − L_0r)^2 − 3L_0(1 − L_0r + Lr/2 + M/3)r ] r and (2.23) h_5(r) = g_5(r) − 1.

Then, we also have that

h_5(0) = −1 < 0 and h_5(r) → +∞ as r → r^−_4 .

Denote by r_5 the smallest such zero. Set

(2.24) R^⋆ = min{r_2, r_5}.

Next, we present a second local convergence result for method (1.2). □ Theorem 2.2. Let F : D ⊆ X → Y be a Fréchet differentiable operator. Suppose that there exist x^⋆ ∈ D and L_0 > 0 such that for each x ∈ D

F(x^⋆) = 0, F^′(x^⋆)^{−1} ∈ L(Y, X), ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(x) − F^′(x^⋆)) ‖ ‖ ‖ ≤ L0‖x − x^⋆‖ .

Moreover, suppose that there exist parameters L > 0 and M ∈ [0, 3) such that for all x ∈ D_0 = D ∩ U(x^⋆, 1/L_0) ‖ ‖F_′(x_⋆)_{−1}(F(x) − F(x_⋆) − F_′(x)(x − x_⋆)) ‖ ‖ ≤ L 2 ‖x − x^⋆‖^2 ‖ ‖ ‖F^′(x^⋆)^{−1}F^′(x) ‖ ‖ ‖ ≤ M and U(x^⋆, R^⋆) ⊆ D

hold, where the convergence radius R^⋆ is defined in (2.24). Then, sequence {x_n} generated by method (1.2) for x_0 ∈ U(x^⋆, R^⋆) is well defined, remains in U(x^⋆, R^⋆) for each n = 0, 1, 2, . . . and converges to x^⋆. Moreover, the following estimates hold for each n = 0, 1, 2, . . .

‖y_n − x^⋆‖ ≤ g_1(‖x_n − x^⋆‖)‖x_n − x^⋆‖ ≤‖x_n − x^⋆‖ < R^⋆, ‖z_n − x^⋆‖ ≤ g_2(‖x_n − x^⋆‖)‖x_n − x^⋆‖ ≤‖x_n − x^⋆‖ , 3 2 ‖H_n‖ ≤ g_3(‖x_n − x^⋆‖)‖x_n − x^⋆‖ < 1,

‖x_{n+1} − x^⋆‖ ≤ g_5(‖x_n − x^⋆‖)‖x_n − x^⋆‖ ≤‖x_n − x^⋆‖ , where function g_5 is given in (2.22). Furthermore, for T ∈ [R^⋆, 2/L_0), the limit point x^⋆ is the only solution of equation F(x) = 0 in D_2 := U(x^⋆, T ) ∩ D.

Proof: It follows exactly as in Theorem 2.1 until the computation of the upper bound on ‖x_1 − x^⋆‖ where we use the estimate

‖y_0 − x_0‖ = ‖ ‖ ‖F^′(x0)^{−1}F(x0) ‖ ‖ ‖ ≤ ‖ ‖F^′(x0)^{−1}F^′(x^⋆) ‖ ‖ ‖ ‖ ‖ ‖ ∫_1 0 F^′(x^⋆)^{−1}F^′(x^⋆ + t(x_0 − x^⋆))(x_0 − x^⋆) dt ‖ ‖ ‖ ‖ ≤ M‖x_0 − x^⋆‖ 1 − L_0‖x_0 − x^⋆‖ ≤ MR^⋆ 1 − L_0R^⋆

instead of

‖y_0 − x_0‖ ≤‖y_0 − x^⋆‖ +‖x_0 − x^⋆‖ ≤ (1 + g_1(‖x_0 − x^⋆‖))‖x_0 − x^⋆‖

used in the proof of Theorem 2.1. This change leads to

‖x_1 − x^⋆‖ ≤‖y_0 − x^⋆‖ +

|α| M 2 g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖^2 (1 − L_0‖x_0 − x^⋆‖)(1 − g_3(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖) = g_5(‖x_0 − x^⋆‖)‖x_0 − x^⋆‖ = c_0‖x_0 − x^⋆‖ < R^⋆,

where c_0 = g_5(‖x_0 − x^⋆‖) ∈ [0, 1), instead of the old estimate. The rest of the proof follows as in Theorem 2.1. □

Remarks 2.3. 1. In view of (2.9) and the estimate ‖ ‖F^′(x^⋆)^{−1}F^′(x) ‖ ‖ = ‖ ‖F^′(x^⋆)^{−1}(F^′(x) − F^′(x^⋆)) + I ‖ ‖ ≤ 1 + ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(x) − F^′(x^⋆)) ‖ ‖ ‖ ≤ 1 + L_0‖x − x^⋆‖ ,

condition (2.11) can be dropped and M can be replaced by M(r) = 1 + L_0r or simply by M(r) = M = 2, since r ∈ [0, 1/L_0).

2. Condition (2.10) can be replaced by the popular but stronger condition ‖ ‖ ‖F^′(x^⋆)^{−1}(F^′(x) − F^′(y)) ‖ ‖ ‖ ≤ L‖x − y‖ for each x, y ∈ D.

3. The results obtained here can be used for operators F satisfying autonomous differential equations [2], [6], [15], [17] of the form

F^′(x) = P(F(x)) where P is a continuous operator. Then, since F^′(x^⋆) = P(F(x^⋆)) = P(0), we can apply the results without actually knowing x^⋆. For example, let F(x) = e^x − 1. Then, we can choose: P(x) = x + 1.

4. The local results obtained here can be used for projection methods such as the Arnoldi’s method, the generalized minimum residual method (GMRES), the generalized conjugate method (GCR) for combined Newton/finite projection methods and in connection to the mesh independence principle can be used to develop the cheapest and most efficient mesh refinement strategies [2], [6], [15], [17].

5. The parameter r_A — given in (2.2) — was shown by us to be the convergence radius of Newton’s method [2], [6]

(2.25) x_{n+1} = x_n − F^′(x_n)^{−1}F(x_n) for each n = 0, 1, 2, . . .

under the conditions (2.8)–(2.9). It follows from (2.4) that the convergence radius r of the third order method (1.2) cannot be larger than the convergence radius r_A of the second order Newton’s method (2.25). In our earlier studies, we used r_A =^2_{2L0‘+L} . As already noted in [2], [4], [6] r_A is at least as large as the convergence ball given by Rheinboldt [21]

r_R = 2 3 L . In particular, for L_0 < L we have that r_R < r_A and

r_R r_A −→ 1 3 as L_0 L −→ 0.

That is our convergence ball r_A is at most three times larger than Rheinboldt’s. The same value for r_R was also given by Traub [22]. Notice also that r_A ≤ r_A, since L ≤ L.

3. Numerical examples

We present some numerical examples in this section.

Example 3.1. Returning back to the motivational example, we get L_0 = L = L = 96.662907, M = 1.0631 and α = 1. Then, using (2.7) and (2.24), we obtain

r^⋆ = 0.002116 . . . , R^⋆ = 0.002026 . . .

Example 3.2. Let X = Y = R^{m−1} for integer m ≥ 2, X and Y are equipped with the max-norm ‖x‖ = max_{1≤i≤m−1}‖x_i‖. The corresponding matrix norm is

‖A‖ = max

1≤i≤m−1

m−1∑ j=1 |a_{ij} | for A = (a_{ij} )_{1≤i,j≤m−1}. On the interval [0, 1], we consider the following two point boundary value problem

(3.1) { v^{′′} + v^2 = 0 v(0) = v(1) = 0,

see [2], [6]. To discretize the above equation, we divide the interval [0, 1] into m equal parts with length of each part h = 1/m and coordinate of each point x_i = i h with i = 0, 1, 2, . . . , m. A second-order finite difference discretization of equation (3.1) results in the following set of nonlinear equations

(3.2) F(v) := { v_{i−1} + h^2 v^2_i − 2v_i + v_{i+1} = 0 for i = 1, 2, . . . , (m − 1) and from (3.1) v_0 = v_m = 0

where v = [v_1, v_2, . . . , v_{(m−1)}]^T. For the above system-of-nonlinear-equations, we provide the Fréchet derivative

F^′(v) =

2v_1 m^2

− 2 1 0 0 · · · 0 0 1 2v_2 m^2

− 2 1 0 · · · 0 0 0 1 2v_3 m^2

− 2 1 · · · 0 0 . . . . . . . . .. . . . . . 0 0 0 0 · · · 1

2v_{(m−1)} m^2 − 2

.

Let m = 101 and we choose α = 1.0. To solve the nonlinear system (3.2) by method (1.2), we implemented the algorithm in MatLab. Performance of method (1.2) is reported in Table 1.

n ‖x_n − x_{n−1}‖_2 ‖ ‖F(x) ‖ ‖_2

0 10.122106 . . . 1 1.035814 . . . 1,738 051 · 10^{−1} 2 8,099 007 · 10^{−1} 2,012 154 · 10^{−2} 3 1,507 597 · 10^{−1} 5,264 710 · 10^{−5} 4 5,063 846 · 10^{−4} 1,91 · 10^{−14} 5 1,25 · 10^{−13} 1,1 · 10^{−14} Table 1. Solving (3.1) by method (1.2) for x_0 = [1, 1.09, . . . , 10]^T.

Figure 1 plots our numerical solution.

Figure 1. Solution of the boundary value problem (3.1).

References

[1] Amat S., Busquier S., Negra M., Adaptive approximation of nonlinear operators, Numer.

Funct. Anal. Optim. 25 (2004), 397–405.

[2] Argyros I.K., Computational Theory of Iterative Methods, Studies in Computational Mathematics, 15, C.K. Chui and L. Wuytack (Eds.), Elsevier Publ. Co., New York, 2007.

[3] Argyros I.K., A semilocal convergence analysis for directional Newton methods, Math.

Comput. 80 (2011), 327–343.

[4] Argyros I.K., Hilout S., Weaker conditions for the convergence of Newton’s method, J. Complexity 28 (2012), 364–387.

[5] Argyros I.K., Hilout S., Estimating upper bounds on the limit points of majorizing sequences for Newton’s method, Numer. Algorithms 62 (2013), 115–132.

[6] Argyros I.K., Hilout S., Computational methods in nonlinear analysis, Efficient algorithms, fixed point theory and applications, World Scientific, Hackensack, NJ, 2013.

[7] Candella V., Marquina A., Recurrence relations for rational cubic methods II: the Chebyshev method, Computing 45 (1990), 355–367.

[8] Candella V., Marquina A., Recurrence relations for rational cubic methods I: the Halley method, Computing 44 (1990), 169–184.

[9] Cătinaş E., The inexact, inexact perturbed, and quasi-Newton methods are equivalent models, Math. Comp. 74 (2005), 291–301.

[10] Chun C., Stănică P., Neta B., Third-order family of methods in Banach spaces, Comput.

Math. Appl. 61 (2011), 1665–1675.

[11] Ezquerro J.A., Hernández M.A., New iterations of R-order four with reduced computational cost, BIT Numer. Math. 49 (2009), 325–342.

[12] Gutiérrez J.M., Hernández M.A., Third-order iterative methods for operators with bounded second derivative, J. Comput. Math. Appl. 82 (1997), 171–183.

[13] Hernández M.A., Salanova M.A., Sufficient condition for semilocal convergence of a fourth order multipoint iterative method for solving equations in Banach spaces, Southwest J. Pure Appl. Math. 1999, no. 1, 29–40.

300 Argyros I.K., González D., Khattri S.K.

[14] Jarratt P., Some fourth order multipoint iterative methods for solving equations, Math.

Comput. 20 (1996), 434–437.

[15] Kantorovich L.V., Akilov G.P., Functional Analysis, Pergamon Press, Oxford, 1982. [16] Kou J.-S., Li Y.-T., Wang X.-H., A modification of Newton method with third-order convergence, Appl. Math. Comput. 181 (2006), 1106–1111.

[17] Ortega L.M., Rheinboldt W.C., Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970.

[18] Parida P.K., Gupta D.K., Recurrence relations for a Newton-like method in Banach spaces, J. Comput. Appl. Math. 206 (2007), 873–887.

[19] Potra F.A., Pták V., Nondiscrete Induction and Iterative Processes, Research Notes in Mathematics, 103, Pitman, Boston, 1984.

[20] Proinov P.D., General local convergence theory for a class of iterative processes and its applications to Newton’s method, J. Complexity 25 (2009), 38–62.

[21] Rheinboldt W.C., An adaptive continuation process for solving systems of nonlinear equations, Banach Center Publ., 3, PWN, Warsaw, 1978, pp. 129–142.

[22] Traub J.F., Iterative Methods for the Solution of Equations, AMS Chelsea Publishing, 1982.

Cameron University, Department of Mathematical Sciences, Lawton, OK 73505, USA E-mail: iargyros@cameron.edu

Universidad de Las Américas, Escuela de Ciencias Físicas y Matemáticas, Quito, Ecuador E-mail: daniel.gonzalez.sanchez@udla.edu.ec

Department of Engineering, Stord Haugesund University College, Norway E-mail: sanjay.khattri@hsh.no

(Received September 12, 2014, revised May 27, 2016)