Comment.Math.Univ.Carolin. 57,3 (2016) 345–352 345

Nonnormality of remainders of some topological groups

A.V. Arhangel’skii, J. van Mill

Abstract. It is known that every remainder of a topological group is Lindelöf or pseudocompact. Motivated by this result, we study in this paper when a topological group G has a normal remainder. In a previous paper we showed that under mild conditions on G, the Continuum Hypothesis implies that if the Čech- Stone remainder G^∗ of G is normal, then it is Lindelöf. Here we continue this line of investigation, mainly for the case of precompact groups. We show that no pseudocompact group, whose weight is uncountable but less than c, has a normal remainder under MA+¬CH. We also show that if a precompact group with a countable network has a normal remainder, then this group is metrizable. We finally show that if C_p(X) has a normal remainder, then X is countable (Corollary 4.10) This result provides us with many natural examples of topological groups all remainders of which are nonnormal.

Keywords: remainder; compactification; topological group; normal space

Classification: 54D35, 54D40, 54A25

1. Introduction

All topological spaces under discussion are Tychonoff.

By a remainder of a space X we mean the subspace bX\X of a compactification bX of X. Among the best known remainders are the Čech-Stone remainders X^∗ = βX \ X for arbitrary spaces X and the 1-point remainders αY \ Y for locally compact spaces Y .

Remainders of topological groups are much more sensitive to the properties of topological groups than the remainders of topological spaces are in general. An example demonstrating this is Arhangel’skii’s Theorem from [3]: every remainder of a topological group is Lindelöf or pseudocompact. All remainders of locally compact groups are compact, hence both Lindelöf and pseudocompact. For nonlocally compact groups there is a dichotomy: every remainder is either Lindelöf or pseudocompact.

If X is a separable metrizable space, then it has a separable metrizable compactification. The remainder of this compactification is separable metrizable as well. This implies that the Čech-Stone remainder X^∗ of X is a Lindelöf p-space, being a perfect preimage of a separable metrizable space. Hence all remainders of X are Lindelöf p-spaces since every remainder is an image of X^∗ under a perfect

The work of the first-named author is supported by RFBR, project 15-01-05369. DOI 10.14712/1213-7243.2015.166

mapping. Similarly, if a space X has at least one Lindelöf remainder, then all remainders are Lindelöf. (This is folklore.)

In this paper, we are interested in the question when the normality of a remainder of a topological group G forces that remainder to be Lindelöf, or forces other remainders of G to be normal.

As we saw above, this is always the case for separable metrizable groups. But not always so, as can be demonstrated by an example which was brought to our attention by Buzyakova (for a different reason). Supply G = {0, 1}^{ω1} with the topology generated by all boxes that are determined by countably many coordinates. Then G is a topological group, is linearly ordered and hence has a linearly ordered compactification. That G is indeed linearly ordered can be easily checked directly. Alternatively, apply Theorem 6 in Nyikos and Reichel [11]. Hence the remainder of G in this compactification is monotonically normal and therefore, hereditarily normal. But that remainder is not Lindelöf, simply observe that G is a P -space and that any P -space with a Lindelöf remainder is discrete.

We showed in [4] that the Čech-Stone remainder of this topological group G is not normal. Hence, the normality of a specific remainder of a topological group does not imply in general that all remainders are normal. Thus, normal remainders behave differently compared to Lindelöf remainders.

We also showed in [4] that for G a nowhere locally compact topological group that contains a nonempty compact G_δ-subset, if the character of G is at most c, and G^∗ is normal, then G^∗ is Lindelöf under the Continuum Hypothesis (abbreviated CH).

Many open problems remain, we address some of them here. Our results show that it is very rare that a precompact group has a normal remainder. For example, if a countable precompact group has a normal remainder, then its weight must be countable. We also show that no pseudocompact group whose weight is uncountable but less than c, has a normal remainder under MA+¬CH. As an application of our methods we show that if C_p(X) has a normal remainder, then X is countable.

2. Preliminaries

A topological group G is precompact if for every neighborhood U of the identity element e ∈ G there is a finite subset F of G such that F U = G. It is known that a topological group G is precompact if and only if it is a dense subgroup of a compact group G. This was shown by Weil [15] and Raĭkov [12]. For details, and more references, see Arhangel’skii and Tkachenko [5]. The topological group G is called the Weil completion of G and is the same thing as the Raĭkov completion of G (see about this the comments on page 251 in [5]). It is unique up to a natural topological isomorphism, and it is not difficult to show that G and G have the same weight. Indeed, both G and G are precompact and hence, ω-narrow topological groups. Therefore, w(G) = χ(G) and w(G) = χ(G), by Corollary 5.2.4 in [5]. It remains to observe that χ(G) = χ(G), since G is dense in G.

We refer to Juhász [9] and Arhangel’skii and Tkachenko [5] for undefined terminology on cardinal functions.

3. Main results

Theorem 3.1 (MA+¬CH). If G is a precompact topological group such that ω_1 ≤ w(G) < c, then either no remainder of G is normal, or G, and every remainder of G, is a Lindelöf p-space.

Proof: Let G be the Weil completion of G. Then the weight of G is uncountable and less than c. Since G is a compact group, it follows from the last inequality that G is separable ([5, 5.2.7]). Hence, the Souslin number c(G) of G is countable.

Case 1. The remainder Y = G \ G is Lindelöf.

Then G is a paracompact p-space, by Arhangel’skii [2, Theorem 4.1]. Since c(G) ≤ ω, it follows that G is a Lindelöf p-space. Then every remainder of G is a Lindelöf p-space by Arhangel’skii [2, Theorem 2.1].

By the Dichotomy Theorem, it remains to consider the following

Case 2. The remainder Y = G \ G is pseudocompact and not Lindelöf.

Clearly, G and Y are dense in G. Let us fix a countable subset D which is dense in G. We claim that Y is separable. If G is separable, then so is its remainder, since it contains a translate of G, and this translate is dense in Y . So assume that G is not separable. Since G is precompact, this means that no nonempty open subset of G is separable. Therefore, D ∩ G is nowhere dense in G. Since D is dense in G, and G ∪ Y = G, it follows that D ∩ Y is dense in Y . Hence, Y is separable.

By Booth’s Lemma (see [13, p. 20]) which follows from MA+¬CH, we get a sequence in Y converging to a point in G. Therefore, Y is not countably compact, hence not normal. Clearly, every remainder of G is pseudocompact and not countably compact. Hence, no remainder of G is normal. □

Consider the subgroup Σ = {x ∈ 2^{ω1} : |{α < ω_1 : x_α = 1}| ≤ ω} of 2^{ω1} . It is known that Σ is normal (Kombarov and Malyhin [10]). It clearly follows from Theorem 3.1 that no remainder of Σ is normal under MA+¬CH.

Theorem 3.2. If G is a precompact noncompact group such that the cardinality of every discrete in itself subspace of it is less than the weight of G, then no remainder of G is normal.

Proof: The weight of G is clearly uncountable and hence the weight of its Weil completion G is the same uncountable cardinal number. Let κ = w(G). Then G contains a copy K of the Cantor cube 2^κ. Let S = ( W (ω+1) × W (ω_1+1) ) \ {(ω, ω_1)}, and let T be the one-point compactification of the topological sum of κ many copies of S. Here W (ω_1+1) denotes the space of all ordinals not greater than ω_1 endowed with the order-topology. Hence the space S is the well-known Tychonoff plank. Then T is zero-dimensional and has weight κ, hence it embeds in K and we may assume that the point at infinity of T coincides with the neutral element e of G. Clearly, T \ {e} is closed in G \ {e}. Since the cardinality of every discrete in itself subspace of G is strictly less than κ, there is a closed copy of the Tychonoff plank in Y = G \ G. Therefore, Y is not normal and not countably compact. Hence Y is not Lindelöf, and it follows from the Dichotomy Theorem that Y is pseudocompact. Therefore, every remainder of G is pseudocompact and not countably compact, which implies that every remainder of G is nonnormal. □

Corollary 3.3. Every precompact group with a countable network and a normal remainder is metrizable.

In particular, we have:

Corollary 3.4. Every countable precompact group with a normal remainder is metrizable.

Corollary 3.5. Every hereditarily Lindelöf precompact group with a normal remainder is metrizable.

Corollary 3.6. Every hereditarily separable precompact group with a normal remainder is metrizable.

Among examples to which the last set of results in this section apply, are the countable dense subgroups of the Cantor cube 2^c. They are precompact, have weight c and have a countable network. Hence no remainder of such a group is normal.

4. The Dichotomy Theorem improved

The proof of Theorem 3.2 given in the preceding section suggests that the following modification of Dichotomy Theorem can be quite helpful in some arguments.

Theorem 4.1. Suppose that G is a topological group. Then at least one of the following conditions is satisfied.

(1) Every remainder of G is Lindelöf. (2) Every remainder of G is countably compact. (3) Every remainder of G is nonnormal.

Proof: Assume that none of the conditions (1) and (2) holds. Then, by the Dichotomy Theorem and by the invariance of countable compactness under perfect mappings, every remainder of G is pseudocompact and not countably compact. This implies that every remainder of G is nonnormal. □

Corollary 4.2. Suppose that G is a topological group such that the Tychonoff plank is homeomorphic to a closed subspace of some remainder Y of G. Then every remainder of G is nonnormal.

Proof: Conditions (1) and (2) in Theorem 4.1 are not satisfied, since the Tychonoff plank is not Lindelöf and is not countably compact. Therefore, condition (3) holds, that is, every remainder of G is nonnormal. □ A similar simple argument shows that the next statement is true:

Corollary 4.3. Suppose that G is a topological group such that some remainder Y of G has an uncountable closed in Y discrete subspace. Then every remainder of G is nonnormal.

Corollary 4.4. Suppose that G is a topological group and Y is a normal remainder of G with an infinite closed discrete subspace. Then Y is Lindelöf.

Proof: The space Y is not countably compact, since Y has an infinite closed discrete subspace. Thus, conditions (2) and (3) in Theorem 4.1 are not satisfied. It follows that Y is Lindelöf. □ Clearly, the last statement can be reformulated as follows:

Theorem 4.5. Suppose that G is a non-locally compact topological group and Y is a remainder of G. Then the following conditions are equivalent.

(a) Y is normal and not countably compact. (b) Y is Lindelöf.

The next theorem also generalizes some results in the preceding section.

Theorem 4.6. Suppose that G is a topological group which has a dyadic compactification bG and satisfies the condition that the cardinality of G is less than the weight of G. Then every remainder of G is nonnormal.

Proof: Notice that, clearly, |G| < w(G) ≤ w(bG). Since G is dense in bG, by Efimov’s Theorem from [6], χ(a, bG) ≥ τ, for some a ∈ G and some infinite cardinal τ such that |G| < τ ≤ w(bG). By a result of Engelking [7], there exists a subspace A(τ) of bG which is homeomorphic to the Alexandroff’s 1-point compactification of the discrete space of cardinality τ such that the only nonisolated point of A(τ) is a. Since G does not contain a topological copy of A(τ), it follows that |G ∩ A(τ)| < τ. Hence, for C = A(τ) \ G we have |C| = τ > ω. Clearly, C is a closed discrete subspace of the remainder Y = bG \ G. Since C is uncountable and G is a topological group, it follows from Corollary 4.3 that every remainder of G is nonnormal. □ It is enough in this result to assume that G does not contain a topological copy of A(τ), for some uncountable cardinal τ such that τ ≤ w(bG).

Again, an example of a topological group to which this result applies is any countable dense subgroup of 2^c.

Problem 4.7. Can a remainder of a (countable) non-discrete extremely disconnected topological group be normal?

We now apply our methods and results in some special cases, for example, to groups of the form C_p(X) for some space X. See the books of Arhangel’skii [1] and Tkachuk [14] for details and references on C_p-theory.

Theorem 4.8. Let X be a Tychonoff space which is a dense subspace of a product of spaces, τ-many of which are noncompact. Then the extent of every remainder of X is not less than τ, that is, every remainder of X has a closed discrete subspace of cardinality τ.

Proof: One can put all the compact factors of the product into the first noncompact factor, so we can assume without loss of generality that all factors are noncompact. Hence we may assume that X is a dense subspace of ∏ i∈I X_i, where |I| ≥ τ and X_i is noncompact for every i ∈ I. Clearly, bX = ∏ i∈I βX_i is a compactification of X. For every i ∈ I, take a point p_i ∈ X^∗_i = βX_i \ X_i, and let x = (x_i)_{i∈I} be an arbitrary point in X. For every i ∈ I, let y(i) in ∏ i∈I βX_i be given by y(i)_j = x_j if j ≠ i, and y(i)_i = p_i. Then {y(i) : i ∈ I} is a discrete subspace of the remainder of X in bX, and

{x} ∪ {y(i) : i ∈ I}

is the one-point compactification of this discrete subspace. Hence, bX \X contains a closed discrete subset of size at least τ. From this it is easy to see that every remainder of X has a closed discrete subset of size at least τ. □

Corollary 4.9. Let G be a topological group which is homeomorphic to a dense subspace of a product of topological spaces, uncountably many of which are noncompact. Then every remainder of G is nonnormal.

Proof: Since G is a topological group, we are done by Theorem 4.8 and Corollary 4.3. □

Of course, it follows from Corollary 4.9 that if a topological group G is homeomorphic to a dense subspace of R^X for some uncountable set X, then every remainder of G is nonnormal. It is known that the space C_p(X) of continuous real-valued functions on a space X is a dense subspace of R^X . Therefore, we have established the following fact:

Corollary 4.10. If X is uncountable, then every remainder of C_p(X), as well as any remainder of any dense subspace Y of C_p(X), is nonnormal.

There are also some interesting corollaries to Theorem 4.8 outside the class of all topological groups.

Theorem 4.11 (V=L). Let X be a nowhere locally compact space which is a dense subspace of a product of a family consisting of c many noncompact spaces each of weight at most c. Suppose also that the Souslin number of X is countable. Then every remainder Y of X in any compactification bX is nonnormal.

For the proof of Theorem 4.11, we need the following result.

Lemma 4.12. Suppose that every remainder of a space X in any compactification bX with w(bX) = w(X) is nonnormal. Then every remainder of X is nonnormal.

Proof: Fix a remainder Y_1 of X in a compactification b_1X, and put τ = w(X). Obviously, there exists a continuous mapping f of b_1X onto some compactification bX of X such that w(bX) = τ and f^{−1}(X) = X (just take the diagonal product of an appropriate family of continuous real-valued functions on b_1X). Then the remainder Y_1 of X in b_1X is mapped onto the remainder Y of X in bX by a perfect mapping. Therefore, if Y_1 is normal, then Y is also normal, a contradiction, which completes the proof of the Lemma. □

Proof of Theorem 4.11: Because of Lemma 4.12, we can assume that

w(bX) = w(X).

Then, clearly, w(bX) ≤ c. The extent of every remainder of X is uncountable by Theorem 4.8. Thus, the remainder Y of X has an uncountable closed discrete subspace. Clearly, the character of Y does not exceed c. Assume now that Y is normal. Fleissner [8] has shown that, under V=L, every normal space with character ≤ c is collectionwise Hausdorff. Using this result, we conclude that there exists an uncountable disjoint family of nonempty open sets in Y . However, the Souslin number of Y is countable, since obviously Y is dense in bX and the Souslin number of bX is countable, since the Souslin number of X is countable. This contradiction completes the proof. □

References

[1] Arhangel’skii A.V., Topological Function Spaces, Math. Appl., vol. 78, Kluwer Academic Publishers, Dordrecht, 1992.

[2] Arhangel’skii A.V., Remainders in compactifications and generalized metrizability properties, Topology Appl. 150 (2005), 79–90.

[3] Arhangel’skii A.V., Two types of remainders of topological groups, Comment. Math. Univ.

Carolin. 47 (2008), 119–126.

[4] Arhangel’skii A.V., van Mill J., Nonnormality of Čech-Stone-remainders of topological groups, 2015, to appear in Topology Appl.

[5] Arhangel’skii A.V., Tkachenko M. G., Topological Groups and Related Structures, Atlantis Studies in Mathematics, vol. 1, Atlantis Press, Paris, World Scientific, 2008.

[6] Efimov B.A., On dyadic spaces, Soviet Math. Dokl. 4 (1963), 1131–1134. [7] Engelking R., Cartesian products and dyadic spaces, Fund. Math. 57 (1965), 287–304. [8] Fleissner W.G., Normal Moore spaces in the constructible universe, Proc. Amer. Math.

Soc. 46 (1974), 294–298.

[9] Juhász I., Cardinal Functions in Topology – Ten Years Later, Mathematical Centre Tract, vol. 123, Mathematical Centre, Amsterdam, 1980.

[10] Kombarov A.P., Malyhin V. I., Σ-products, Dokl. Akad. Nauk SSSR 213 (1973), 774–776. [11] Nyikos P.J., Reichel H.-C., Topologically orderable groups, General Topology Appl. 5 (1975), 195–204.

[12] Raĭkov D.A., On the completion of topological groups, Izv. Akad. Nauk SSSR 10 (1946), 513–528, (in Russian).

[13] Rudin M.E., Lectures on set theoretic topology, Published for the Conference Board of the Mathematical Sciences by the American Mathematical Society, Providence, R.I., 1975, Regional Conference Series in Mathematics, No. 23.

[14] Tkachuk V.V., A C_p-theory problem book, Springer, Cham, Berlin, 2014, xiv+583.

352 Arhangel’skii A.V., van Mill J.

[15] Weil A., Sur les Espaces à Structure Uniforme et sur la Topologie Générale, Hermann, Paris, 1937.

A.V. Arhangel’skii:

MGU and MPGU, Moscow, Russia E-mail: arhangel.alex@gmail.com J. van Mill:

KdV Institute for Mathematics, University of Amsterdam, Science Park 105- 107, P.O. Box 94248 1090 GE Amsterdam, The Netherlands E-mail: j.vanMill@uva.nl URL: http://staff.fnwi.uva.nl/j.vanmill/

(Received January 14, 2016, revised April 26, 2016)