Comment.Math.Univ.Carolin. 57,3 (2016) 381–395 381

Spaces with star countable extent

A.D. Rojas-Sánchez, Á. Tamariz-Mascarúa

Abstract. For a topological property P , we say that a space X is star P if for every open cover U of the space X there exists A ⊂ X such that st(A, U) = X. We consider space with star countable extent establishing the relations between the star countable extent property and the properties star Lindelöf and feebly Lindelöf. We describe some classes of spaces in which the star countable extent property is equivalent to either the Lindelöf property or separability. An example is given of a Tychonoff star Lindelöf space with a point countable base which is not star countable.

Keywords: extent; star properties; star countable spaces; star Lindelöf spaces; feebly Lindelöf spaces

Classification: 54D20, 54C10, 54B10, 54B05

1. Spaces with star countable extent

If X is a topological space and U is a family of subsets of X, then the star of a subset A ⊂ X with respect to U is the set

st (A, U) = ⋃ {U ∈ U : U ∩ A ≠ ∅} .

Definition 1. Let P be a topological property. A space X is said to be star P if whenever U is an open cover of X, there is a subspace A ⊂ X with the property P , such that st(A, U) = X. The set A will be called a star kernel of the cover U.

The term star P was coined in 2007 [9], but certain star properties have been studied by several authors ([5], [6], [8]).

In this paper we shall concentrate on the property star countable extent. The goal is to develop the concept of star countable extent and study the relationships between this property and others star properties such as that of being star countable and star Lindelöf. In the remainder of this paper, spaces are assumed to be Hausdorff spaces and to have at least two points.

Definition 2. The extent e(X) for a space X is defined as

e(X) = sup {|M| : M ⊂ X is a closed and discrete subspace of X} .

DOI 10.14712/1213-7243.2015.176

Hereafter we refer to the star countable extent property as SCE property and we call a space with star countable extent an SCE-space.There are many results about star P spaces which are quite easy to prove. For example, since every dense subset of a space X is a star kernel of every open cover U, then we have the following result.

Proposition 3. Let P be a topological property. If a space X contains a dense subspace D ⊂ X with the property P , then X is star P .

Another result easy to prove has to do with the union of star P spaces. Proposition 4. For a cardinal number κ, let P be a topological property that is preserved under unions of size κ. If X = ⋃ α<κ Y_α and each Y_α is a star P space, then X is star P .

In particular, since the countable extent property is preserved under countable unions then the star countable extent property is also preserved under countable unions.

In [1] and [2] the authors offer a very deep and comprehensive study of the star P property for “P = countable, σ-compact or Lindelöf ” (see also [12], [13]) and they also deal with the feebly Lindelöf concept. For these properties we have the well-known implications:

star countable ⇒ star σ-compact ⇒ star Lindelöf, star Lindelöf ⇒ feebly Lindelöf.

In general, none of the implications can be reversed ([1]). Other important implications are

separable ⇒ star countable, Lindelöf ⇒ countable extent ⇒ star countable, star countable ⇔ star separable.

With the exception of the last, the reverse implications are not valid.

To begin with the study of the SCE property, let us notice that since every Lindelöf space has countable extent then every star-Lindelöf space is an SCEspace. Now we will see that every SCE-space is a feebly Lindelöf space. Definition 5. A topological space X is called feebly Lindelöf if every locally finite family of non-empty open sets in X is countable.

The following result is a well-known fact.

Proposition 6. Let U = {U_α : α < κ} be a locally finite family of non-empty open sets in a space X. For each α < κ take x_α ∈ U_α. Then D = {x_α : α < κ} is a closed and discrete subspace of X.

Recall that a pairwise disjoint collection of non-empty open sets in a space X is called a cellular family. As an easy consequence of Proposition 6 we have the next result.

Corollary 7. If a space X has an uncountable locally finite cellular family, then X is not an SCE-space.

This last corollary together with the fact that every locally finite collection of non-empty open sets induces an uncountable locally finite cellular family implies the following result.

Corollary 8. If X is an SCE-space then X is feebly Lindelöf.

So far we have that the concept of SCE lies between the classes of star Lindelöf spaces and the feebly Lindelöf spaces. Now we will see examples to show that the reversed implications do not hold.

The following space was presented in [1] as an example of a feebly Lindelöf space but not star Lindelöf. Now we show that this space is also an SCE-space.

Proposition 9. There is a Tychonoff space which is an SCE-space but not star Lindelöf.

Proof: Let S = {α + 1 : α < ω_1} and let X = (ω_1 × ω) ∪ (S × {ω}) be considered as a subspace of ω_1 × (ω + 1). Call Z = ω_1 × ω and notice that Z is dense in X. Since Z is σ-countably compact, it follows that e(Z) ≤ ω, and therefore X is an SCE-space.

Now let us check that X is not star Lindelöf. Consider the open cover

U = {ω_1 × ω} ∪ {{α} × (ω + 1) : α ∈ S} .

If L ⊂ X is a Lindelöf subspace, then L must be bounded on its first coordinates, i.e., there exists α_0 < ω_1 such that if (α, n) ∈ L then α ≤ α_0. As a consequence we have that L is disjoint from {α_0 + 1} × (ω + 1), thus (α_0 + 1, ω) /∈ st(L, U), which proves that X cannot be star Lindelöf. □

The existence of a dense subset with countable extent in the example given in Proposition 9 suggests that the concepts of star Lindelöf and SCE maintain some distance from each other. However, as we will see, there are several classes of spaces in which these concepts coincide.

The last example also allows us to establish the fact that we cannot change the hypothesis in Proposition 3 related to the existence of a dense subspace with the property P for the existence of a dense star P subspace. At least in the case of P being Lindelöf, according to the space constructed in Proposition 9, we have a non star Lindelöf space with a star Lindelöf dense subspace.

In Proposition 39, an example is given of a feebly Lindelöf Moore space that is not an SCE-space. We have the following result.

Proposition 10. There is a feebly Lindelöf Tychonoff space which is an SCEspace.

2. Subspaces of star countable extent spaces

In this section we study what kind of subspaces inherit the property star countable extent.

Example 11. If X = ψ(A) is a Mrówka space for some MAD family A in ω, then X is an SCE-space because X is separable. However, A is an uncountable closed discrete subspace; therefore it cannot be an SCE-space. This proves that the SCE property is not necessarily inherited either by closed sets or closed G_δ -sets or zero sets.

Example 12. If X is the one-point compactification of an uncountable discrete space D, then X is an SCE-space but D is not. This proves that the SCE property is not necessarily inherited either by open sets or dense subspaces, nor even by an open dense subspace.

Now we give a positive result.

Proposition 13. Every open F_σ -subset of an SCE-space is an SCE-space.

Proof: Let X be an SCE-space and Y ⊂ X be an open F_σ -subset, say Y = ⋃ n<ω F_n, where each F_n is closed in X. Let U be an open cover of Y . Being Y an open set in X it follows that every member of U is open in X. For each n < ω consider the family U_n = U ∪ {X \ F_n}. U_n is an open cover of X. By hypothesis there exists a countable extent kernel M_n ⊂ X of U_n. Since for every n < ω we have that F_n ⊂ st(M_n ∩ Y, U), then Y = st(M, U), where M = ⋃ n<ω(M_n ∩ Y ).

We claim that e(M) ≤ ω. To this end it is enough to show that each M_n ∩Y has countable extent. The set M_n ∩Y is equal to ⋃ m<ω(M_n ∩F_m). Since F_m is closed in X and e(M_n) ≤ ω, we have that e(M_n ∩ F_m) ≤ ω, and thus e(M_n ∩ Y ) ≤ ω. This proves that Y is star countable extent. □

Corollary 14. A clopen subspace of an SCE-space is an SCE-space.

Corollary 15. A cozero subspace of an SCE-space is an SCE-space.

Other classes of subspaces to consider are the regular open and the regular closed sets. In both cases the answer is negative.

Example 16. Let L be the one-point Lindelöfication of an uncountable discrete space and let S be a convergent sequence together with its limit. Let X be the quotient space obtained from L ⊕ S by identifying the non-isolated points of L and S. Being a continuous image of a Lindelöf space, we have that X is a Lindelöf space. On the other hand, it is easy to check that the isolated points of L form a regular open subset of X which is not an SCE-space. Therefore the SCE property is not inherited by regular open sets.

Proposition 17. There is a Tychonoff star countable space with a regular closed subset that is not an SCE-space.

Proof: Recursively we are going to build a MAD family of countable subsets of ω · ω_1 of size 2^ω.

Let A_0 be any MAD family in ω · 1 with |A_0| = 2^ω and ⋃ A_0 = ω · 1. Assume that for every α < β we have constructed a MAD family A_α in ω · α such that ⋃ A_α = ω · α and if δ < α, then A_δ ⊂ A_α. Since ⋃ α<β A_α is almost disjoint in ω · β, we can extend the family into a MAD family A_β in ω · β such that ⋃ A_β = ω · β. The fact that for every α < ω_1, A_α is a MAD family in ω · α such that ⋃ A_α = ω · α implies that if α < β < ω_1 then A_β \ A_α is uncountable.

Let A = ⋃ α<ω_1 Aα. The collection A is an almost disjoint family in ω · ω1. We

claim that A is also maximal. Let A ⊂ ω · ω_1 with |A| = ω. Take α < ω_1 such that A ⊂ ω · α. Since A_α is maximal in ω · α, there exists B ∈ A_α ⊂ A such that |A ∩ B| = ω, which proves that A is maximal. Notice that since |A_0| = 2^ω, we have |A| = 2^ω.

Let X_1 = A ∪ ω · ω_1 be the Mrówka space determined by A, i.e., each point in ω · ω_1 is isolated and an open neighborhood of A ∈ A takes the form {A} ∪ A \ F where F ⊂ A is finite. Now we show that X_1 is not an SCE-space.

First notice that if A ∈ A_{α+1} \ A_α, then |A ∩ ω · α| < ω. If this is not true then, by maximality of A_α, there exists B ∈ A_α ⊂ A_{α+1} such that |A∩B| = ω, but this is not possible because A_{α+1} is almost disjoint. Therefore, the set {A}∪(A\ω ·α) is open in X_1.

For each A ∈ A, we define U_A = {A} ∪ (A \ ω · α) if A ∈ A_{α+1} \ A_α for some α < ω_1, and define U_A = {A} ∪ A otherwise. Let

U = {U_A : A ∈ A} ∪ {{α} : α ∈ ω · ω_1} .

Let N ⊂ X_1 be any subspace with e(N) ≤ ω. Notice that N ∩ A is countable and since N \ ⋃ A∈N∩A UA ⊂ ω · ω1 is closed and discrete in N, we have that N is

actually countable. Take α < ω_1 such that N ∩ ω · ω_1 ⊂ ω · α. Since A_{α+1} \ A_α is uncountable, we can take A ∈ A_{α+1} \(A_α ∪(N ∩A)). By construction, U_A ∩N = ∅, thus A /∈ st(N, U). Therefore U cannot have a star kernel with countable extent.

Now let A^′ be a MAD family in ω with |A^′| = 2^ω and let X_2 = A^′ ∪ ω be the Mrówka space associated to A^′. Take φ : A → A^′ a bijection and let X be the quotient image of X_1 ⊕ X_2 by identifying each A ∈ A with φ(A) ∈ A^′, say

X = ω · ω_1 ∪ {(A, φ (A)) : A ∈ A} ∪ ω.

Let q : X_1 ⊕ X_2 → X be the quotient map and call Z = q[X_1]. We claim that X is a star countable space and Z is a regular closed subset of X homeomorphic to X_1.

It is easy to check that Z = cl_X (ω · ω_1), hence Z is a regular closed subset of X.

Clearly q ↾_{X1} : X_1 → Z is a continuous bijection. To see that q ↾_{X1} is also open, take A ∈ A and F ⊂ A finite. Define

W = {(A, φ (A))} ∪ (A \ F ) ∪ φ(A).

Then W is open in X and q[{A} ∪ (A \ F )] = W ∩ Z. Thus Z is homeomorphic to X_1.

Finally we show that X is star countable. Let U be an open cover of X. Since q[X_2] is separable, there exists a countable subset M ⊂ q[X_2] such that q[X_2] ⊂ st(M, U); in particular {(A, φ(A)) : A ∈ A} ⊂ st(M, U). Call N = Z \ st(M, U) and notice that N is finite. Otherwise we can take B ⊂ Z \ st(M, U) ⊂ ω · ω_1 with |B| = ω, and by maximality of A there is A ∈ A such that |A ∩ B| = ω. Since (A, φ(A)) ∈ st(M, U), there exists F ⊂ A finite such that A \ F ⊂ st(M, U), but this implies that B ∩ st(M, U) ≠ ∅ which is not possible. Therefore M ∪ N is the countable kernel of U. Thus X is star countable. □

3. Invariance of the star countable extent property

In what follows we shall see what happens with the images and the inverse images of the SCE-spaces.

The following result appears in [9] as Proposition 32 and has a simple proof.

Proposition 18. If P is a topological property preserved under continuous images, then the property star P is also preserved under continuous images.

Since the countable extent is preserved under continuous images we have the following result.

Corollary 19. The SCE property is preserved under continuous images.

Recall that a closed function with compact fibers is called a perfect map.

Lemma 20. The countable extent property is an inverse invariant of perfect mappings.

Proof: Let f : X → Y be a perfect map, where Y is a space such that e(Y ) ≤ ω. Fix a closed and discrete subspace M ⊂ X. First we check that f[M] is discrete in Y . Given p ∈ f[M], the set A = M \ f^{−1}[{p}] is closed in X because M is closed and discrete in X. Therefore Y \ f[A] is an open set in Y and clearly (Y \ f[A]) ∩ f[M] = {p}. With this we have that f[M] is discrete in Y , but also f[M] is closed because f is perfect. Hence f[M] is countable. On the other hand, since f is perfect and M closed, then f |_M : M → f[M] is perfect. So for every p ∈ f[M], (f |_M )^{−1}[{p}] is compact in M and thus finite. Finally, since M = ⋃ {(f |_M )^{−1}[{p}] : p ∈ f[M]}, we get that |M| ≤ ω. This proves that e(X) ≤ ω. □

Proposition 21. If f : X → Y is an open perfect surjection and Y is an SCEspace, then X is an SCE-space.

Proof: Let U be an open cover of X. For each y ∈ Y there exists a finite subset U_y ⊂ U such that f^{−1}[{y}] ⊂ ⋃ U_y. We can assume that for every U ∈ U_y, U ∩ f^{−1}[{y}] ≠ ∅. Define V_y = (Y \ f[X \ ⋃ U_y]) ∩ ⋂ {f[U] : U ∈ U_y}. V_y is an open set because U_y is finite and f is an open-closed map. The condition U ∩ f^{−1}[{y}] ≠ ∅ together with the fact that f^{−1}[{y}] ⊂ ⋃ U_y imply that y ∈ V_y.

This shows that the family V = {V_y : y ∈ Y } is an open cover for Y . By hypothesis we can take a kernel N ⊂ Y of V with e(N) ≤ ω. Call M = f^{−1}[N]. Notice that Lemma 20 is valid because f |_M : M → N is a perfect surjection and hence e(M) ≤ ω. Now we show that M is a kernel of U. Given x ∈ X, there exists y ∈ Y such that f(x) ∈ V_y and V_y ∩ N ≠ ∅. Since V_y ⊂ Y \ f[X \ ⋃ U_y], f^{−1}[V_y] ⊂ ⋃ U_y, then x ∈ U for some U ∈ U_y. Since V_y ⊂ f[U] and V_y ∩ N ≠ ∅, we have U ∩ M ≠ ∅, and thus x ∈ st(M, U). Therefore X is an SCE-space. □

It is worth mentioning that in Proposition 21 we do not need the continuity of the function. However the hypothesis of f being perfect and open seems to be quite strong. We shall see an example which shows us that we cannot drop the open mapping condition.

The following lemma has a very simple proof and is left to the reader.

Lemma 22. Let X be a topological space and A(X) = X ×{0, 1} the Alexandroff duplicate of X. Then the function f : A(X) → X defined as f(x, i) = x, for i = 0, 1, is a continuous perfect surjection.

The next example was proposed in [6] to exhibit that the star Lindelöf property is not an inverse invariant of perfect mappings. Now we shall see that this same space allows us to show that we cannot drop the hypothesis of open map in Proposition 21.

Example 23. Let S^2 be the product space of the Sorgenfrey line S. Since S^2 is separable, then it is also an SCE-space. By Lemma 22, f : A(S^2) → S^2 defined as f(p, i) = p, i = 0, 1, is a continuous perfect surjection. Consider the subset L = {(x, −x) ∈ S^2 : x ∈ S}; it is well-known that L is closed and discrete in S^2. For p ∈ S^2 \ L define U(p) = U × {0, 1}, where U ⊂ S^2 is an open set such that p ∈ U and U ∩ L = ∅. Similarly for p ∈ L define U(p) = (U × {0, 1}) \ {(p, 1)}, where U ⊂ S^2 is an open set such that p ∈ U and U ∩ L = {p}. In both cases U(p) ∩ (L × {1}) = ∅. This implies in particular that L × {1} is closed in A(S^2), but all the points of L × {1} are isolated. Hence L × {1} is an uncountable clopen discrete subspace of A(S^2), thus is not an SCE-space. Since the SCE property is hereditary in clopen sets, we can conclude that A(S^2) cannot be an SCE-space.

The key argument to show that A(S^2) is not an SCE-space can be generalized in the following result.

Proposition 24. If A(X) is an SCE-space, then e(X) ≤ ω.

Of course it is natural to ask whether the reverse implication in Proposition 24 is also valid. The answer is affirmative, in fact we can achieve a stronger result.

Proposition 25. If e(X) ≤ ω then e(A(X)) ≤ ω.

Proof: The proof is an immediate consequence of the fact that A(X) is a perfect inverse image of X and the countable extent property is a perfect inverse invariant. □ Combining these last two propositions, we see that in the class of spaces which are Alexandroff duplicates of topological spaces, the concepts countable extent and SCE are equivalent (therefore they also coincide with any intermediate concept).

Corollary 26. For any topological space X, e(A(X)) ≤ ω if and only if A(X) is an SCE-space.

4. Finite products

In this section we shall see that the SCE property is fragile when we take finite products, even between spaces with a stronger covering property than the SCE.

As a consequence of Proposition 21 we have the following result.

Proposition 27. If X is an SCE-space and K is compact, then X × K is an SCE-space.

From this proposition we obtain a slightly better result.

Corollary 28. If X is an SCE-space and Y is σ-compact, then X × Y is an SCE-space.

Proof: Suppose Y = ⋃ n<ω K_n, where each K_n is a compact subspace. Then X × Y = ⋃ n<ω(X × K_n) and each X × K_n is an SCE-space. Since the SCE property is preserved under countable unions then X × Y is an SCE-space. □

Next we present an example that shows us that in Proposition 27 we cannot replace σ-compact by Lindelöf nor by countably compact; moreover, this same example shows us that the product of a countably compact space with a Lindelöf space is not necessarily an SCE-space.

Proposition 29. There exist a countably compact space X and a Lindelöf space Y such that X × Y is not an SCE-space.

Proof: Let Z = ω_1 × L where L is the one-point Lindelöfication of ω_1. Let

U = {(α, ω_1) × {α} : α < ω_1} .

It is easy to see that the set U = {(α, β) ∈ Z : β ≥ α} is an open subset of X. Since V = U ∪ {U} is a partition of X in open subsets, then it is also a partition in clopen subsets, so V is an uncountable discrete family. By Corollary 7, X is not an SCE-space. □

The following example shows us that the SCE property is not preserved if we take the product of two Lindelöf spaces. To construct the example we use the concept of a totally imperfect set [7].

Definition 30. A subset A ⊂ R is totally imperfect if A does not contain a copy of the Cantor set.

An important remark is that if A ⊂ R is a totally imperfect set and F ⊂ R is an uncountable closed set then F ⊈ A. The next theorem is due to Bernstein, a proof can be found in [7].

Theorem 31 (Bernstein Theorem). There exists A ⊂ R such that |A| = |R\A| = 2^ω and both A and R \ A are totally imperfect sets.

Proposition 32. There exist two Lindelöf spaces X and Y such that X × Y is not an SCE-space.

Proof: Let A ⊂ R be as in the Bernstein Theorem. Take the Alexandroff duplicate of R, A(R) = R × {0, 1}. Let

X_1 = (A × {0}) ∪ (R × {1}) and X_2 = ((R \ A) × {0}) ∪ (R × {1})

subspaces of A(R).

Let B be the collection of open intervals in R and let B_x = {A ∈ B : x ∈ A}. The collection A_1 = {U_x × {0, 1} \ {(x, 1)} : x ∈ A and U_x ∈ B_x} ∪ {{(x, 1)} : x ∈ R} is a base for X_1; and A_2 = {U_x × {0, 1} \ {(x, 1)} : x ∈ R \ A and U_x ∈ B_x} ∪ {{(x, 1)} : x ∈ R} is a base for X_2.

We shall see that X_1 and X_2 are Lindelöf. Let U be an open cover of X_1 by sets belonging to A_1. Assume that

U = {(U_x × {0, 1}) \ {(x, 1)} : x ∈ F } ∪ {{(x, 1)} : x ∈ B}

for some subsets F, B ⊂ R. Notice that {U_x : x ∈ F } is an open cover of A. Being A a subspace of R, there exists a countable subset F_0 ⊂ F such that A ⊂ ⋃ x∈F_0 Ux. Define U = ⋃ x∈F_0 Ux. Since R \ U is a closed set contained in

R \ A and this is a totally imperfect set, it follows that R \ U is countable. For each x ∈ F_0 ∪ (R \ U) fix W_x ∈ U such that (x, 1) ∈ W_x. Let

U_0 = {(U_x × {0, 1}) \ {(x, 1)} : x ∈ F_0} ∪ {W_x : x ∈ F_0 ∪ (R \ U)} .

U_0 is a countable subfamily of U, let us see that it is also a subcover. By the choice of F_0 we only need to show that R × {1} is covered by U_0. Take (t, 1) ∈ R × {1} and assume that t /∈ F_0 ∪ R \ U, then t ∈ U = ⋃ x∈F_0 Ux, thus there exists x ∈ F0

such that t ∈ U_x. Since t ≠ x we have that (t, 1) ∈ (U_x × {0, 1}) \ {(x, 1)} ∈ U_0. Therefore X_1 is Lindelöf. Similarly X_2 is Lindelöf.

Now we show that X_1 × X_2 is not an SCE-space. Consider the diagonal set Δ = {(p, p) : p ∈ A(R)} of A(R)×A(R). Since Δ is closed in A(R)×A(R), we have that D = Δ∩(X_1×X_2) is closed in X_1×X_2. Notice that D = {(p, p) : p ∈ R×{1}}; so each element of D is isolated in X_1 × X_2, which gives us that D is actually an uncountable clopen discrete subspace and therefore not an SCE-space. Since the SCE is clopen hereditary, X_1 × X_2 cannot be an SCE-space. □

5. Relations between star P spaces

To finish this study of the SCE property, we shall analyze several classes of spaces in which the SCE property is equivalent to any of the following three properties: separability, Lindelöf or countable extent (remember that each of these implies the SCE property). We will also consider those classes in which SCE is similar to either star countable or star Lindelöf.

In Corollary 26 we already gave a first result on this matter because we have shown that the Alexandroff duplicate of a space has countable extent if and only if it is an SCE-space. Considering that every space is continuous image of its

Alexandroff duplicate, it is clear that in Corollary 26 neither l(A(X)) ≤ ω nor d(A(X)) ≤ ω can be substituted for e(A(X)) ≤ ω.

Recall that a space in which every G_δ -set is open is called a P -space. In [2] the following result is shown.

Proposition 33. If X is a normal P -space, then e(X) ≤ ω if and only if X is feebly Lindelöf.

A natural question to ask is whether the normality can be weakened to Tychonoff in Proposition 33. In [2] a consistent example of a feebly Lindelöf Tychonoff P -space which is not star Lindelöf is given. We now see that this space is not an SCE-space.

A family A of subsets of ω_1 is almost disjoint if every element of A is uncountable and for each pair of distinct sets A, B ∈ A, |A ∩ B| ≤ ω. Using a construction similar to that of a Mrówka space, we may define a topology on A ∪ ω_1 by declaring that each d ∈ ω_1 is isolated and an open neighborhood of A ∈ A takes the form {A} ∪ A \ C, where C ⊂ A is countable. It turns out that this space is Hausdorff and 0-dimensional; we will call this space a Mrówka space on ω_1 (determined by A).

The proof of the following lemma is entirely analogous to the proof that a Mrówka Ψ-space is feebly compact and is left to the reader.

Lemma 34. If A is an almost disjoint family on ω_1, then the Mrówka space A ∪ ω_1 is a P -space. Moreover, if A is maximal then A ∪ ω_1 is feebly Lindelöf.

It is well-known that the existence of a MAD family A on ω_1 such that |A|^ω = |A| is independent of ZFC.

Proposition 35. If there exists a MAD family A on ω_1 such that |A|^ω = |A|, then there is a feebly Lindelöf P -space which is not an SCE-space.

Proof: Let X = A ∪ ω_1 be the Mrówka space related to A, and assume that ⋃ A = ω_1. By Lemma 34 we already know that X is a feebly Lindelöf P -space. In [1] it is shown that this space is not star-Lindelöf. Since a subspace M of X has countable extent if and only if M is Lindelöf, we have that X cannot be an SCE-space. □

This space shows us that at least consistently, normal cannot be replaced by Tychonoff in Proposition 33. We have the question open whether it is possible to find in ZFC a Tychonoff feebly Lindelöf P -space which is not an SCE-space.

Another important class of spaces are the Moore spaces. Recall that a development for a space X is a sequence of open covers {U_n : n < ω} such that for each x ∈ X, the family {st(x, U_n) : n < ω} is a local base at x. A Moore space is a regular space with a development.

In [2] the following is shown.

Theorem 36. If X is a Moore space, then X is separable if and only if X is star Lindelöf.

It is well-known that every Moore space is semistratifiable [4], which in particular implies that every Moore space is a D-space and therefore the Lindelöf degree and the extent of the space match. Thus we have a slight generalization of Theorem 36.

Corollary 37. If X is a Moore space, then X is separable if and only if X is an SCE-space.

We may now ask if the following implications are true in the class of Moore spaces:

SCE ⇒ countable extent ? feebly Lindelöf ⇒ SCE ?

The answer to both questions is negative. The Niemytzki plane is a separable Moore space with uncountable extent. To show that the second implication is not valid, we use the following lemma. The proof is a simple exercise and is left to the reader.

Lemma 38. If X is a ccc space, then X is feebly Lindelöf.

In the following example we employ the Pixley-Roy topology on the hyperspace of all non-empty finite subsets of R (see [10] and [5]).

Proposition 39. There is a feebly Lindelöf Moore space which is not an SCEspace.

Proof: Let X = [R]^{<ω} \ {∅} be endowed with the Pixley-Roy topology. Recall that for each F ∈ X a canonical open neighborhood of F takes the form

[F, U] = {A ∈ X : F ⊂ A ⊂ U}

where U ⊂ R is an Euclidean open set such that F ⊂ U. This construction was first described in [10], and X with this topology is a Moore space.

To see that X is feebly Lindelöf it is enough to show that X is ccc. Take B as any countable base of R and define

B_0 = {⋃ U : U ∈ [B]^{<ω} } . Notice that for any open set [F, U], there exists B ∈ B_0 such that [F, B] ⊂ [F, U]. This is because if for each x ∈ F we take V_x ∈ B such that x ∈ V_x ⊂ U, then [F, B] ⊂ [F, U], where B = ⋃ {V_x : x ∈ F }.

If C = {[F_α, U_α] : α < κ} is a cellular family of basic open sets, then for each α < κ take B_α ∈ B_0 such that [F_α, B_α] ⊂ [F_α, U_α]; the countability of B_0 now implies the countability of C.

Finally we show that X is not an SCE-space. By Theorem 36 it suffices to show that X is not star countable. Let U = {[{t}, R] : t ∈ R}. Consider any countable subset of X, Y = {F_n ∈ X : n < ω}. Then A = ⋃ Y ⊂ R is countable and thus we can take s ∈ R \ A. The only member of U that contains the point {s} ∈ X is [{s}, R]; however, if there is an F_n ∈ [{s}, R], then s ∈ F_n ⊂ A, which is impossible. Therefore {s} /∈ st(A, U) and consequently X cannot be star countable. □

It is worth mentioning that in [2] a first countable feebly Lindelöf space which is not star Lindelöf is given. The example given in Proposition 39, being a Moore space, represents an improvement on the first countable condition. The example given in [2] is due to Shakhmatov, who in [11] constructed a pseudocompact space with a point-countable base and with extent larger than 2^ω; in [2] the authors proved that this space cannot be star Lindelöf. To achieve this, the authors of [2] proved and made use of the following result.

Proposition 40. If X is a regular star Lindelöf space with a point-countable base, then l(X) ≤ 2^ω.

This proposition, as well as Shakhmatov’s space, raises several questions. (i) Is a pseudocompact Tychonoff space an SCE-space? (ii) Can the bound l(X) ≤ 2^ω in Proposition 40 be reached? (iii) In the class of spaces with a point-countable base, is every star Lindelöf space star countable?

As we shall see, the answers to (i) and (iii) are negative while (ii) has a positive answer. To see that the answer to (i) is negative we will show that Shakhmatov’s example mentioned above cannot be an SCE-space.

In [3] it was shown that every space with a point-countable base is a D-space, with this in mind we have as an immediate consequence the following result.

Proposition 41. If X has a point-countable base, then X is star Lindelöf if and only if X is an SCE-space.

Corollary 42. There exists a Tychonoff pseudocompact space which is not an SCE-space.

Proof: Shakhmatov’s space [11] is a pseudocompact Tychonoff space with a point-countable base which is not star Lindelöf. By Proposition 41 this space cannot be an SCE-space either. □

The next example simultaneously proves that questions (ii) and (iii) have positive and negative answers, respectively. By responding negatively to (ii) we also solve (in a stronger way) the question posed in [1]: is a first countable star Lindelöf space star countable? Note that the space constructed in Proposition 9 is also related to the question posed in [1], because it is an example of a first countable SCE-space which is not star Lindelöf.

To construct the required space we are going to use again the totally imperfect sets of R.

Example 43. Let A ⊂ R be a totally imperfect set as in the Bernstein Theorem. Consider Y = A ∪ (R \ A) with the topology generated by the collection

B = {{x} : x ∈ R \ A} ∪ {(x − ϵ, x + ϵ) : x ∈ A and ϵ > 0} as a base. The space Y endowed with this topology is Lindelöf as we now show: if U ⊆ B is a basic open cover, then there exists a countable subfamily V ⊂ U consisting of Euclidean open sets such that A ⊂ ⋃ V. Hence Y \ ⋃ V is a Euclidean closed set disjoint from A.

By the Bernstein Theorem we have that Y \ ⋃ V is countable. Therefore U has a countable subcover of Y . Let X = R \ A with the subspace topology of R and let M = X × Y .

Proposition 44. M has a point-countable base.

Proof: Since X and A ⊂ Y have the Euclidean topology, both are separable. Fix countable dense sets D_1 ⊂ X and D_2 ⊂ A. For x ∈ R and r > 0, denote

B (x, r) = {t ∈ R : |x − t| < r}

and in case x ∈ X let B_X (x, r) = B(x, r) ∩ X. Let

B_1 = { B_X ( x, 1 n ) × B ( a, 1 n ) : x ∈ D_1, a ∈ D_2, n ∈ N }

and B_2 = { B_X ( x, 1 n ) × {y} : x ∈ D_1, y ∈ Y \ A, n ∈ N } , then B = B_1 ∪ B_2 is a base for M. Let (x, t) ∈ M. If t ∈ A, then (x, t) does not belong to any element of B_2. Since B_1 is countable it follows that B is point countable at (x, t). On the other hand if t ∈ Y \ A, then (x, t) belongs to elements of B_2 only of the form B_X (a,^1_n ) × {t} (assuming that x ∈ B_X (a,^1_n )). Using again that B_1 is countable we have that B is also point-countable at (x, t). □ Proposition 45. M is not star countable.

Proof: Let D = {(x, x) : x ∈ R \ A}. Since for every x ∈ R \ A

D ∩ (X × {x}) = {(x, x)} ,

D is discrete. On the other hand, if (x, t) ∈ M \ D, we can take r =^1_2 |x − t| > 0 and it follows that (B_X (x, r) × B (t, r)) ∩ D = ∅.

Hence D is also closed.

Consider the open cover U = {M \ D} ∪ {X × {y} : y ∈ Y \ A}. U witnesses that M cannot be star countable. If L ⊂ M is any kernel of U, then L must be such that for every y ∈ Y \ A, L ∩ (X × {y}) ≠ ∅. This is because X × {y} is the only member of U that contains the point (y, y). Since {X × {y} : y ∈ Y \ A} is a cellular family, it follows that |L| = 2^ω. Therefore M is not star countable. □ The open cover considered in Proposition 45 also witnesses that the Lindelöf degree of M is 2^ω. Once we demonstrate that M is star Lindelöf we will have shown that question (ii) indeed has a positive answer.

Proposition 46. M is star Lindelöf.

Proof: First notice that for each p ∈ X, the space {p} × Y is Lindelöf, since this subspace of M is homeomorphic to Y . Thus if D = {d_n : n < ω} is a dense subset of X, then ⋃ {{d_n} × Y : n < ω} is a dense Lindelöf subspace of M, therefore M is star-Lindelöf. □

Corollary 47. There exists a Tychonoff space with a point-countable base, star Lindelöf and with Lindelöf degree equal to 2^ω which is not star countable.

We have already mentioned that every Moore space is semistratifiable (and thus a D-space). We need to check if Theorem 36 is also valid in semistratifiable spaces. Knowing that every space with a point countable base is a D-space and since the space M in Example 43 is star Lindelöf and has a point-countable base but is not star countable, we have that Theorem 36 is no longer valid for D-spaces in general. For the semistratifiable case the authors do not know the answer. However, at least in this class of spaces the properties SCE and star countable are equivalent. This is actually a consequence of the following theorem (see [4]).

Theorem 48. Let X be a semistratifiable space. The following are equivalent:

(i) X is Lindelöf;

(ii) X is hereditarily separable; (iii) X has countable extent.

Corollary 49. If X is semistratifiable, then X is star countable if and only if X is an SCE-space.

Proof: Assume that X is an SCE-space. The property of being semistratifiable is hereditary, thus every subspace M ⊂ X with countable extent is separable and therefore X is star separable. But the star separable property is the same as the star countable property. Consequently X is star countable. □

6. Open questions

1. Is the product of an SCE-space and a separable space an SCE-space? 2. Is the product of an SCE-space and a second countable space an SCEspace?

3. Is every SCE-space P -space, star Lindelöf (star countable)? 4. Is every SCE-space and semistratifiable space separable? 5. Is every SCE-space and semimetric space separable? 6. Is every SCE-space and semidevelopable space separable? 7. Is every SCE-space and σ-paralindelöf space star Lindelöf? 8. Is every SCE-space and pseudocompact Tychonoff space star Lindelöf?

Acknowledgments. The authors would like to thank the referee for her/his kind and useful suggestions and corrections which significantly improved a previous version of this paper.

References

[1] Alas O.T., Junqueira L.R., Wilson R.G., Countability and star covering properties, Topology Appl. 158 (2011), no. 4, 620–626.

[2] Alas O.T., Junqueira L.R., van Mill J., Tkachuk V.V., Wilson R.G., On the extent of star countable spaces, Cent. Eur. J. Math. 9 (2011), no. 3, 603–615.

[3] Arhangel’skii A.V., Buzyakova R.Z., Additions theorems and D-spaces, Comment. Math.

Univ. Carolin. 43 (2002), no. 4, 653–663.

[4] Creede G., Concerning semistratifiable spaces, Pacific J. Math. 32 (1970), 47–54. [5] van Douwen E., Reed G.M., Roscoe A.W., Tree I.J., Star covering properties, Topology Appl. 39 (1991), 71–103.

[6] Hiremath G.R., On star with Lindelöf center property, J. Indian Math. Soc. 59 (1993), 227–242.

[7] Kuratowski K., Topology, Vol. I, Academic Press, New York-London, 1966. [8] Matveev M.V., A survey on star covering properties, Topology Atlas, 1998, preprint no. 330.

[9] van Mill J., Tkachuk V.V., Wilson R.G., Classes defined by stars and neighbourhood assignments, Topology Appl. 154 (2007), no. 10, 2127–2134.

[10] Pixley C., Roy P., Uncompletable Moore spaces, Procedings of the Auburn Topology Conference (Auburn Univ., Ala., 1969), Auburn University, Ala., 1969, pp. 75–85.

[11] Shakhmatov D.B., On pseudocompact spaces with point-countable base, Dokl. Akad. Nauk SSSR 30 (1984), no. 3, 747–751.

[12] Song Y.K., On relative star-Lindelöf spaces, New Zealand J. Math. 34 (2005), 159–163. [13] Song Y.K., On L-starcompact spaces, Czechoslovak Math. J. 56(2) (2006), 781–788.

Cerro de Chapultepec 122, Colonia Romero de Terreros, Delegación Coyoacán, C.P. 04310, Mexico E-mail: dario85 ec@hotmail.com

(Received December 14, 2015, revised July 5, 2016)