Comment.Math.Univ.Carolin. 58,1 (2017) 69–77 69

On a nonlinear Peetre’s theorem in full Colombeau algebras

E.A. Nigsch

Abstract. We adapt a nonlinear version of Peetre’s theorem on local operators in order to investigate representatives of nonlinear generalized functions occurring in the theory of full Colombeau algebras.

Keywords: nonlinear Peetre’s theorem; local function; Colombeau algebra

Classification: 46F30

1. Preliminaries

Algebras of nonlinear generalized functions in the sense of J.F. Colombeau [1], [2], [3], [5], [11] provide a way to define a meaningful multiplication of arbitrary distributions while at the same time products of smooth functions and the partial derivatives of distribution theory are preserved. This is the best one can obtain in light of L. Schwartz’ impossibility result [12].

A certain variant of these algebras, namely those which are termed full Colombeau algebras, have been gaining more and more importance recently through their role in the development of a coordinate-invariant formulation of nonlinear generalized function algebras suitable for singular differential geometry and nonlinear problems in a geometrical context. We recall that, in general, Colombeau algebras are given as quotients of certain basic spaces containing the representatives of generalized functions. In successive steps, these basic spaces have been modified and enlarged in order for the resulting algebras to accommodate certain desired properties [4], [6], [9], [10]. At one point in this development, the sheaf property could only be obtained in the quotient by imposing so-called locality conditions on the elements of the basic space.

The object of this article is to study representatives of nonlinear generalized functions on an open subset Ω ⊆ R^n which are given by smooth mappings

R : C^∞(Ω, D(Ω)) → C^∞(Ω)

which satisfy the most general of these locality conditions, i.e., which are local (Definition 2). Adapting arguments of J. Slovák from [13] we obtain a characterization of locality in simpler terms, i.e., R(⃗φ)(x) does not depend on the germ

DOI 10.14712/1213-7243.2015.197 This work was supported by the Austrian Science Fund (FWF) project P23714.

of ⃗φ at x but only on its jet of infinite order at x (Theorem 3). Furthermore, we examine in which sense such mappings R have locally finite order (Theorem 5). While any distribution is of finite order locally, no comparable statement exists for Colombeau algebras so far; our results are a first step in this direction.

Let use introduce some notation. Throughout this article we will work on open subsets Ω_1 ⊆ R^n and Ω_2 ⊆ R^{n′} with n, n^′ ∈ N fixed. We employ the usual multiindex notation ∂^α, α!, |α| etc. with differentiation indices α ∈ N^n_0 . Given an open subset Ω ⊆ R^n and a locally convex space E, the space C^∞(Ω, E) is endowed with its standard topology, which is that of uniform convergence on compact sets in all derivatives separately. For a function f we denote by j^rf(x) the r-jet of f at x, i.e., the family (∂^αf(x))_{|α|≤r}, where also r = ∞ is allowed. The interior of a set B is denoted by B^∘. Note that for smooth functions f(x, y) of two variables we will also write f(x)(y), justified by the exponential law [7, 3.12, p. 30].

The formulation of Theorem 5 requires a notion of smoothness for mappings between arbitrary locally convex spaces. The setting we use for this is that of convenient calculus [7], i.e., a mapping f : E → F between two locally convex spaces is said to be smooth in this sense if it maps each smoothly parametrized curve in E to a smoothly parametrized curve in F, i.e., for all c ∈ C^∞(R, E) we have f ∘ c ∈ C^∞(R, F).

For convenience we cite the extension theorem of Whitney [8, 1.5.6,p. 31] which will be heavily used below.

Theorem 1 (Whitney). Let Ω be an open subset of R^n and X a closed subset of Ω. Given a continuous function f^α on X for each α ∈ N^n_0 , there exists a function f ∈ C^∞(Ω) with ∂^αf|_X = f^α for all α ∈ N^n_0 if and only if for all integers m ≥ 0 and all compact subsets K ⊆ X we have

(1) f^α(y) = � |β|≤m 1 β! f^{α+β} (x)(y − x)^β + o(‖y − x‖^m)

uniformly for x, y ∈ K as ‖y − x‖ → 0.

2. Main results

We first recall the definition of locality for elements of the basic space

C^∞(C^∞(Ω, D(Ω)), C^∞(Ω))

given in [10]. While only the case Ω_1 = Ω_2 was considered there, we use a slightly more general formulation which will be needed below.

Definition 2. A mapping R : C^∞(Ω_1, D(Ω_2)) → C^∞(Ω_1) is called local if for all x ∈ Ω_1 and all ⃗φ, ⃗ψ ∈ C^∞(Ω_1, D(Ω_2)) the following implication holds:

⃗φ|_U = ⃗ψ|_U for some open neighborhood U of x =⇒ R(⃗φ)(x) = R( ⃗ψ)(x).

Our first result is the following.

Theorem 3. A mapping R : C^∞(Ω_1, D(Ω_2)) → C^∞(Ω_1) is local if and only if for every ⃗φ ∈ C^∞(Ω_1, D(Ω_2)) and every point x ∈ Ω_1, R(⃗φ)(x) depends on the ∞-jet j^∞(⃗φ)(x) only, i.e., if for all x ∈ Ω_1 and ⃗φ, ⃗ψ ∈ C^∞(Ω_1, D(Ω_2)) the equality j^∞ ⃗φ(x) = j^∞ ⃗ψ(x) implies R(⃗φ)(x) = R( ⃗ψ)(x).

The proof imitates that of [13, Theorem 1, p. 274] but is adapted in order to incorporate the additional variable y of the smoothing kernels ⃗φ(x)(y).

Proof: Suppose we are given ⃗φ, ⃗ψ ∈ C^∞(Ω_1, D(Ω_2)) such that (∂^α_x ⃗φ)(x) = (∂^α_x ⃗ψ)(x) for some fixed x ∈ Ω_1 and all α ∈ N^n_0 . Choose an open neighborhood W of x which is convex and relatively compact in Ω_1, as well as compact sets K, L ⊆ Ω_2 with K ⊆ L^∘ such that supp ⃗φ(a) ∪ supp ⃗ψ(a) ⊆ K for all a ∈ W .

Next, we construct a sequence (x_k )_{k∈N} in W and an open neighborhood U_k of each x_k with U_k ⊆ W such that for all k the following conditions hold:

‖a − x‖ < ‖b − x‖ /2 ∀a ∈ U_{k+1}, b ∈ U_k (2) � � �(∂^α_x ∂^β_y ⃗φ)(a, ξ) − (∂^α_x ∂^β_y ⃗ψ)(a, ξ) � � � ≤ 1 k ‖a − x‖^m (3) ∀a ∈ U_k, ξ ∈ L, |α| + |β| + m ≤ k.

It suffices to show that (3) holds for any fixed α, β ∈ N^n_0 and m ∈ N uniformly for all ξ ∈ L if ‖a − x‖ is small enough. By Taylor’s theorem we have for any f = f(x, y) ∈ C^∞(Ω_1 × Ω_2), m ∈ N_0, a ∈ W and ξ ∈ L:

f(a, ξ) = � |γ|<m

(∂^γ_x f)(x, ξ) γ! (a − x)^γ

+ m � |γ|=m

(a − x)^γ γ! �_1 0 (1 − t)^{m−1}(∂^γ_x f)(x + t(a − x), ξ) dt.

Replacing f by ∂^α_x ∂^β_y ⃗φ − ∂^α_x ∂^β_y ⃗ψ we see that

(∂^α_x ∂^β_y ⃗φ − ∂^α_x ∂^β_y ⃗ψ)(a, ξ) = m � |γ|=m

(a − x)^γ γ! �_1 0 (1 − t)^{m−1}(∂^{α+γ}_x ∂^β_y ⃗φ − ∂^{α+γ}_x ∂^β_y ⃗ψ)(x + t(a − x), ξ) dt

= o(‖a − x‖^m) as ‖a − x‖ → 0

uniformly for (a, ξ) ∈ W × L. In fact, (∂^{α+γ}_x ∂^β_y ⃗φ − ∂^{α+γ}_x ∂^β_y ⃗ψ)(a, ξ) vanishes for a = x by assumption and is uniformly continuous on the compact set W ×L, hence the integrand converges to zero uniformly for ξ ∈ L as a and hence x + t(a − x) approaches x.

Note that (2) implies

(4) ‖a − x‖ < 2 ‖a − b‖ ∀a ∈ U_k, b ∈ U_j , k ≠ j.

In fact, for k > j we have 2 ‖a − x‖ < ‖b − x‖ ≤ ‖a − b‖ + ‖a − x‖ and for k < j we have ‖a − x‖ ≤ ‖a − b‖ + ‖b − x‖ < ‖a − b‖ + ‖a − x‖ /2. Moreover, x_k → x for k → ∞.

With A := {x} ∪ � k U_k, which is a compact subset of W , we define a family of continuous functions h^{α,β} on A × L with α, β ∈ N^n_0 by

(5) h^{α,β}(a, ξ) := � (∂^α_x ∂^β_y ⃗φ)(a, ξ) a = x or a ∈ U_{2k} for some k, (∂^α_x ∂^β_y ⃗ψ)(a, ξ) a ∈ U_{2k+1} for some k.

In order to apply Whitney’s theorem to this family we have to verify that

(6) h^{α,β}(b, η) = � |(γ,λ)|≤m

h^{α+γ,β+λ}(a, ξ) (γ, λ)!

(b − a)^γ (η − ξ)^λ + o(‖(b − a, η − ξ)‖^m)

uniformly for (b, η) and (a, ξ) in A × L as ‖(b − a, η − ξ)‖ → 0. This follows easily from Taylor’s theorem, (3) and (4).

Consequently, there is a function h̃ ∈ C^∞(R^n ×R^{n′} ) whose derivatives on A×L are given by ∂^α_x ∂^β_y h̃ = h^{α,β} . Choosing ρ ∈ D(Ω_2) such that ρ ≡ 1 in an open neighborhood of K and supp ρ ⊆ L, set h(a)(ξ) := h̃(a, ξ) · ρ(ξ) for a ∈ Ω_1 and ξ ∈ Ω_2. Then h ∈ C^∞(Ω_1, D(Ω_2)) and

h|_{U2k} = ⃗φ|_{U2k} , h|_{U2k+1} = ⃗ψ|_{U2k+1} ∀k ∈ N, (∂^α_x h)(x) = (∂^α_x ⃗φ)(x) = (∂^α_x ⃗ψ)(x) ∀α ∈ N^n_0 .

The claim of the theorem then follows by

R(⃗φ)(x) = lim_{k→∞} R(⃗φ)(x_{2k} ) = lim_{k→∞} R(h)(x_{2k} )

= lim_{k→∞} R(h)(x_{2k+1}) = lim_{k→∞} R( ⃗ψ)(x_{2k+1}) = R( ⃗ψ)(x). □

In order to show that R(⃗φ)(x) locally depends only on finitely many derivatives of ⃗φ(x) in a certain sense, we will employ the following lemma, paralleling [13, Lemma 1, p. 276].

Lemma 4. Let R : C^∞(Ω_1, D(Ω_2)) → C^∞(Ω_1) be local and suppose we are given f ∈ C^∞(Ω_1, D(Ω_2)), x_0 ∈ Ω_1 and K ⊆ Ω_2 compact with supp f(x_0) ⊆ K.

Define ε: R^n → R by

ε(x) := � exp(−1/ ‖x − x_0‖) x ≠ x_0, 0 x = x_0.

Then there exist a neighborhood V of x_0 in Ω_1 and r ∈ N such that for any x ∈ V and g_1, g_2 ∈ C^∞(Ω_1, D(Ω_2)) satisfying

(i) supp g_i(y) ⊆ K for y in a neighborhood of x and i = 1, 2,

(ii) sup_{ξ∈Ω2} � �∂α_x ∂β_y (g_i − f)(x)(ξ) � � ≤ ε(x) for i = 1, 2 and 0 ≤ |α| + |β| ≤ r,

we have the implication j^rg_1(x) = j^rg_2(x) =⇒ (Rg_1)(x) = (Rg_2)(x).

Proof: Let R, f, x_0 and K be as stated and suppose that the claim does not hold. Then we can find a sequence x_k → x_0 and, for each k ∈ N, functions f_k, g_k ∈ C^∞(Ω_1, D(Ω_2)) satisfying

supp f_k(y) ∪ supp g_k(y) ⊆ K for y in a neighborhood of x_k, (7) sup_{ξ∈Ω2} � �∂^α_x ∂^β_y (f_k − f)(x_k)(ξ) � � ≤ ε(x_k), and (8) sup_{ξ∈Ω2} � �∂^α_x ∂^β_y (g_k − f)(x_k)(ξ) � � ≤ ε(x_k) (9) for 0 ≤ |α| + |β| ≤ k such that

(10) j^kf_k(x_k ) = j^kg_k(x_k ), (Rf_k)(x_k ) ≠ (Rg_k)(x_k ).

Taking suitable subsequences we may assume that

‖x_{k+1} − x_0‖ ≤ ‖x_k − x_0‖ /2

for all k ∈ N and that all x_k are contained in an open neighborhood W of x_0 which is relatively compact in Ω_1 and convex. Furthermore, we can assume that either x_k ≠ x_0 or x_k = x_0 holds for all k ∈ N.

In the first case, choose points y_k ∈ W with x_0 ≠ y_k ≠ x_j for all k, j ∈ N such that

‖y_k − x_k‖ ≤ 1 k ‖x_k − x_0‖ ,

(11)

sup_{ξ∈Ω} � �∂^α_x ∂^β_y (f_k − f)(y_k)(ξ) � � ≤ 2ε(x_k) (0 ≤ |α| + |β| ≤ k), (12)

|(Rg_k)(x_k ) − (Rf_k)(y_k)| ≥ k ‖x_k − y_k‖^{1/k} ,

(13) supp f_k(y_k) ⊆ K.

(14)

Such points y_k can be chosen if each of these finitely many conditions holds for y_k in some neighborhood of x_k. Conditions (11) and (14) obviously are without problems. For condition (12) with fixed α and β we note that ∂^α_x ∂^β_y (f_k − f)(W ) is relatively compact (i.e., bounded) in D(Ω_2). Hence, there exists a compact set B_k ⊆ Ω_2 such that supp ∂^α_x ∂^β_y (f_k − f)(W ) ⊆ B_k. In particular, ∂^α_x ∂^β_y (f_k − f) is uniformly continuous in W ×B_k and requirement (12) is satisfied for y_k in a small enough neighborhood of x_k . Finally, for (13) we first note that by (10) there is δ > 0 such that |(Rf_k)(y_k) − (Rg_k)(x_k )| ≥ δ for y_k in a small neighborhood of x_k by continuity of Rf_k. Moreover, we have

k ‖x_k − y_k‖^{1/k} ≤ δ ⇐⇒ ‖x_k − y_k‖ ≤ (δ/k)^k

which gives (13) for y_k in a small enough neighborhood of x_k.

Next, we want to construct a function h ∈ C^∞(Ω_1, D(Ω_2)) such that

(15) (∂^α_x ∂^β_y h)(x)(ξ) = � � � (∂^α_x ∂^β_y g_k)(x)(ξ) x = x_k for some k ∈ N, (∂^α_x ∂^β_y f_k)(x)(ξ) x = y_k for some k ∈ N, (∂^α_x ∂^β_y f)(x)(ξ) x = x_0

for all α, β ∈ N^n_0 and ξ ∈ Ω_2. For this purpose we apply Whitney’s extension theorem to the family h^{α,β} (x)(ξ) defined by the right hand side of (15) for (x, ξ) in the compact set A × L where A := {x_0} ∪ {x_k : k ∈ N} ∪ {y_k : k ∈ N} and the compact set L ⊆ Ω_2 is chosen such that K ⊆ L^∘. Again, we have to verify (6), which is straightforward using Taylor’s formula in combination with (8), (9) and (12).

Employing a cut-off function as in the proof of Theorem 3, we obtain h ∈ C^∞(Ω_1, D(Ω_2)) as desired. Theorem 3 now implies

|(Rh)(x_k) − (Rh)(y_k)| = |(Rg_k)(x_k ) − (Rf_k)(y_k)| ≥ k ‖x_k − y_k‖^{1/k} .

For large k this gives a contradiction because Rh is smooth and a fortiori locally Hölder continuous.

In the other case, i.e., x_k = x_0 for all k, our assumptions imply that

∂^α_x ∂^β_y f_k(x_0)(ξ) = ∂^α_x ∂^β_y g_k(x_0)(ξ) = ∂^α_x ∂^β_y f(x_0)(ξ)

(16) (Rf_k)(x_0) ≠ (Rg_k)(x_0)

(17)

for all k ∈ N, ξ ∈ Ω_2 and |α| + |β| ≤ k.

Either (Rf_k)(x_0) or (Rg_k)(x_0) must be different from (Rf)(x_0) for infinitely many values of k, hence without loss of generality we can assume that (Rf_k)(x_0) ≠ (Rf)(x_0). As in the previous case, we then choose a sequence y_k → x_0 in an open convex neighborhood W of x_0 which is relatively compact in Ω_1 such that

|(Rf_k)(y_k) − (Rf)(x_0)| ≥ k ‖y_k − x_0‖^{1/k} ,

(18) ‖y_{k+1} − x_0‖ < ‖y_k − x_0‖ /2, and

(19)

sup_{ξ∈Ω2} � �∂^α_x ∂^β_y (f_k − f)(y_k)(ξ) � � ≤ 1 k ‖y_k − x_0‖^m

(20)

for all |α| + |β| + m ≤ k. (20) is obtained using Taylor’s theorem as in the proof of Theorem 3. Again using Whitney’s extension theorem together with a cut-off function in D(Ω_2), we can construct a mapping h ∈ C^∞(Ω_1, D(Ω_2)) satisfying

j^∞h(y_k) = j^∞f_k(y_k), j^∞h(x_0) = j^∞f(x_0).

To summarize, by Theorem 3 we obtain

|(Rh)(y_k) − (Rh)(x_0)| = |(Rf_k)(y_k ) − (Rf)(x_0)| ≥ k ‖y_k − x_0‖^{1/k}

in contradiction to Hölder continuity of Rh, which concludes the proof. □

With this in place we are able to show the following (cf. [13, Theorem 3, p. 278]): Theorem 5. Let R : C^∞(Ω_1, D(Ω_2)) → C^∞(Ω_1) be local and smooth and suppose we are given f ∈ C^∞(Ω_1, D(Ω_2)), x_0 ∈ Ω_1 and a compact subset K ⊆ Ω_2 such that supp f(x_0) ⊆ K. Then there are r ∈ N, a neighborhood V of x_0 and κ > 0 such that for all x ∈ V and g_1, g_2 ∈ C^∞(Ω_1, D(Ω_2)) with

(i) supp g_i(y) ⊆ K for y in a neighborhood of x and i = 1, 2, (ii) sup_{ξ∈Ω2} � �∂^α_x ∂^β_y (g_i − f)(x)(ξ) � � ≤ κ for i = 1, 2 and 0 ≤ |α| + |β| ≤ r, the condition j^rg_1(x) = j^rg_2(x) implies (Rg_1)(x) = (Rg_2)(x). Proof: Fix R, f, x_0 and K as stated and assume the claim does not hold. With r(k) := 2^{−k} there exists a sequence x_k → x_0 and f_k, g_k ∈ C^∞(Ω_1, D(Ω_2)) with

supp f_k(y) ∪ supp g_k(y) ⊆ K for y in a neighborhood of x_k, sup_{ξ∈Ω2} � �∂^α_x ∂^β_y (f_k − f)(x_k )(ξ) � � ≤ e^{−r(k)}, and

sup_{ξ∈Ω2} � ∂^α_x ∂^β_y (g_k − f)(x_k )(ξ) � ≤ e^{−r(k)}

for 0 ≤ |α| + |β| ≤ k such that

(21) j^kg_k(x_k ) = j^kf_k(x_k ), (Rg_k)(x_k ) ≠ (Rf_k)(x_k ).

We may assume that ‖x_{k+1} − x_0‖ ≤ ‖x_k − x_0‖ /2. We then construct s ∈ C^∞(R× Ω_1, D(Ω_2)) such that

(∂^α_x ∂^β_y s)(2^{−k}, x_k, ξ) = (∂^α_x ∂^β_y f_k)(x_k )(ξ), (∂^α_x ∂^β_y s)(0, x_0, ξ) = (∂^α_x ∂^β_y f)(x_0)(ξ)

for all k ∈ N, ξ ∈ Ω_2 and α, β ∈ N^n_0 . Note that A := {(0, x_0)}∪{(2^{−k}, x_k) : k ∈ N} is compact in R × R^n. The function s is obtained by applying Whitney’s theorem to the family of functions s^{l,α,β} (with l ∈ N_0 and α, β ∈ N^n_0 ) defined on A × L, where L ⊆ Ω_2 is any compact set such that K ⊆ L^∘, by

s^{l,α,β} (t, x, ξ) := � � � (∂^α_x ∂^β_y f_k)(x_k )(ξ) l = 0 and (t, x) = (2^{−k}, x_k) for some k, (∂^α_x ∂^β_y f)(x_0)(ξ) l = 0 and (t, x) = (0, x_0), 0 l ≠ 0.

The requirements for Whitney’s theorem then are easily verified and we obtain s̃ ∈ C^∞(R × R^n × R^{n′} ) which, by multiplying it with a suitable cut-off function in D(Ω_2) as before, gives s as desired. Next, we define a map

~R : C^∞(R × Ω_1, D(Ω_2)) → C^∞(R × Ω_1), ( ~Rh)(t, x) := R(h_t)(x)

where h_t ∈ C^∞(Ω_1, D(Ω_2)) is given by h_t(x) := h(t, x). Obviously, ~R is local in the sense of Definition 2. Now (Rf_k)(x_k) = R(s(2^{−k}, ·))(x_k ) holds because

76 Nigsch E.A.

∂^α_x f_k(x_k, ξ) = ∂^α_x s(2^{−k}, x_k , ξ) for all α, β ∈ N^n_0 and ξ ∈ Ω_2 by the construction of s above. Furthermore, R(s(2^{−k}, .))(x_k ) = ( ~Rs)(2^{−k}, x_k) by the definition of ~R. We now define g̃_k ∈ C^∞(R × Ω_1, D(Ω_2)) by g̃_k(t, x, ξ) = g_k(x, ξ) and see that

(∂^l_t∂^α_x s)(2^{−k}, x_k, ξ) = (∂^l_t∂^α_x g̃_k)(2^{−k}, x_k, ξ)

for 0 ≤ l + |α| ≤ k. Hence, ( ~Rs)(2^{−k}, x_k ) = ( ~Rg̃_k)(2^{−k}, x_k) holds for large values of k by Lemma 4. Finally, ( ~Rg̃_k)(2^{−k}, x_k) = (Rg_k)(x_k). To summarize, we obtain (Rf_k)(x_k ) = (Rg_k)(x_k ) for large k, which contradicts (21) and concludes the proof. □

3. Conclusion

We have seen in Theorem 3 that R(⃗φ)(x_0) does not depend on the entire germ of ⃗φ at x_0, but only on its ∞-jet. Moreover, the statement of Theorem 5 may be reworded as follows: if R is smooth and local and we are given ⃗φ and x_0, there is a neighborhood of (⃗φ, x_0) and a natural number r such that for all ( ⃗ψ, x) in this neighborhood, the value of R( ⃗ψ)(x) depends only on the r-jet of ⃗ψ at x.

References

[1] Biagioni H.A., A Nonlinear Theory of Generalized Functions, 2nd ed., Springer, Berlin, 1990.

[2] Colombeau J.F., New Generalized Functions and Multiplication of Distributions, North- Holland Mathematics Studies, 84, North-Holland Publishing Co., Amsterdam, 1984.

[3] Colombeau J.F., Elementary Introduction to New Generalized Functions, North-Holland Mathematics Studies, 113, North-Holland Publishing Co., Amsterdam, 1985.

[4] Grosser M., Farkas E., Kunzinger M., Steinbauer R., On the foundations of nonlinear generalized functions I, II , Memoirs. Amer. Math. Soc. 729 (2001).

[5] Grosser M., Kunzinger M., Oberguggenberger M., Steinbauer R., Geometric Theory of Generalized Functions with Applications to General Relativity, Mathematics and its Applications, 537, Kluwer Academic Publishers, Dordrecht, 2001.

[6] Grosser M., Kunzinger M., Steinbauer R., Vickers J.A., A global theory of algebras of generalized functions, Adv. Math. 166 (2002), no. 1, 50–72.

[7] Kriegl A., Michor P.W., The Convenient Setting of Global Analysis, Mathematical Surveys and Monographs, 53, American Mathematical Society, Providence, RI, 1997.

[8] Narasimhan R., Analysis on Real and Complex Manifolds, North-Holland Mathematical Library, 35, reprint of the 1973 edition, North-Holland Publishing Co., Amsterdam, 1985.

[9] Nigsch E.A., The functional analytic foundation of Colombeau algebras, J. Math. Anal.

Appl. 421 (2015), no. 1, 415–435.

[10] Nigsch E.A., Nonlinear generalized sections of vector bundles, J. Math. Anal. Appl. 440 (2016), 183–219.

[11] Oberguggenberger M., Multiplication of Distributions and Applications to Partial Differential Equations, Pitman Research Notes in Mathematics, 259, Longman, Harlow, U.K., 1992.

[12] Schwartz L., Sur l’impossibilité de la multiplication des distributions, Comptes Rendus de l’Académie des Sciences 239 (1954), 847–848.

[13] Slovák J., Peetre theorem for nonlinear operators, Ann. Global Anal. Geom. 6 (1988), no. 3, 273–283.

Faculty of Mathematics, University of Vienna, Oskar-Morgenstern-Platz 1, 1090 Vienna, Austria E-mail: eduard.nigsch@univie.ac.at

(Received January 25, 2016)