Comment.Math.Univ.Carolin. 58,2 (2017) 183–196 183

Parabolicity and rigidity of spacelike hypersurfaces immersed in a Lorentzian Killing warped product

Eudes L. de Lima, Henrique F. de Lima^∗, Eraldo A. Lima, Jr., Adriano A. Medeiros

Abstract. In this paper, we extend a technique due to Romero et al. establishing sufficient conditions to guarantee the parabolicity of complete spacelike hypersurfaces immersed into a Lorentzian Killing warped product whose Riemannian base has parabolic universal Riemannian covering. As applications, we obtain rigidity results concerning these hypersurfaces. A particular study of entire Killing graphs is also made.

Keywords: Lorentzian Killing warped product; complete spacelike hypersurfaces; parabolic spacelike hypersurfaces; entire Killing graphs

Classification: Primary 53C42; Secondary 53B30, 53C50

1. Introduction

The study of spacelike hypersurfaces immersed with constant mean curvature in a Lorentzian manifold has attracted the interest of a considerable group of geometers as evidenced by the amount of works that it has generated in the last decades. This is due not only to its mathematical interest but also to its relevance in General Relativity. For example, constant mean curvature spacelike hypersurfaces are particularly suitable for studying the propagation of gravitational radiation. See, for instance, [17], [23] for a summary of several reasons justifying this interest.

From the mathematical point of view, the study of the geometry of constant mean curvature spacelike hypersurfaces is mostly due to the fact that they exhibit nice Bernstein type properties, that is, geometric properties which guarantee the uniqueness of these hypersurfaces. In this context, several authors more recently have treated the problem of uniqueness for complete constant mean curvature spacelike hypersurfaces of the so-called generalized Robertson-Walker (GRW) spacetimes, that is, Lorentzian warped products with 1-dimensional negative definite base and Riemannian fiber. Along this branch, we point out the works of Romero, Rubio and Salamanca [20], [21], [22], where the authors studied complete spacelike hypersurfaces in GRW spacetimes whose Riemannian fiber has a parabolic universal Riemannian covering. We recall that a complete Riemannian

DOI 10.14712/1213-7243.2015.204 ∗ Corresponding author.

manifold is said to be parabolic if it admits no nonconstant positive superharmonic function (see, for instance, [11] for a broad treatment). In this context, they obtained a new criterium to guarantee the parabolicity of complete spacelike hypersurfaces and, as application, they obtained several uniqueness results on complete maximal spacelike hypersurfaces. We also observe that, when the ambient space is a Lorentzian product space, Albujer and Alías [3], [4] obtained another very interesting rigidity results for complete maximal spacelike surfaces via the study of their parabolicity.

Here, our purpose is to study the rigidity of complete spacelike hypersurfaces immersed into a Lorentzian Killing warped product M^{n+1} = M^n ×_ρ R_1, which is a particular model of Lorentzian manifold endowed with a globally defined timelike Killing vector field (for more details, see Section 2). In this setting, supposing that the Riemannian base M^n of M^{n+1} has parabolic universal covering, in Section 3 we extend the previously commented parabolicity criterium due to Romero et al. [20] (cf. Theorem 1 and Corollaries 1 and 2). Afterwards, under suitable constraints on the Ricci curvature of the ambient space, in Section 4 we apply our parabolicity criterion in order to establish rigidity results concerning complete spacelike hypersurfaces immersed into M^{n+1} (cf. Theorems 2 and 3 and Corollaries 3, 4 and 5). Furthermore, in Section 5 we make a particular study of entire Killing graphs constructed over the base M^n of M^{n+1} (cf. Theorems 4 and 5 and Corollaries 6 and 7).

Taking into account the characterization of Lorentzian Killing warped products given in Lemma 3.78 of [6], we observe that our results can be regarded as “dimensional dual” of those obtained by Romero, Rubio and Salamanca [20], [21], [22] in the context of the GRW spacetimes (see Remark 1). Moreover, we also note that constraints on the Ricci curvature of the ambient space are quite natural from the point of view of Physics. Indeed, we have in the current literature the following convergence conditions:

A Lorentzian manifold satisfies the ubiquitous energy condition if its Ricci ten- sor Ric(Z, Z) > 0,

for all timelike vector Z. This energy condition means the presence of matter (positive) at any point of the spacetime. A Lorentzian manifold obeys the timelike convergence condition if its Ricci tensor Ric satisfies

Ric(Z, Z) ≥ 0,

for all timelike vector Z. The physical meaning of the timelike convergence condition is that gravity, on average, attracts. A weaker energy condition is the null convergence condition which reads as

Ric(Z, Z) ≥ 0, for any null vector Z. For more details concerning these convergence conditions see [8], [18].

Finally, we point out that the parabolicity is also important from the mathematical point of view since we have non-trivial examples of constant mean curvature spacelike graphs over H^2, see [16] for an exposition regarding the maximality and completeness of these graphs.

2. Lorentzian Killing warped products

Let M^{n+1} be an (n + 1)-dimensional Lorentzian manifold endowed with a timelike Killing vector field K. Suppose that the distribution D orthogonal to K is of rank constant and integrable. We denote by Ψ : M^n × I → M^{n+1} the flow generated by K, where M^n is an arbitrarily fixed spacelike integral leaf of D labeled as t = 0, which we will suppose to be connected, and I is the maximal interval of definition. Without loss of generality, in what follows we will also consider I = R.

In this setting, M^{n+1} can be regarded as the Lorentzian Killing warped product M^n ×_ρ R_1, that is, the product manifold M^n ×R endowed with the warping metric

(2.1) ⟨ , ⟩ = π^∗_M (⟨ , ⟩_M ) − (ρ ∘ π_M )^2π^∗_R � dt^2 � , where π_M and π_R denote the canonical projections from M × R onto each factor, ⟨ , ⟩_M is the induced Riemannian metric on the Riemannian base M^n, R_1 is the manifold R endowed with the metric −dt^2 and the warping function ρ ∈ C^∞(M) is given by ρ = |K| = � −⟨K, K⟩.

Let us consider a connected spacelike hypersurface ψ : Σ^n → M^{n+1} immersed into a Lorentzian Killing warped product M^{n+1} = M^n ×_ρ R_1, which means that the metric induced on Σ^n via ψ is a Riemannian metric. Since K is a globally defined timelike vector field on M^{n+1}, it follows that there exists a unique unitary timelike normal vector field N globally defined on Σ^n which is in the same timeorientation as K, that is, the angle function Θ = ⟨N, K⟩ < 0 on Σ^n. We will refer to that normal vector field N as the future-pointing Gauss map of the spacelike hypersurface Σ^n. Throughout this work, N will always denote the future-pointing Gauss map of a spacelike hypersurface ψ : Σ^n → M^{n+1}.

Let ∇ and ∇ denote the Levi-Civita connections in M^{n+1} and Σ^n, respectively. Then the Gauss and Weingarten formulas for the spacelike hypersurface ψ : Σ^n → M^{n+1} are given by

(2.2) ∇_X Y = ∇_X Y − ⟨AX, Y ⟩N and (2.3) AX = −∇_X N, for every tangent vector fields X, Y ∈ X(Σ). Here A : X(Σ) → X(Σ) stands for the shape operator (or Weingarten endomorphism) of Σ^n with respect to its future-pointing Gauss map N.

For our purposes, we will also consider the (vertical) height function h = π_R ∘ψ. From the decomposition K = K^⊤ − ΘN, where ( )^⊤ denotes the tangential component of a vector field in X(M^{n+1}) along Σ^n, we obtain

(2.4) ∇h = − 1 ρ^2

K^⊤ and |∇h|^2 =

Θ^2 − ρ^2 ρ^4 . 3. A parabolicity criterium for spacelike hypersurfaces in M^n ×_ρ R_1

We begin this section recalling that every connected manifold Σ has a universal covering, that is, there exists a simply connected manifold ~Σ (called a universal covering of Σ) and a smooth map κ : ~Σ → Σ (called a covering map) such that each point p ∈ Σ has a connected neighborhood U that is evenly covered by κ, that is, κ maps each component of κ^{−1}(U) diffeomorphically onto U (for more details, see Appendix A of [19]). Moreover, if Σ is a Riemannian manifold, then it is possible to give ~Σ a Riemannian structure such that the covering map κ : ~Σ → Σ is a local isometry. In this case, ~Σ is said to be a universal Riemannian covering of Σ (see p. 152 of [10]).

In [20], Romero, Rubio and Salamanca investigated the parabolicity of complete spacelike hypersurfaces in GRW spacetimes whose Riemannian fiber has a parabolic universal Riemannian covering. In this setting, they were able to guarantee the parabolicity of complete spacelike hypersurfaces, under suitable boundedness assumptions on the warping function and on the hyperbolic angle function of these hypersurfaces. Our aim in this section is just to obtain an extension of this parabolicity criterium to the context of Lorentzian Killing warped products. More precisely, we get the following

Theorem 1. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^n has parabolic universal Riemannian covering. If ψ : Σ^n → M^{n+1} is a complete spacelike hypersurface such that the function η :=^Θ_ρ is bounded on it, then M^n is complete and Σ^n is parabolic.

Proof: The proof is based on two facts:

(i) parabolicity is invariant under a quasi-isometry (cf. [11], [13]); (ii) if the universal Riemannian covering ~Σ of Σ^n is parabolic, then Σ^n is also parabolic.

Denoting π = π_M ∘ ψ : Σ^n → M^n, for any tangent vector v ∈ T Σ we have

⟨v, v⟩ = ⟨π_∗v, π_∗v⟩_M − ρ^2⟨h_∗v, h_∗v⟩_R ≤ c⟨π_∗v, π_∗v⟩_M ,

where c = sup_Σ η^2 ≥ 1. In particular, by previous inequality we see that π_{∗,p} : T_pΣ → T_{π(p)}M is an isomorphism for every p ∈ Σ^n. Then, from inverse function theorem we get that π is a local diffeomorphism and applying Lemma 7.3.3 of [10] (see also Lemma 8.8.1 of [14]) we can conclude that π is a covering map and that M^n is complete.

On the other hand, using the Cauchy-Schwartz inequality we see that ⟨∇h, v⟩^2 ≤ ⟨∇h, ∇h⟩⟨v, v⟩ and, consequently, since h_∗v = dh(v) = ⟨∇h, v⟩, we have ⟨v, v⟩ = ⟨π_∗v, π_∗v⟩_M − ρ^2⟨h_∗v, h_∗v⟩_R = ⟨π_∗v, π_∗v⟩_M − ρ^2⟨∇h, v⟩^2 ≥ ⟨π_∗v, π_∗v⟩_M − ρ^2|∇h|^2⟨v, v⟩, that is, ⟨v, v⟩ � 1 + ρ^2|∇h|^2 � ≥ ⟨π_∗v, π_∗v⟩_M .

By definition of the function η and from (2.4) we get

⟨v, v⟩ ≥ 1 η^2

⟨π_∗v, π_∗v⟩_M .

From our hypothesis we conclude that (3.1) c^{−1}⟨π_∗v, π_∗v⟩_M ≤ ⟨v, v⟩ ≤ c⟨π_∗v, π_∗v⟩_M .

So, let ~Σ be the universal Riemannian covering of Σ^n with projection π_Σ : ~Σ → Σn. Then, the map π_0 = π ∘ π_Σ : ~Σ → M n is a covering map. Now, if ~M is the universal Riemannian covering of M^n with projection ~π : ~M → M^n, then there exists a diffeomorphism φ : ~Σ → ~M such that ~π ∘ φ = π_0. Moreover, φ is a quasi-isometry. Indeed, if v ∈ T ~Σ, we have from (3.1) that ⟨φ_∗v, φ_∗v⟩_{~M} = ⟨~π_∗(φ_∗v), ~π_∗(φ_∗v)⟩_M = ⟨(π_0)_∗v, (π_0)_∗v⟩_M = ⟨π_∗((π_Σ)_∗v), π_∗((π_Σ)_∗v)⟩_M ≤ c⟨(π_Σ)_∗v, (π_Σ)_∗v⟩_Σ = c⟨v, v⟩_{~Σ}.

Analogously, we obtain ⟨φ_∗v, φ_∗v⟩_{~M} ≥ c^{−1}⟨v, v⟩_{~Σ}. Therefore, since the universal Riemannian covering of M^n is parabolic, it follows that the universal Riemannian covering of Σ^n is parabolic and, hence, Σ^n must be also parabolic. □ As a direct consequence of Theorem 1, we have the following corollaries.

Corollary 1. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^n is complete, simply connected and parabolic. If ψ : Σ^n → M^{n+1} is a complete spacelike hypersurface such that η is bounded on it, then Σ^n is parabolic.

Corollary 2. Let M^{n+1} = M^n × R_1 be a Lorentzian product whose Riemannian base M^n is complete and has parabolic universal Riemannian covering. If ψ : Σ^n → M^{n+1} is a complete spacelike hypersurface whose angle function Θ is bounded, then Σ^n is parabolic.

4. Rigidity results for spacelike hypersurfaces in M^n ×_ρ R_1 In this section, we will apply Theorem 1 in order to obtain rigidity results for complete spacelike hypersurfaces in M^n ×_ρ R_1. At this point, we will assume that these hypersurfaces are connected. Now, we present our first rigidity theorem.

Theorem 2. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product with nonnegative Ricci curvature and whose Riemannian base M^n has parabolic universal Riemannian covering. Let ψ : Σ^n → M^{n+1} be a complete spacelike hypersurface with constant mean curvature such that its angle function Θ is bounded and the warping function ρ satisfies inf_Σ ρ > 0. Then, Σ^n is totally geodesic. In addition, if Ric_M is positive at some point p_0 ∈ Σ^n, then Σ^n is a slice of M^{n+1}. Proof: From Proposition 1 of [2] (see also Proposition 3.1 of [5]) we have the following formula

(4.1) ΔΘ = � Ric(N, N) + |A|^2 � Θ, where |A| stands for the Hilbert-Schmidt norm of A. It follows that Θ is a bounded superharmonic function on Σ^n. From Theorem 1, Σ^n is parabolic and, thus Θ is constant on it. So, returning to (4.1) we obtain |A|^2 = 0, that is, Σ^n is totally geodesic. Now, we assert that ρ is constant. In fact, for any X ∈ T Σ, we can write

X = X^∗ −

⟨X, K⟩ ρ^2 K, where X^∗ denotes the orthogonal projection of X onto T M. Since Σ^n is totally geodesic, from Proposition 7.35 of [19], we have that

X(Θ) = ⟨N, ∇_X K⟩

= ⟨N, ∇_X ∗ K⟩ −

⟨X, K⟩ ρ^2

⟨N, ∇_K K⟩ = 1 ρ ⟨X, ∇ρ⟩⟨N, K⟩ − 1 ρ ⟨X, K⟩⟨N, ∇ρ⟩.

Thus, from the least equation, we conclude that

∇Θ = 1 ρ � Θ∇ρ − ⟨N, ∇ρ⟩K � ∈ T M ⊕ T R_1.

Since Θ is constant, it follows that ρ is constant. In particular, Ric(N, N) = Ric_M (N^∗, N^∗), where N^∗ denotes the orthogonal projection of N onto T M. So, if Ric_M is positive at some point p_0 ∈ Σ^n, it follows again from (4.1) that

Ric_M (N^∗, N^∗)(p_0) = 0 and, consequently, N^∗(p_0) = 0. But, it is not difficult to see that

(4.2) |∇h|^2 = 1 ρ^2

|N^∗|^2_M = 1 ρ^2 � Θ^2 ρ^2 − 1 � , which means that Σ^n is a slice of M^{n+1}. □ Taking into account a classical result due to Ahlfors [1] and Blanc-Fiala- Huber [12] which asserts that a complete Riemannian surface of nonnegative Gaussian curvature must be parabolic, it is not difficult to see that we can reason as in the proof of Theorem 2 to get the following Corollary 3. Let M^3 = M^2 ×_ρ R_1 be a Lorentzian Killing warped product with nonnegative Ricci curvature whose Riemannian base M^2 has nonnegative Gaussian curvature K_M . Let ψ : Σ^2 → M^3 be a complete spacelike surface with constant mean curvature such that its angle function Θ is bounded and the warping function ρ satisfies inf_Σ ρ > 0. Then, Σ^2 is totally geodesic. In addition, if K_M is positive at some point p_0 ∈ Σ^2, then Σ^2 is a slice of M^3.

In our next result, the mean curvature H of the spacelike hypersurface is not supposed to be constant. In fact, we just assume that H does not change the sign.

Theorem 3. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^n has parabolic universal Riemannian covering. Let ψ : Σ^n → M^{n+1} be a complete spacelike hypersurface such that η and h are bounded on it. If the mean curvature H and the function ⟨∇ρ, ∇h⟩ have opposite signs, then Σ^n is a slice of M^{n+1}.

Proof: Denoting by ∇ and ∇ the gradients with respect to the metrics of M^{n+1} and Σ^n, respectively, we have from the decomposition K = K^⊤ − ΘN that

(4.3) ∇_X K = ∇_X K^⊤ − X(Θ)N − Θ∇_X N,

for every vector field X tangent to Σ^n. Then, using (2.2) and (2.3) into (4.3), we get (4.4) ∇_X K^⊤ = (∇_X K)^⊤ − ΘAX.

Consequently, from (2.4) and (4.4) we obtain

(4.5)

∇_X ∇h = X � − 1 ρ^2 � K^⊤ − 1 ρ^2

∇_X K^⊤ = 2X(ρ)

ρ^3

K^⊤ − 1 ρ^2

(∇_X K)^⊤ + 1 ρ^2 ΘAX = 2⟨∇ρ, X⟩ ρ^3

K^⊤ − 1 ρ^2

(∇_X K)^⊤ + 1 ρ^2

ΘAX.

Since K is a Killing vector field, taking a local orthonormal frame {E_1, . . . , E_n} of X(Σ), from (4.5) we get

(4.6)

Δh = n� i=1 ⟨∇_{Ei} ∇h, E_i⟩

= n� i=1 2 ρ^3

⟨∇ρ, E_i⟩⟨K^⊤, E_i⟩ − n� i=1 1 ρ^2

⟨(∇_{Ei} K)^⊤, E_i⟩

+ n� i=1 1 ρ^2

Θ⟨AE_i, E_i⟩

= 2 ρ^3

⟨∇ρ, K^⊤⟩ − n� i=1 1 ρ^2

⟨∇_{Ei} K, E_i⟩ − nHΘ ρ^2 = − 2 ρ ⟨∇ρ, ∇h⟩ − nHΘ ρ^2 . Hence, taking into account our hypothesis on H and ⟨∇ρ, ∇h⟩, from (4.6) we conclude that Δh does not change the sign. Therefore, since Theorem 1 guarantees the parabolicity of Σ^n, h must be constant and, consequently, Σ^n is a slice of M^{n+1}. □ Using once more [1], [12], from Theorem 3 we get

Corollary 4. Let M^3 = M^2 ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^2 has nonnegative Gaussian curvature. Let ψ : Σ^2 → M^3 be a complete spacelike surface such that η and h are bounded on it. If the mean curvature H and the function ⟨∇ρ, ∇h⟩ have opposite signs, then Σ^2 is a slice of M^3.

We recall that a spacelike hypersurface Σ^n is said maximal if its mean curvature vanishes identically on it. In this setting, from Theorem 3 we also obtain the following

Corollary 5. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^n has parabolic universal Riemannian covering. Let ψ : Σ^n → M^{n+1} be a complete maximal spacelike hypersurface such that η and h are bounded on it. If the function ⟨∇ρ, ∇h⟩ does not change sign, then Σ^n is a slice of M^{n+1}.

Remark 1. In each of the exact solutions to Einstein’s equations which are presented as warped product manifolds, the warped product decomposition emerges as a natural mathematical expression of assumed physical symmetries. Moreover, formulas for warped product curvatures (see Chapter 7 of [19]) indicate that any semi-Riemannian manifold (N, g) must possess certain measures of symmetry and flatness in order to be (locally or globally) isometric to a warped B ×_f F . In this context, geometric conditions on a semi-Riemannian manifold (N, g) which are necessary and sufficient to ensure that (N, g) is locally isometric to a warped product B ×_f F are very important. For instance, Lemma 3.78 of [6] guarantees that, under our constraints, the Lorentzian manifold M^{n+1} can be regarded as the Lorentzian Killing warped product. This fact shows the “character dual” of our case in relation to the GRW spacetimes. 5. Entire Killing graphs in M^n ×_ρ R_1

According to [7], we define the entire Killing graph Σ(u) associated to a smooth function u ∈ C^∞(M) as the hypersurface given by Σ(u) = {Ψ(x, u(x)) : x ∈ M^n} ⊂ M^n ×_ρ R_1.

The metric induced on M^n from the Lorentzian metric (2.1) via Σ(u) is given by (5.1) ⟨ , ⟩_u = ⟨ , ⟩_M − ρ^2du^2.

Moreover, Σ(u) is spacelike if, and only if, ρ^2|Du|^2_M < 1, where Du denotes the gradient of a function u with respect to the metric ⟨ , ⟩_M of M^n. Indeed, if Σ(u) is spacelike, then 0 < ⟨Du, Du⟩_u = ⟨Du, Du⟩_M − ρ^2⟨Du, Du⟩^2_M and, hence, we conclude that ρ^2|Du|^2_M < 1. Conversely, if ρ^2|Du|^2_M < 1 and X is a vector field tangent to Σ(u), we obtain from Cauchy-Schwarz inequality, ⟨X, X⟩_u = ⟨X^∗, X^∗⟩_M − ρ^2⟨Du, X^∗⟩^2_M ≥ ⟨X^∗, X^∗⟩_M (1 − ρ^2|Du|^2_M ), where X^∗ is the orthogonal projection of X onto T M. Thus, ⟨X, X⟩_u ≥ 0 and ⟨X, X⟩_u = 0 if, and only if, X = 0.

The function g : M^n × R_1 → R given by g(x, t) = u(x) − t is such that Σ(u) = Ψ(g^{−1}(0)). Thus, for each vector field X tangent to M^n ×_ρ R_1, we have

X(g) = X^∗(g) − 1 ρ^2

⟨X, ∂_t⟩∂_t(g) = ⟨ 1 ρ^2

∂_t + Du, X⟩.

Thus, ∇g = 1 ρ^2

∂_t + Du is a normal vector field on g^{−1}(0) and, consequently,

N_0 = Ψ_∗(∇g) = 1 ρ^2

K + Ψ_∗(Du)

is a normal timelike vector field on Σ(u). Since,

|N_0| =

(1 − ρ^2|Du|^2_M )^{1/2} ρ , it follows that N = N_0 |N_0| = 1 ρ(1 − ρ^2|Du|^2_M )^{1/2}

(K + ρ^2Ψ_∗(Du))

defines the future-pointing Gauss map of Σ(u) such that its angle function is given by (5.2) Θ = ⟨N, K⟩ = − ρ (1 − ρ^2|Du|^2_M )^{1/2}

< 0.

Moreover, for each vector field X tangent to M^n, the shape operator A of Σ(u) with respect to N is given by

(5.3)

AX = − ρ (1 − ρ^2|Du|^2_M )^{1/2}

D_X Du − ρ^3⟨D_X Du, Du⟩ (1 − ρ^2|Du|^2_M )^{3/2} Du − ρ^2⟨Dρ, X⟩|Du|^2_M (1 − ρ^2|Du|^2_M )^{3/2}

Du −

⟨Dρ, X⟩ (1 − ρ^2|Du|^2_M )^{1/2} Du − ⟨Du, X⟩ (1 − ρ^2|Du|^2_M )^{1/2} Dρ, where D denotes the Levi-Civita connections in M^n.

So, it follows from (5.3) that the mean curvature H_u of a spacelike entire Killing graph Σ(u) is given by

nH_u = Div � ρDu (1 − ρ^2|Du|^2_M )^{1/2} � + ⟨Du, Dρ⟩ (1 − ρ^2|Du|^2_M )^{1/2} , where Div stands for the divergence operator on M^n with respect to the metric ⟨ , ⟩_M . In particular, an entire Killing graph Σ(u) is maximal if, and only if, the function u ∈ C^∞(M) satisfies the following elliptic partial differential equation of divergence form � � � � Div � ρDu (1 − ρ^2|Du|^2_M )^{1/2} � + ⟨Du, Dρ⟩ (1 − ρ^2|Du|^2_M )^{1/2}

= 0, in M^n

ρ^2|Du|^2_M < 1.

We also note that, since

N^∗ = N − N^⊥ = ρΨ_∗(Du) (1 − ρ^2|Du|^2_M )^{1/2} , we have that

(5.4) |N^∗|^2_M = ρ^2|Du|^2_M 1 − ρ^2|Du|^2_M , and, consequently, we get from (4.2) and (5.4) the following relation

(5.5) |∇h|^2 =

|Du|^2_M 1 − ρ^2|Du|^2_M . In this context, we obtain the following rigidity result.

Theorem 4. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product with nonnegative Ricci curvature whose Riemannian base M^n is complete and has parabolic universal Riemannian covering. Let Σ(u) be an entire Killing graph in M^{n+1} with constant mean curvature, such that ρ|_{Σ(u)} is bounded and inf_{Σ(u)} ρ > 0. Suppose that, for some positive constant α < 1,

(5.6) sup_{Σ(u)} ρ^2|Du|^2_M ≤ α.

Then, Σ(u) is totally geodesic. In addition, if Ric_M is positive at some point p_0 ∈ Σ(u), then Σ(u) is a slice of M^{n+1}.

Proof: In order to apply Theorem 2, we must show that Θ is bounded and that Σ(u) is complete. For the first fact, from (5.6) we have

Θ ≥ − ρ (1 − α)^{1/2} ≥ − sup_{Σ(u)} ρ (1 − α)^{1/2} , that is, Θ is bounded.

Now, let X be any vector field tangent to Σ(u). From the Cauchy-Schwarz inequality we get

⟨X, X⟩_u = ⟨X^∗, X^∗⟩_M − ρ^2⟨Du, X^∗⟩^2_M ≥ (1 − ρ^2|Du|^2_M )⟨X^∗, X^∗⟩_M .

Hence, again from (5.6), we obtain

⟨X, X⟩_u ≥ (1 − α)⟨X^∗, X^∗⟩_M .

This implies that

(5.7) L_u(γ) ≥ (1 − α)^{1/2}L_M (γ^∗),

where L_u(γ) stands for the length of a curve γ on Σ(u) with respect to the induced metric (5.1) and L_M (γ^∗) denotes the length of the projection γ^∗ of γ onto M^n with respect to its metric ⟨ , ⟩_M .

Here, let us recall that a curve α : [0, +∞) → Σ on a Riemannian manifold Σ is said to be a divergent curve if for any compact set K there exist t ∈ [0, +∞) with α(t) /∈ K. It is well known that, as a consequence of the Hopf-Rinow Theorem, the following holds: a Riemannian manifold is complete if and only if the length of any divergent curve is unbounded (see p. 153 of [10] or p. 113 of [15]).

Finally, since projections onto M^n of divergent curves on Σ(u) give divergent curves on M^n and as we assume that the metric ⟨ , ⟩_M is complete, we conclude by equation (5.7) that the induced metric (5.1) is also complete. Therefore, we are in position to apply Theorem 2 to finish the proof. □ As a consequence of Theorem 4 we obtain the following result.

Corollary 6. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product with nonnegative Ricci curvature whose base M^n is complete and has parabolic universal Riemannian covering and positive Ricci curvature. Suppose that the warping function ρ is bounded on M^n and inf_M ρ > 0. Let u ∈ C^∞(M) be a solution to the problem � � � � � Div � ρDu (1 − ρ^2|Du|^2_M )^{1/2} � + ⟨Du, Dρ⟩ (1 − ρ^2|Du|^2_M )^{1/2}

= 0, in M^n

sup_M ρ^2|Du|^2_M < 1.

Then, u is constant on M^n.

Reasoning as in Theorem 4, we can apply Theorem 3 to get the following

Theorem 5. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^n is complete and has parabolic universal Riemannian covering. Let Σ(u) be an entire Killing graph in M^{n+1} of a bounded function u ∈ C^∞(M) such that for some positive constant α < 1,

sup_{Σ(u)} ρ^2|Du|^2_M ≤ α.

If the mean curvature H_u and the function ⟨∇ρ, ∇h⟩ have opposite sings, then u is constant on M^n.

Proof: In fact, in this case the function η = −^1_{(1−ρ2 |Du|2M )1/2} is bounded on Σ(u). Therefore, the result follows from Theorem 3. □ We close our paper stating the following consequence of Theorem 5.

Corollary 7. Let M^{n+1} = M^n ×_ρ R_1 be a Lorentzian Killing warped product whose Riemannian base M^n is complete and has parabolic universal Riemannian covering. Let u ∈ C^∞(M) be a bounded solution to the problem � � � � � Div � ρDu (1 − ρ^2|Du|^2_M )^{1/2} � + ⟨Du, Dρ⟩ (1 − ρ^2|Du|^2_M )^{1/2}

= 0, in M^n

sup_M ρ^2|Du|^2_M < 1.

If the height function h of the entire Killing graph associated to u is such that ⟨∇ρ, ∇h⟩ does not change sign, then u is constant on M^n.

References

[1] Ahlfors L.V., Sur le type dune surface de Riemann, C.R. Acad. Sc. Paris 201 (1935), 30–32. [2] Albujer A.L., Aledo J.A., Alías L.J., On the scalar curvature of hypersurfaces in spaces with Killing field, Adv. Geom. 10 (2010), 487–503.

[3] Albujer A.L., Alías L.J., Calabi-Bernstein results for maximal surfaces in Lorentzian product spaces, J. Geom. Phys. 59 (2009), 620–631.

[4] Albujer A.L., Alías L.J., Parabolicity of maximal surfaces in Lorentzian product spaces, Math. Z. 267 (2011), 453–464.

[5] Barros A., Brasil A., Caminha A., Stability of spacelike hypersurfaces in foliated spaces, Differential Geom. Appl. 26 (2008), 357–365.

[6] Beem J.K., Ehrlich P.E., Easley K.L., Global Lorentzian Geometry, Marcel Dekker Inc., New York, 1996.

[7] Dajczer M., Hinojosa P., de Lira J.H., Killing graphs with prescribed mean curvature, Calc.

Var. Partial Differentail Equations 33 (2008), 231–248.

[8] Caballero M., Romero A., Rubio R.M., Constant mean curvature spacelike surfaces in three-dimensional generalized Robertson-Walker spacetimes, Lett. Math. Phys. 93 (2010), 85–105.

[9] de Lima H.F., Lima E.A., Jr., Generalized maximum principles and the unicity of complete spacelike hypersurfaces immersed in a Lorentzian product space, Beitr. Algebra Geom. 55 (2014), 59–75.

[10] do Carmo M.P., Riemannian Geometry, Birkhäuser, Basel, New York, 1992. [11] Grigor’yan A., Analytic and geometric background of recurrence and non-explosion of the Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc. 36 (1999), 135–249.

[12] Huber A., On subharmonic functions and differential geometry in the large, Comment.

Math. Helv. 32 (1957), 13–72.

[13] Kanai M., Rough isometries and the parabolicity of Riemannian manifolds, J. Math. Soc.

Japan 38 (1986), 227-238.

[14] Kobayashi S., Nomizu K., Foundations of Differential Geometry, Vol. II , Interscience, New York, 1969.

[15] Lee J.M., Riemannian Manifolds. An Introduction to Curvature, Graduate Texts in Mathematics, 176, Springer, New York, 1997.

[16] Lima E.A., Jr., Romero A., Uniqueness of complete maximal surfaces in certain Lorentzian product spacetimes, J. Math. Anal. Appl. 435 (2016), 1352–1363.

[17] Marsden J.E., Tipler F.J., Maximal hypersurfaces and foliations of constant mean curvature in general relativity, Phys. Rep. 66 (1980), 109–139.

[18] Montiel S., Uniqueness of spacelike hypersurfaces of constant mean curvature in foliated spacetimes, Math. Ann. 314 (1999), 529–553.

[19] O’Neill B., Semi-Riemannian Geometry with Applications to Relativity, Academic Press, London, 1983.

[20] Romero A., Rubio R.M., Salamanca J.J., Uniqueness of complete maximal hypersurfaces in spatially parabolic generalized Robertson-Walker spacetimes, Class. Quantum Grav. 30 (2013), 1–13.

[21] Romero A., Rubio R.M., Salamanca J.J., Parabolicity of spacelike hypersurfaces in generalized Robertson-Walker spacetimes. Applications to uniqueness results, Int. J. Geom. Methods Mod. Phys. 10 (2013), no. 8.

[22] Romero A., Rubio R.M., Salamanca J.J., A new approach for uniqueness of complete maximal hypersurfaces in spatially parabolic GRW spacetimes, J. Math. Anal. Appl. 419 (2014), 355–372.

The second author is partially supported by CNPq, Brazil, grant 303977/2015-9. The authors would like to thank the referees for giving several valuable suggestions and comments which improved the paper.

196 de Lima E.L., de Lima H.F., Lima E.A., Jr., Medeiros A.A.

[23] Stumbles S.M., Hypersurfaces of constant mean curvature, Ann. Physics 133 (1981), 28–56.

Eudes L. de Lima:

Unidade Acadêmica de Ciências Exatas e da Natureza, Universidade Federal de Campina Grande, 58.900-000 Cajazeiras, Paraíba, Brazil E-mail: eudesmarx@gmail.com

Henrique F. de Lima:

Departamento de Matemática, Universidade Federal de Campina Grande, 58.429-970 Campina Grande, Paraíba, Brazil E-mail: henrique@mat.ufcg.edu.br

Eraldo A. Lima, Jr., Adriano A. Medeiros:

Departamento de Matemática, Universidade Federal da Paraíba, 58.051-900 João Pessoa, Paraíba, Brazil E-mail: eraldo@mat.ufpb.br

adrianoalves@mat.ufpb.br

(Received June 8, 2016, revised November 4, 2016)