Comment.Math.Univ.Carolin. 58,4 (2017) 461–464 461

Radon-Nikodym property

Surjit Singh Khurana

Abstract. For a Banach space E and a probability space (X, A, λ), a new proof is given that a measure μ : A → E, with μ ≪ λ, has RN derivative with respect to λ iff there is a compact or a weakly compact C ⊂ E such that |μ|_C : A → [0, ∞] is a finite valued countably additive measure. Here we define |μ|_C (A) = sup{ ∑ k |⟨μ(A_k ), f_k⟩|} where {A_k } is a finite disjoint collection of elements from A, each contained in A, and {f_k } ⊂ E^′ satisfies sup_k |f_k(C)| ≤ 1. Then the result is extended to the case when E is a Frechet space.

Keywords: liftings; lifting topology; weakly compact sets; Radon-Nikodym derivative

Classification: Primary 46B22, 46G05, 46G10, 28A51; Secondary 60B05, 28B05, 28C05

1. Introduction and notations

In this paper K will always denote the field of real or complex numbers (we will call them scalars), R the real numbers and N the set of natural numbers. All locally convex space are assumed to be Hausdorff and are over K and notations and results of [8] will be used. Given a locally convex space E with E^′ its dual, for x ∈ E and f ∈ E^′, we will also write ⟨f, x⟩ = ⟨x, f⟩ for f(x); for an A ⊂ E, Γ(A) will denote the absolute convex hull of A. Let (X, A, λ) be a complete probability space. By a measure we will always mean a countably additive measure. For a measure μ, |μ| will denote its total variation measure. For measures and vector measures we refer to [2]; see also [4], [5].

In [3], for a Banach space E, an interesting characterization is given for a vector measure μ : A → E of bounded variation, μ ≪ λ, to have a derivative. It is proved that μ has derivative iff there is a compact or weakly compact C ⊂ E such that |μ|_C : A → [0, ∞] is a finite valued countably additive measure. Here we define |μ|_C (A) = sup{ ∑ k |⟨μ(A_k ), f_k⟩|} where {A_k} is a finite disjoint collection of elements from A, each contained in A, and {f_k} ⊂ E^′ satisfies sup_k |f_k(C)| ≤ 1. First we give a new proof of this result and then extend this to Frechet spaces.

DOI 10.14712/1213-7243.2015.228

2. Main results

Theorem 1. Let A be a σ-algebra of subsets of a set X, E a Frechet space and μ : A → E countably additive measure with μ ≪ λ. Suppose μ has finite variation with respect to every continuous semi-norm on E. Then μ has RN derivative relative to λ iff there is a compact or weakly compact C ⊂ E such that |μ|_C : A → [0, ∞] is a finite-valued measure. Here we define |μ|_C (A) = sup{ ∑ k |⟨μ(A_k ), f_k⟩|} where {A_k} is a finite disjoint collection of elements from A, each contained in A, and {f_k} ⊂ E^′ satisfies sup_k |f_k(C)| ≤ 1.

Proof: First we consider E to be a Banach and give an entirely different proof than the one given in [3]; we will reduce it to a reflexive Banach subspace of E with a finer topology. Take an absolutely convex weakly compact C ⊂ E with a countably additive measure ν = |μ|_C ≤ 1. This implies μ(A) ⊂ C ([3, Theorem 2.1(1)]). By [1], there is a reflexive Banach space E_0 ⊂ E such that C ⊂ E_0, C is weakly compact in E_0, and the identity mapping E_0 → E is continuous. Take an f_0 ∈ E^′_0 with norm ≤ 1 and fix c > 0. If we consider C as a subset of E, (f_0)_{|C} is an affine continuous function on C. It is proved in [7, Proposition 3.5, p. 31] that (E^′_{|C} + K) is uniformly dense in the space of all continuous affine functions on C (this is proved when K = R but easily extends to general K). Thus there is an f ∈ E^′ and r ∈ K such that sup |(f + r − f_0)(C)| ≤ c. Since C is absolutely convex (that implies 0 ∈ C), we get sup |(f − f_0)(C)| ≤ 2c. Take a decreasing sequence {A_n} ⊂ A such that A_n ↓ ∅. Now f ∘ μ(A_n) → 0 and since sup |(f − f_0)(C)| ≤ 2c and c is arbitrarily small, we get f_0 ∘ μ(A_n) → 0 and so μ : A → E_0 is countably additive. Now we will prove that μ : A → E_0 is of bounded variation. Take p > 0 with pC ⊂ B (the unit ball of E_0), a finite collection {f_i} in the closed unit ball of E^′_0, and disjoint elements {A_i} ⊂ A. We have |pf_i(C)| ≤ 1 ∀i. As explained above, take {f^′_i } ⊂ E^′ with sup |(pf_i − f^′_i )(C)| ≤^1_{2i} ∀i. We get ∑ |⟨f_i, μ(A_i)⟩| ≤ 1 p ∑ |(pf_i −f^′_i )μ(A_i)|+ 1 p ∑ |(f^′_i )μ(A_i)| ≤ 1 p + 1 p |μ|_C (X) ≤ 2 p . This proves μ : A → E_0 is of bounded variation. Since E_0 is reflexive, there is an h ∈ L_1(X, E_0) with μ = hλ. From this it easily follows that h ∈ L_1(X, E). The converse is same as for Frechet space which we will consider now.

Now we consider the case when E is a Frechet space. Suppose μ has RN derivative^{dμ}_{dλ} = g ∈ L^1(λ, E) = L^1(λ) ^⊗E (the completion in projective tensor product). Thus g = ∑ i α_ig_ix_i, {g_i}, {x_i} being null sequences in L^1(λ) and E respectively and {α_i} ∈ ℓ_1 ([8, Theorem 6.4, p. 94]); we can assume that ∫ |g_i|dλ ≤ 1 ∀i. Let C be the closed, absolutely convex hull of {x_i}; C is compact. Take a finite, disjoint family {A_k} of elements of A and {f_k} elements of E^′ with sup |f_k(C)| ≤ 1 ∀k. We have ∑ k |⟨|μ(A_k ), f_k|⟩| ≤ ∑ k ∑ i ∫ A_k |αi| |gi| |fk(xi)|dλ ≤

α where α = ∑ i |α_i|. Thus |μ|_C is finite-valued. It is a routine verification that |μ|_C is countably additive ([2, p. 4], [3, Theorem 2.1(5), p. 142]).

Radon-Nikodym property 463

Conversely suppose for an absolutely convex weakly compact C ⊂ E, ν = |μ|_C is finite-valued. We have μ ≪ |μ|_C . Also it follows from the definition of |μ|_C that, for an f ∈ E^′ with sup |f(C)| ≤ 1, we have |μ|_C ≥ |f ∘ μ|. Denoting the completion of |μ|_C by |μ|_C again, we fix a lifting ρ_0 for this measure ([9]) and take the lifting topology T_0 on X which has {ρ_0(A) : A ∈ A} as the base of open sets; we can assume this topology to be Hausdorff and denote by C_b(X) all scalar-valued bounded continuous functions on X. For each f ∈ E^′ there is a ϕ_f ∈ L_1(|μ|_C ) such that f ∘ μ = ϕ_f |μ|_C . Put sup |f(C)| = p; we claim |ϕ_f | ≤ p a.e. [|μ|_C ]. Suppose this is not true. Then there is a c > 0 such that |μ|_C (A) > 0 where A = {x ∈ X : |ϕ_f (x)| ≥ p + c}. Now, since |^1_p f(C)| ≤ 1, we have |μ|_C (A) ≥^1_p |f ∘ μ|(A) =^1_p ∫ A |ϕ_f |d|μ|_C ≥^1_p (p + c)|μ|_C (A) which is a contradiction. Thus there is a unique function in C_b(X) which is equal to ϕ_f a.e. [|μ|_C ]; we denote this function also by ϕ_f .

Define ϕ : X → K^{E′} , (ϕ(x))_f = ϕ_f (x). It is a simple verification that ϕ_{f1 +f2} = ϕ_{f1} + ϕ_{f2} and ϕ_{rf} = rϕ_f for any f_1, f_2, f ∈ E^′ and any r ∈ K. Also E, with weak topology, can be considered as a subspace of K^{E′} with product topology. We claim that ϕ(X) ⊂ C. If this is not true, by separation theorem ([8, 9.2, p. 65]), ∃x_0 ∈ X and f ∈ E^′ such that p = sup |f(C)| < Rl(ϕ_f (x_0)) = p + 3η for some η > 0 (note C is absolutely convex and so sup(Rl(f(C))) = sup |f(C)|). Now ν(A) > 0 where A = {x ∈ X : |ϕ_f (x)| > p + 2η}. Since |ϕ_f | ≤ p, we have pν(A) ≥ ∫ A |ϕ_f |dν ≥ (p + 2η)ν(A), a contradiction. By [6, Theorem 2, p. 389], ϕ is weakly equivalent to a function ϕ_0 such that ϕ_0(X) is contained in a separable weakly compact subset of E; thus ϕ_0 is bounded. Now it is wellknown that if a weakly measurable function has a separable range in E then it is strongly measurable ([2, Theorem 2, p. 42]; it is proved for a Banach space but thus easily extends to a Frechet space). Now being bounded and strongly measurable, ϕ_0 ∈ L^1(ν, E). Since |μ| ≪ ν and ν ≪ λ, the result follows. □

Acknowledgment. We are very thankful to the referee for pointing out several typographical errors and also making some very useful suggestions which has improved the paper.

References

[1] Davis W.J., Figiel T., Johnson W.B., Pelczynski A., Factoring weakly compact operators, J. Funct. Anal. 17 (1974), 311–327.

[2] Diestel J., Uhl J.J., Vector Measures, Amer. Math. Soc. Surveys, 15, American Mathematical Society, Providence, RI, 1977.

[3] Gruenwald M.E., Wheeler R.F., A strict representation of L_1(μ, X), J. Math. Anal. Appl.

155 (1991), 140–155.

[4] Khurana S.S., Topologies on spaces of continuous vector-valued functions, Trans Amer.

Math. Soc. 241 (1978), 195–211.

[5] Khurana S.S., Topologies on spaces of continuous vector-valued functions II , Math. Ann.

234 (1978), 159–166.

[6] Khurana S.S., Pointwise compactness and measurability, Pacific J. Math. 83 (1979), 387– 391.

464 Khurana S.S.

[7] Phelps R.R., Lectures on Choquet’s Theorem, D. van Nostrand Company, Inc., Princeton, N.J.-Toronto, Ont.-London, 1966.

[8] Schaefer H.H., Topological Vector Spaces, Springer, 1986.

[9] Ionescu Tulcea A., Ionescu Tulcea C., Topics in the theory of lifting, Springer, New York, 1969.

Department of Mathematics, University of Iowa, Iowa City, Iowa 52242, U.S.A.

E-mail: khurana@math.uiowa.edu

(Received June 13, 2017, revised August 23, 2017)