Comment.Math.Univ.Carolin. 59,1 (2018) 81–101 81

On a class of abstract degenerate fractional

differential equations of parabolic type

Marko Kostić

Abstract. In this paper, we investigate a class of abstract degenerate fractional differential equations with Caputo derivatives. We consider subordinated fractional resolvent families generated by multivalued linear operators, which do have removable singularities at the origin. Semi-linear degenerate fractional Cauchy problems are also considered in this context.

Keywords: abstract degenerate fractional differential equations; infinitely differentiable fractional resolvent families; multivalued linear operators; semi-linear degenerate fractional Cauchy problems; Caputo fractional derivatives

Classification: 47D03, 47D06, 47D62, 47D99, 47G20

1. Introduction and preliminaries

In [12, Chapter III], A. Favini and A. Yagi have considered a class of infinitely differentiable semigroups generated by the multivalued linear operators satisfying the following condition:

(P) There exist finite constants c, M > 0 and β ∈ (0, 1] such that

Ψ := {λ ∈ C: ℜλ ≥ −c(|ℑλ| + 1)} ⊆ ρ(A) and ‖R(λ : A)‖ ≤ M(1 + |λ|)^{−β} , λ ∈ Ψ.

In this paper, we consider fractional resolvent families subordinated to these semigroups and apply our results in the analysis of existence and uniqueness of solutions for a class of abstract degenerate (semilinear) fractional differential equations with Caputo derivatives. As mentioned in the abstract, fractional resolvent families under our consideration have removable singularities at the origin.

Following the methods proposed in the doctoral dissertation of E. Bazhlekova, see [2] and the monograph [12], we extend the results of R.-N. Wang, D.-H. Chen and T.-J. Xiao, see [38], to abstract degenerate fractional differential equations.

DOI 10.14712/1213-7243.2015.235 The author is partially supported by grant 174024 of Ministry of Science and Technological Development, Republic of Serbia.

Even in single-valued case, we establish proper extensions of [38, Theorem 3.3 (ii), Theorem 3.4 (iii), Theorem 4.1]; we can freely say that this is the major novelty of our work. Besides that, we present a great number of new analytical properties of subordinated fractional resolvent families and transfer the results of F. Periago in [29] to abstract degenerate semilinear (fractional) differential equations.

We use the standard terminology throughout the paper. Unless specified otherwise, we assume henceforth that (E, ‖·‖) is a complex Banach space. In the case that X is also a complex Banach space, then we denote by L(E, X) the space consisting of all continuous linear mappings from E into X; L(E) ≡ L(E, E). If A is a closed linear operator acting on E, then the domain, kernel space and range of A will be denoted by D(A), N(A) and R(A), respectively. Since no confusion seems likely, we will identify A with its graph.

Given s ∈ R in advance, set ⌈s⌉ := inf{l ∈ Z: s ≤ l}. Define Σ_α := {z ∈ C \ {0}: | arg(z)| < α}, α ∈ (0, π]. The Gamma function is denoted by Γ(·) and the principal branch is always used to take the powers; the convolution like mapping ∗ is given by f ∗ g(t) :=

∫_t 0 f(t − s)g(s) ds. Set g_ζ (t) := t^{ζ−1}/Γ(ζ), 0^ζ := 0, ζ > 0, t > 0, and g_0(t) := the Dirac δ-distribution.

Let 0 < τ ≤ ∞, let m ∈ N, and let I = (0, τ). Then the Sobolev space W^{m,1}(I : E) can be introduced in the following way (see e.g. [2, page 7]):

W^{m,1}(I : E) := { f : ∃φ ∈ L^1(I : E) ∃c_k ∈ C, 0 ≤ k ≤ m − 1,

f(t) = m−1∑ k=0 c_kg_{k+1}(t) + (g_m ∗ φ)(t) for a.e. t ∈ (0, τ) } .

Then φ(t) = f^{(m)}(t) in distributional sense, and c_k = f^{(k)}(0), 0 ≤ k ≤ m − 1.

We refer the reader to [7], [12], [26] and [36] for the basic source of information on abstract degenerate differential equations with integer order derivatives.

Fairly complete information about fractional calculus and fractional differential equations can be obtained by consulting [2], [8], [16]–[17] and [31]–[34]. In this paper, we will use the following notion of Caputo fractional derivatives of order γ ∈ (0, 1). The Caputo fractional derivative D^γ_t u(t) is defined for those functions u: [0, T ] → E for which u_{|(0,T ]}(·) ∈ C((0, T ] : E), u(·) − u(0) ∈ L^1((0, T ) : E) and g_{1−γ} ∗ (u(·) − u(0)) ∈ W^{1,1}((0, T ) : E), by

D^γ_t u(t) = d dt [ g_{1−γ} ∗ (u(·) − u(0))](t), t ∈ (0, T ].

The Wright function Φ_γ (z) is defined by

Φ_γ (z) := ∞∑ n=0 (−z)^n n!Γ(1 − γ − nγ)

, z ∈ C, γ ∈ (0, 1).

Let us recall that Φ_γ (t) ≥ 0, t ≥ 0, and that the following identity holds:

(a1)

∫_∞ 0 t^rΦ_γ (t) dt =^{Γ(1+r)}_{Γ(1+γr)} , r > −1.

The asymptotic expansion of the Wright function Φ_γ (z), as |z| → ∞ in the sector | arg(z)| ≤ min((1 − γ)3π/2, π) − ϵ, is given by

(1) Φ_γ (z) = Y^{γ−1/2}e^{−Y}

(_{M−1} ∑ m=0 A_mY^{−M} + O ( |Y |^{−M} ) ) , where Y = (1 − γ)(γ^γ z)^{1/(1−γ)}, M ∈ N and A_m are certain real constants.

We refer the reader to [1], [39, Chapter 1], [17, Section 1.2] and [22] for further information concerning the vector-valued Laplace transform. In this paper, we are working in the setting of complex Banach spaces and we are following the usually considered approach from [1].

2. Multivalued linear operators

A multivalued map (multimap) A: E → P (E) is said to be a multivalued linear operator (MLO in E, or simply, MLO) if and only if the following holds:

(i) D(A) := {x ∈ X : Ax ≠ ∅} is a linear subspace of E;

(ii) Ax + Ay ⊆ A(x + y), x, y ∈ D(A) and λAx ⊆ A(λx), λ ∈ C, x ∈ D(A). An almost immediate consequence of definition is that for every x, y ∈ D(A) and for every λ, η ∈ C with |λ|+|η| ≠ 0, we have λAx+ηAy = A(λx+ηy). If A is an MLO, then A0 is a linear manifold in Y and Ax = f +A0 for any x ∈ D(A) and f ∈ Ax. Set R(A) := {Ax: x ∈ D(A)}. The set A^{−1}0 = {x ∈ D(A): 0 ∈ Ax} is called the kernel of A and it is denoted by N(A). The inverse A^{−1} of an MLO is defined by D(A^{−1}) := R(A) and A^{−1}y := {x ∈ D(A): y ∈ Ax}. It is checked at once that A^{−1} is an MLO in E, as well as that N(A^{−1}) = A0 and (A^{−1})^{−1} = A. If N(A) = {0}, i.e., if A^{−1} is single-valued, then A is said to be injective. It is worth noting that Ax = Ay for some two elements x and y ∈ D(A), if and only if Ax ∩ Ay ≠ ∅; moreover, if A is injective, then the equality Ax = Ay holds if and only if x = y (for more details about multivalued linear operators, we refer the reader to the monographs [6] and [12]).

If A, B are two MLOs, then we define its sum A+B by D(A+B) := D(A)∩D(B) and (A + B)x := Ax + Bx, x ∈ D(A + B). It is clear that A + B is an MLO. The product of A and B is defined by D(BA) := {x ∈ D(A): D(B) ∩ Ax ≠ ∅} and BAx := B(D(B) ∩ Ax). Then BA is an MLO in E and (BA)^{−1} = A^{−1}B^{−1}. We write A ⊆ B if and only if D(A) ⊆ D(B) and Ax ⊆ Bx for all x ∈ D(A).

The scalar multiplication of an MLO A with the number z ∈ C, zA for short, is defined by D(zA) := D(A) and (zA)(x) := zAx, x ∈ D(A). It is clear that zA is an MLO and (ωz)A = ω(zA) = z(ωA), z, ω ∈ C.

Assume now that a linear single-valued operator S : D(S) ⊆ E → E has domain D(S) = D(A) and S ⊆ A, where A is an MLO in E. Then S is called a section of A; if this is the case, we have Ax = Sx+A0, x ∈ D(A) and R(A) = R(S)+A0.

We say that an MLO operator A is closed if for any nets (x_τ ) in D(A) and (y_τ ) in E such that y_τ ∈ Ax_τ for all τ ∈ I we have that the suppositions lim_{τ →∞} x_τ = x and lim_{τ →∞} y_τ = y imply x ∈ D(A) and y ∈ Ax. If the MLO A is not closed, then we can simply prove that its closure A, defined as usual, is a closed MLO in E.

Denote by Ω a locally compact and separable metric space and by μ we denote a locally finite Borel measure defined on Ω. Then we have the following ([20]):

Lemma 2.1. Suppose that A is a closed MLO in E. Let f : Ω → E and g : Ω → E be μ-integrable, and let g(x) ∈ Af(x), x ∈ Ω. Then ∫ Ω f dμ ∈ D(A) and ∫ Ω g dμ ∈ A ∫ Ω f dμ.

In the remaining part of this section, we will consider the resolvent sets of MLOs. Our standing assumptions will be that A is an MLO in E. Then the resolvent set of A, ρ(A) for short, is defined as the union of those complex numbers λ ∈ C for which

(i) R(λ − A) = E;

(ii) R(λ : A) ≡ (λ − A)^{−1} is a single-valued bounded operator on E. It is well known that ρ(A) is an open subset of C. The operator λ → R(λ : A) is called the resolvent of A, λ ∈ ρ(A). If ρ(A) ≠ ∅, then A is closed and for every λ ∈ ρ(A) we have A0 = N((λI − A)^{−1}).

We need the following useful lemma (see [12]).

Lemma 2.2. We have

(λ − A)^{−1}A ⊆ λ(λ − A)^{−1} − I ⊆ A(λ − A)^{−1}, λ ∈ ρ(A).

The operator (λ−A)^{−1}A is single-valued on D(A) and (λ−A)^{−1}Ax = (λ−A)^{−1}y, whenever y ∈ Ax and λ ∈ ρ(A).

2.1 Fractional powers. In this subsection, we assume that (−∞, 0] ⊆ ρ(A) as well as that there exist finite numbers M ≥ 1 and β ∈ (0, 1] such that

‖R(λ : A)‖ ≤ M(1 + |λ|)^{−β} , λ ≤ 0.

Then the resolvent set of A contains an open region Ω of complex plane around the nonpositive half-line (−∞, 0], and we are in position to define the fractional power

A^{−θ} := 1 2πi ∫ Γ λ^{−θ}(λ − A)^{−1} dλ ∈ L(E)

for θ > 1 − β, where Γ is an appropriately chosen contour belonging to Ω (cf. [12, page 25] for more details). Set A^θ := (A^{−θ})^{−1}, θ > 1 − β. Then the semigroup properties A^{−θ1} A^{−θ2} = A^{−(θ1+θ2)} and A^{θ1} A^{θ2} = A^{θ1+θ2} hold for θ_1, θ_2 > 1 − β (it is worth noting here that the fractional power A^θ need not be injective and that the meaning of A^θ is understood in the MLO sense for θ > 1 − β).

We endow the vector space D(A) with the norm

‖·‖_{[D(A)]} := inf_{y∈A·} ‖y‖.

Then (D(A), ‖·‖_{[D(A)]}) is a Banach space and, since 0 ∈ ρ(A), the norm ‖·‖_{[D(A)]} is equivalent with the following one ‖·‖ + ‖·‖_{[D(A)]} (cf. the proof of [12, Proposition 1.1]). Since 0 ∈ ρ(A^θ), (D(A^θ), ‖·‖_{[D(A}θ_{)]}) is likewise a Banach space and we have the equivalence of norms ‖·‖_{[D(A}θ_{)]} and ‖·‖ + ‖·‖_{[D(A}θ_{)]} for θ > 1 − β. In our further work, we will use the fact that (see e.g. [10, (3.3)])

(2) A^{−θ}x = sin(θπ) π ∫_∞ 0 s^{−θ}(s + A)^{−1}x ds, 1 > θ > 1 − β, x ∈ E.

For any θ ∈ (0, 1), the vector space

E^θ_A := { x ∈ E : sup_{ξ>0} ξ^θ‖ξ(ξ + A)^{−1}x − x‖ < ∞ }

becomes one of Banach’s when endowed with the norm

‖·‖E^θ_A := ‖·‖ + sup_{ξ>0} ξ^θ‖ξ(ξ + A)^{−1} · − · ‖.

It is clear that E^θ_A is continuously embedded in E. For more details about fractional powers of multivalued linear operators, the interpolation spaces and their mutual relations, we refer the reader to [10] (see, especially, the equations [10, (1.2)–(1.5)]), [12, Section 1.4], [25] and [27].

3. Subordinated fractional resolvent families with removable singularities at the origin In this section we investigate the subordinated fractional resolvent families with removable singularities at zero. Unless stated otherwise, we assume that c, M > 0, β ∈ (0, 1], A is an MLO and the condition (P) holds.

Let the contour Γ := {λ = −c(|η| + 1) + iη : η ∈ R} be oriented so that ℑλ increases along Γ. Set T (0) := I and

T (t)x := 1 2πi ∫ Γ e^{tλ}(λ − A)^{−1}x dλ, t > 0, x ∈ E.

Then (T (t))_{t≥0} ⊆ L(E) is a semigroup on E, and we have the following estimate

(3) ‖T (t)‖ = O(t^{β−1}), t > 0;

furthermore for every θ ∈ (0, 1)

(4) ‖T (t)‖_{L(E,E}θ_{A)} = O(t^{β−θ−1}), t > 0.

Concerning the strong continuity of (T (t))_{t≥0} at zero, it is necessary to remind ourselves of the fact that ([12]):

(C) T (t)x → x, t → 0_+ for any x ∈ E belonging to the space D((−A)^θ) with θ > 1 − β (x ∈ E^θ_A with 1 > θ > 1 − β).

By [10, Lemma 3.9], we have that

(5) R(λ : A)x =

∫_∞ 0 e^{−λt}T (t)x dt, ℜλ > 0, x ∈ E.

From now on, we assume that 0 < γ < 1. Set for every ν > −β

(6) T_{γ,ν} (t)x := t^{−γ}

∫_∞ 0 s^ν Φ_γ (st^{−γ} )T (s)x ds, t > 0, x ∈ E and T_{γ,0}(0) := I.

Since

(7) T_{γ,ν} (t)x = t^{γν}

∫_∞ 0 s^ν Φ_γ (s)T (st^γ )x ds, t > 0, x ∈ E,

the estimates (3)–(4) combined with (a1) imply that the integral which defines the operator T_{γ,ν} (t) is absolutely convergent as well as that

‖T_{γ,ν}(t)‖ = O(t^{γ(ν+β−1)}), t > 0,

and that for every θ ∈ (0, 1) and ν > θ − β

(8) ‖T_{γ,ν}(t)‖_{L(E,E}θ_{A)} = O(t^{γ(ν+β−θ−1)}), t > 0.

Further on, (7) taken together with (a1) implies that for every ν > −β (9) T_{γ,ν} (t) t^{γν} x − Γ(1 + ν) Γ(1 + γν) x = ∫_∞ 0 s^ν Φ_γ (s)[ T (st^γ )x − x] ds, t > 0, x ∈ E.

Using the dominated convergence theorem, (a1), (3), (9) and (C), we can deduce the following:

(b1)^{Tγ,ν (t)}_{tγν} x →^{Γ(1+ν)}_{Γ(1+γν)} x, t → 0_+ provided that θ > 1 − β and x ∈ D((−A)^θ), or that 1 > θ > 1 − β and x ∈ E^θ_A, ν > −β.

By the proof of [2, Theorem 3.1] and an elementary argumentation involving (5), we get that:

(b2)

∫_∞ 0 e^{−λt}T_{γ,0}(t)x dt = λ^{γ−1}

∫_∞ 0 e^{−λγ t}T (t)x dt = λ^{γ−1}(λ^γ −A)^{−1}x, ℜλ > 0, x ∈ E.

Owing to [12, Theorem 3.5], (a1) and (9), we have that:

(b3) ‖ ‖^{Tγ,ν (t)}_tγν x −^{Γ(1+ν)}_{Γ(1+γν)} x ‖ ‖ = O(t^{γ(β+θ−1)}‖x‖_{[D((−A)}θ_{)]}), t > 0, provided 1 > θ > 1−β, x ∈ D((−A)^θ ) and ‖ ‖ ‖^{Tγ,ν (t)}_tγν x−^{Γ(1+ν)}

Γ(1+γν) x ‖ ‖ ‖ = O ( t^{γ(β+θ−1)}‖x‖_Eθ_A ) , t > 0, provided 1 > θ > 1 − β, x ∈ E^θ_A, ν > −β.

Set ξ := min((1/γ − 1)π/2, π). It is worth noting that the proof of [2, Theorem 3.3 (i)–(ii)] implies that for every ν > −β the mapping t → T_{γ,ν} (t)x, t > 0 can be analytically extended to the sector Σ_ξ (we will denote this extension by the same symbol) and that for every θ ∈ (0, 1), ϵ ∈ (0, ξ) and ν > −β, (b4) ‖T_{γ,ν}(z)‖ = O(|z|^{γ(ν+β−1)}), z ∈ Σ_{ξ−ϵ}, as well as that, for every θ ∈ (0, 1), ϵ ∈ (0, ξ) and ν > θ − β,

(b5) ‖T_{γ,ν}(z)‖_{L(E,E}θ_{A)} = O(|z|^{γ(ν+β−1−θ)}), z ∈ Σ_{ξ−ϵ}.

Keeping in mind (b4)–(b5) and the Cauchy integral formula, it is very simple to prove that for every θ ∈ (0, 1), ϵ ∈ (0, ξ), ν > −β and n ∈ N,

(b4)’ ‖(d^n/dz^n)T_{γ,ν} (z)‖ = O(|z|^{γ(ν+β−1)−n}), z ∈ Σ_{ξ−ϵ}, as well as that for every θ ∈ (0, 1), ϵ ∈ (0, ξ), ν > θ − β and n ∈ N, (b5)’ ‖(d^n/dz^n)T_{γ,ν} (z)‖_{L(E,E}θ_{A)} = O(|z|^{γ(ν+β−1−θ)−n}), z ∈ Σ_{ξ−ϵ}.

In the case that ϵ ∈ (0, ξ) and z ∈ Σ_{ξ−ϵ}, then the uniqueness theorem for analytic functions, (a1) and the asymptotic expansion formula for the Wright functions (1) (cf. also the first part of proof of [2, Theorem 3.3]) together imply that ∫_∞ 0 z^{−γ(1+ν)}s^ν Φ_γ (sz^{−γ} ) ds =^{Γ(1+r)}_{Γ(1+γr)} , r > −1; hence,

T_{γ,ν} (z)

z^{γν} x − Γ(1 + ν) Γ(1 + γν) x = ∫_∞ 0 s^ν Φ_γ (se^{iφ})[ T (s|z|^γ )x − x] ds,

where φ = −γ arg(z). Keeping in mind this identity, (C), [12, Theorem 3.5] and the proof of [2, Theorem 3.3], we can deduce the following extension of [38, Theorem 3.4 (i)] and the properties (b1), (b3):

(b1)’ Suppose that ϵ ∈ (0, ξ) and δ = ξ − ϵ. Then lim_{z→0,z∈Σδ}^{Tγ,ν (z)}_{zγν} x =

Γ(1+ν) Γ(1+γν) x, provided that θ > 1−β and x ∈ D((−A)

θ), or that 1 > θ > 1−β and x ∈ E^θ_A, ν > −β.

(b3)’ Suppose that ϵ ∈ (0, ξ) and δ = ξ − ϵ. Then ‖ ‖ ‖^{Tγ,ν (z)}_zγν x −^{Γ(1+ν)}_{Γ(1+γν)} x ‖ ‖ ‖ = O ( |z|^{γ(β+θ−1)}‖x‖_{[D((−A)}θ_{)]} ) , z ∈ Σ_δ , provided 1 > θ > 1 − β, x ∈ D((−A)^θ), and ‖ ‖^{Tγ,ν (z)}_zγν x −^{Γ(1+ν)}_{Γ(1+γν)} x ‖ ‖ = O ( |z|^{γ(β+θ−1)}‖x‖_Eθ_A ) , z ∈ Σ_δ, provided 1 > θ > 1 − β, x ∈ D((−A)^θ).

Remark. In some cases, the angle of analyticity of considered operator families can be increased depending on the concrete value of constant c > 0 from the condition (P). Here we will not discuss this question in more detail.

Following E. Bazhlekova in [2] and R.-N. Wang, D.-H. Chen and T.-J. Xiao in [38], we define

S_γ (z) := T_{γ,0}(z) and P_γ (z) := γT_{γ,1}(z)/z^γ, z ∈ Σ_ξ;

cf. the proof of [38, Theorem 3.1], where the corresponding operators have been denoted by S_γ (z) and P_γ (z). The analysis contained in the proof of property (b4) enables one to see that the estimate [38, (3.1)] holds on closed subsectors of Σ_{π/2−ω} (cf. the formulation of [38, Theorem 3.1]). It is clear that the first statement of [38, Theorem 3.2] holds since the operators S_γ (z) and P_γ (z) depend analytically, in the uniform operator topology, on the complex parameter z belonging to an appropriate sector containing (0, ∞). Furthermore, due to (b4)’–(b5)’, we have that for each ϵ ∈ (0, ξ) the following holds: ‖(d/dz)T_{γ,ν}(z)‖ = O(|z|^{γ(ν+β−1)−1}), z ∈ Σ_{ξ−ϵ} and ‖(d/dz)P_γ (z)‖ = O(|z|^{γ(ν+β−1)−1}), z ∈ Σ_{ξ−ϵ}. By the Darboux inequality and an analyticity argument, it readily follows that for every R > 0 the mappings z → S_γ (z) ∈ L(E), z ∈ Σ_{ξ−ϵ} \ B_R, and z → P_γ (z) ∈ L(E), z ∈ Σ_{ξ−ϵ} \ B_R, are uniformly continuous. Arguing in such a way, we have proved an extension of the second statement in [38, Theorem 3.2] for degenerate fractional differential equations.

It is clear that T_{γ,ν} (z)x = z^{−γ}

∫_∞ 0 s^ν Φ_γ (sz^{−γ} )T (s)x ds, z ∈ Σ_ξ , x ∈ E and s → (2πi)^{−1} ∫ Γ ( −λ)^θe^{sλ}(λ − A)^{−1} dλ is a bounded linear section of the operator (−A)^θT (s) for θ > 1 − β and s ≥ 0 (cf. [12, Proposition 3.2, pages 48–49]). Along with Lemma 2.1, definition of P_γ (·) and above-mentioned proposition, the above implies:

(10)

P_{γ,θ}(z)x := γz^{−2γ} 2πi ∫_∞ 0 sΦ_γ (sz^{−γ} ) × [ ∫ Γ ( −λ)^θe^{sλ}(λ − A)^{−1}x dλ ] ds ∈ (−A)^θP_γ (z)x

for all z ∈ Σ_ξ and x ∈ E, as well as that (P_{γ,θ}(z))_{z∈Σξ} ⊆ L(E) for θ > 1 − β. By the foregoing, we have that:

(11) ‖P_{γ,θ}(z)‖ = O(|z|^{γ(β−θ−1)}), z ∈ Σ_{ξ−ϵ}, ϵ ∈ (0, ξ).

Differentiating (7), it is not difficult to prove that d dz S_γ (z)x = γz^{−γ−1} 2πi ∫_∞ 0 s Φ_γ (sz^{−γ} )T^′(s)x ds, z ∈ Σ_ξ , x ∈ E.

(12)

Applying (10) with θ = 1, and (12), we get that: d dz S_γ (z)x = −z^{γ−1}P_{γ,1}(z)x ∈ z^{γ−1}AP_γ (z)x, z ∈ Σ_ξ, x ∈ E.

(13)

Further on, Lemma 2.1 and Lemma 2.2 can serve one to prove that the assumption y ∈ Ax implies S_γ (z)y ∈ AS_γ (z)x and P_γ (z)y ∈ AP_γ (z)x, z ∈ Σ_ξ, so that the mapping t → (d/dt)S_γ (t)x, t > 0 is locally integrable for any x ∈ D(A) by (13). Keeping in mind (b4), we have proved an extension of [38, Theorem 3.3] to degenerate fractional differential equations. Before proceeding further, we would like to point out that for every x ∈ D((−A)^θ) ∩ E^θ_A the mapping z → (d/dz)S_γ (z)x = (d/dz)[S_γ (z)x − x] is bounded by |z|^{γ(β+θ−1)−1} on subsectors of Σ_ξ, 1 > θ > 1 − β; this follows from the Cauchy integral formula and the property (b3)’ with ν = 0. In particular, the mapping t → (d/dt)S_γ (t)x, t > 0, is locally integrable for any x ∈ D((−A)^θ ) ∩ E^θ_A, where 1 > θ > 1 − β.

Suppose that (x, y) ∈ A. Then an elementary application of Cauchy formula, combined with Lemma 2.2 and definition of T (·), implies that T (s)y = T^′(s)x, s > 0. Having in mind (6) with ν = 1, and definition of P_γ (·), it readily follows that P_γ (z)y = −P_{γ,1}(z)x, z ∈ Σ_ξ; therefore, (d/dz)S_γ (z)x = z^{γ−1}P_γ (z)y, provided z ∈ Σ_ξ and (x, y) ∈ A. After integration, we obtain that, under the same conditions, S_γ (z)x − x =

∫_z 0 λ^{γ−1}P_γ (λ)y dλ. This extends the assertion of [38, Theorem 3.4 (ii)].

Suppose again that (x, y) ∈ A. Performing the Laplace transform, we obtain with the help of (b2) and Lemma 2.2 that (g_{1−γ} ∗ [S_γ (·)x − x])(t) =

∫_t 0 S_γ (s)y ds, t ≥ 0. This immediately implies that D^γ_t S_γ (t)x = S_γ (t)y ∈ AS_γ (t)x, t > 0, which extends the assertion of [38, Theorem 3.4 (iii)]. The original proof of this result, much more complicated than ours, is based on the use of functional calculus for almost sectorial operators established by F. Periago and B. Straub in [30] (it is very difficult to develop a similar calculus for almost sectorial multivalued linear operators). Furthermore, we want to observe that this result is not optimal. Speaking matter-of-factly, let 1 > θ > 1 − β and let x ∈ D((−A)^θ ) ∩ E^θ_A be fixed. Then the mapping t → F (t) := (g_{1−γ} ∗[S_γ (·)x−x])(t), t ≥ 0, is continuous and its restriction on (0, ∞) can be analytically extended to the sector Σ_ξ, with the estimate ‖F (z)‖ = O(|z|^{γ(β+θ−2)+1}) on any proper subsector of Σ_ξ (cf. (b3)’). By the Cauchy integral formula, we obtain that ‖F^′(z)‖ = O(|z|^{γ(β+θ−2)}) on proper subsectors of Σ_ξ . In particular, the Caputo fractional derivative D^γ_t S_γ (t)x is defined. On the other hand, Lemma 2.1 in combination with [12, Proposition 3.2, 3.4] implies that

t → F_γ (t)x := 1 2πi ∫_∞ 0 t^{−γ} Φ_γ (st^{−γ} ) [∫ Γ λe^{λs}R(λ : A)x dλ ] ds, t > 0,

is a continuous section of the multivalued mapping AS_γ (t)x, t > 0, with the clear meaning. Then T (t)x − x =

∫_t 0 T^′(s)x ds, t ≥ 0, and T^′(t)x = (2πi)^{−1} ∫ Γ λe^{λt}R × (λ : A)x dλ, t > 0, which simply implies by (5) that

(14)

∫_∞ 0 e^{−zt}T^′(t)x dt = zR(z : A)x − x = ∫_∞ 0 e^{−zt} [ 1 2πi ∫ Γ λe^{λt}R(λ : A)x dλ ] dz, z > 0.

Using Fubini theorem, definition of F_γ (·) and the identity [2, (3.10)], we get that

∫_∞ 0 e^{−zt}F_γ (t)x dz = z^{γ−1}

∫_∞ 0 e^{−zγ t} [ 1 2πi ∫ Γ λe^{λt}R(λ : A)x dλ ] dz, z > 0, which clearly implies with the help of (14) that:

∫_∞ 0 e^{−zt}

∫_t 0 F_γ (s)x ds dz = z^{γ−2}

∫_∞ 0 e^{−zγ t} [ 1 2πi ∫ Γ λe^{λt}R(λ : A)x dλ ] dz = z^{γ−2}[z^γ R(z^γ : A)x − x], z > 0.

Using this equation, (b2) and the uniqueness theorem for Laplace transform, it readily follows that

(g_{1−γ} ∗ [S_γ (·)x − x])(t) =

∫_t 0 F_γ (s)x ds, t ≥ 0.

Now it becomes clear that:

(15) D^γ_t S_γ (t)x = F_γ (t)x ∈ AS_γ (t)x, t > 0, x ∈ D((−A)^θ) ∩ E^θ_A, 1 > θ > 1 − β.

The identity [2, (3.10)] almost immediately implies that

∫_∞ 0 e^{−λt}t^{−γ−1}Φ_γ (st^{−γ} ) dt = 1 γs e^{−λγ s}, s > 0, λ > 0.

Keeping in mind this equality and (5), we get that ∫_∞ 0 ∫_∞ 0 γsT (s)x[e^{−λt}t^{−γ−1}Φ_γ (st^{−γ} ) dt] ds = (λ^γ − A)^{−1}x, λ > 0, x ∈ E.

Using Fubini theorem and definition of T_{γ,1}(·), the above yields ∫_∞ 0 e^{−λt}t^{γ−1}P_γ (t)x dt = (λ^γ − A)^{−1}x, λ > 0, x ∈ E.

By (b2) and the uniqueness theorem for Laplace transform, we obtain finally the following generalization of [38, Theorem 3.4 (iv)]:

(16) S_γ (t)x = (g_{1−γ} ∗ [·^{γ−1}P_γ (·)x])(t), t > 0, x ∈ E.

This identity continues to hold on sector Σ_ξ.

Arguing as in non-degenerate case (cf. [38, Lemma 3.1, Theorem 3.5]), we can prove that the compactness of R(λ : A) for some λ ∈ ρ(A) implies the compactness of operators S_γ (t) and P_γ (t) for all t > 0.

The consideration carried out in [38, Lemma 4.1] is completely meaningful for abstract degenerate fractional differential equations and gives rise us to introduce the following definition (cf. [38, Definition 4.1, Definition 4.2] and compare to [12, Definition, page 53]):

Definition 3.1. Let T ∈ (0, ∞) and f ∈ L^1((0, T ) : E). Consider the following abstract degenerate fractional inclusion:

(DFP)_f : { D^γ_t u(t) ∈ Au(t) + f(t), t ∈ (0, T ], u(0) = u_0.

(i) By a mild solution of (DFP)_f , we mean a function

u(t) = S_γ (t)u_0 +

∫_t 0 (t − s)^{γ−1}P_γ (t − s)f(s) ds, t ∈ (0, T ].

(ii) By a classical solution of (DFP)_f , we mean any function u ∈ C([0, T ] : E) satisfying that the function D^γ_t u(t) is well-defined and belongs to the space C((0, T ] : E), as well as that u(0) = u_0 and D^γ_t u(t) − f(t) ∈ Au(t) for t ∈ (0, T ].

A mild solution u(t) of problem (DFP)_f is automatically continuous on (0, T ]. If x ∈ D((−A)^θ) ∩ E^θ_A, where 1 > θ > 1 − β, then (15) implies that the mapping u(t) = S_γ (t)x is a classical solution of (DFP)_f with f ≡ 0.

The following theorem is an important extension of [38, Theorem 4.1], even for non-degenerate fractional differential equations with almost sectorial operators.

Theorem 3.1. Suppose T ∈ (0, ∞), 1 > θ > 1 − β, u_0 ∈ D((−A)^θ), or u_0 ∈ E^θ_A, there exist constants σ > γ(1 − β) and M ≥ 1 such that

(17) ‖f(t) − f(s)‖ ≤ M|t − s|^σ, 0 < t, s ≤ T, and f ∈ L^∞((0, T ) : [D((−A)^θ)]), or f ∈ L^∞((0, T ) : E^θ_A).

Then there exists a unique classical solution of problem (DFP)_f .

Proof: We will prove the theorem only in the case that u_0 ∈ D((−A)^θ). The uniqueness of classical solutions of problem (DFP)_f is an immediate consequence of Ljubich uniqueness type theorem [20, Theorem 3.1.6] and, by the foregoing arguments, it suffices to show that the function

ω(t) :=

∫_t 0 (t − s)^{γ−1}P_γ (t − s)f(s) ds, 0 ≤ t ≤ T,

enjoys the following properties:

(i) ω(t) is continuous at the point t = 0; (ii) D^γ_t ω(t) = ω_1(t) :=

∫_t 0 S^′_γ (t − s)f(s) ds + f(t), 0 < t ≤ T , and ω_1(t) is continuous on (0, T ];

(iii) ω_2(t) := ω_1(t) − f(t) =

∫_t 0 S^′_γ (t − s)f(s) ds ∈ Aω(t), 0 < t ≤ T .

The statement (i) follows from the Hölder continuity of f(·) (cf. (17)) and a simple computation involving the estimate ‖P_γ (t)‖ = O(t^{γ(β−1)}), t > 0. For the proof of (ii), we will have to observe that (12) in combination with contour representation of T^′(·) and [12, Proposition 3.2, Proposition 3.4] implies that there exist constants C_θ > 0 and C^′_θ > 0 such that for every 0 < s ≤ T and 0 < ω ≤ T ,

(18)

‖S^′_γ (ω)f(s)‖ = ‖ ‖ ‖ γ 2πi ∫_∞ 0 vω^{γ−1}Φ_γ (v)T^′(vω^γ )f(s) dv ‖ ‖ ‖ ≤ C_θ γ 2π ‖f(s)‖_{[D((−A)}θ_{)]}

∫_∞ 0 vω^{γ−1}Φ_γ (v)(vω^γ )^{β+θ−2} dv

= C_θ γ 2π ‖f(s)‖_{[D((−A)}θ_{)]}ω^{γ(β+θ−1)−1}

∫_∞ 0 v^{β+θ−1}Φ_γ (v) dv

= C^′_θ‖f(s)‖_{[D((−A)}θ_{)]}ω^{γ(β+θ−1)−1}.

Using this estimate with ω = t − s, where 0 < s < t ≤ T , and integrating the obtained estimate along the interval [0, T ] in variable s, we get that there exists a constant C^{′′}_θ > 0 such that for every 0 < t ≤ T

(19) ‖ ‖ ‖ ‖ ∫_t 0 S^′_γ (t − s)f(s) ds ‖ ‖ ‖ ‖ ≤ C^{′′}θ

∫_t 0 (t − s)^{γ(β+θ−1)−1}‖f(s)‖_{[D((−A)}θ_{)]} ds ≤ C^{′′}_θ γ(β + θ − 1) t^{γ(β+θ−1)}‖f(·)‖_L∞_{((0,T ):[D((−A)}θ_{)])}.

Let h > 0 and let h ≤ T − t for some fixed 0 < t < T . Making use of (18) and dominated convergence theorem, we obtain that

(20) lim_{h→0+}

∫_t 0 S_γ (t + h − s) − S_γ (t − s) h f(s) ds =

∫_t 0 S^′_γ (t − s)f(s) ds;

here it is only worth noting that (18) and the mean value theorem together imply that for every s ∈ (0, t) ‖ ‖ ‖ S_γ (t + h − s) − S_γ (t − s) h f(s) ‖ ‖ ‖ ≤ 1 h ∫_{t+h−s} t−s ‖S^′_γ (r)f(s)‖ dr ≤ ‖f(·)‖_L∞_{((0,T ):[D((−A)}θ_{)])} h ∫_{t+h−s} t−s r^{γ(β+θ−1)−1} dr

≤ Const.[(t − s)^{γ(β+θ−1)−1} + (t + 1 − s)^{γ(β+θ−1)−1}].

Having in mind the estimate ‖S_γ (t)‖ = O(t^{γ(β−1)}), t > 0, the strong continuity of operator family S_γ (·) on D((−A)^θ) and the Hölder continuity of f(·), we can repeat almost literally the arguments from the corresponding part of proof of [38,

Theorem 4.1] in order to see that

(21) lim_{h→0+} 1 h ∫_{t+h} t S_γ (t + h − s)f(s) ds = f(t).

Due to (20)–(21), we have that the mapping t →

∫_t 0 S_γ (t − s)f(s) ds, 0 < t < T , is differentiable from the right; we can similarly prove the differentiability of this mapping from the left for 0 < t ≤ T so that d dt ∫_t 0 S_γ (t − s)f(s) ds =

∫_t 0 S^′_γ (t − s)f(s) ds + f(t), 0 < t ≤ T.

Now it is not difficult to prove with the help of (16) and (19) that D^γ_t ω(t) exists and equals to ω_1(t), as claimed. Now we will prove that the mapping t →

∫_t 0 S^′_γ × (t − s)f(s) ds, 0 < t ≤ T , is continuous (observe here that this mapping is continuous for t = 0; cf. (19)). As in the proof of [38, Theorem 4.1], we have ∫_t 0 S^′_γ (t − s)f(s) ds = I_1(t) + I_2(t), where I_1(t) :=

∫_t 0 S^′_γ (t − s)[f(s) − f(t)] ds and I_2(t) :=

∫_t 0 S^′_γ (t − s)f(t) ds. By (b3), we have that I_2(t + h) → I_2(t) as h → 0 for 0 < t ≤ T and the meaning is clear. To complete the whole proof, it suffices to show that the mapping I_1(t) :=

∫_t 0 S^′_γ (t − s)[f(s) − f(t)] ds, 0 < t ≤ T , is continuous. For the sake of brevity, we will only prove that the above mapping is continuous from the right for 0 < t < T . Suppose, as above, h > 0 and h ≤ T − t. Then

I_1(t + h) − I_1(t) = h_1(t) + h_2(t) + h_3(t), where

h_1(t) :=

∫_t 0 (S^′_γ (t + h − s) − S^′_γ (t − s))[f(s) − f(t)] ds,

h_2(t) :=

∫_t 0 S^′_γ (t + h − s)[f(t) − f(t + h)] ds and h_3(t) :=

∫_{t+h} t S^′_γ (t + h − s)[f(s) − f(t + h)] ds.

We can prove that h_1(t) → 0 as h → 0_+ by using the dominated convergence theorem and the following estimates (cf. (18)–(19)): ‖ ‖ ‖ ‖ ∫_t 0 S^′_γ (t + h − s)[f(s) − f(t)] ds ‖ ‖ ‖ ‖ ≤ Const.(t + h − s)^{γ(β+θ−1)−1}‖f(s) − f(t)‖_{[D((−A)θ )]}

≤ Const. ‖f(·)‖_L∞_{((0,T ):[D((−A)}θ_{)])}[(t − s)^{γ(β+θ−1)−1} + (t + 1 − s)^{γ(β+θ−1)−1}] and ‖ ‖ ‖ ∫_t 0 S^′_γ (t − s)[f(s) − f(t)] ds ‖ ‖ ‖ ≤ 2C^{′′}_θ γ(β + θ − 1) t^{γ(β+θ−1)}‖f(·)‖_L∞_{((0,T ):[D((−A)}θ_{)])}.

On the other hand, we may conclude that h_2(t) → 0 as h → 0_+ by using the estimate ‖S^′_γ (t)‖ = O(t^{γ(β−1)−1}), t > 0, the Hölder continuity of f(·) and our standing assumption σ > γ(1 − β):

‖h_2(t)‖ ≤ Const.

∫_t 0 (t + h − s)^{γ(β−1)−1}h^σ ds

≤ Const. h^σ[(t + h)^{γ(β−1)} − h^{γ(β−1)}] → 0 as h → 0_+.

Finally, an application of (18) yields:

‖h_3(t)‖ ≤ Const.

∫_{t+h} t (t + h − s)^{γ(β+θ−1)−1}‖f(s) − f(t + h)‖_{[D((−A)θ )]} ds

≤ Const. ‖f(·)‖_L∞_{((0,T ):[D((−A)}θ_{)])}h^{γ(β+θ−1)} → 0 as h → 0_+.

This completes the proof of (ii). The proof of (iii) follows by applying (13), (19) and Lemma 2.1. □

Remark. It is clear that the validity of condition (17) implies that the sequence (f_n(t))_{n∈N} ⊆ C([0, T ] : E), where f_n(t) := f(t) for t ∈ [1/n, T ] and f_n(t) := f(1/n) for t ∈ [0, 1/n], is a Cauchy sequence in C([0, T ] : E) and therefore convergent. Hence, there exists lim_{t→0+} f(t) in E and f(t) can be extended to a Hölder continuous function from the space C^σ ([0, T ] : E). This implies that the Caputo fractional derivative D^γ_t ω(t) (cf. (ii)) is defined in the strong sense [2, page 11, line −3] and that (ii) holds, in fact, for 0 ≤ t ≤ T .

Theorem 3.1 can be applied in the analysis of a large class of relaxation degenerate differential equations that are subordinated to degenerate differential equations of first order that have been already considered in [12, Section 3.7]. For example, Theorem 3.1 can be almost straightforwardly applied in the analysis of the following inhomogeneous fractional Poisson heat equation in the space L^p(Ω):

(P)_γ :

D^γ_t [m(x)v(t, x)] = Δv − bv + f(t, x), t ≥ 0, x ∈ Ω, v(t, x) = 0, (t, x) ∈ [0, ∞) × ∂Ω, m(x)v(0, x) = u_0(x), x ∈ Ω,

where Ω is a bounded domain in R^n, b > 0, m(x) ≥ 0 a.e. x ∈ Ω, m ∈ L^∞(Ω), 1 < p < ∞ and 0 < γ < 1. As already mentioned, Theorem 3.1 is new even for non-degenerate fractional differential equations with almost sectorial operators, so that we can consider the wellposedness results for abstract relaxation degenerate differential equations with higher order elliptic differential operators with variable coefficients in Hölder spaces (cf. [37] for more details).

4. Semilinear degenerate Cauchy inclusions

Assume that the condition (P) holds. In this section, we consider the following semilinear degenerate fractional Cauchy inclusion:

(DFP)_{f,s,γ} : { D^γ_t u(t) ∈ Au(t) + f(t, u(t)), t ∈ (0, T ], u(0) = u_0,

where T ∈ (0, ∞) and 0 < γ ≤ 1 (for more details about abstract semilinear degenerate Cauchy problems with integer order derivatives, we refer the reader to [3]–[5], [11]–[15], [19], [33] and [35]). We will use the terminology from the previous section.

Suppose first that 0 < γ < 1. By a mild solution u(t) := u(t; u_0) of problem (DFP)_{f,s,γ} , we mean any function u ∈ C((0, T ] : E) such that

u(t) = S_γ (t)u_0 +

∫_t 0 (t − s)^{γ−1}P_γ (t − s)f(s, u(s)) ds, t ∈ (0, T ].

As in linear case, a classical solution of (DFP)_f is any function u ∈ C([0, T ] : E) satisfying that the function D^γ_t u(t) is well-defined and belongs to the space C((0, T ] : E), as well as that u(0) = u_0 and D^γ_t u(t) − f(t, u(t)) ∈ Au(t) for t ∈ (0, T ]. In [38, Theorem 5.1, Theorem 5.3, Corollary 5.1], the authors have applied various types of fixed point theorems in the study of existence and uniqueness of mild solutions of problem (DFP)_{f,s,γ} , provided that the operator A is single-valued, linear and almost sectorial. In contrast to the assertions of [38, Theorem 5.2, Theorem 5.4], the above-mentioned results can be immediately extended to semilinear degenerate fractional Cauchy inclusion (DFP)_{f,s,γ} . Situation is the same with the assertions of [18, Theorem 2.1] and [23, Theorem 3.1] (in the last mentioned theorem, F. Li has considered the existence of mild solutions for a class of delay semilinear fractional differential equations).

Following T. Dlotko [9], we can similarly define the notions of mild and classical solutions of semilinear degenerate Cauchy inclusion (DFP)_{f,s,1} of first order γ = 1, that is, any function u ∈ C((0, T ] : E) such that

u(t) = T (t)u_0 +

∫_t 0 T (t − s)f(s, u(s)) ds, t ∈ (0, T ]

is said to be a mild solution of problem (DFP)_{f,s,1}. By a classical solution, we mean any function u ∈ C([0, T ] : E) ∩ C^1((0, T ] : E) such that u(t) ∈ D(A), t ∈ (0, T ], u(0) = u_0 and u^′(t) ∈ Au(t) + f(t, u(t)), t ∈ (0, T ]. The extensions of [9, Theorem 1, Proposition 2] for semilinear degenerate Cauchy inclusions of first order can be simply proved.

In the remaining part of paper, we will reconsider the assertions of [29, Theorem 3.1, Theorem 3.2] for semilinear degenerate Cauchy inclusions; cf. [28, Theorem 1.4, page 185] for a pioneering result in this direction.

As the next two theorems show, Theorem 3.1 and Theorem 3.2 of [29] can be fully generalized to semilinear degenerate Cauchy inclusions of first order.

Theorem 4.1. Let T > 0, and let γ = 1. Suppose that the following condition holds.

(H): the mapping f : [0, T ] × E → E is continuous in t on [0, T ] and for each t_0 > 0 and K > 0 there exists a constant L(t_0, K) > 0 such that ‖f(t, x)− f(t, y)‖ ≤ L(t_0, K)‖x − y‖, provided 0 < t < t_0, x, y ∈ E and ‖x‖, ‖y‖ ≤ K.

Denote by Ω the domain of continuity of semigroup (T (t))_{t≥0}; that is, Ω = {x ∈ E : lim_{t→0+} T (t)x = x}. Then, for every u_0 ∈ Ω, there exist a number τ_{max} = τ_{max}(u_0) > 0 and a unique mild solution u ∈ C([0, τ_{max}) : E) of problem (DFP)_{f,s,1}. If

(i) f(t, x) ∈ D(A) for all t > 0 and x ∈ Ω;

(ii) for each t_0 > 0 and K > 0 there exists a constant C = C(t_0, K) > 0 such that

(22) ‖f(t, x)‖_{[D(A)]} ≤ C for all x ∈ Ω with ‖x‖ ≤ C and 0 < t < t_0;

(iii) there exists a function g ∈ L^∞_{loc}((0, ∞) : R) such that

‖f(t, x)‖ ≤ g(t)‖x‖ a.e. t ≥ 0 and x ∈ Ω,

then τ_{max} = ∞.

Proof: The proof is almost the same as that of [29, Theorem 3.1]; here we only want to observe that the term ∫_t 0 ‖ [T (τ_{max} − s) − T (τ_{max} − s)]f(s, u(s)) ‖ ds, appearing on [29, page 418, l. 11], can be estimated with the help of mean value theorem, (22) and [12, Proposition 3.2, 3.4], as follows:

∫_t 0 ‖ [T (τ_{max} − s) − T (τ_{max} − s)]f(s, u(s)) ‖ ds ≤ (τ_{max} − t)C_1Ct^β /β,

where C is the constant from (22) and C_1 is the constant from the formulation of [12, Proposition 3.4]. □ For the sequel, we need the following. Suppose that y ∈ (−A)^θx, where 1 > θ > 1 − β. Then (2) and the obvious equality (s − A)^{−1}T (t)y = T (t)(s − A)^{−1}y, t, s > 0 together imply

(−A)^{−θ}T (t)y = sin(θπ) π ∫_∞ 0 s^{−θ}(s − A)^{−1}T (t)y ds

= T (t) sin(θπ) π ∫_∞ 0 s^{−θ}(s − A)^{−1}y ds

= T (t)(−A)^{−θ}y = T (t)x, t > 0.

Hence,

(23) T (t)(−A)^θ ⊆ (−A)^θT (t), t > 0, 1 > θ > 1 − β.

Owing to (23), we can estimate the term ‖u(t; u_0) − u(t; u_1)‖_{[D((−A)}θ_{)]} (cf. line 11 of Step 2, page 420, the proof of [29, Theorem 3.2]) as in non-degenerate case; furthermore, on the same page of proof, we can use [12, Theorem 3.5] ([12, Proposition 3.2]) in place of [30, Theorem 3.9 (vii)] ([30, Theorem 3.9 (iii)]). Keeping in mind these observations, we can formulate the following extension of [29, Theorem 3.2] for abstract degenerate Cauchy inclusions of first order.

Theorem 4.2. Let γ = 1, and let condition (H) hold. Suppose that β > θ > 1−β and 0 < t < τ_{max}(u_0). Then there exist r > 0 and K > 0 such that the assumption u_1 ∈ B_{θ,r}(u_0) := {u ∈ D((−A)^θ): ‖u−u_0‖_{[D((−A)}θ_{)]} ≤ r} implies that there exists a unique mild solution u(t; u_1) ∈ C([0, τ_{max}(u_1)) : E) of problem (DFP)_{f,s,1} with τ_{max}(u_1) ≥ τ. Moreover,

‖u(t; u_0) − u(t; u_1)‖ ≤ K‖u_0 − u_1‖_{[D((−A)}θ_{)]}, 0 ≤ t ≤ τ,

and for every ϵ ∈ (0, τ) there exists a constant C_ϵ > 0 such that

‖u(t; u_0) − u(t; u_1)‖_{[D((−A)}θ_{)]} ≤ C_ϵ‖u_0 − u_1‖_{[D((−A)}θ_{)]}, ϵ ≤ t ≤ τ.

The situation is much more complicated if we consider abstract degenerate fractional Cauchy inclusion (DFP)_{f,s,γ} of order γ ∈ (0, 1). Concerning [29, Theorem 3.1], we would like to point out that we cannot use, in fractional case, the well-known procedure for construction of a mild solution of problem (DFP)_{f,s,γ} defined in a maximal time interval (see e.g. the integral equation [30, (8), page 417]). The best we can do is to prove the local existence and uniqueness of mild solutions of problem (DFP)_{f,s,γ} , as it has been explained in [38, Remark 4.1].

Concerning [29, Theorem 3.2], we can prove the following:

Theorem 4.3. Let γ ∈ (0, 1), and let condition (H) hold. Suppose that β > θ > 1−β. Then there exist r > 0, τ > 0 and K > 0 such that, for every u_1 ∈ B_{θ,r}(u_0), there exists a unique mild solution u(t; u_1) ∈ C([0, τ] : E) of problem (DFP)_{f,s,γ} . Moreover,

‖u(t; u_0) − u(t; u_1)‖ ≤ K‖u_0 − u_1‖_{[D((−A)}θ_{)]}, 0 ≤ t ≤ τ,

and there exists a constant C > 0 such that for every ϵ ∈ (0, τ) we have

‖u(t; u_0) − u(t; u_1)‖_{[D((−A)}θ_{)]} ≤ Cϵ^{γ(β−1)}‖u_0 − u_1‖_{[D((−A)}θ_{)]}, ϵ ≤ t ≤ τ.

Proof: We will only outline the most relevant details of proof in degenerate case.

(1) Line 6 of Step 1, page 419, the proof of [29, Theorem 3.2]: Due to (18), we have that

‖S_γ (t)x − x‖ = ‖ ‖ ‖ ∫_t 0 S^′_γ (s)x ds ‖ ‖ ‖ ≤ C^′_θt^{γ(β+θ−1)}‖x‖_{[D((−A)}θ_{)]}, t > 0;

therefore, lim_{t→0+} ‖S_γ (t)u_1 − u_1‖ = 0 uniformly on the ball B_{θ,r}(u_0). (2) Line 1, [29, page 420]: Here we may apply (b3) in order to get the existence of a constant c_θ > 0 such that

‖S_γ (t)(u_1 − u_0)‖ ≤ c_θt^{γ(β+θ−1)}‖u_1 − u_0‖_{[D((−A)}θ_{)]}, t > 0.

(3) By (23), Lemma 2.1 and definition of S_γ (·), we have that

(24) S_γ (t)(−A)^θ ⊆ (−A)^θS_γ (t), t > 0, 1 > θ > 1 − β.

From this, we may conclude that

(25)

‖S_γ (t)x‖_{[D((−A)}θ_{)]} ≤ ‖S_γ (t)‖‖x‖_{[D((−A)}θ_{)]}

= O(t^{γ(β−1)}‖x‖_{[D((−A)}θ_{)]}), t > 0.

On the other hand, (10) and Lemma 2.1 imply that γ 2πi ∫_t 0 (t − s)^{−γ−1}

∫_∞ 0 rΦ_γ (r(t − s)^{−γ} ) × [∫ Γ (−λ)^θe^{rλ}(λ − A)^{−1}f(s, u(s; u_1)) dλ ] dr ds

(26)

∈ (−A)^θ

∫_t 0 (t − s)^{γ−1}P_γ (t − s)f(s, u(s; u_1)) ds, t > 0, 0 < s ≤ τ,

since β > θ and the norm of integrand in the first line by (11) does not exceed (t − s)^{γ(β−θ−1)}‖f(s, u(s; u_1))‖. Hence, u(t; u_1) ∈ D((−A)^θ) for all t ∈ [0, τ] and u_1 ∈ B_{θ,r}(u_0). For a fixed element u_1 ∈ B_{θ,r}(u_0), the continuity of mapping t → u(t; u_1) ∈ [D((−A)^θ)], t ∈ (0, τ], follows from (25), the analyticity of S_γ (·), the expression (26) and the dominated convergence theorem. The remaining part of proof of [29, Theorem 3.2] can be repeated verbatim. □ Observe that Theorem 4.2 and Theorem 4.3 continue to hold if we consider the space E^θ_A in place of [D((−A)^θ)]. These theorems, as well some theorems previously considered in this section, require the condition β > 1/2, which seems to be restrictive in degenerate case (in a great number of examples from [12, Chapter III], the condition (P) holds with β = 1/2). For example, in the case of consideration of semilinear analogons of problem (P )_γ , Theorem 4.2 and Theorem 4.3 can be applied provided the additional condition [12, (3.42)] on the function m(x), which ensures us to get the better exponent β = 1/(2 − ρ) in (P), with 0 < ρ ≤ 1.

During the peer-review process, the author has reconsidered and slightly improved the results of this paper for abstract degenerate fractional differential inclusions with multivalued linear operators satisfying the following condition (cf. [21] for more details):

(QP): There exist finite numbers 0 < β ≤ 1, 0 < d ≤ 1, M > 0 and 0 < η^′ < η^{′′} < 1 such that

Ψ := {λ ∈ C : |λ| ≤ d or λ ∈ Σ_{πη}′′_{/2}} ⊆ ρ(A) and ‖R(λ: A)‖ ≤ M(1 + |λ|)^{−β} , λ ∈ Ψ.

We close the paper with the observation that we have not been able to improve the assertion of Theorem 4.3 for multivalued linear operators satisfying the condition (QP).

References

[1] Arendt W., Batty C. J. K., Hieber M., Neubrander F., Vector-valued Laplace Transforms and Cauchy Problems, Monographs in Mathematics, 96, Birkhäuser/Springer Basel AG, Basel, 2001.

[2] Bazhlekova E., Fractional Evolution Equations in Banach Spaces, PhD. Thesis, Eindhoven University of Technology, Eindhoven, 2001.

[3] Bokareva T. A., Sviridyuk G. A., Whitney folds of the phase spaces of some semilinear equations of Sobolev type, Mat. Zametki 55 (1994), no. 3, 3–10, 141 (Russian); translation in Math. Notes 55 (1994), no. 3–4, 237–242.

[4] Brill H., A semilinear Sobolev evolution equation in a Banach space, J. Diff. Equ. 24 (1977), 412–425.

[5] Cardinali T., Santori L., Boundary value problems for semilinear evolution inclusions:

Carathéodory selections approach, Comment. Math. Univ. Carolin. 52 (2011), 115–125. [6] Cross R., Multivalued Linear Operators, Marcel Dekker Inc., New York, 1998. [7] Demidenko G. V., Uspenskii S. V., Partial Differential Equations and Systems not Solvable with Respect to the Highest-Order Derivative, Pure and Applied Mathematics Series, 256, CRC Press, New York, 2003.

[8] Diethelm K., The Analysis of Fractional Differential Equations. An Application-Oriented Exposition Using Differential Operators of Caputo Type, Springer, Berlin, 2010.

[9] Dlotko T., Semilinear Cauchy problems with almost sectorial operators, Bull. Pol. Acad.

Sci. Math. 55 (2007), 333–346.

[10] Favaron A., Favini A., Fractional powers and interpolation theory for multivalued linear operators and applications to degenerate differential equations, Tsukuba J. Math. 35 (2011), 259–323.

[11] Favini A., Plazzi F., Some results concerning the abstract degenerate nonlinear equation (d/dt)Mu(t) + Lu(t) = f(t, Ku(t)), Circuits Systems Signal Process. 5 (1986), 261–274.

100 Kostić M.

[12] Favini A., Yagi A., Degenerate Differential Equations in Banach Spaces, Pure and Applied Mathematics, Chapman and Hall/CRC, New York, 1998.

[13] Fedorov V. E., Davydov P. N., Global solvability of some Sobolev type semilinear equations, Vestnik Chelyabinsk. Univ. Ser. 3 Mat. Mekh. Inform. 12 (2010), 80–87.

[14] Fedorov V. E., Davydov P. N., On nonlocal solutions of semilinear equations of the Sobolev type, Differ. Uravn. 49 (2013), 326–335.

[15] Kamenskii M., Obukhovskii V., Zecca P., Condensing Multivalued Maps and Semilinear Differential Inclusions in Banach Spaces, Walter de Gruyter, Berlin-New York, 2001.

[16] Kilbas A. A., Srivastava H. M., Trujillo J. J., Theory and Applications of Fractional Differential Equations, Elsevier Science B.V., Amsterdam, 2006.

[17] Kostić M., Abstract Volterra Integro-Differential Equations, CRC Press, Boca Raton, Fl., 2015.

[18] Kostić M., A note on semilinear fractional equations goverened by abstract differential operators, An. Stiint. Univ. Al. I. Cuza Iasi Mat. 3 (2016), 757–762.

[19] Kostić M., A note on semilinear degenerate relaxation equations associated with abstract differential operators, Chelyab. Fiz.-Mat. Zh. 1 (2016), 85–93.

[20] Kostić M., Abstract Degenerate Volterra Integro-Differential Equations: Linear Theory and Applications, Book Manuscript, 2016, available at https://www.researchgate.

net/publication/323664531 abstract-degenerate. doi: 10.13140/RG.2.2.16103.34729

[21] Kostić M., Abstract degenerate fractional differential inclusions in Banach spaces, Appl.

Anal. Discrete Math. 11 (2017), 39–61.

[22] Kostić M., Abstract degenerate Volterra inclusions in locally convex spaces, Filomat 31 (2017), 597–619.

[23] Li F., Mild solutions for abstract fractional differential equations with almost sectorial operators and infinite delay, Adv. Differ. Equ. (2013), 2013:327, 11 pp.

[24] Mainardi F., Fractional Calculus and Waves in Linear Viscoelasticity. An Introduction to Mathematical Models, Imperial College Press, London, 2010.

[25] Martínez C., Sanz M., Pastor J., A functional calculus and fractional powers for multivalued linear operators, Osaka J. Math. 37 (2000), 551–576.

[26] Melnikova I. V., Filinkov A. I., Abstract Cauchy Problems: Three Approaches, Chapman and Hall/CRC, Boca Raton, 2001.

[27] Pastor J., On uniqueness of fractional powers of multi-valued linear operators and the incomplete Cauchy problem, Ann. Mat. Pura. Appl. 191 (2012), 167–180.

[28] Pazy A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer, New York, 1983.

[29] Periago F., Global existence, uniqueness, and continuous dependence for a semilinear initial value problem, J. Math. Anal. Appl. 280 (2003), 413–423.

[30] Periago F., Straub B., A functional calculus for almost sectorial operators and applications to abstract evolution equations, J. Evol. Equ. 2 (2002), 41–68.

[31] Podlubny I., Fractional Differential Equations, Academic Press, New York, 1999. [32] Prüss J., Evolutionary Integral Equations and Applications, Birkhäuser, Basel, 1993. [33] Rutkas A. G., Khudoshin I. G., Global solvability of one degenerate semilinear differential operator equation, Nonlinear Oscill. 7 (2004), 403–417.

[34] Samko S. G., Kilbas A. A., Marichev O. I., Fractional Derivatives and Integrals: Theory and Applications, Gordon and Breach, New York, 1993.

[35] Sviridyuk G. A., Phase spaces of Sobolev type semilinear equations with a relatively sectorial operator, St. Petersburg Math. J. 6 (1995), 1109–1126.

[36] Sviridyuk G. A., Fedorov V. E., Linear Sobolev Type Equations and Degenerate Semigroups of Operators, Inverse and Ill-posed Problems Series, 42, VSP, Utrecht, 2003.

[37] von Wahl W., Gebrochene Potenzen eines elliptischen Operators und parabolische Differentialgleichungen in Räumen hölderstetiger Funktionen, Nachr. Akad. Wiss. Göttingen Math.-Phys. Kl. 11 (1972), 231–258 (German).

[38] Wang R.-N., Chen D.-H., Xiao T.-J., Abstract fractional Cauchy problems with almost sectorial operators, J. Differential Equations 252 (2012), 202–235.

[39] Xiao T.-J., Liang J., The Cauchy Problem for Higher–Order Abstract Differential Equations, Springer, Berlin, 1998.

M. Kostić:

University of Novi Sad, Faculty of Technical Sciences, Trg D. Obradovića 6, 21125 Novi Sad, Serbia E-mail: marco.s@verat.net

(Received May 7, 2016, revised January 23, 2018)